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BOUNDS OF RUIN PROBABILITIES FOR INSURANCE COMPANIES IN THE
PRESENCE OF STOCHASTIC VOLATILITY ON INVESTMENTS *> **

MoHAMED BADAOUI! AND BEGONA FERNANDEZ?

Abstract. In this work we consider a model of an insurance company where the insurer has to face a
claims process which follows a Compound Poisson process with finite exponential moments. The insurer
is allowed to invest in a bank account and in a risky asset described by Geometric Brownian motion
with stochastic volatility that depends on an external factor modelled as a diffusion process. By using
exponential martingale techniques we obtain upper and lower bounds for the ruin probabilities, that
recover the known bounds for constant volatility models. Finally we apply the results to a truncated
Scott model.

Résumé. Dans ce travail, nous considérons un modele d’une compagnie d’assurance ol ’assureur
doit faire face a un processus de sinistres qui suit un processus de Poisson Composé avec des moments
exponentiels finis. L’assureur est autorisé a investir dans un compte bancaire et un actif a risque décrit
par le mouvement Brownien Géométrique a volatilité stochastique qui dépend d’un facteur externe
modélisé comme un processus de diffusion. En utilisant des techniques de martingale exponentielle,
nous obtenons une borne supérieur et une borne inférieur pour les probabilités de ruine, qui récuperent
les bornes connues pour les modeles de volatilité constante. Enfin, nous appliquons les résultats au
modele de Scott tronqué.

INTRODUCTION

Since the classical papers of Cramér and Lundberg which first considered the ruin problem of an insurance
company in conditions of uncertainty, risk theory has attracted a lot of attention and many works has been
done in this area. When the claims admit a Laplace transform, and satisfy the safety loading condition, the
ruin probability 1 (z) for the classical Cramér-Lundberg Model satisfies:

Cefljw S w(x) S e*l/w,

where v is the Lundberg coefficient and z is the initial wealth, (see for example [1,12]). An additional feature
is considered in [3,6,13], the insurer is allowed to invest in a risky asset modelled by the Geometric Brownian
motion. Via the Hamilton-Jacobi-Bellman equation Hipp and Plum in [6] prove the existence of an optimal
strategy that minimizes the ruin probabilities and Gaier et al. in [3] obtain the exponential bounds:
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Ce ™ < 4p(x) < e,
where 60 is the root of the equation
2
I
)\(My(e) — 1) = 09 + @’

and My (0) = E[e?Y]. The upper bound is obtained by considering a constant strategy given by

1%

and using maximal exponential martingales inequalities. By using control techniques Hipp and Schmidli in [7]
showed that this strategy is asymptotically optimal as the initial wealth goes to infinity. Observe that 6 ties in
some way the return of the risky asset and the wealth of the Cramér-Lundberg process.

Empirical observations of financial market show that some indicators of market volatility behave in a highly
erratic manner, which make unrealistic to assume pu, o and r constants over long time periods. This fact has
motivated several authors to study the so called stochastic volatility models (see between others [5,14,15]).

In this paper we consider an insurance company whose wealth is given by the classical Cramér-Lundberg
process

Ny
Ri=x+4ct— Z Y;,
i=1
a bank account and a risky asset described by the following stochastic volatility model (see [2,4])

dsy = S9r(Z,)dt, (2)

dSt = St(/,L(Zt)dt + J(Zt)qu) with SO = 1, (3)

where Z is an external factor modelled as a diffusion process
dZy = g(Zy)dt + B(pdWry + edWa) with Zy = z € R, (4)

where Wy ; Wa, are independent Brownian motions. | p [< 1,e = /1 — p? and § # 0.

The process Z; can be interpreted as the behavior of some economic factor, which has an impact on the
dynamics of the risky asset and the bank account (see for example [2,4,10]).

Our aim is to obtain upper and lower bounds for the ruin probability of exponential type of the form e
for some function #, when the insurer is allowed to invest in this market.

One could think that a good function to obtain a bound of the form e
constant one given by (1) i.e. for each z € R, 6(%) is the root of the equation

1(2)
202(2)"

—0(2)x

—0(2)r ghould be the extension of the

A(My (6(2)) — 1) = cb(2) +

However, as we will see in Example 3.3 this type of models are complex, and it is more difficult to handle with.

The paper is organized as follows: Section 1 is devoted to formulate the problem. In Section 2 we will give
general expressions for the exponential martingales that will be used all along the paper. We study the upper
bound in Section 3, and we give a theorem with general and abstract conditions for the existence of a function
6 that guarantee that the upper bound is of the form e~?(*)*  We illustrate this theorem with truncated Scott
models, and we consider two cases of functions 6, for which a strategy K and the bound are obtained explicitly.
Finally in Section 4 we obtain the lower bound, under the usual hypothesis of uniform exponential moment of
the tail distribution of the claims (see [3]).



42 ESAIM: PROCEEDINGS

1. FORMULATION OF THE PROBLEM

We start by formulating the model of an insurance company allowed to invest in a risky asset and in a money
market in the presence of stochastic volatility. Let (2, F,P) be a complete probability space which carries the
following independent stochastic processes.

e A Poisson process { N };>0 with intensity A > 0 and jump times {T;};>1.
A sequence {Y;};>1 of iid positive random variables with common distribution G.

Wi and Woy; are independent standard Brownian motions.
The filtration F; is defined by

Fo =0 {Wig, Was, Yiljcn,),0 < s < t,i > 1}

with the usual conditions.

We will consider that wealth R;,¢ > 0 of the insurance company is given by the Cramér-Lundberg process, i.e.

Ny
Rt:m—i—ct—ZYi,

i=1

where x is the initial capital and ¢ > 0 represents the primes.
Let SP, S;, t > 0 be the bank account and the risky asset respectively described as follows

ds? = SPr(Z;)dt, (5)
where 7(-) is the interest rate function.
dS; = Se(pu(Zy)dt + o(Zy)dWre)  with Sp =1, (6)
where Z is an external factor modelled as a diffusion process
dZy = g(Zy)dt + B(pdWyy + edWa;)  with Zy = 2 € R, (7)

where | p |< 1,e = /1 —p? and B # 0.The parameter p is the correlation coefficient between Wi, and
W = pWi; + eWoy, then the external factor can be written as

dZy = g(Zy) dt + BdWy,  Zop = z.
For instance the external factor can be modelled by the mean reverting Ornstein-Uhlenbeck (O-U) process:
dZy =~v(6 — Zy) dt + BdWy, Zo =z
where v and § are constants and the risky asset price can be given by the Scott model, [10]:
dS; = Sy(podt + e?tdW1;) with Sp =1, (8)

and pg is constant.
We consider an insurer with wealth X; that invests an amount K} in the risky asset and the remaining reserve
X¢ — K; in the bank account. Let IC the set of admissible strategies given by:

K ={K = (K})i>0 : K is predictable and adapted to F;
t
and ]P[/ KZ2ds < oc] =1 forall ¢ € [0,00[}.
0
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Then, for each K € K the wealth process X := X (t,z, z, K) can be written as:
t t Ny
XK=z +/ e+ Kou(Zs) + (X — K)r(Zs) ds + / K.0(Zs)dWis — Y Vi, (9)
0 0 i=1
where x > 0 is the initial reserve of the insurance company, c is the constant premium rate. For each strategy
K € K, the ruin time in infinite horizon is
™ = 1(2,2,K) =inf {t : X <0}.

Then the ruin probability is given by
Y(z, 2, K) = P[r¥ < .

Our aim is to obtain bounds for
= inf K
Y(z, 2) dnf Y(z, z, )s
under the following hypothesis:

Hypothesis A. (1) The functions u(-),o(:) and g(-) are such that there exists a strong solution for equa-
tions (6) and (7). The function r(-) is continuous, positive and

r(z) < p(z), for all z € R.

(2) Let Y be a random variable with the common distribution G of the claims. There exists 0 € (0, 0]

such that My (0) = E[e?Y] < co for all 6 € [0,0.) and h(0) = My () — 1, satisfies

elirenx h(8) = occ.

All along the paper we will assume Hypothesis A. without no further mention.

2. DECOMPOSITION OF e~9(Z0)X{

In this section we will introduce some notation that will be used all along the paper.
We will denote by

t
oy ::/ r(Zs) ds.
0

Let 0 : R —]0,00[ in CZ(R) (twice differentiable functions with bounded derivatives), and K an admissible
strategy, then It6’s lemma implies that:

t
O ZIXE = 0@t [ et (W(Z) - r(Z) K. dst
0
t
| e 0z K012 + 950 (Z)X) aWit
Ot t
/ eBe= 0/ (Z,) X dWas + / =0/ (Z) Xog(Zs) ds+
0 0
1 ! 2 _—aspl! ’ —as ! _
5/0 Be=*0 (ZS)Xsds—F/O pBo(Zs)Kse™*0'(Zs) ds

/Ot /OOO y0(Zs)e=* N(dy,ds).
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where N is the Poisson random measure on R x [0, co[ defined by

N == Z (S(Tn_’yn).

n>1
Proposition 2.1. For each function § € CZ((R) and K € K, let

H;(’T(t,x, z) = exp {—e*atG(Zt)XtK} .

Then
t
r 67a37X57ZS,K5 ds
Hg(vr(t,:l:,z) = ea(z)xe'Dg(t)+59(t)e/O Jo.r( ) |
where
f97rz[0’1]XRXRXR—)R7
is given by

for(u,z,2,K) = A(0(2)u) = (c + (u(2) = r(2)) K)0(2)u — zub’(2)g(2)
—2B8%2ud" () + 2 (Kuo(2)0(2) + pBub’ (2)z)? (10)
+1e28%u*20% () — pBuKo(2)8'(2).

DK (t) and Ey(t) are the local martingales given by

t t
DE () —— /O =0 (0(23) K s0(Zs) +pB0' (Z5) X o)W o— / £Be=0'(2,) X sdWos "

t ?
—% 6_2%(9(Z8)K50(Zs)—i—pﬁG/(ZS)XS)st—%/ e2p%e 20 (Z,) X2 ds,
0 0
t poo _ t poo s
E9(t) = / / YO(Z.)e= N(dy, ds) —\ / / (P29 1) aG(y) ds. (12)
0J0 0J0

The proof of the Proposition is straightforward and we leave it.
When the rate 7 = 0 we have the following corollary, that will be used in Example 3.3 and in the estimation
for the lower bound.

Corollary 2.2. Ifr =0, then:
t
| fixazow s
®eJo

H;K,o(t?m’ 2) = e—@(z)aceDg((t)—i-&;

where
fo(x,z,K) = foo(l,z, 2, K).
3. THE UPPER BOUND

Our aim in this section is to get an upper bound for the ruin probabilities of the form e=?*)%  for some
function 6.
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Theorem 3.1. If there exists an admissible strategy K € K and 6 : R —]0, oo[ in C2(R), such that H)"" (t, x, z)
is a supermartingale with respect to the filtration (Fy)i>o then:

P(x, 2) < Cre 9T,

where
1
0<C,p = inf ——— <1
KeKE[H, (7K, z,2) | 7K < o0

Proof. Since for each strategy K € K
XE <0 if and only if e~ 0(Z) XK <0,

it is equivalent to study the ruin probability for this process. By hypothesis H;( "(t,x,2) is a supermartingale
then by the optional sampling theorem we get:

e 0@r > BHIT(ATE 2, 2)]

v

E[H,"" (15,2, 2)1 {1 py).

Now letting t — o0,

therefore
e—@(z)w
P(z,2,K) =P[r" < oo] < 7 ;
E[H, " (7K, 2,2) | 7K < o0
and
e—G(z)x
x,z) = inf Y(x,z, K) < inf ,
(@, 2) Kelcw( ) Kek E[H‘;{’T(TK7.T7Z) | 7K < o]
then
w(mv Z) S CT679(2)17
where

. 1
C, = inf T .
KeK E[H, "(1K, z,2) | 7K < o0]

O

Remark 3.2. (1) Observe that given a function 6, for each z, z € R fixed the function fy ,(u,z, z, K) given
by expression (10) is a quadratic form in K. This suggests to take K as a root of this equation. The
point here is the existence of it. Example 3.3 is a particular case when this root exists.

(2) If we can take K as a root, then from Proposition 2.1:

HQK,r(t’ z, Z) _ 670(2)1’6D£((t)+59(t)'

Then we have that H, GK "(t,z, z) is a local martingale , since it is the product of a continuous and a pure
jump local martingales, and since it is positive is a supermartingale.

In the following example we consider a function 6 for a truncated Scott model. We could consider a truncation
via the stochastic volatility in such a way that it belongs to CZ([—m,m]) (see for example [2]), however for
avoid technicalities we stop the process Z.
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Example 3.3. We assume that the claims are exponentially distributed with parameter nn > 0. Also we assume
that p =1 and r = 0. We consider a truncated Scott model in the following sense:
Let Z;, t > 0 given by
dZt = ")/(5 - Zt)dt + ﬁdWlt, ZO =z

and for each m > 0 define the stopping time 7, as follows
Tm = inf{t > 0,| Z; |> m}.

Let Z" = Zia+,,, and
dS™ = S™(podt + €% dWyy), S =1.
From the convex property of h and Hypothesis A.2 ( lim h(f) = co0), we have that for each

—0o
—m < z < m, 0(z) is defined as the positive solution of:
12
AR(0(2)) = b(z) + 2%7 with 6(z) <. (13)
e
Straightforward calculations show that 6(z) satisfies:
1 ug o
2 0 2z 0 2z
z — 20 _ 170 = 14
9(z)+c<)\ 770+26 )G(z) 5 ¢ 0, (14)
and is given by:
2
1|1 1y a2\, [ BE o\ L 2nmd .
0(z) = 3 e <)\—770+ e )t 2 )\—nc—&-?e 2 +Te 2z . (15)

It is clear that 6(z) € C?, for z € [-m,m] and 6(z) < n. Then from the exponential decomposition given in
Corollary 2.2 we define the following equation:

£ K) = 592(2:)02(2)1(2 +b(z, 2)K + a(z, 2) = 0, (16)

where )

a(r,2) = 5072 — (9(2)0'(2) + 3520 (2) )+ B2,
and

bz, 2) = (— nodl(=) = Bo(2)0/ (=) + Bao (2)0(2)0/(2) ).
Then from Remark 3.2 we can define K, (z, z) as the solution of (16) given by

—b(z,2) + /02(z, 2) — 2a(x, 2)0%(2)02(2)

el = P2(:)0(2) |

if this root exists. We do not have general conditions on the coefficients for it’s existence, however, in some
particular cases holds. For example if we take

o =0.01,c=1,A=1,5=10,g(z2) =0.01(1 — z),n = 1.1,

with the help of Mathematica package v.7 it can be shown that for m = —% log(2upen 4+ 2poN), equation (16)
admits a positive solution. The following figures show the behavior of the function 6(z) and the strategy K, (z, 2)
for different values of z.
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) 08l

FIGURE 1. The function 0(z)

FIGURE 2. The admissible strategy K. (x, z)

The following corollary gives an upper bound for the ruin probability when the return from the bound and
the risky asset is bounded from below.

Corollary 3.4. We assume that there exists a constant Ry > 0 such that

0<R1viZeR. (17)

Then the ruin probability 1 (x,z) of an insurer, investing in a risky asset, can be bounded from above by
Pla2) < e,

where 0 < 6 < O is the unique positive solution of

1
Mh(0) = b + in. (18)
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Proof. The existence of fisa consequence of the convex property of h(f) and Hypothesis A.2. From Theorem

3.1 we only need to prove that the process Hg’r(t7 x, z) is a supermartingale where,

o _ 12~ r(Z)
' 002(Z,)

Since 6 is constant we have that the function f5 , given in Proposition 2.1 is reduced to

o?(2)

= Ah(éeas)< ) W@’W) o +%672a5 (u(z) —r(2))*

IN
('b‘
Q
o
/N
>
>
—~
>
N
I
o]
>
I
o~ N
—
=
—
N
N
I
<
—
N
N—
N—
N
~_

The last inequality follows from the fact that the function ¢(x) = eP* — pe® with z > 0 and 0 < p < 1 fixed is
decreasing and by taking x = 0y, p = e~ % the inequality follows. Finally, from the definition of # we have

fé’r(e_as s Xy Zss ks) <0,

and then we get that HéK’T (t,z,z) is a supermartingale. O

Remark 3.5. (1) If ¢ > Ay then the Lundberg coefficient v > 0 exists and we have 0>v.

(2)

3)

(4)

If inf M
z o(z)

P(x,z) < e ¥®, under the assumption that ¢ > Ap.

Observe that p(z) —r(z) represents the premium return from investing in the risky asset, then too small

=0 following a similar procedure as in Corollary 3.4, we can obtain that:

values of % correspond to very large volatilities. So R; can be viewed in some sense as a measure
of the risk aversion of the investor.
When u(z) and o(z) are constants and r = 0, we obtain the same bound as in [3].

Pla2) < e,
where 0 is the unique positive solution of:

"
A(0) = 0+ 5.

The case when p, o and r are constants, was studied in [3] under the restriction that the interest force
is equal to the inflation force, and only the prime and the claims are affected by the inflation. In this
case the wealth process becomes

t
XK =z —|—/ (ce™ + Ksp+ (X5 — Ks)r) ds
0

t Ny
+/ Koo dWs — ZerTiYi.
0 i=1
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It is not so clear for us this assumption, it seems that it is used only for technical reasons. In our
case we can deal without it .

Example 3.6. As an application of Corollary 3.4, we consider another truncated Scott Model. Assume
0 <7 < po is constant, and let Z;, S"™ t > 0 be given by
dZt = '7(5 - Zt)dt + 5dWlt, ZO =2z,

and for each m > 0,
dSP™ = SV (podt + o (Z)dWyy), S =1,
where
e* it ze[-m,m],

o(z) =< €™ if z€]m, 0], for some m > 0.

e ™ if  z€]—o0,—m|,
Then Ry = (up — r)e~™. In particular if the claims are exponentially distributed with parameter 7, we have

that (18) becomes:
n (MO T)Q —2m
—1) = MY T
A (7) 0 ) cl + B e

which leads to:

2 2c

1 1 (MO_T)Q —2m
5 [ p <>\ nc—i-iQ e

1 —r)? > 2m(pg —1)?
) ¢ T
c 2 c

— )2 )2
02 +1 ()\ — e+ (o — 1) €—2m> _ n(po — 1) e—2m — ().
c

Then

>
I
|

The admissible strategy is given by:
% Mo —T
Ky =< .
00’2(Zt)
Then by Corollary 3.4 we get that for all (z,z) € [0, c0[xR

Y(x,z) < e0".

4. THE LOWER BOUND

In this section » = 0, i.e. the bank account is not taken in consideration. Then in order to get a lower bound
for the ruin probabilities, we assume the following:

Hypothesis B.
There exists a constant Ry > 0 such that 0 < 'UEZ; < Ry VzeR. (19)
o(z
Definition 4.1. Let 0 < 0 < 0, be given. We say that Y has a uniform exponential moment in the tail
distribution for 6, if the following condition holds true

supE[e ™Y |V > 2] < o0,
z2>0
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Theorem 4.2. Assume that Y has a uniform exponential moment in the tail distribution for 0*. Then:
Y(x,z) > C*e " VzeR,

where

and 0* is the unique positive solution of:
1
A(B) = ch + §R§. (20)

For the proof of Theorem 4.2 we need the following lemma. For ease of notation we use the following notation

in the rest of this work 7 := 7%,

Lemma 4.3. Suppose that Y has a uniform exponential moment in the tail distribution for 6*. Then for each
K € K, the process HIE’O(t AT, x,2) is a uniformly integrable submartingale.

Proof. The proof will be given in two steps. In Step 1 we will prove that HE = SUpP;>0 Hfi’o(t AT,x,z) has a
finite first moment, and in Step 2 that Helf’o(t AT, x,z) is a local submartingale.

Step 1. The existence of §* is a consequence of the convex property of h(6) and Hypothesis A.2. Our aim is
to prove that HX has a first finite moment. We observe that:

Hg’O(T,iL',Z)>]. on [r<oo]N[X(Tt7,z,2)>0],
HE = H;E’O(T,x,z)zl on [r<oo]N[X(r7,z,2)=0],
SUp;>q HE (t2,2) <1 on [r=w)

Then

=
oy

2
I

EHE o) + HE Ly <oo)nx (7 2,2)=0]}]
+E[HE {7 <oo)n(x (r— 2,2)>00}]
< 2+ E[HF I o)X (- 2,2)>0]}] (21)

On the other hand, given that ruin occurs at a jump time means that the jump is conditioned to be greater or
equal of XX (77 x,2) > 0. More precisely, let Y be an independent copy of (Y;);>1 then

E[H;(7.2,2) | 7 =1, X(7.2) =]
_ E[e_e*(X(T77w7Z)_Y) | T = t,X(T_w/L.u Z) = U]

= Ele @) | r=t,X(r—, 2 2) =1

_ E[efe*('u—y) 1Y >0 = /00 o0 (v—u) fdG(U)

OOO dG(s)
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Now let M (dt,dv) be the joint distribution of (7, X (7—, z, z)) then from (21) and (22) we have

]E[HK] < 2+E[]E H ]1[T<oo]ﬁ[XK(T—,9c z)>0]| T, X (T—,:II,Z)H

- 2+/ / M(dt, dv/ —9*<v—u>%

(e AG(u)
< 24Pl <00, XE(r—,2,2) > 0]su / e v T
[ (=) > Ol | ¥ dG(s)

v

o dG(u)
< 2+su/ e 0" “)007<oo,
020/, J%dG(s)

v

where the last inequality follows from the hypothesis that Y has a uniform exponential moment in the tail
distribution.
Step 2. We know that

t
/ fou(Xs, Zs, Ks) ds

HY Ot 2, 2) = e~ 02 eDox ) +E6+ (V) Jo
By using Hypothesis B. and (20), we get that for all T'> 0 such that ¢t < T

* Lo o 1(Zt) ?
fG* (XtaZtth) Z 59 g (Zt) (Kt — W(Zt) Z 0

Following a similar procedure as in the proof of Corollary 3.4 we obtain that Hﬁ’o(t AT,x,z) is a local sub-

martingale. By using Step 1 and the dominated convergence theorem we get that HS°(t A7, z, z) is a uniformly
integrable submartingale (see [9], Theorem I1.51). O

Lemma 4.4. If Y has a uniform exponential distribution moment in the tail distribution for 0%, then for
arbitrary K € K and (z,2z) € Ry x R, the stopped wealth process XX (t A 7,1, 2) converges almost surely on
T =00 to o fort — oco.

Proof. Lemma 4.3 implies that H, li’o(t AT,2,2) is a uniformly integrable submartingale then. By Doob’s con-
vergence theorem (see [11],Theorem I11.69.1),

lim Hglf’o(t AT, x,2) exists a.s.
t—o0
Then, X;x, converges for ¢ — co. Now to prove that
]P’[hm Xt/\T:OO|T:OO] :17
t— 00
we work toward a contradiction. We assume that
Pl lim X;ar < 00,7 = 00] > 0,
t—o00

then there exists mg > 0 such that Plsup X; < mg, 7 = 00| > 0, because the jump is down. We consider the

>0
N(1)
following event [Z Y; > 2mg + ¢]. Since the Compound Poisson process has unbounded support then:
i=1
N(1)

IP’[ZYZ->2m0+c]:p0>O.

i=1
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Let (tx)r>0 a sequence of points given by:

thh<ti+l<ta<to+1<...
. . . . N, .
Because the Compound Poisson process has stationary and independent increments, then (letf\;:l 41 Yi)k>o is
. >

a sequence of iid random variables and represent the number of claims in an interval of length 1. Now we
consider the following sequence of r.v (Dg)r>o defined by:

Nt +1

Dy, = 1{21:1%c+1 yi>2mg}

By the strong law of large numbers we get that:
1 n
— Z Dy, <> po,
n
k=1
then

¥ ZI{ZN%“ Yi>2m0}zoo =5

e i=Ng, +1

—

which implies that

Nty 41
PNy Z Y; > 2mg| = 1.
==y, +1
Now let
A = [sup X; < mg, T = o0,
t>0
and
Nip41
B=n Y Z Y; > 2mg).
=V i=N,, +1
Observe that on A we have that for T; <t < T4
t t
Xy =Xg, + c+/ w(Zs)Ksds +/ o0(Zs)KsdWis < my, (23)
Ti tk

and then

t t
/ w(Z) K, ds—|—/ o(Z)KsdWis <mg—c on A.
Ti Ti

On the other hand, on B the following occurs infinitely often:

N +1

tr+1 tr+1
th-l-l = th t+c+ / M(ZS)KS ds + / U(ZS)KS dWis — Z Y;
tr 123 i:Ntk+1
tr+1 tre+1
< th +C+/ u(ZQ)KQ d5+/ J(ZS)KS dWls *2m0- (24)
tr tr

Then from (23) and (24) P[AN B] =0, since P[B] =1 then P[A] = 0. O
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Proof. Theorem 4.2. Since Hff’o(t AT,z,z) is a submartingale then

e <E[HE(t AT, 2, 2)]
and
E[HSO(t AT, x,2)] = B[HS (1,2, 2), 7 < t] + B[H, 0 (8, @, 2), 7 > t].
By letting ¢t — oo

e~ <E[H) (7, 2,2) | T < 00| P[T < 00] + E[lim Hy Ot x,2) | 7 = oo]P[T = 0.

By lemma 4.4 we get that:
e~ <E[HE(1,2,2) | T < o0]P[T < 0],

and
679*:v
z,2, K) =Pt <o0] >
v )=Fl } E[H, (1,2, 2) | T < o0
1
> inf
y=>0 foo e—0"(y—2) o(iG(Z)
v fy dG(u)

> (Cre 0,

Finally
P(z,2) > Cre 0,

where

= inf fyoo dG(u)
C Y20 fyoo e=0"(w=2)dG(2)

Cf*
(]

As a consequence of Corollary 3.4 and Theorem 4.2 we get the following estimations for the ruin probability
when the initial capital goes to infinity.

Corollary 4.5. If 0% is the positive solution of (18) when r =0 then:
Cre " <(x,z) < etz

Furthermore for all z € R:

1 1
—0* <liminf — In(x(x, 2)) < limsup — In(¢(z, 2)) < —07.

r—00 I rz—00 L
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