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Abstract. The example is constructed of the C1-smooth skew product of interval maps possessing the
one-dimensional ramified continuum (containing no arcs homeomorphic to the circle) with an infinite
set of ramification points as the global attractor.
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Résumé. L’exemple est construit à partir d’un produit biaisé lisse de classe C1 de transformations
d’un intervalle, qui a un continuum unidimensionnel ramifié (ne contenant pas d’arcs homéomorphes
à un cercle) avec un ensemble infini de points de branchement comme attracteur global.

Mots clefs. Produit biaisé, attracteur, continuum ramifié.

Introduction

One of the features of modern physics is the increasing of the interest to complicated (usually, unstable)
structures (see e.g. [1] – [4]). At the same time the hyperbolic theory of dynamic systems (see [5] – [6]) gives
different examples of complicated structures connected with interesting dynamic phenomena. Let us refer
to Smale’s horseshoe [6], indecomposable continua connected with homoclinic tangencies [7] – [8], Plykin’s
attractor [9] – [10], dendrites as the limit sets of some Kleinian groups in hyperbolic 3-manifolds [11] – [12]
and others. Nonhyperbolic dynamic systems, such as dynamic systems of skew product class, demonstrate new
examples of complicated structures. The nonchaotic attractor is one of these structures (see e.g. [13] – [16]).

In this paper the example of the C1-smooth skew product of interval maps is given such that this skew
product possesses the one-dimensional ramified continuum (with an infinite set of ramification points) as the
global one-dimensional attractor.

Constructed map demonstrates both nonchaotic and chaotic dynamics on the attractor. There coexist non-
degenerate closed intervals of the following types in the attractor: the countable set of closed intervals in the
vertical fibers over the periodic points of the quotient map is presented as the union of mutually disjoint closed
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invariant sets consisting of periodic orbits of the same (least) period (the least period of these periodic or-
bits coincides with the number of vertical closed intervals in the invariant set and depends on this set); the
unique closed interval of the second type (the horizontal interval) contains the residual set of everywhere dense
trajectories in this interval. The construction of this example is based on the ideas of the papers [17] – [19].

The paper is organized as follows. In Sec.1 we formulate the main definitions which will be used and give
formulas for the coordinate functions of the C1-smooth skew product of maps of the unit interval with above
properties. In Sec.2 we formulate and prove the main result of this paper (theorem 2.1) and the auxiliary results
(lemmas 2.4 – 2.7; corollaries 2.8 – 2.9) concerning the properties of the map constructed in Sec.1.

1. Preliminaries. Formulas for the skew product with required properties.

Let I = I1× I2 be a closed rectangle in the plane (I1, I2 are closed intervals). We consider a skew product of
interval maps F : I → I, i. e. the dynamic system

F (x, y) = (f(x), gx(y)), where gx(y) = g(x, y), (x; y) ∈ I. (1)

Here f : I1 → I1 is said to be the quotient map of the dynamic system (1), and the map gx : I2 → I2 for any
x ∈ I1 is said to be the map acting in the fiber over the point x.
The dynamic system (1) preserves vertical fibers in the following natural sense:

F ({x} × I2) ⊆ {f(x)} × I2 x ∈ I1.

If the skew product of interval maps F is differentiable, then dynamic system (1) preserves also the field of

vertical directions, i. e. for the image of the unit vector
(

0
1

)
under the differential DF of the map F in any

point (x, y) ∈ I the equality

DF (x, y)
(

0
1

)
=
( 0

∂
∂y gx(y)

)
is valid. There are no other invariant directions under DF . It means that smooth dynamic systems of the skew
product class are not hyperbolic.
Since the map (1) preserves the vertical fibers in the above sense, then the equality

Fn(x, y) = (fn(x), gx,n(y)), where gx,n = gfn−1(x) ◦ . . . ◦ gx (2)

is correct for any natural number n and for any point (x; y) ∈ I.
We will use the notation g̃x for the map gx,n if x is a periodic point of f (x ∈ Per(f)), and n = n(x) is its
(least) period. Denote by T 1(I) the space of all C1-smooth skew products of interval maps with the natural
C1-norm.

1.1. Main Definitions

Begin from the concept of an attractor (see [20]).

Definition 1.1. An attractor of a skew product F ∈ T 1(I) is a closed set A∗ ⊂ I such that it has an absorbing
neighborhood; that is a neighbourhood U(A∗) satisfying

F (U(A∗)) ⊂ U(A∗), and A∗ =

+∞⋂
n=1

Fn(U(A∗)), where (·) is the closure of a set.

In the study of the properties of an arbitrary dynamic system with a compact phase space its set of nonwan-
dering points (the nonwandering set) plays an important role (see e.g. [20]).
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Definition 1.2. Let Φ : X → X be a continuous map of the compact metric phase space. A point x ∈ X is
called a nonwandering point for the map Φ if for any neighborhood U(x) of the point x there exists a natural
number m such that U(x)

⋂
Φm(U(x)) 6= ∅. The set of all nonwandering points of the map Φ is called the

nonwandering set. We denote this set by Ω(Φ). A point x′ ∈ X \ Ω(Φ) is called a wandering point of Φ.

During last years dynamic systems on one-dimensional ramified continua, in particular, on dendrites (i. e. on
locally connected continua containing no simple closed curves), are intensively investigating (see e.g. papers [21]
– [24]). Give the main definitions (see [25]).

Definition 1.3. A space homeomorphic to the closed unit interval [0, 1] (resp. to the unit circle S1 in the
complex plane C) is said to be an arc (resp. a simple closed curve).
A compact connected metric space is said to be a continuum.

Let X be a one-dimensional continuum, and a point x be such that the number of components of the set
X \{x} is finite. The number of these components is called the order of a point x. Denote by ordX(x) the order
of a point x.
A point x ∈ X of an order satisfying the inequality ordX(x) ≥ 3 is called a ramification point of X. Denote by
R(X) the set of all ramification points of X.

1.2. Example

Let the surjective logistic map f(x) = 4x(1− x) be the quotient map of the skew product F ∗ ∈ T 1([0, 1]2).
Introduce two right triangles

I∗ = {(x; y) ∈ [0, 1]2 : x ∈ [0, 1], 0 ≤ y ≤ 1− x} and I∗ = {(x; y) ∈ [0, 1]2 : x ∈ (0, 1], 1− x < y ≤ 1}.

Define the fiber maps of the skew product F ∗ satisfying

gx(y) =

{
y, (x; y) ∈ I∗;
1− x+ sin(y − 1 + x), (x; y) ∈ I∗. (3)

Note that gx(y) is C1-smooth in [0, 1]2. Nonhyperbolic fiber maps of the type (3) have been used in the other
examples of skew products of interval maps in the papers [17] – [18].

2. Properties of the map

The following theorem contains the main result of the paper.

Theorem 2.1. The nonwandering set Ω(F ∗) of the skew product F ∗ possesses the properties:
(2.1.1.) Ω(F ∗) is the global attractor of F ∗ (i. e. the whole phase space of F ∗ is the absorbing neighborhood of
the attractor A∗ = Ω(F ∗));
(2.1.2.) A∗ = Ω(F ∗) is the one-dimensional ramified continuum such that the cardinality of the set of ramifica-

tion points R(A∗) equals continuum, and the equality R(A∗) = [0, 1]×{0} holds1; in addition, ordA∗((x; 0)) = 3
for any (x; 0) ∈ R(A∗), and A∗ contains no a simple closed curve;
(2.1.3.) any point from the residual subset of the residual set (in [0, 1]×{0}) of points with everywhere dense tra-
jectories in [0, 1]×{0} has the order 2; in addition, any point from this subset is a point of a local connectedness
of A∗; at the same time any point (x; y), where y belongs to the slice (Ω(F ∗))(x) = {y ∈ [0, 1] : (x; y) ∈ Ω(F ∗)},
is not the point of local connectedness for an arbitrary f -uniformly recurrent nonperiodic point x;
(2.1.4.) the map F ∗ demonstrates the mixed dynamics on the attractor A∗ in the following sense: any closed
invariant set of vertical branches of A∗ over points {(x; 0), . . . (fn−1(x); 0)} for any point x ∈ Per(f) (n is the
(least) period of x under f , which is equal to the (least) period of (x; 0) under F ∗) consists of F ∗-periodic orbits
of the same (least) period n; F ∗ is the chaotic map on the horizontal invariant branch [0, 1]× {0} of A∗.

1Among points of the set R(A∗) one can find, for example, the points (x; 0), where x ∈ Per(f) \ {0}, x is a homoclinic point

to a periodic point from the interval (0, 1), x is f -uniformly recurrent points.
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Denote by A∗x the closed invariant set of vertical branches of A∗ over points {(x; 0), . . . (fn−1(x); 0)} for
any x ∈ Per(f). Then, as it follows from the formulas for the map F ∗, h(F ∗|A∗x) = 0; at the same time
h(F ∗|[0, 1]×{0}) > 0, where h(·) is the topological entropy of a map.

To prove theorem 2.1 we need some properties of the skew product F ∗ giving in the part 2.1.

2.1. Formulations

We will use the following properties of the quotient map (see e.g. [26] – [28]).

Lemma 2.2. The map f(x) = 4x(1− x), x ∈ [0, 1], possesses
(2.2.1.) the residual set of everywhere dense trajectories;
(2.2.2.) everywhere dense set Per(f) of periodic points such that for any natural number n there exists a point
x ∈ Per(f) with the (least) period n = n(x).
In addition, f -periodic orbits uniformly approximate the interval [0, 1] (i. e. for any partition of the unit
interval there exists a periodic orbit of f such that any interval of the partition contains at least one point of
this periodic orbit).

Point out that the property of uniform approximability of the unit interval by f -periodic orbits follows from
the claims (2.2.1), (2.2.2) of lemma 2.2 and results of the papers [27], [28].

Analogously [17] – [19], we will use the multifunctions ηn : [0, 1]→ (2[0, 1])m setting

ηn(x) = Ω(gx, n), n ≥ 1, (4)

where (2[0, 1])m is the space of all closed subsets of the unit interval [0, 1] with Hausdorff metric dist (see [25]).

Definition 2.3. A map ηn : [0, 1]→ (2[0, 1])m is called a continuous in a point x′ ∈ [0, 1] if for any ε > 0 there
is a positive number δ = δ(ε, x′) such that for any x ∈ [0, 1] satisfying |x− x′| < δ the inequality

dist(ηn(x), ηn(x′)) < ε

holds. As usually, a map ηn : [0, 1]→ (2[0, 1])m is continuous if it’s continuous in any point of the unit interval.

We will use the following property of multifunctions ηn : [0, 1] → (2[0, 1])m of the skew product of interval
maps F ∗ ∈ T 1([0, 1]2) constructed above.

Lemma 2.4. Multifunctions ηn : [0, 1]→ (2[0, 1])m defined for the skew product F ∗ ∈ T 1([0, 1]2) are continuous
for any n ≥ 1.

Establish the correlation between the graphs of multifunctions ηn : [0, 1]→ (2[0, 1])m in the unit square and
the nonwandering set Ω(F ∗) of the map F ∗ ∈ T 1([0, 1]2). For this goal we use direct products F ∗n, 1(x, y) =
(fn(x), id(y)) for any n ≥ 1, where id(y) is the identity map of the unit interval.
Introduce multifunctions ηn, 1 : [0, 1]→ (2[0, 1])m (n ≥ 1) setting

ηn, 1(x) = (F ∗n, 1(ηn))(x) (5)

for any x ∈ [0, 1], where (F ∗n, 1(ηn))(x) = {y : (x, y) ∈ F ∗n, 1(ηn)} is the slice of the set F ∗n, 1(ηn) by the fiber
over an arbitrary point x.

Lemma 2.5. Multifunctions ηn, 1 : [0, 1] → (2[0, 1])m (n ≥ 1) defined for the map F ∗ ∈ T 1([0, 1]2) are
continuous.

Lemma 2.6. The equality
+∞⋂
n=1

ηn, 1 = Ω(F ∗)

holds for the map F ∗ ∈ T 1([0, 1]2), where ηn, 1 (n ≥ 1) are the graphs of multifunctions ηn, 1 : [0, 1]→ (2[0, 1])m
in the unit square. In addition, Ω(F ∗) is the global attractor of F ∗.
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Lemma 2.7. The set A∗ = Ω(F ∗) of the skew product of maps of the unit interval F ∗ ∈ T 1([0, 1]2) is the
one-dimensional ramified continuum, and the claims (2.1.2) – (2.1.4) of theorem 2.1 are fulfilled.

The correctness of theorem 2.1 follows from lemmas 2.4 – 2.7.

2.2. Proofs

We begin this section from the proof of lemma 2.4.

Proof. Let n be an arbitrary natural number. By the equality (3) the fiber map gx for any x ∈ [0, 1] is the
increasing diffeomorphism of the interval [0, 1] onto the interval gx([0, 1]) with respect to the variable y. Then
gx, n is the increasing diffeomorphism of the interval [0, 1] onto the interval gx, n([0, 1]) (see formula (2)). Set

x∗n(x) = max{x, f(x), . . . , fn−1(x)} for any x ∈ [0, 1].

As it follows from (3), the equality

Ω(gx, n) = Fix(gx, n) = [0, 1− x∗n(x)] (6)

is valid for any x ∈ [0, 1], where Fix(·) is the set of the fixed points of a map.
Use the uniform continuity of the quotient map f on the compact [0, 1] = Ω(f). For any ε > 0 find δ = δ(ε) > 0
such that for any x, x′ ∈ [0, 1] satisfying |x− x′| < δ the inequality

|f i(x)− f i(x′)| < ε (7)

holds for any 1 ≤ i ≤ n− 1. Note that inequality (7) implies the inequality

|x∗n(x)− x∗n(x′)| < ε. (8)

In fact, the correctness of (8) follows immediately from (7), if x∗n(x) = f i
∗
(x), x∗n(x′) = f i

∗
(x′) for some

0 ≤ i∗ ≤ n− 1. Let x∗n(x) = f i
∗
(x), x∗n(x′) = f j

∗
(x′) for some 0 ≤ i∗, j∗ ≤ n− 1, j∗ 6= i∗.

Suppose that for some ε > 0 and for any δ > 0 one can find points x, x′ ∈ [0, 1], |x − x′| < δ, such that the
inequality

|x∗n(x)− x∗n(x′)| = |f i
∗
(x)− f j

∗
(x′)| ≥ ε (9)

is fulfilled.
Fix δ > 0 and x, x′ ∈ [0, 1], |x− x′| < δ, such that inequality (9) holds.
Let f i

∗
(x) < f j

∗
(x′). Since f j

∗
(x) < f i

∗
(x), then f j

∗
(x′)− f j∗(x) ≥ f j∗(x′)− f i∗(x) ≥ ε. It contradicts (7).

Let f j
∗
(x′) < f i

∗
(x). Since f i

∗
(x′) < f j

∗
(x′), then f i

∗
(x) − f i∗(x′) ≥ f i

∗
(x) − f j∗(x′) ≥ ε. It contradicts (7)

too. Hence, the inequality (8) is valid.
Since the equality ηn(x) = Ω(gx, n) is valid for any x ∈ [0, 1], then using formulas (6) and (8), we obtain the
inequality

dist(ηn(x), ηn(x′)) < ε

for any x, x′ ∈ [0, 1] satisfying |x− x′| < δ. Thus, ηn is continuous function (see definition 2.3).
Lemma 2.4 is proved. �

Note that continuous multifunctions ηn : [0, 1] → (2[0, 1])m have the real dynamic sense. In fact, succeed-
ing [19], introduce the auxiliary skew products

F ∗n(x, y) = (id(x), gx, n(y)) : [0, 1]2 → [0, 1]2, (10)
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where id(x) is the identity map of the unit interval. Then, as it follows from [29], ηn = Ω(F ∗n) for any n ≥ 1
(here ηn is the graph of the function ηn in [0, 1]2)2

By formula (5) the following equality holds

ηn, 1(x) =
⋃

x∈{f−n(x)}

ηn(x) = [0, 1− xmin
n (x)] (11)

for any x ∈ [0, 1], n ≥ 1. Here {f−n(x)} is the complete preimage of x with respect to fn,

xmin
n (x) = min

x∈{f−n(x)}
{x∗n(x)}.

The continuity of multifunction ηn, 1 (n ≥ 1) follows from the equality (11) and previous lemma 2.4 (see [25]).
Lemma 2.5 is correct.

Corollary 2.8. The graphs of multifunctions ηn, 1 : [0, 1]→ (2[0, 1])m defined for the map F ∗ ∈ T 1([0, 1]2) are
connected sets for any n ≥ 1.

The continuity property of multifunctions ηn, 1 : [0, 1]→ (2[0, 1])m makes it possible to prove lemma 2.6. Get
over the proof of lemma 2.6.

Proof. 1. Formulas (6) and (11) imply the inclusion

[0, 1− xmin
n′ (x)] ⊂ [0, 1− xmin

n (x)] (12)

for any x ∈ [0, 1] and for any n′ > n ≥ 1. Thus, ηn′, 1(x) ⊆ ηn, 1(x), and the set
+∞⋂
n=1

ηn, 1 is not empty. Consider

the sequence {ηn!, 1}n≥1. Then by lemmas 2.2 and 2.5 the equalities

+∞⋂
n=1

ηn!, 1|Per(f) =

+∞⋂
n=1

ηn!, 1 =

+∞⋂
n=1

ηn, 1 (13)

hold. By (13) the inclusion
+∞⋂
n=1

ηn, 1 ⊆ Ω(F ∗). (14)

is valid. Prove the equality
+∞⋂
n=1

ηn, 1 = Ω(F ∗). (15)

In fact, the equality (15) follows from the inclusion (14) if
+∞⋂
n=1

ηn, 1 = [0, 1]2. Suppose that
+∞⋂
n=1

ηn, 1 6= [0, 1]2.

Then
+∞⋂
n=1

ηn!, 1 6= [0, 1]2. Using formula (11) we obtain

[0, 1]2 \
+∞⋂
n=1

ηn!, 1 =

+∞⋃
n=1

(
⋃

x∈[0, 1]

{x} × (1− xmin
n! (x), 1]), (16)

2The equality Ω(F ) =
⋃

x∈Per(f)

{x} × Ω(gx, n(x)) is not correct for skew products of maps of an interval with a closed

set of periodic points in the base, here n(x) is the (least) period of a point x ∈ Per(f) (see [30]). At the same time

the equality Ω(F|Ω(f)×I2 ) =
⋃

x∈Per(f)

{x} × Ω(gx, n(x)) is valid. In the example of the paper Ω(f) × I2 = [0, 1]2, and

Ω(F ∗n) =
⋃

x∈Per(f)

{x} × Ω(gx, n(x)) = ηn = ηn. The correctness of the equality ηn = ηn follows from lemma 2.4.
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where [0, 1]2 \
+∞⋂
n=1

ηn!, 1 is the nonempty set.

Let (x0; y0) 6∈
+∞⋂
n=1

ηn!, 1, where x0 ∈ Per(f), n(x0) is the least period of x0. Then by (14) and (16) there exists

a natural number n0 such that y0 ∈ (1 − xmin
n0!

(x0), 1]. Since the inequality xmin
n (x0) ≥ xmin

n0!
(x0) is correct for

any n ≥ n0!, then y0 ∈ (1− xmin
n! (x0), 1] for all n ≥ n(x0). Note that

F ∗n!, 1({x0} × Ω(gx0, n!)) = F ∗n!({x0} × Ω(gx0, n!)) = {x0} × Ω(gx0, n!).

Hence, y0 ∈ [0, 1]\Ω(gx0, n!) for all n ≥ n(x0)!, and a point (x0; y0) wanders in the fiber x0× [0, 1] with respect
to auxiliary map F ∗n!, 1 for any n ≥ n(x0). By lemma 2.5 multifunctions ηn, 1 are continuous. Therefore, a point

(x0; y0) is a wandering point of the map F ∗n!, 1 for any n ≥ n(x0). Then by the inclusion (12) there exists a

universal neighborhood Un(x0)!((x
0; y0)) = U1, n(x0)!(x

0)×U2, n(x0)!(y
0) of a point (x0; y0) such that the equality

Un(x0)!((x
0; y0))

⋂
(F ∗n!, 1)j(Un(x0)!((x

0; y0))) = ∅

holds for all n ≥ n(x0) and for all j ≥ 1. Using formula (3), we obtain that for any n ≥ n(x0), j ≥ 1 the equality

U2, n(x0)!(y
0)
⋂
gjx, n!(U2, n(x0)!(y

0)) = ∅ (17)

is valid for all x ∈ U1, n(x0)!(x
0). Using(17) for j = 1, we obtain the equality

U2, n0
(y0)

⋂
gx, n!(U2, n0

(y0)) = ∅,

where x ∈ U1, n(x0)!(x
0). Since any fiber map is a homeomorphism, then by the above the equality

Un(x0)!((x
0; y0))

⋂
(F ∗)n(Un(x0)!(x

0; y0)) = ∅ (18)

holds for any n ≥ n(x0). It means that (x0; y0) /∈ Ω(F ∗) (see definition 1.2) for any x0 ∈ Per(f), and all points
(x; y) ∈ Un(x0)!((x

0; y0)) are wandering for F ∗.

Let (x0; y0) 6∈
+∞⋂
n=1

ηn!, 1, where x0 6∈ Per(f). By formula (3) the inequality

gx, n(y) > gx, n+1(y) (19)

holds for any (x; y) ∈ I∗ (in particular, for (x; y) = (x0; y0)) and for n ≥ 1. Then, using above, we obtain that
(x0; y0) /∈ Ω(F ∗) for x0 6∈ Per(f), i. e. the following inclusion

Ω(F ∗) ⊆
+∞⋂
n=1

ηn, 1 (20)

holds. The inclusions (14) and (20) prove the equality (15).
2. Note that A∗ = Ω(F ∗) is the global attractor of F ∗. In fact, use inequality (19) for any x ∈ [0, 1] and y = 1.
Then

[0, 1]2 ⊃ F ∗([0, 1]2) ⊃ . . . ⊃ (F ∗)n([0, 1]2) ⊃ . . . ⊃ A∗. (21)

Since ωF∗((x; y)) ⊂ Ω(F ∗) for any point (x; y) ∈ [0, 1]2, where ωF∗(·) is the ω-limit set of a trajectory with

respect to F ∗, then (21) implies the equality A∗ =
+∞⋂
n=1

(F ∗)n([0, 1]2). Hence, A∗ = Ω(F ∗) is the global attractor

of F ∗ (see definition 1.1). Lemma 2.6 is proved. �
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Using lemma 2.6, corollary 2.8 and [25], we obtain

Corollary 2.9. The nonwandering set A∗ = Ω(F ∗) of the skew product F ∗ ∈ T 1([0, 1]2) is the continuum.

We finish the proof of theorem 2.1 giving the proof of geometric lemma 2.7.

Proof. 1. By lemma 2.2 and formula (3) the inclusion [0, 1]× {0} ⊂ Ω(F ∗) holds. This inclusion, corollary 2.9
and Urysohn’s definition of the dimension of a compact set (see e.g. [31]) imply the equality dim(Ω(F ∗)) = 1
for the topological dimension of Ω(F ∗) = A∗. Thus, A∗ is the one-dimensional continuum.
By corollary 2.9 the slice (Ω(F ∗))(x) of the nonwandering set Ω(F ∗) for any x ∈ [0, 1] is a closed interval
(possibly, degenerate); in addition, 0 ∈ (Ω(F ∗))(x).
2. Let x be an arbitrary f -periodic point, and n = n(x) be its (least) period. Then we have

Ω(g̃fi(x)) = [0, 1− x∗n(x)(x)]

for any 0 ≤ i ≤ n− 1. Using lemma 2.6 and equality (11), we obtain

(Ω(F ∗))(f i(x)) = [0, 1− x∗n(x)(x)]. (22)

Since x = 1 is the homoclinic point to the fixed point x = 0 of the quotient map f , then for any x ∈ Per(f) with
the (least) period n(x) the inequality x∗n(x)(x) 6= 1 is valid. By (22) (Ω(F ∗))(f i(x)) is the same nondegenerate

closed interval for 0 ≤ i ≤ n− 1.
3. Succeeding [32], consider Ω-function ζF

∗
: [0, 1]→ (2[0, 1])m of the map F ∗, i. e. the multifunction satisfying

ζF
∗
(x) = (Ω(F ∗))(x) for any x ∈ [0, 1].

Note that the graph of ζF
∗

in [0, 1]2 coincides with the nonwandering set Ω(F ∗). Since [0, 1] is a compact
Hausdorff space, Ω(F ∗) is the closed set, then Ω-function is upper semicontinuous, and continuity points of this
function form a nonempty residual set C(ζF

∗
) in [0, 1] (see [25]). Distinguish the residual (in [0, 1]) subset

Ct(ζ
F∗) ⊂ C(ζF

∗
) consisting of f -transitive points, i.e. points with dense f -trajectories in [0, 1].

Show that (Ω(F ∗))(x) = {0} for any point x ∈ Ct(ζ
F∗). In fact, let {εm}m≥1 be a sequence of positive numbers

satisfying lim
m→+∞

εm = 0. By lemma 2.2 there exists the sequence of f -periodic points {xm}m≥1 such that

lim
m→+∞

xm = x, and f -periodic orbits of the points {xm}m≥1 uniformly approximate the interval [0, 1] up to

εm
3 and have the minimal (least) period among all f -periodic orbits approximating [0, 1] up to εm. Then the

equality lim
n→+∞

x∗n(xm)(xm) = 1 holds. Therefore, definition 2.3 and formula (22) imply

(Ω(F ∗))(x) = Lim
m→+∞

(Ω(F ∗))(xm) = Lim
m→+∞

[0, 1− x∗n(xm)(xm)] = {0}, (23)

where Lim
m→+∞

(·)m is the topological limit of a sequence of sets (see [25]).

4. Prove the absence of an arc γ in A∗ such that pr1(γ) is the nondegenerate interval, where pr1 is the natural
projection of [0, 1]2 onto the unit interval of x-axis, and γ

⋂
([0, 1]× {0}) = ∅.

Suppose not. Then by item 3 the interval pr1(γ) contains a point x ∈ Ct(ζ
F∗). In this case (A∗)(x) is the

nondegenerate closed interval containing the points y = 0 and y = (γ)(x), where (γ)(x) 6= 0. It contradicts
the equality (23). Hence, there is no an arc γ with the above properties. It means also that there is no a
simple closed curve in A∗. This property of A∗ with formulas (22) and (23) implies the correctness of two
equalities: ordA∗(x; 0) = 2 for any point x ∈ Ct(ζ

F∗) and ordA∗(x; 0) = 3 for any point x ∈ Per(f) \ {0}. The
last equality means that (Per(f) \ {0}) × {0} ⊂ R(A∗). The property proved here implies also the inclusion

3We say that f -periodic orbits uniformly approximate the unit interval up to εm if for an arbitrary partition of [0, 1] with the

parameter εm there exists a periodic orbit such that any interval of the partition contains at least one point of this periodic orbit.



ESAIM: PROCEEDINGS 23

R(A∗) ⊂ [0, 1]×{0} and the equality ordA∗(x; 0) = 3 for any point (x; 0) ∈ R(A∗). Using lemma 2.2 we obtain

the equality R(A∗) = [0, 1]× {0}. Note that ordA∗(0; 0) = 2.
Let {εm}m≥1 be a sequence of positive numbers such as in item 3. Let (x; 0) be an arbitrary point of the
horizontal interval [0, 1] × {0}, and {(xm; 0)}m≥1 ⊂ R(A∗)

⋂
Per(F ∗) be any sequence of ramification points

of A∗, where the sequence {xm}m≥1 is chose such as in item 3 too. Denote by γm vertical branches of A∗

containing (xm; 0). Let l(γm) be the length of γm, m ≥ 1. The equality

lim
m→+∞

l(γm) = 0 (24)

follows immediately from item 3. It means, in particular, that in any neighborhood of any nondegenerate
vertical branch of A∗ there exists a countable set of vertical branches satisfying (24).
5. The topological structure of A∗ is more complicated then the topological structure of a dendrite. In fact,
the map f(x) = 4x(1 − x) has the set of continuum cardinality consisting of infinite minimal sets (see e.g.
[26]). Let M(f) be an arbitrary infinite minimal set of the quotient map f of the skew product F ∗. Then
M(F ∗) = M(f)×{0} is an infinite minimal set of F ∗. Let x ∈M(f) be an arbitrary uniformly recurrent point
of f . Using formulas (11) and (15), we obtain the inclusion

(Ω(F ∗))(x) ⊃ [0, s(M(f))], (25)

where s(M(f)) is supremum of the set M(f), 0 < s(M(f)) < 1. Hence, M(F ∗) ⊂ R(A∗), and the set R(A∗)
has continuum cardinality. At the same time any dendrite has at most countable set of ramification points.
Since x = lim

q→+∞
fpq (x) for some number sequence {pq}q≥1, then as it follows from (25) A∗ is not the locally

connected set in any point (x; y) for x ∈ M(f), y ∈ (A∗)(x). At the same time any dendrite is a locally
connected continuum.
6. Any point (x; 0), where x ∈ Ct(ζ

F∗), is a point of the local connectedness of A∗. In fact, let a sequence
{(xi; 0)}i≥1 ⊂ R(A∗) be such that lim

i→+∞
xi = x. Note that the skew product F ∗ is a local diffeomorphism

in [0, 1]2 \ ({1/2} × [0, 1]) and (1/2; 0) 6∈ R(A∗). Therefore, R(A∗) is an invariant set (i. e. the inclusion

F ∗(R(A∗)) ⊂ R(A∗) is correct), and {(x∗n(xi)
(xi); 0)}i≥1 ⊂ R(A∗). Since {f j(x)}j≥0 = [0, 1], then there is

lim
i→+∞

x∗n(xi)
(xi), and lim

i→+∞
x∗n(xi)

(xi) = 1. Hence, analogously item 4, the equality lim
i→+∞

l(γi) = 0 holds for the

lengths of vertical branches over the points (xi; 0). Thus, A∗ is the locally connected set in any point (x; 0) if
x ∈ Ct(ζ

F∗). Claims (2.1.2), (2.1.3) are correct.
Claim (2.1.4) follows from equalities (6), (22) and formulas for the coordinate functions of F ∗.
Lemma 2.7 is proved. �

It completes the proof of theorem 2.1.

Remark 2.10. Note that strange hyperbolic attractor in the plane (attractor by R.V.Plykin [9]) is not locally
connected. In the example of this paper there is no even partial hyperbolicity with respect to y in the global
attractor of the constructed map F ∗.

Give the other point of view on the example constructed in this paper. This point of view is based on the
concept of Ω-function of a skew product of maps of an interval. As it follows from the equality (22) and item 4
of the proof of lemma 2.7, any periodic point of the quotient map is a discontinuity point of Ω-function ζF

∗
.

By the equality (23) and item 6 of the proof of lemma 2.7 any point of the set Ct(ζ
F∗) is a continuity point

of Ω-function ζF
∗
. It means that ζF

∗
has maximally admissible set of discontinuity points (in the sense of its

structure) for upper semicontinuous multifunction. In this sense ζF
∗

is the analog of Riemann’s function in the
real analysis.

Finishing the paper, we formulate some problems.
1. It would be interesting to calculate Hausdorff dimension of the global attractor of the skew product F ∗

constructed in the paper.
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2. Does there exist (at least, continuous) skew product in the plane possessing the global attractor with the
properties of A∗ (see theorem 2.1) such that some trajectory of this skew product has A∗ as its ω-limit set?
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