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EXISTENCE AND UNIQUENESS TO THE CAUCHY PROBLEM FOR LINEAR
AND SEMILINEAR PARABOLIC EQUATIONS WITH LOCAL CONDITIONS. ∗

Gerardo Rubio1

Abstract. We consider the Cauchy problem in Rd for a class of semilinear parabolic partial differ-
ential equations that arises in some stochastic control problems. We assume that the coefficients are
unbounded and locally Lipschitz, not necessarily differentiable, with continuous data and local uniform
ellipticity. We construct a classical solution by approximation with linear parabolic equations. The
linear equations involved can not be solved with the traditional results. Therefore, we construct a
classical solution to the linear Cauchy problem under the same hypotheses on the coefficients for the
semilinear equation. Our approach is using stochastic differential equations and parabolic differential
equations in bounded domains.

Finally, we apply the results to a stochastic optimal consumption problem.

Résumé. Nous considérons le problème de Cauchy dans Rd pour une classe d’équations aux dérivées
partielles paraboliques semi linéaires qui se pose dans certains problèmes de contrôle stochastique. Nous
supposons que les coefficients ne sont pas bornés et sont localement Lipschitziennes, pas nécessairement
différentiables, avec des données continues et ellipticité local uniforme. Nous construisons une solu-
tion classique par approximation avec les équations paraboliques linéaires. Les équations linéaires
impliquées ne peuvent être résolues avec les résultats traditionnels. Par conséquent, nous construisons
une solution classique au problème de Cauchy linéaire sous les mêmes hypothèses sur les coefficients
pour l’équation semi-linéaire. Notre approche utilise les équations différentielles stochastiques et les
équations différentielles paraboliques dans les domaines bornés.

Enfin, nous appliquons les résultats à un problème stochastique de consommation optimale.

Introduction

In the Theory of Stochastic Control, one of the techniques for studying the value function is the Dynamic
Programming Principle and the Hamilton-Jacobi-Bellman equations (HJB equations). Generally, HJB equations
are nonlinear partial differential equations. In many interesting problems (see e.g. [42], [37], [19], [9], [28], [29]
and [39]) the HJB equation can be reduced to an equation of the form

−ut(t, x) +
∑
ij

aij(t, x)Dij(t, x) + sup
α∈Λ
{Lα[u](t, x)} =0, in (0,∞)× Rd,

u(0, x) =h(x), x ∈ Rd,
(1)

∗ This work was partially supported by grant PAPIIT-DGAPA-UNAM IN103660, IN117109 and CONACYT 180312, México.
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where {aij} = a = σσ′ and

Lα[u](t, x) :=
∑
i

bi(t, x, α)Diu(t, x) + c(t, x, α)u(t, x) + f(t, x, α).

In this paper we study the existence and uniqueness of a classical solution to equation (1) when the coefficients
σ, b, c and f are locally Hölder in t and locally Lipschitz in (x, α), not necessarily differentiable, σ and b have
linear growth, c is bounded from above and f has a polynomial growth of any order. h is a continuous function
with polynomial growth and Λ ⊂ Rm is a connected compact set. We assume the ellipticity condition to be
local, that is, for any [0, T ] × A ⊂ [0,∞) × Rd there exists λ(T,A) such that

∑
aij(t, x)ξiξj ≥ λ(T,A)‖ξ‖2 for

all x, ξ ∈ A and t ∈ [0, T ].
We construct a solution by approximation with linear parabolic equations. Despite the approximation tech-

nique is standard (see [21], Appendix E), the linear equations involved can not be solved with the traditional
results. Therefore, we study the existence of a classical solution to the Cauchy problem for a second order linear
parabolic equation. Let L be the differential operator

L[u](t, x) =
∑
i,j

aij(t, x)Diju(t, x) +
∑
i

bi(t, x)Diu(t, x).

Then the Cauchy problem is

−ut(t, x) + L[u](t, x) + c(t, x)u(t, x) = −f(t, x) (t, x) ∈ (0,∞)× Rd,

u(0, x) = h(x) for x ∈ Rd.
(2)

We prove the existence and uniqueness of a classical solution to equation (2) when the coefficients fulfil
the same hypotheses of the ones of the semilinear problem (1). Actually, for the linear problem we allow the
quadratic form to degenerate in a closed, connected set Σ ⊂ Rd, that is, for all A ⊂ Rd \ Σ and T > 0, there
exists λ(T,A) > 0 such that for all (t, x) ∈ [0, T ]×A and ξ ∈ Rd∑

i,j

aij(t, x)ξiξj ≥ λ(T,A)‖ξ‖2,

and for all (t, x) ∈ [0, T ]× ∂Σ ∑
i,j

aij(t, x)νiνj =0

∑
i

bi(t, x)Diρ(x) +
∑
i,j

ai,j(t, x)Dijρ(x) ≥ 0

where ν represents the inward normal and ρ(x) = dist(x, ∂Σ). The linear problem is then solved in the set
(0,∞)× Rd \ Σ.

Finally, we study the value function for a stochastic consumption model that maximizes the utility function
over all consumption strategies. In this case, the HJB equation is a semilinear parabolic equation of the form of
equation (1). To prove that the value function is the solution to the HJB equation, we prove both, a Verification
Theorem and an Existence one. The Verification Theorem asserts that if a classical solution to the HJB equation
exists, then it has to be the value function. This Theorem also proves the existence of an optimal consumption
strategy. For the Existence, we follow the same lines used in the proof for equation (1). However, this problem
is degenerated on the set {x = 0} and so we apply the result proved for the linear parabolic equations.

For the linear parabolic problem, the existence of a fundamental solution to the Cauchy problem via the
parametrix method, is well known in the case of bounded Hölder coefficients of L (see [24] for detailed description
of this theory).
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Linear parabolic equations with unbounded coefficients have been studied in great detail in the last sixty
years. The existence, uniqueness and regularity of the solution to the Cauchy problem has been studied under a
wide range of assumptions on the coefficients. See [8], [2], [7] and [17] for a classical approach with fundamental
solutions; in [16], [36], [35], [15] and [6] the problem is studied using the Theory of Semigroups (see [34] for a
survey of these ideas); see also [10], [11], [12] and [13] for a probabilistic approach.

Our method is using stochastic differential equations and parabolic differential equations in bounded domains.
First, we propose as a solution to equation (2), a functional of the solution to a SDE

v(t, x) = Ex
[∫ t

0

e
R s
0 c(t−r,X(r))drf(t− s,X(s))ds+ e

R t
0 c(t−r,X(r))drh(X(t))

]
where

dX(s) = b(t− s,X(s))ds+ σ(t− s,X(s))dW (s).

Using the continuity of the paths we prove that this function is continuous in [0,∞)× Rd. With the theory of
parabolic equations in bounded domains, we prove that v is C1,2 locally and finally we prove that it solves the
Cauchy problem. This kind of idea has been used for several partial differential problems (see [23], [3] and [18]).
In the book by Krylov [32], a similar result is given with the extra assumptions that all the functions, aij , bi,
c, f and h are twice continuously differentiable in x. In that case, it was proved that the flow of the SDE is
differentiable and so the function v ∈ C1,2 and solves the Cauchy problem. It is important to note that with
our assumptions the flow may not be differentiable.

In recent works (see [35], [22], [4], [6], [5], [30], among others), broader assumptions about the growth of the
coefficients have been made. In these papers the authors assume the existence of a function ϕ ∈ C1,2((0, T )×Rd)
such that

lim
|x|→∞

inf
0≤t≤T

ϕ(t, x) =∞,

and for some λ > 0

sup
[0,T ]×Rd

{(
− ∂

∂t
+ L

)
ϕ(t, x)− λϕ(t, x)

}
<∞.

This is a generalization on the hypotheses made in this paper on the coefficients b and σ (the function ϕ(t, x) =
‖x‖2 satisfies both conditions). The ideas in our paper may be repeated under this broader assumption.
However, the existence of moments for the stochastic process X(s) associated to the semigroup generated by L
is not clear and so we should work with bounded data (f, h ∈ Cb) to guarantee the existence of the proposed
solution v. Because many interesting stochastic control problems require the non-boundedness of the data, we
work with processes for which the growth of the moments can be controlled. See Remark 2.3 at the end of
section 2.3 for a more detailed discussion about this hypothesis.

This paper is divided as follows: In section 1 we present the notation used throughout this work. Section
2 is dedicated to the study of the linear parabolic problem (2). In subsection 2.1 we introduce the notation
and the hypotheses used throughout this part. Subsection 2.2 presents the main result for the linear parabolic
differential equation. In this section we prove that if the function v is smooth, then it has to be the solution to
the Cauchy problem. Subsection 2.3 is devoted to prove the required differentiability for the candidate function.
The third part is dedicated to the semilinear problem (1) and it is contained in section 3. In section 4 we
present the optimal consumption problem. Finally, in section 5 the reader will find some of the results used in
the proofs of this work.

1. Notation.

In this section we present the notation used in this work.
Let x ∈ Rd and A ∈M(Rd×Rd). We denote by ‖x‖ the usual norm in Rd. For the matrix norm we consider

‖A‖2 := trAA′ =
∑
i,j A

2
ij .
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If µ is a locally Lipschitz function defined in some set D, then for any bounded open set A for which A ⊂ D,
we denote by Kµ(A) and Lµ(A), constants such that

Kµ(A) := sup
x∈A
‖µ(x)‖ <∞,

Lµ(A) := sup
x,y∈A,x6=y

‖µ(x)− µ(y)‖
‖x− y‖

<∞.

If ν : [0,∞)→ Rd, then for all T > 0
‖ν‖T := sup

0≤s≤T
‖ν(s)‖.

The space C1,2,β
loc ((0,∞)×Rd) is the space of all functions such that they and all their derivatives up to the

second order in x and first order in t, are locally Hölder of order β.
We denote by HLk,m,β0,β1((0,∞)×D) ⊂ Ck,m((0,∞)×D), with β0, β1 ∈ (0, 1], the space of all continuous

function such that all their derivatives up to order k in t and order m in x, are locally Hölder continuous of
order β0 in t and locally Hölder continuous of order β1 in x. If β1 = 1 we denote by HLk,m,β0((0,∞)×D).

We use the following notation for the Sobolev and Hölder norms. Let R ⊂ [0,∞) × Rd, f : R → R be an
arbitrary function, α ∈ (0, 1] and 1 < p <∞, then

‖f‖R := sup
(t,z)∈R

|f(t, z)|,

|f |αR :=‖f‖R + sup
(t,z1)6=(t,z2)∈R

|f(t, z1)− f(t, z2)|
|z1 − z2|α

+ sup
(t1,z)6=(t2,z)∈R

|f(t1, z)− f(t2, z)|
|t1 − t2|α/2

,

|f |1,αR :=|f |αR +
∑
i

|Dif |αR,

|f |2,αR :=|f |1,αR + |ft|αR +
∑
i,j

|Dijf |αR,

‖f‖p;R :=
(∫

R

|f |pdz
) 1
p

,

‖f‖2,p;R :=‖f‖p;R + ‖ft‖p;R +
∑
i

‖Dif‖p;R +
∑
i,j

‖Dijf‖p;R.

2. Linear parabolic equations.

2.1. Preliminaries and hypotheses.

In this section we present the hypotheses and some notation used in this work.

2.1.1. Stochastic differential equation.

Let (Ω,F ,P, {Fs}s≥0) be a complete filtered probability space and let {W} = {Wi}di=1 be a d-dimensional
Brownian motion defined in it. Consider the following stochastic differential equation

dX(s) = b(t− s,X(s))ds+ σ(t− s,X(s))dW (s), X(0) = x, (3)

where b = {bi}di=1, σ = {σij}di,j=1, x ∈ Rd and t ≥ 0.
This process has two main drawbacks: first, it fails to be an homogeneous strong Markov process and second,

the continuity of the flow process does not imply the continuity with respect to t. Because of these, we consider
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the augmented process (ξ(s), X(s)) defined as the solution to

dξ(s) =− ds,
dX(s) =b(ξ(s), X(s))ds+ σ(ξ(s), X(s))dW (s),

(4)

with (ξ(0), X(0)) = (t, x). Throughout this article we will use both processes, X(s) and (ξ(s), X(s)), to simplify
the exposition.
We assume the following hypotheses on the coefficients b and σ, denoted by H1.

H1:

Let

σ(t, x) :[0,∞)× Rd →M(Rd × Rd)

b(t, x) :[0,∞)× Rd → Rd,

be continuous functions such that
(1) (Continuity.) For all T > 0, n ≥ 1 there exists L1(T, n) such that for all t, s ∈ [0, T ], ‖x‖ ≤ n, ‖y‖ ≤ n

• (Locally Lipschitz)

‖σ(t, x)− σ(t, y)‖+ ‖b(t, x)− b(t, y)‖ ≤ L1(T, n)‖x− y‖,

• (Locally Hölder)

‖σ(t, x)− σ(s, x)‖+ ‖b(t, x)− b(s, x)‖ ≤ L1(T, n)|t− s|β ,

for some β ∈ (0, 1).
(2) (Linear growth.) For each T > 0, there exists a constant K(T ) such that

‖σ(t, x)‖2 + ‖b(t, x)‖2 ≤ K1(T )2(1 + ‖x‖2),

for all 0 ≤ t ≤ T , x ∈ Rd.
(3) (Local ellipticity.) Let Σ ⊂ Rd be a connected, closed set with C3 boundary (∂Σ). Let A ⊂ Rd \ Σ

be any bounded open set and T > 0. There exists λ(T,A) > 0 such that for all (t, x) ∈ [0, T ]× A and
ξ ∈ Rd ∑

i,j

aij(t, x)ξiξj ≥ λ(T,A)‖ξ‖2,

where {aij} = a = σσ′.
Also assume that for all (t, x) ∈ [0, T ]× ∂Σ∑

i,j

aij(t, x)νiνj =0

∑
i

bi(t, x)Diρ(x) +
∑
i,j

ai,j(t, x)Dijρ(x) ≥ 0
(5)

where ν represents the inward normal and ρ(x) = dist(x, ∂Σ).

Remark 2.1. Let b̂ and σ̂ be the extensions of the functions b and σ over the set R× Rd defined as

b̂(r, x) =
{
b(r, x), if r ≥ 0,
b(0, x), if r < 0,
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and

σ̂(r, x) =
{
σ(r, x), if r ≥ 0,
σ(0, x), if r < 0.

It is easy to prove that the functions b̂ and σ̂ satisfy the locally Lipschitz and Hölder continuity and the linear
growth over the set R× Rd with the same constants L1 and K1 defined in H1.

For the rest of the paper without mentioning it we will allways consider for the functions b and σ their
respective extensions b̂ and σ̂ and denote them by b and σ.

Remark 2.2. Condition (5) implies that the process X(s) starting in x ∈ Rd \ Σ never reaches the set ∂Σ in
a finite time, that is, the process X(s) ∈ Rd \ Σ for all s ≥ 0. If the set Σ = ∅ then we are only assuming the
local ellipticity in the set [0,∞)× Rd.

The next proposition presents some of the properties of the process (ξ(s), X(s)).

Proposition 2.1. Assume H1, then the process (ξ(s), X(s)) satisfies the following properties:
(1) For all (t, x) ∈ [0,∞)× Rd there exists a unique strong solution {(ξ(s), X(s))}s≥0 to (4).
(2) The flow process {(ξ(s; t), X(s;x))}s≥0,(t,x)∈[0,∞)×Rd is continuous a.s..
(3) The process {(ξ(s), X(s))}s≥0 is a strong homogeneous Markov process.
(4) The process {(ξ(s), X(s))}s≥0 does not explode in finite time a.s..
(5) For all x ∈ Rd, T > 0 and r ≥ 1

Ex
[

sup
0≤s≤T

‖X(s)‖2r
]
≤ C(T,K1(T ), r)(1 + ‖x‖2r). (6)

(6) If x ∈ Rd \ Σ, then for all s ≥ 0, X(s) ∈ R \ Σ a.s.

Proof. See [41] chapter 6 or [32] chapter V for a proof of these properties. Also see Remark 2.1. For a proof of
property 6, see [26] chapter 13. �

2.1.2. The Cauchy problem.

Consider the following differential operator

L[u](t, x) =
∑
i,j

aij(t, x)Diju(t, x) +
∑
i

bi(t, x)Diu(t, x)

where Di denotes ∂
∂xi

, Dij stands for ∂2

∂xi∂xj
and {aij} = a = σσ′. For the rest of this section, we assume H1

on the coefficients of L. The Cauchy problem for the parabolic equation is

−ut(t, x) + L[u](t, x) + c(t, x)u(t, x) = −f(t, x) (t, x) ∈ (0,∞)× Rd \ Σ,

u(0, x) = h(x) for x ∈ Rd \ Σ.
(7)

We assume the following hypotheses for the data of the Cauchy problem. We denote them by H2.

H2:
(1) Let

c(t, x) :[0,∞)× Rd → R

f(t, x) :[0,∞)× Rd → R,

be continuous functions such that
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• (Continuity.) For all T > 0, n ≥ 1 there exists a constant L2(T, n) such that for all 0 ≤ s, t ≤ T ,
‖x‖ ≤ n, ‖y‖ ≤ n,

– (Locally Lipschitz)

‖f(t, x)− f(t, y)‖+ ‖c(t, x)− c(t, y)‖ ≤ L2(T, n)‖x− y‖,

– (Locally Hölder)

‖f(t, x)− f(s, x)‖+ ‖c(t, x)− c(s, x)‖ ≤ L2(T, n)|t− s|β ,

for some β ∈ (0, 1).
• (Growth.) There exists c0 ≥ 0 such that

c(t, x) ≤ c0 for all (t, x) ∈ [0,∞)× Rd.

For all T > 0 there exist constants k > 0 and K2(T ) such that

|f(t, x)| ≤ K2(T )(1 + ‖x‖k),

for all 0 ≤ t ≤ T , x ∈ Rd
(2) Let h(x) : Rd → R be a continuous function such that for some k > 0 and K3 > 0 we have

|h(x)| ≤ K3(1 + ‖x‖k),

for all x ∈ Rd.

2.2. Main result.

The main result for the linear parabolic equation is the following

Theorem 2.1. Assume H1 and H2. Then there exists a unique solution
u ∈ C([0,∞)× Rd \ Σ) ∩ C1,2,β

loc ((0,∞)× Rd \ Σ) to equation (7). The solution has the representation

u(t, x) = Ex
[∫ t

0

e
R s
0 c(t−r,X(r))drf(t− s,X(s))ds+ e

R t
0 c(t−r,X(r))drh(X(t))

]
,

where X is the solution to the stochastic differential equation

dX(s) = b(t− s,X(s))ds+ σ(t− s,X(s))dW (s), X(0) = x.

Furthermore, for all T > 0

sup
0≤t≤T

|u(t, x)| ≤ C(T, c0,K1(T ),K2(T ),K3, k)(1 + ‖x‖k), x ∈ Rd, (8)

where c0, K1, K2, K3 and k are the constants defined in H1 and H2.

The proof of this Theorem will be a consequence of several results. To prove it we use probabilistic arguments.
Let v : [0,∞)× Rd → R be defined as

v(t, x) :=Ex
[∫ t

0

e
R s
0 c(t−r,X(r))drf(t− s,X(s))ds

]
+ Ex

[
e

R t
0 c(t−r,X(r))drh(X(t))

]
.

(9)
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Because of H2 and (6), this function is well defined and finite for (t, x) ∈ [0,∞)×Rd. Following some standard
arguments (see [18] chapter 4), it can be proved in the case when v ∈ C∩C1,2 then it solves the Cauchy problem
(7). If we assume that all the coefficients, σ, b, c, f and h, are twice continuously differentiable in x, it was
proved using the differentiability of the flow process {X(s, x)} that the function v is C1,2 (see [32] chapter V for
a detailed description of this theory). Additionally, there are explicit formulas for the derivatives of v in terms
of the derivatives of the flow. Since we are only assuming the Hölder continuity of the coefficients, the flow is
not necessarily differentiable and hence we need a different approach to prove the smoothness of v. The next
section is devoted to prove the regularity of v.
In the rest of this subsection, we assume that v ∈ C ∩ C1,2 and prove Theorem 2.1 in that case. The proof
is divided in two Lemmas: the first one proves existence, that is, if v ∈ C1,2, then v solves equation (7). The
second one is the well known Feynman-Kac’s Theorem, that proves that if a classical solution to equation (7)
exists, then it has the probabilistic representation given by v and hence is unique.

Lemma 2.1. Assume H1 and H2. Let v be defined as in equation (9). Assume that v ∈ C([0,∞)×Rd \ Σ)×
C1,2((0,∞)× Rd \ Σ). Then v fulfils the following equation

−ut(t, x) + L[u](t, x) + c(t, x)u(t, x) = −f(t, x) (t, x) ∈ (0,∞)× Rd \ Σ,

u(0, x) = h(x) for x ∈ Rd \ Σ.
(10)

Furthermore, for all T > 0

sup
0≤t≤T

|v(t, x)| ≤ C(T, c0,K1(T ),K2(T ),K3, k)(1 + ‖x‖k), x ∈ R,

where c0, K1, K2 and k are the constants defined in H1 and H2.

Proof. Let 0 < α ≤ t. We have that

Ex
[∫ t

0

e
R s
0 c(t−r,X(r))drf(t− s,X(s))ds+ e

R t
0 c(t−r,X(r))drh(X(t))

∣∣∣∣Fα]
=
∫ α

0

e
R s
0 c(t−r,X(r))drf(t− s,X(s))ds+ e

R α
0 c(t−r,X(r))drv(t− α,X(α)),

(see the argument made for equation (28) in the proof of Theorem 2.3 in section 2.3 below). Since∫ t
0
e

R s
0 c(t−r,X(r))drf(t − s,X(s))ds + e

R t
0 c(t−r,X(r))drh(X(t)) is integrable, then the lefthand side of the last

equation is a martingale and so is the righthand side. Since v ∈ C1,2((0,∞) × Rd \ Σ) and the process
X(s) ∈ Rd\Σ a.s. for all s ≥ 0 (see Proposition 2.1), then applying Ito’s formula to e

R α
0 c(t−r,X(r))drv(t−α,X(α))

we get

e
R α
0 c(t−r,X(r))drv(t− α,X(α)) = v(x, y)

+
∫ α

0

e
R s
0 c(t−r,X(r))dr(−vt + L[v])(t− s,X(s))ds

+ local mgl.

Combining the last two equations we have

e
R α
0 c(t−r,X(r))drv(t− α,X(α)) +

∫ α

0

e
R s
0 c(t−r,X(r))drf(t− s,X(s))ds

=
∫ α

0

e
R s
0 c(t−r,X(r))dr(−vt + L[v] + f)(t− s,X(s))ds

+ local mgl.
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Since the lefthand side is a local martingale and the integral on the righthand side is continuous and locally of
bounded variation, then for all s > 0, and (t, x) ∈ (0,∞)× Rd \ Σ∫ α

0

e
R s
0 c(t−r,X(r))dr(−vt + L[v] + f)(t− s,X(s))ds = 0 a.s.

This implies that −vt + L[v] + f = 0 for all (t, x) ∈ (0,∞)× Rd \ Σ.
The initial condition is fulfilled since v ∈ C([0,∞)× Rd \ Σ).

Following the same arguments made in the proofs of the Lemmas 2.3 and 2.4 for equations (14) and (20) in
section 2.3 below, we can conclude that for all T > 0

sup
0≤t≤T

|v(t, x)| ≤ C(T, c0,K1(T ),K2(T ),K3, k)(1 + ‖x‖k), x ∈ R,

for some C, which concludes the proof. �

We enounce a modified version of the Feynman-Kac’s Theorem. The proof follows the same lines as the
original one, once it is considered that under H1, the process X(s) ∈ Rd \ Σ for all s ≥ 0. For a proof see [41],
Theorem 3.33 in Chapter 6 or [31], Theorem 7.6 in Chapter 5.

Lemma 2.2 (Feynman-Kac’s Formula). Assume H1 and H2. Let W (s) be a d-dimensional Brownian motion
and let X(s) be the strong solution of the stochastic differential equation

dX(s) = b(t− s,X(s))ds+ σ(t− s,X(s))dW (s), X(0) = x.

Let u(t, x) ∈ C1,2((0,∞)× Rd \ Σ) ∩ C([0,∞)× Rd \ Σ) be a classical solution to the Cauchy problem

−ut(t, x) + L[u](t, x) + c(t, x)u(t, x) = −f(t, x) (t, x) ∈ (0,∞)× Rd \ Σ,

u(0, x) = h(x) for x ∈ Rd \ Σ,

with a = σσ′ and assume there exists µ > 0 such that

sup
0≤t≤T

|u(t, x)| ≤ KT (1 + ‖x‖µ)

for any T > 0 and for all x ∈ R. Then

u(t, x) = Ex
[∫ t

0

e
R s
0 c(t−r,X(r))drf(t− s,X(s))ds+ e

R t
0 c(t−r,X(r))drh(X(t))

]
.

2.3. Regularity of v.

In this subsection we prove that the function v defined in equation (9) belongs to the space C([0,∞) ×
Rd \ Σ) ∩ C1,2,β

loc ((0,∞) × Rd \ Σ). To this end, we use the theory of stochastic differential equations and the
theory of parabolic equations with Hölder coefficients in bounded domains. We first prove that v is continuous in
[0,∞)×Rd \ Σ using the properties of the paths of the stochastic process X(t). Then, to prove C1,2 regularity,
we observe that on any smooth, bounded subset [T0, T1]×A ⊂ [0,∞)×Rd \Σ, v fulfils a parabolic differential
equation for which a classical solution exists, thanks to the theory of parabolic equations. This entails that
v ∈ C1,2,β

loc ((0,∞)× Rd \ Σ).
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2.3.1. Continuity of v.

We can write v as

v(t, x) =Et,x
[∫ t

0

e
R s
0 c(ξ(r),X(r))drf(ξ(s), X(s))ds

]
+ Et,x

[
e

R t
0 c(ξ(r),X(r))drh(X(t))

]
,

(11)

where the process {ξ(s), X(s)} is the solution to equation (4). To prove that v is continuous in [0,∞)×Rd we
rewrite it as v = v1 + v2 where

v1(t, x) := Et,x
[∫ t

0

e
R s
0 c(ξ(r),X(r))drf(ξ(s), X(s))ds

]
, (12)

and

v2(t, x) := Et,x
[
e

R t
0 c(ξ(r),X(r))drh(X(t))

]
. (13)

We have the following Theorem.

Theorem 2.2. Assume H1 and H2. Then the function v defined in equation (11) is continuous in [0,∞) ×
Rd \ Σ.

The proof is divided in two Lemmas.

Lemma 2.3. Assume H1 and H2. Then v1 defined as in equation (12) is a continuous function over [0,∞)×
Rd \ Σ.

Proof. We first prove the continuity in (0,∞)× Rd \ Σ. Let {{(tn, xn)}n∈N, (t, x)} ⊂ (0,∞)× Rd \ Σ. Assume
that (tn, xn) −−−−→

n→∞
(t, x). We need to prove that

v1(tn, xn) −−−−→
n→∞

v1(t, x).

We will prove that for any ε > 0 there exists a N ∈ N such that for any n ≥ N

|v1(tn, xn)− v1(t, x)| < ε.

Let ε > 0, 0 < α� 1 and N1 ∈ N such that

‖(tn, xn)− (t, x)‖ < α for n ≥ N1.

Then if n ≥ N1 we get tn ≤ t+ α and ‖xn‖ ≤ ‖x‖+ α.
Let (ξn, Xn) and (ξ,X) denote the solutions to equation (4) with initial conditions (tn, xn) and (t, x) respectively.
We prove first that for all n ≥ N1, the random variables

Yn :=
∣∣∣∣∫ tn

0

e
R s
0 c(ξn(r),Xn(r))f(ξn(s), Xn(s))ds

−
∫ t

0

e
R s
0 c(ξ(r),X(r))drf(ξ(s), X(s))ds

∣∣∣∣
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are uniformly integrable. To prove this we observe that∫
Ω

Y 2
n dP ≤2

∫
Ω

(∫ tn

0

e
R s
0 c(ξn(r),Xn(r))drf(ξn(s), Xn(s))ds

)2

dP

+ 2
∫

Ω

(∫ t

0

e
R s
0 c(ξ(r),X(r))drf(ξ(s), X(s))ds

)2

dP

≤2
∫

Ω

(∫ tn

0

ec0sK2(t+ α)(1 + ‖Xn(s)‖k)ds
)2

dP + Ct,x

≤4(t+ α)2e2c0(t+α)K2
2 (t+ α)

(
1 +

∫
Ω

sup
0≤s≤t+α

‖Xn(s)‖2kdP
)

+ Ct,x

≤C(t, α, k)(1 + ‖xn‖4k) + Ct,x

≤C(t, α, k)(1 + (‖x‖+ α)4k) + Ct,x <∞,

(14)

due to H2 and equation (6). It follows from Theorem 4.2 page 215 in [27], that {Yn}n≥N1 is uniformly integrable.
Let 0 < η < 1 and M > 0. Define M1 := 1 +M and A1 := [0, t+ α]× [−M1,M1]d. Then

|v1(tn, xn)− v1(t, x)| ≤
∫
{‖X‖t+α≤M}∩{‖Xn−X‖t+α≤η}

|Yn|dP

+
∫

Ω\({‖X‖t+α≤M}∩{‖Xn−X‖t+α≤η})
|Yn|dP.

As a consequence of the uniformly integrability, for every ε > 0 there exists a δ(ε) > 0 such that supn
∫
B
|Yn|dP <

ε
2 for all B ∈ F such that P [B] ≤ δ(ε).

By Proposition 2.1 we may choose M > 0 such that

P [‖X‖t+α > M ] ≤ δ(ε)
2

and N2 ∈ N for which

P [‖Xn −X‖t+α > η] ≤ δ(ε)
2

for all n ≥ N2 (using Theorem 5.1 in Section 5). So for all n ≥ N1 ∨N2 we get

|v1(tn, xn)− v1(t, x)| ≤
∫
{‖X‖t+α≤M}∩{‖Xn−X‖t+α≤η}

|Yn|dP +
ε

2
. (15)

Now, on the set BM,n,η := {‖X‖t+α ≤M}∩{‖Xn−X‖t+α ≤ η} we have that (ξn(s), Xn(s)), (ξ(s), Xn(s)) ∈ A1.
So

∫
BM,n,η

|Yn|dP ≤
∫
BM,n,η

∫ tn∧t

0

∣∣∣eR s
0 c(ξn(r),Xn(r))drf(ξn(s), Xn(s))

−e
R s
0 c(ξ(r),X(r))drf(ξ(s), X(s))

∣∣∣ dsdP (16)

+
∫
BM,n,η

∫ tn∨t

tn∧t

∣∣∣eR s
0 c(ξn(r),Xn(r))drf(ξn(s), Xn(s))1tn>t

+e
R s
0 c(ξ(r),X(r))drf(ξ(s), X(s))1tn≤t

∣∣∣ dsdP. (17)
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For (17) we have

(17) ≤
∫
BM,n,η

∫ tn∨t

tn∧t
ec0sKf (A1)dsdP

≤ec0(t+α)Kf (A1)|tn − t|

≤ec0(t+α)Kf (A1)|tn − t|β

since |tn − t| < α� 1. Next we study (16). We get that

(16) ≤
∫
BM,n,η

∫ tn∧t

0

e
R s
0 c(ξn(r),Xn(r))dr

×|f(ξn(s), Xn(s))− f(ξ(s), X(s))|dsdP (18)

+
∫
BM,n,η

∫ tn∧t

0

|f(ξ(s), X(s))|

×
∣∣∣eR s

0 c(ξn(r),Xn(r))dr − e
R s
0 c(ξ(r),X(r))dr

∣∣∣ dsdP. (19)

We analyze the two terms in the righthand side separately. For the first part, since f is locally Lipschitz, we
get

(18) ≤
∫
BM,n,η

∫ tn∧t

0

ec0sLf (A1)(|tn − t|β + ‖Xn(s)−X(s)‖)dsdP

≤ec0(t+α)(t+ α)Lf (A1)(|tn − t|β + η).

It follows from the locally Lipschitz continuity of c, that on BM,n,η∣∣∣eR s
0 c(ξn(r),Xn(r))dr −e

R s
0 c(ξ(r),X(r))dr

∣∣∣ = e
R s
0 c(ξ(r),X(r))dr

×
∣∣∣∣exp

{∫ s

0

(c(ξn(r), Xn(r))− c(ξ(r), X(r)))dr
}
− 1
∣∣∣∣

≤ ec0s
(

exp
{∫ s

0

|c(ξn(r), Xn(r))− c(ξ(r), X(r))|dr
}
− 1
)

≤ ec0s
(

exp
{∫ s

0

Lc(A1)(|tn − t|β + ‖Xn(r)−X(r)‖)dr
}
− 1
)

≤ ec0s(exp{Lc(A1)s(|tn − t|β + η)} − 1),

since |ex−1| ≤ e|x|−1. If we choose N3 ∈ N such that |tn−t|β ≤ 1
2Lc(A1)(t+α) for all n ≥ N3 and η ≤ 1

2Lc(A1)(t+α) ,
we get by the Mean Value Theorem that∣∣∣eR s

0 c(ξn(r),Xn(r))dr − e
R s
0 c(ξ(r),X(r))dr

∣∣∣ ≤ ec0seLc(A1)s(|tn − t|β + η).

So for (19) we get the following bound

(19) ≤
∫
BM,n,η

∫ tn∧t

0

Kf (A1)ec0seLc(A1)s(|tn − t|β + η)dsdP

≤Kf (A1)ec0(t+α)eLc(A1)(t+ α)2(|tn − t|β + η).
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Hence to prove continuity we chose the parameters in the following order: let ε > 0, 0 < α � 1, δ(ε), M > 0.
Then let η

η < min
{

1,
1

2Lc(A1)(t+ α)
,

ε

16ec0(t+α)(t+ α)Lf (A1)

,
ε

16Kf (A1)ec0(t+α)eLc(A1)(t+ α)

}
.

And let N3 ∈ N be such that

|tn − t|β < min
{

1
2Lc(A1)(t+ α)

,
ε

4ec0(t+α)Kf (A1)

,
ε

16ec0(t+α)(t+ α)Lf (A1)

,
ε

16Kf (A1)ec0(t+α)eLc(A1)(t+ α)

}
.

for all n ≥ N3

So if N = N1 ∨N2 ∨N3 we have that for all n ≥ N

|v1(tn, xn)− v1(t, x)| < ε.

Therefore v1 is continuous in (0,∞)× Rd \ Σ.
For the continuity at t = 0 we proceed the same way. Let (tn, xn)→ (0, x), α > 0 and N1 ≥ 1 be such that

‖(tn, xn)− (0, x)‖ ≤ α,

for all n ≥ N1. Since v1(0, x) ≡ 0, we need to prove that

|v1(tn, xn)| −−−−→
n→∞

0,

which is a consequence of the following

|v1(tn, xn)| ≤Etn,xn
[∫ tn

0

e
R s
0 c(ξn(r),Xn(r))dr|f(ξn(s), Xn(s))|ds

]
≤ec0α

∫ tn

0

Etn,xn [|f(ξn(s), Xn(s))|] ds

≤ec0α
∫ tn

0

Exn
[
K(α)(1 + ‖Xn(s)‖k)

]
ds

≤ec0α
∫ tn

0

K2(α)
(

1 + Exn
[

sup
0≤r≤α

‖Xn(r)‖k
])

ds

≤ec0α
∫ tn

0

K2(α)(1 + C(α, k)(1 + ‖xn‖k))ds

≤ec0αK2(α)(1 + C(α, k)(1 + (‖x‖+ α)k))tn −−−−→
n→∞

0.

�

Lemma 2.4. Assume H1 and H2. Then v2 defined as in equation (13) is a continuous function over [0,∞)×
Rd \ Σ.
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Proof. We proceed in the same way as in the proof of Lemma 2.3. Since the proof follows essentially the same
lines we only present an sketch of it. Let {(tn, xn)}n∈N, (t, x), α, (ξn, Xn) and (ξ,X) be as in Lemma 2.3.
First we prove that the sequence of random variables

Yn :=
∣∣∣eR tn

0 c(ξn(r),Xn(r))drh(Xn(tn))− e
R t
0 c(ξ(r),X(r))drh(X(t))

∣∣∣
is uniformly integrable for all n ≥ N1. As in equation (14) we can prove that∫

Ω

Y 2
n dP ≤ C(t, α, r)(1 + (‖x‖+ α)4r) + Ct,x <∞. (20)

Let M > 0, 0 < η < 1 and ε > 0. Let M1, A1 and δ(ε) be as in Lemma 2.3. Hence we can prove that

|v2(tn, xn)− v2(t, x)| ≤
∫
{‖X‖t+α≤M}∩{‖Xn−X‖t+α≤η}

|Yn|dP +
ε

2
.

Let BM,n,η := {‖X‖t+α ≤M} ∩ {‖Xn −X‖t+α ≤ η}. Then∫
BM,n,η

YndP ≤
∫
BM,n,η

e
R tn
0 c(ξn(r),Xn(r))dr|h(Xn(tn))− h(X(t))|dP (21)

+
∫
BM,n,η

|h(X(t))|

×
∣∣∣eR tn

0 c(ξn(r),Xn(r))dr − e
R t
0 c(ξ(r),X(r))dr

∣∣∣ dP (22)

We begin with the second part of the righthand side of the last equation. As in equation (19) we can prove that

(22) ≤Kh(A1)ec0(t+α)e

× ((Lc(A1)(t+ α) +Kc(A1))|tn − t|β + Lc(A1)(t+ α)η).

For (21) we have that

(21) ≤ ec0(t+α)

∫
BM,n,η

|h(Xn(tn))− h(X(tn))|dP (23)

+ec0(t+α)

∫
BM,n,η

|h(X(tn))− h(X(t))|)dP. (24)

We first analyze (23). Since h is continuous, then it is uniformly continuous over the compact set A1. Then,
for ε > 0, there exists γ(ε,M, c0, α, t) such that if ‖x − y‖ < γ(ε,M, c0, α, t), then |h(x) − h(y)| < ε

8ec0(t+α) for
all x, y ∈ A1. So for η < γ(ε,M, c0, α, t), over BM,n,η

|h(Xn(tn))− h(X(tn))| < ε

8ec0(t+α)
.

For (24), since |h(X(tn))− h(X(t))| ≤ 2(1 + sup0≤s≤t+α ‖X(s)‖k), and |h(X(tn))− h(X(t))| a.s.−−−−→
n→∞

0, then by
the Dominated Convergence Theorem, there exists N3 such that for all n ≥ N3∫

Ω

|h(X(tn))− h(X(t))|dP < ε

8ec0(t+α)
. (25)
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So to prove continuity we proceed as in the proof of Lemma 2.3 with

η < min
{

1, γ(ε,M, c0, α, t),
1

2Lc(A1)(t+ α)

,
ε

8Kh(A1)ec0(t+α)eLc(A1)(t+ α)

}
.

and N3 ∈ N be such that

|tn − t|β < min
{

1
2(Lc(A1)(t+ α) +Kc(A1))

,
ε

8Kh(A1)ec0(t+α)e((Lc(A1)(t+ α) +Kc(A1))

}
.

for all n ≥ N3. And we conclude that v2 is continuous over (0,∞)× Rd \ Σ.
The continuity at t = 0 is treated in a similar way and hence the proof is complete. �

2.3.2. Differentiability of v.

To prove that v is a solution of equation (7), we need to prove that v ∈ C1,2((0,∞)×Rd\Σ). Let 0 ≤ T0 < T1

and A ⊂ Rd \Σ be a bounded open set with C2 boundary. Consider the following parabolic differential equation

−ut(t, x) + L[u](t, x) + c(t, x)u(t, x) = −f(t, x) (t, x) ∈ [T0, T1]×A,
u(T0, x) = v(T0, x) for x ∈ A,
u(t, x) = v(t, x) for (t, x) ∈ (T0, T1]× ∂A.

(26)

where the boundary data is v. From H1, H2 and the continuity of v, the existence of a classical solution to
equation (26) follows from Theorem 5.2 in Section 5.

We can prove the following Theorem

Theorem 2.3. Assume H1 and H2. Let v be defined as in equation (9). Then v ∈ C1,2,β
loc ((0,∞)× Rd \ Σ).

Proof. Let w be the solution to equation (26). Define the following stopping times

τT := inf{s > 0|ξ(s) < T0}
τA := inf{s > 0|X(s) /∈ A},
τ :=τT ∧ τA.

Following the same arguments of Section 5 in Chapter 6 of [25], we can prove that w has the following
representation

w(t, x) =Ex
[∫ τ

0

e
R s
0 c(t−r,X(r))drf(t− s,X(s))ds

]
+ Ex

[
e

R τ
0 c(t−r,X(r))dsv(t− τ,X(τ))

]
.

(27)

Using the strong Markov property of the process (ξ(s), X(s)) we prove the following equality for v

v(t, x) =Et,x
[∫ τ

0

e
R s
0 c(ξ(r),X(r))drf(ξ(s), X(s))ds

]
+ Et,x

[
e

R τ
0 c(ξ(r),X(r))dsv(ξ(τ), X(τ))

]
.

(28)
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Let v1 and v2 be defined as in equations (12) and (13). For v1

v1(t, x) = Et,x
[
E
[∫ t

0

e
R s
0 c(ξ(r),X(r))drf(ξ(s), X(s))ds

∣∣∣Fτ]]
= Et,x

[
E
[∫ τ

0

e
R s
0 c(ξ(r),X(r))drf(ξ(s), X(s))ds

∣∣∣Fτ]] (29)

+Et,x
[
E
[∫ t

τ

e
R s
0 c(ξ(r),X(r))drf(ξ(s), X(s))ds

∣∣∣Fτ]] (30)

Now,

(29) = Et,x
[∫ τ

0

e
R s
0 c(ξ(r),X(r))drf(ξ(s), X(s))ds

]
.

We make a couple of changes of variable in (30) to get

(30) =Et,x
[
E
[∫ t−τ

0

e
R s+τ
0 c(ξ(r),X(r))drf(ξ(s+ τ), X(s+ τ))ds

∣∣∣Fτ]]
=Et,x

[
e

R τ
0 c(ξ(r),X(r))drE

[∫ t−τ

0

e
R s
0 c(ξ(r+τ),X(r+τ))drf(ξ(s+ τ), X(s+ τ))ds

∣∣∣∣Fτ]] .
Since (ξ(s), X(s)) is a strong Markov process we get that

(30) =Et,x
[
e

R τ
0 c(ξ(r),X(r))drEξ(τ),X(τ)

[∫ t−τ

0

e
R s
0 c(ξ(r),X(r))drf(ξ(s), X(s))ds

]]
=Et,x

[
e

R τ
0 c(ξ(r),X(r))drv1(ξ(τ), X(τ))

]
.

So we conclude that

v1(t, x) =Et,x
[∫ τ

0

e
R s
0 c(ξ(r),X(r))drf(ξ(s), X(s))ds

]
+ Et,x

[
e

R τ
0 c(ξ(r),X(r))drv1(ξ(τ), X(τ))

]
.

(31)

For v2 we make a couple of changes of variable to get

v2(t, x) =Et,x
[
E
[
e

R t
0 c(ξ(r),X(r))drh(X(t))

∣∣∣Fτ]]
=Et,x

[
e

R τ
0 c(ξ(r),X(r))drE

[
e

R t−τ
0 c(ξ(r+τ),X(r+τ))drh(X(t− τ + τ))

∣∣∣Fτ]]
=Et,x

[
e

R τ
0 c(ξ(r),X(r))drEξ(τ),X(τ)

[
e

R t−τ
0 c(ξ(r),X(r))drh(X(t− τ))

]]
=Et,x

[
e

R τ
0 c(ξ(r),X(r))drv2(ξ(τ), X(τ))

]
.

(32)

Thanks to equations (31) and (32) we conclude that equation (28) is true.
So due to equations (27) and (28) we have that v = w. Since w ∈ C1,2,β((T0, T1)×A) (see Theorem 5.2 below)
and T0 T1 and A are arbitrary we get that v ∈ C1,2,β

loc ((0,∞)× Rd \ Σ) and the proof is complete. �

We are ready to prove the Main Theorem.

Proof of Theorem 2.1. Let v be defined as in equation (9). Thanks to Theorems 2.2 and 2.3 and Lemmas 2.1
and 2.2 the proof is complete. �
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Remark 2.3. The methods used in this paper can be made under broader assumptions on the coefficients of
L, considering a condition of Lyapunov type. Let ϕ ∈ C1,2((0, T )× Rd) be such that

lim
|x|→∞

inf
0≤t≤T

ϕ(t, x) =∞,

and for some λ > 0

sup
[0,T ]×Rd

{(
− ∂

∂t
+ L

)
ϕ(t, x)− λϕ(t, x)

}
<∞.

Thanks to Theorem 10.2.1 in [40], we have that under these assumptions the martingale problem is well-posed
and so there exists a unique weak solution to equation (3). It follows from the locally Lipschitz continuity
in x, of σ and b, that the existence is pathwise unique (see Corollary 2.9 on Chapter 6 in [41]). This and
the Yamada-Watanabe’s Theorem (Theorem 1.25, Chapter 6 in [41]) imply the existence of a unique strong
solution to equation (3). Finally, due to Theorem 38 of Chapter V in [38] we have that the flow process X(t;x)
is continuous. Despite this, it is not clear how to control the growth of the moments (see equation (6)) and
hence we need to work with bounded data (f, g ∈ Cb) in order to repeat the arguments made in the proof of
Theorem 2.2. Many interesting stochastic control problems need the non-boundedness of the data and since
our motivations came from that field, we assume H1 in order to have estimations like (6) for the moments of
the process. In section 4, we present an example that illustrates this.

3. Semilinear parabolic equations.

We consider the following differential problem

−ut(t, x)+
∑
ij

aij(t, x)Diju(t, x)

+ sup
α∈Λ
{Lα1 [u](t, x) + f(t, x, α)} = 0, in (0,∞)× Rd

u(0, x) = h(x), x ∈ Rd,

(33)

where a = σσ′ and
Lα1 [u](t, x) :=

∑
i

bi(t, x, α)Diu(t, x) + c(t, x, α)u(t, x).

We assume the following hypotheses on the coefficients, we denote them by H3.

H3:
(1) Λ ⊂ Rm is a compact set.
(2) σ follows the same hypotheses made in H1 with Σ = ∅.
(3) Let h(x) : Rd → R be a locally Hölder continuous function of order β such that for some k > 0 and

K3 > 0 we have
|h(x)| ≤ K3(1 + ‖x‖k),

for all x ∈ Rd.
(4) Let

b :[0,∞)× Rd × Λ→ Rd

c :[0,∞)× Rd × Λ→ R

f :[0,∞)× Rd × Λ→ R

be continuous functions such that
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• (Continuity.) b, c and f have the following continuity. For all T > 0, M ≥ 1, there exists L3(T,M)
such that for all t, s ∈ [0, T ], ‖x‖, ‖y‖ ≤M and α, γ ∈ Λ,

– (Locally Lipschitz.)

‖ψ(t, x, α)− ψ(t, y, γ)‖ ≤ L3(T,M)(‖x− y‖+ ‖α− γ‖).

– (Locally Hölder.)

‖ψ(t, x, α)− ψ(s, x, α)‖ ≤ L3(T,M)|t− s|β .

where ψ represents any of the functions b, c and f .
• (Growth.) There exists c0 ≥ 0 such that

c(t, x) ≤ c0 for all (t, x, α) ∈ [0,∞)× Rd × Λ.

For all T > 0 there exist constants k > 0 and K4(T ) such that

‖b(t, x, α)‖ ≤K4(T )(1 + ‖x‖)

|f(t, x, α)| ≤K4(T )(1 + ‖x‖k),

for all 0 ≤ t ≤ T , α ∈ Λ and x ∈ Rd
(5) For all ψ ∈ HL0,1,β,β1((0,∞)× Rd), β1 ∈ {β, 1}, let

Aψ(t, x) := argmaxα∈Λ {Lα1 [ψ](t, x) + f(t, x, α)} .

Then Aψ ∈ HL0,0,β,β1((0,∞)× Rd).
We are ready to prove the main Theorem of this section. The proof is based in Theorem 2.1, the ideas made

in Appendix E for Theorem 6.1 of Chapter VI in [21] and some standard arguments for Verification Theorems.

Theorem 3.1. Assume H3. Then there exists a unique classical solution u ∈ C([0,∞)×Rd)∩C1,2,β
loc ((0,∞)×

Rd), to equation (33). The solution has the representation

u(t, x) = sup
a∈A
{u(t, x; a)} ,

where

u(t, x; a) :=Ex
[∫ t

0

e
R s
0 c(t−r,X(r;a),ar)drf(t− s,X(s; a), ar)ds

]
+ Ex

[
e

R t
0 c(t−r,X(r;a),ar)drh(X(t; a))

]
,

A is the set of all predictable processes, as, defined in some probability space (Ω,F ,P, {Fs}s≥0), such that

P [for all s ≥ 0; as ∈ Λ] = 1,

and X(s; a) is the solution to the stochastic differential equation

dX(s; a) = b(t− s,X(s), as)ds+ σ(t− s,X(s))dW (s), X(0) = x. (34)

Furthermore, for all T > 0,

sup
0≤t≤T

|u(t, x)| ≤ C(T, c0,K1(T ),K2(T ),K3,K4(T ), k)(1 + ‖x‖k), x ∈ Rd,
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where c0, k, Ki, i = 1, . . . , 4 are the constants defined in H1, H2 and H3.

Remark 3.1. Unlike the linear problem, we restrict the main result for the semilinear part to the case when
Σ = ∅. The existence Theorem is proved by approximation with linear equations and requires a Maximum
Principle’s Theorem in order to prove that the approximating sequence is monotone and hence convergent. In
general, is not true that over the set ∂Σ the monotonicity is preserved and so we can not construct a convergent
sequence by this method. However, as is illustrated in the problem presented in section 4, there exists some
cases in which the problem is degenerated in some set ∂Σ ⊂ Rd and repeating the same lines presented in
this section we can construct a classical solution to the semilinear problem. In this example, the linearization
technique works because the approximating sequence is “constant” over the set ∂Σ.

The proof is divided in two Theorems: a Verification Theorem and an Existence one.

Theorem 3.2 (Verification Theorem.). Assume H3. Assume also there exists v ∈ C([0,∞)×Rd)∩C1,2,β
loc ((0,∞)×

Rd), solution to equation (33) such that for all T > 0

sup
0≤t≤T

|v(t, x)| ≤ C(T )(1 + ‖x‖µ), x ∈ Rd, (35)

for some µ > 0. Let a ∈ A, then
u(t, x; a) ≤ v(t, x) = u(t, x; a∗)

where a∗s := Av(s,X(s)) ∈ A. In particular, the solution is unique and

v(t, x) = sup
a∈A
{u(t, x; a)} .

Proof. Let L2 and Lα1 be the differential operators

L2[u] := −ut +
∑
ij

aijDiju, (36)

and
Lα1 [u] :=

∑
i

bi(·, α)Diu+ c(·, α)u (37)

and denote
fα = f(·, α). (38)

Let a ∈ A be any admissible process and denote by X(s) = X(s; a) the solution to equation (34). Since v ∈ C1,2,
applying Ito’s rule we get for s ≤ t

e
R s
0 c(t−r,X(r),ar)drv(t− s,X(s)) = v(t, x)

+
∫ s

0

e
R r
0 c(t−y,X(y),ay)dy (L2 + Las1 ) [v](t− r,X(r))dr

+
∫ s

0

e
R r
0 c(t−y,X(y),ay)dyDv(t− r,X(r))σ(t− r,X(r))dW (r).

Since e
R r
0 cdyDv(·)σ(·) is locally bounded, we conclude that{
e

R s
0 c(t−r,X(r),ar)drv(t− s,X(s))−

∫ s

0

e
R r
0 c(t−y,X(y),ay)dy (L2 + Las1 ) [v](t− r,X(r))dr

}
0≤s≤t
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is a local martingale. Let {τn}n≥1 be a sequence of localization times for the local martingale. Hence, using
equation (33) we get

v(t, x) =Ex
[
e

R s∧τn
0 c(t−r,X(r),ar)drv((t− ·, X)(s ∧ τn))

]
− Ex

[∫ s∧τn

0

e
R r
0 c(t−y,X(y),ay)dy (L2 + Las1 ) [v](t− r,X(r))dr

]
≥Ex

[
e

R s∧τn
0 c(t−r,X(r),ar)drv((t− ·, X)(s ∧ τn))

]
+ Ex

[∫ s∧τn

0

e
R r
0 c(t−y,X(y),ay)dyf(t− r,X(r), ar)dr

]
.

For all n ∈ N and s ≤ t, using (35) we get

|e
R s∧τn
0 c(t−r,X(r),ar)drv((t− ·, X)(s ∧ τn))| ≤ ec0tC(t)(1 + sup

r∈[0,t]

{‖X(r)‖µ}),

and ∫ s∧τn

0

e
R r
0 c(t−y,X(y),ay)dyf(t− r,X(r), ar)dr

≤
∫ s∧τn

0

erc0K4(t)(1 + ‖X(s)‖)kds

≤tetc0K4(t)2k(1 + sup
r∈[0,t]

{‖X(r)‖k}).

Hence by the Dominated Convergence Theorem letting n→∞ and s ↑ t

v(t, x) ≥Ex
[∫ t

0

e
R s
0 c(t−r,X(r),ar)drf(t− s,X(s), ar)ds

]
+ Ex

[
e

R t
0 c(t−r,X(r),ar)drh(X(t))

]
.

And so u(t, x; a) ≤ v(t, x).
Since v ∈ C1,2,β

loc ((0,∞) × Rd), it follows from H3 that Av is locally Hölder continuous in t and locally
Lipschitz continuous in x and so equation (34) admits a strong solution with a∗s := Av(s,X(s)). This implies
that the strategy a∗s ∈ A. Repeating the same arguments made with the arbitrary process we get that for a∗s

u(t, x; a∗) = v(t, x)

and the proof is complete. �

Next we present the Existence Theorem.

Theorem 3.3 (Existence Theorem.). Assume H3. Then there exists a unique classical solution u ∈ C([0,∞)×
Rd) ∩ C1,2,β

loc ((0,∞)× Rd), to equation (33). Furthermore, for all T > 0,

sup
0≤t≤T

|u(t, x)| ≤ C(T, c0,K1,K2,K3,K4)(1 + ‖x‖k), x ∈ Rd, (39)

where c0, k, Ki, i = 1, . . . , 4 are the constants defined in H1, H2 and H3.
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Proof. The proof is divided in three main steps: First we construct a candidate solution to equation (33) by
approximation with linear parabolic equations. Second we prove that this function is a weak solution to equation
(33) and finally we prove that it is a classical solution.

Let L2, Lα1 and fα be defined as in equations (36), (37) and (38), respectively.
Let α0 ∈ Λ and u(0) be the solution given by Theorem 2.1 to

L2[u(0)] + Lα0
1 [u(0)] + fα0 =0, (0,∞)× Rd

u(0)(0, x) =h(x), x ∈ Rd.

For n ≥ 1, let
A(n−1) := argmaxα∈Λ

{
Lα1 [u(n−1)] + fα

}
,

and u(n) be the solution to

L2[u(n)] + LA
(n−1)

1 [u(n)] + fA
(n−1)

=0, (0,∞)× Rd

u(n)(0, x) =h(x), x ∈ Rd.
(40)

If u(n−1) ∈ C1,2,β then Du(n−1) ∈ C0,1,β and so u(n−1) ∈ HL0,1,β . Hence by hypothesis, A(n−1) ∈ HL0,0,β .
This and H3 implies that the coefficients of equation (40) satisfies the hypotheses of Theorem 2.1 and so the
sequence {u(n)} is well defined and each u(n) ∈ C1,2,β .

Next, we prove that u(n) ≤ u(n+1) for all n ∈ N. Because

A(n) ∈ argmax
{
Lα1 [u(n)] + fα

}
we have that

0 =L2[u(n)] + LA
(n−1)

1 [u(n)] + fA
(n−1)

≤L2[u(n)] + LA
(n)

1 [u(n)] + fA
(n)
.

Substracting this to equation (40) for n+ 1 we get

0 ≥ L2[u(n+1) − u(n)] + LA
(n)

1 [u(n+1) − u(n)] (41)

in (0,∞)× Rd. Thanks to the Maximum Principle Theorem 1.2 in [14] we prove that

u(n) ≤ u(n+1).

Since K4 does not depend on α, then using estimate (8) in Theorem 2.1 we get that for all n ∈ N

sup
0≤t≤T

{|u(n)(t, x)|} ≤ C(T )(1 + ‖x‖k), x ∈ Rd (42)

where the constant C(T ) is independent of n. Then the sequence {u(n)(t, x)} is bounded from above and
increasing. For each (t, x) ∈ [0,∞)× Rd, let

u∗(t, x) := lim
n→∞

u(n)(t, x),

and let R be a bounded, open, connected subset of (0,∞)×Rd with smooth boundary. Since all the coefficients
of equation (40) are locally bounded, with bound independent of n, it follows from Theorem 7.22 in [33] that
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for all p ≥ 1
‖u(n)‖2,p,R ≤M1.

where M1 does not depend on n. The Sobolev space W 2,p(R) is embedded in the Hölder space C0,1,λ(R), for
0 < λ ≤ 1− d

p (see Theorem 4.12 in [1]). Hence for p large enough we can take λ = β and due the embedding,
there exists M2 such that for all n ∈ N

|u(n)|1,βR ≤M2.

So we get that on R, Du(n) converges uniformly to Du∗, and u
(n)
t and D2u(n) converge weakly in Lp(R) to u∗t

and D2u∗ respectively. For (t, x) ∈ R, let

A∗(t, x) := argmaxα∈Λ{Lα2 [u∗](t, x) + fα(t, x)}.

Since u∗ and Du∗ are Hölder continuous then by hypotheses, A∗ ∈ C0,0,β(R). We have the following inequalities

L2[u∗] + LA
∗

1 [u∗] + fA
∗
≥L2[u∗] + LA

(n)

1 [u∗] + fA
(n)

=L2[u∗ − u(n)] + LA
(n)

1 [u∗ − u(n)].
(43)

The righthand side converges weakly to 0, this implies that that u∗ satisfies weakly

L2[u∗] + LA
∗

1 [u∗] + fA
∗
≥ 0. (44)

On the other side,

L2[u(n)] + LA
∗

1 [u(n)] + fA
∗
≤L2[u(n)] + LA

(n)

1 [u(n)] + fA
(n)

=L2[u(n) − u(n+1)] + LA
(n)

1 [u(n) − u(n+1)].

Again the righthand side converges weakly to 0 in R and so we prove that

L2[u∗] + LA
∗

1 [u∗] + fA
∗
≤ 0. (45)

Combining equations (44) and (45) we prove that u∗ satisfies weakly in R

L2[u∗] + LA
∗

1 [u∗] + fA
∗

= 0

It follows from Theorem 4.9 in [33] and the Hölder continuity of LA∗1 [u∗] + fA
∗

that

|u∗|2,βR ≤ C
(
‖u∗‖R +

∣∣∣LA∗1 [u∗] + fA
∗
∣∣∣β
R

)
,

where C depends on the Hölder norm of the coefficients of L2 and the local ellipticity in R. So u∗ ∈ C1,2,β(R).
Since R is arbitrary, then u∗ ∈ C1,2,β

loc ((0,∞) × Rd) and satisfies (33). The initial condition is fulfilled since
u(n)(0, x) = h(x) and h is locally Hölder.

Finally, estimate (42) proves that (39) is true and the proof is complete. �

4. Optimal consumption model.

In this section we present a stochastic optimal consumption model. We consider the wealth of an individ-
ual which is dynamically allocated in two investment instruments: a non-risk bonus and a risky asset, both
depending on a external factor. The investment strategy is fixed. Our problem is to maximize a logarithmic
utility function over all admissible consumption strategies. This kind of problems have been studied in [9], [19]
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and [20] where the authors consider a HARA utility function and the optimization is made over the investment
and consumption strategies. One of the main techniques to deal with this probabilistic problem, is to find a
differential equation, called a HJB equation, whose solution is the optimal utility function. For this purpose,
two main results are needed: a Verification Theorem and an Existence Theorem. The Verification Theorem
states that if a solution to the HJB equation exists, then it has to be the optimal utility function and so the
solution is unique. Generally, the HJB equations are nonlinear and so the existence of a solution is not trivial.
This problem shows situations in which the hypotheses of the present paper appear naturally.

4.1. The model.

Let (Ω,F ,P, {Fs}s≥0) be a complete filtered probability space and let
{W1(s),W2(s)}s≥0 be a two dimensional Brownian motion defined in it.
We consider an incomplete market with an external factor

Y (s) = y +
∫ s

0

g(Y (r))dr + β(ρW1(s) + εW2(s)), (46)

with 0 ≤ ρ ≤ 1, ε =
√

1− ρ2, and investment instruments

dZ0(s) =Z0(s)r(Y (s))ds,

dZ(s) =Z(s)µ(Y (s))ds+ Z(s)ν(Y (s))dW1(s).
(47)

We assume that g, µ, ν, r : R→ R are locally Lipschitz with µ, ν and r bounded, ν strictly positive and g with
at most linear growth.
Let A denote the set of all admissible investment strategies. We select them over all predictable process As
with respect to Fs, such that

P [for all s ≥ 0;As ∈ [0, 1]] = 1
that is, As denotes the proportion of the wealth consumed at time s.
Let m : R2 → R be a bounded, strictly positive, locally Lipschitz continuous function that represents the
proportion of the wealth invested in the risky asset.
For A ∈ A, the wealth process X(s) has the following dynamic

dX(s) =−AsX(s)ds+X(s)(1−m(X(s), Y (s)))
dZ0(s)
Z0(s)

+X(s)m(X(s), Y (s))
dZ(s)
Z(s)

=X(s)[−As + r(Y (s))(1−m(X(s), Y (s))) + µ(Y (s))m(X(s), Y (s))]ds

+X(s)m(X(s), Y (s))ν(Y (s))dW1(s),

(48)

with X(0) = x > 0. This process is strictly positive and has the following representation

X(t) = x exp
{∫ t

0

(
r(1−m) + µm−As −

1
2
m2ν2

)
ds+

∫ t

0

mνdW1(s)
}
.

4.2. The value function and the HJB equation.

The objective is to maximize the expected consumption utility

V (t, x, y;A) := Ex,y
[∫ t

0

ln(AsX(s) + 1)ds
]

(49)
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in a finite horizon, over the set of admissible strategies. Let V be the value function

V (t, x, y) := sup
A∈A
{V (t, x, y;A)}.

To study the regularity of V and the existence of an optimal consumption strategy we consider the following
HJB equation

−ut +
1
2
x2m(x, y)2ν(y)2uxx + βρxm(x, y)ν(y)uxy +

1
2
β2uyy

+ x[r(y)(1−m(x, y)) + µ(y)m(x, y)]ux + g(y)uy
+ sup
α∈[0,1]

{−αxux + ln(αx+ 1)} = 0 (t, x, y) ∈ (0,∞)× (0,∞)× R,

u(0, x, y) = 0 (x, y) ∈ (0,∞)× Rd.

(50)

For simplicity, we omit the (t, x, y) variables in the functions’ notation. For any (x, z) ∈ (0,∞)×Rd, the function
−xzα + ln(xα + 1) is strictly concave in α and has a unique maximum. Then for α ∈ [0, 1] the supremum is
attained at

ψ(x, z) :=

 0, if 1−z
xz ≤ 0,

1−z
xz , if 0 < 1−z

xz < 1,
1, if 1 ≤ 1−z

xz .
(51)

Equation (50) is written as

−ut +
1
2
x2m2ν2uxx + βρxmνuxy +

1
2
β2uyy

+x[−ψ(x, ux) + r(1−m) + µm]ux + guy

+ ln(ψ(x, ux)x+ 1) =0 (t, x, y) ∈ (0,∞)× (0,∞)× R,
u(0, x, y) =0 (x, y) ∈ (0,∞)× R.

(52)

The coefficients of this equation do not fulfil the ellipticity condition at x = 0. However, thanks to the kind of
degeneracy, we will be able to prove the existence of a classical solution to equation (52).

4.3. Verification Theorem.

In this section we propose and prove a Verification Theorem. This Theorem asserts that, in case of existing
a classical solution to (52), it has to be the value function and hence is unique. Also, this Theorem proves the
existence of an optimal consumption strategy.

Theorem 4.1 (Verification Theorem.). Let g, µ, ν, r : R→ R be locally Lipschitz functions such that µ, ν and r
are bounded, ν is strictly positive and g has a linear growth. Let m : R2 → R be a bounded, strictly positive and
locally Lipschitz function. Assume also there exists v ∈ C([0,∞) × [0,∞) × R) ∩ C1,2,β

loc ((0,∞) × (0,∞) × Rd)
for some β ∈ (0, 1), solution to equation (52) such that for all T > 0

sup
0≤t≤T

|v(t, x, y)| ≤ C(T )(1 + ‖(x, y)‖), (x, y) ∈ [0,∞)× Rd. (53)

Let A ∈ A be any admissible strategy, then

V (t, x, y;A) ≤ v(t, x, y) = V (t, x, y;A∗),

where A∗s = ψ(X(s), vx(t− s,X(s), Y (s))). In particular, the solution is unique and v(t, x, y) = V (t, x, y).

Proof. The proof is similar as the one of Theorem 3.2 observing that the process X(s;A) is strictly positive and
hence we can repeat our analysis restricted to the set (0,∞)× (0,∞)× R. �
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4.4. Existence of a classical solution to equation (52).

In this section we prove the existence of a solution to equation (52) with the properties required by the
Verification Theorem.

Theorem 4.2. Assume the hypotheses on the functions r, µ, ν, g and m made in the Verification Theorem.
Then, there exists a unique solution u ∈ C([0,∞)× [0,∞)× Rd) ∩ C1,2,β

loc ((0,∞)× (0,∞)× Rd) for β ∈ (0, 1),
to equation (52) such that for all T > 0

sup
0≤t≤T

|u(t, x, y)| ≤ C(T )(1 + ‖(x, y)‖), (x, y) ∈ [0,∞)× Rd. (54)

Proof. Let D2 and Dγ1 be the differential operators

D2[u] := −ut +
1
2
x2m2ν2uxx + βρxmνuxy +

1
2
β2uyy

and
Dγ1 [u] := x[r(1−m) + µm− γ]ux + guy.

We cannot apply Theorem 3.3 because of the degeneracy of the differential operator D2 at x = 0, however we
can proceed as in its proof.
Equation (52) can be written as

D2[u] +Dψ(x,ux)
1 [u] + ln(ψ(x, ux)x+ 1) =0 in (0,∞)× (0,∞)× R

u(0, x, y) =0 in (0,∞)× R.

Let u(0) be the solution to equation

D2[u(0)] +D1/2
1 [u(0)] + ln

(
1
2
x+ 1

)
=0 in (0,∞)× (0,∞)× R

u(0)(0, x, y) =0 in [0,∞)× R.

For n = 1, 2, . . . let u(n) be the solution to

D2[u(n)] +Dψ(x,u(n−1)
x )

1 [u(n)] + ln(ψ(x, u(n−1)
x )x+ 1) =0 in (0,∞)× (0,∞)× R

u(n)(0, x, y) =0 in [0,∞)× R.
(55)

If u(n−1) ∈ C1,2,β
loc then u

(n−1)
x ∈ C0,1,β

loc and so is locally Hölder in t and locally Lipschitz in (x, y). Since the
function

H(x) =

 0, if x ≤ 0,
x, if 0 < x < 1,
1, if 1 ≤ x,

is Lipschitz, then ψ(x, u(n−1)
x ) = H

(
1−u(n−1)

x

xu
(n−1)
x

)
is locally Hölder in t and locally Lipschitz in (x, y) whenever

u(n−1) is a classical solution.
If we take Σ = (−∞, 0] × R, thanks to Theorem 2.1 we have that for all n ∈ N, u(n) is a classical solution to
equation (55). To prove that the sequence {u(n)} is increasing we observe that for all n ∈ N, u(n)(t, 0, y) ≡ 0.
So applying the Maximum Principle’s Theorem 1.2 in [14] with Ω = [0,∞)× R we have that

u(n) ≤ u(n+1) for all n ∈ N.
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We repeat the argument in the proof of Theorem 3.3 to show that u∗ := limn→∞ u(n) is a classical solution to
equation (52) and the proof is complete. �

5. Auxiliary results.

We need the following results

Theorem 5.1. Let {(tn, xn)}n∈N ⊂ [0,∞) × Rd be a sequence such that (tn, xn) −−−−→
n→∞

(t, x). Denote by Xn

and X the solutions of the following equations

dXn(s) = b(tn − s,Xn(s))ds+ σ(tn − s,Xn(s))dW (s), Xn(0) = xn,

and

dX(s) = b(t− s,X(s))ds+ σ(t− s,X(s))dW (s), X(0) = x.

Then for all T > 0

‖Xn −X‖T
P−−−−→

n→∞
0.

Proof. This Theorem is consequence of Theorem 1.5 in Chapter V of [32]. �

The following theorem is Theorem 9 of Chapter 3 in [24]. Let 0 ≤ T0 < T1 and let A ⊂ Rd be a bounded
open set with C2 boundary. Since σ, b, c and f are locally Lipschitz, then they are locally Hölder of any order
β ∈ (0, 1)

Theorem 5.2. Assume H1 and H2. Consider the following Cauchy problem

−ut(t, x) + L[u](t, x) + c(t, x)u(t, x) = −f(t, x) (t, x) ∈ [T0, T1]×A,
u(T0, x) = g(T0, x) for x ∈ A,
u(t, x) = g(t, x) for (t, x) ∈ (T0, T1]× ∂A.

(56)

If g is continuous then there exists a classical solution w ∈ C([T0, T1) × A) ∩ C1,2,β((T0, T1) × A) of equation
(56).

Remark 5.1. Let w be the solution of equation (56) and define z as w(t, x) = ec0tz(t, x) in [T0, T1]×A. Then z
fulfils equation (56) with c′ = c− c0 and f ′(t, x) = ec0tf(t, x). And so the hypotheses of Theorem 9 of Chapter
3 in [24] are satisfied.
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