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Abstract

Direct numerical simulations of a vortex pair embedded in a stable atmospheric boundary
layer are presented� The e�ects of various crosswind conditions are studied� These computations
demonstrate the creation of secondary vortices for the range of Reynolds numbers ����� � Re� �

����	� The physics of wake vortex interactions with the ground for di�erent values of crosswind
are discussed� The redistribution of vorticity between the atmospheric boundary layer and
the vorticity induced by the primary vortices may explain the vortex tilting phenomenon� A
parametrization of the e�ect of crosswind on the minimum altitude reached by the two vortices
is given�

� Introduction

With the growth of air tra�c and the design of new high capacity aircrafts� problems related
to wake vortices are becoming more and more important� Throughout the world� new studies on
these problems are being initiated� The regulatory authorities are interested in developing air tra�c
systems aimed at safely reducing the spacing between aircraft during landing and take�o� phases to
increase airport capacity� The aircraft manufacturers have a rested interest in alleviating the wake
vortices to avoid categorization problems which lead to less e�cient high capacity aircrafts� For this
reason� they need to have a better understanding of the wake vortices behavior near the ground
for given meteorological conditions� This knowledge has to be implemented in an engineering
model with real time capabilities in order to determine the hazards associated with these vortices
�position and strength�� CERFACS is developing such an operational model for the STNA �Service
Technique de la Navigation A�erienne�� The development of this engineering model is based both
on experimental results collected on airports and numerical simulations� The hazard is more severe
near the ground because of the shorter recovery time available� The Civil Aviation Authority in
England 	
� has shown that the greatest frequency of reported incidents occurs to following aircrafts
in the height band of �

ft to �

ft where the trailing vortices are a�ected by the ground� This
could be explained by the fact that all aircraft follow the same �ight path while vortices may
bounce on the ground� Therefore� the behavior of the wake vortices depends on the velocity of the
crosswind�

The work reported here is focused on the laminar viscous e�ect of the ground on the trailing
vortex trajectories with crosswind� A �rst version of an engineering model� called VORTEX 	��� is
based on Greene�s model 	�� for strati�cation and atmospheric turbulence e�ects and it includes the
e�ects of the ground and crosswind� This model assumes that the vortex sheet shed by the aircraft
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has completely rolled�up and that only two counter�rotating vortices remain in the atmosphere� As
in the model �rst presented by Tombach 	���� the vorticity is assumed to be concentrated into the
two counter�rotating vortex cores whose diameters are small compared to their spacing� so that
the movement of two point vortices could be considered� The transport of the trailing vortices
is modeled by the laminar potential �ow solution of in�nite line vortices� This solution indicates
that� without the e�ect of the ground� the two vortices will descend while maintaining a constant
distance �d� the initial spacing�� The �rst e�ect of the ground plane is to make the pair diverge�
This divergence is due to an inviscid phenomenon� The ground plane may be modeled by two image
vortices whose strengths are equal and opposite to those of the real vortices in order to satisfy the
slip boundary condition in the inviscid theory�

When the real vortex and its image are close enough� their mutual interaction has a greater im�
portance than the interaction of the two real vortices� This behavior could be expressed analytically
	�
� and the minimum altitude reached by the vortices is half of their initial spacing d��

The second e�ect of the ground is a viscous e�ect� Experiments 	�� �
� show that the trajectory
of the vortices near the ground in the atmosphere di�ers from the inviscid trajectory� Barker and
Crow 	�� asserted that the rebound was due to the �nite vortex core size but Sa�man 	�
� showed
that the bouncing of the vortices could not be explained in the framework of inviscid theory� The
explanation proposed by Harvey and Perry �and which was con�rmed by many theoretical studies
	�� ��� ���� is based on viscous phenomena at the wall and is illustrated in Fig� �� During their
descent� each primary vortex induces a boundary layer� As they continue to descend this vorticity
sheet detaches from the wall thus creating a secondary vortex� This secondary vortex rolls over the
primary and makes it rise up�

In VORTEX 	��� classical two�dimensional inviscid theory is modi�ed as proposed by Liu 	��� to
introduce vortex rebound� A line vortex is added near the wall to model the e�ect of the secondary
vortex� This method introduces three new parameters in VORTEX which are�

� r�i � d���� the constant distance between the primary vortex i and its secondary vortex� d�
is the initial spacing between the two primary vortices� r�i is supposed to be constant 	�� ����

� ��

i� the circulation of the secondary vortex

� h�� altitude of rebound�

The altitude of rebound h� is in fact the altitude that must be reached by the primary vortex to
introduce the secondary vortex near the ground� In 	��� it is shown that if the two �rst parameters
are well de�ned� the third �the altitude h�� depends on the value of the crosswind� The following
work presents two�dimensional� unsteady direct numerical simulations of vortex rebound with and
without crosswind� The physics of vortex rebound and the in�uence of crosswind on the minimum
altitude reached by the wake vortices are described� and the tentative parametrization of h� as a
function of crosswind shear is proposed�

� Methodology

For the direct numerical simulations �DNS�� we use a Navier�Stokes solver available at CERFACS�
called NTMIX 	��� The aims of these computations are not only to validate the engineering model
but also to set the values of VORTEX parameters� As said before� here we concentrate on the
altitude of rebound�

The numerical scheme is given in Lele 	��� and Poinsot and Lele 	���� Here we illustrate only
its main features� This code was developed �rst to compute �ows with complex chemistry to study
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combustion phenomena� NTMIX solves the fully compressible two�dimensional Navier�Stokes equa�
tions� For the spatial di�erentiation� high�order ��th� compact schemes of spectral�like resolution
are used and for time integration� a third order Runge�Kutta method� The boundary conditions
are de�ned using the NSCBC method presented in 	���� For the present work� inlet� outlet and
top boundaries are non re�ecting� convective and acoustic waves propagate through them with
negligible re�ection�

For the initialization� Lamb�s vortex are used whose streamfunction is�

� � �g ln
�
r� � r�c

�
��

n
ur � 
��u��r� �

�
��

r
r��r�c

where g is related to the vortex circulation � � ��g� rc is the core radius and r the distance from
the vortex center� The Reynolds number of the computation is�

Re �
u�max

rc
�

�
�

���

where u�max
is the maximal tangential velocity reached at r � rc�

The initialization is made with � vortices� two real vortices and their mirror images to ensure a
zero normal velocity at the wall �the no�slip condition is veri�ed by imposing a zero parallel velocity
at the wall�� The computation domain is presented on Fig� ��

The boundary conditions are�

� inlet� subsonic inlet or non re�ecting

u � U�y� �
uf
�

log

�
y

yr

�
or u � U�y� �

U�ymax�

log
�
ymax

yr

� log

�
y

yr

�

� outlet� non re�ecting �convective and acoustic waves exit with negligible re�ection�

� bottom� no�slip wall

� top� non re�ecting

where uf is the friction velocity at the wall� � � 
�� the Von�Karman constant and yr the height
of roughness and ymax the height of the computational domain� The inlet wind pro�le is given by
Monin�Obukhov similarity theory for the surface boundary layer 	���� It corresponds to neutral
condition in the surface boundary layer �y ��

m�� All lengths are normalized using the wingspan
b� The initial spacing b� is set to 
��b which is the same as for a wing with an elliptical loading 	��
�b� � �����b�� The domain size for all the computations is �
 � x� � �� 
 � y� � ���

The results are presented using a dimensionless time t�� equal to u�max
t�b�� Velocities will be

scaled using the speed c and the computation Reynolds number is Reref � cb�� �dimensionless
variables using this normalization are denoted with ��� In all the test�cases with crosswind� the
grid used is ������� points except for the test�case without crosswind� where the grid is ��
����
points� The vortices are initially put at �x�

med � 
�� and y� � ���

� Results

��� Iso�contours of vorticity

Table � presents the parameters of all the test cases� The �rst results presented in Fig� � are the
results obtained without crosswind �U� � 
�

� at four di�erent times� t�� � 
�

� ����� ��
� and
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���
� �see Table �� Case ��� The initial conditions are� g� � g��bc� � 
�
�� r�c � rc�b � 
�� �core
radius�� b�� � b��b � 
�� and x�

med � 
� The vortex Reynolds number Re � u�max
rc�� is equal to

�

� The iso�contours of vorticity 	� � 	b�c are drawn from ��� to �� with a step �	 � 
���
The rebound mechanism is in agreement with the explanation of Harvey and Perry 	�
�� The

vortex creates a wall boundary layer during its descent with a strong vorticity sheet� This vorticity
sheet is elongated until it breaks and creates a secondary vortex� This vortex rolls over the primary
one and makes it rise up away from the wall� Then� if only the trajectory of the main vortex is
considered� the primary vortex bounces on the wall� These results have been compared 	�� to those
of Orlandi 	��� and are in good agreement even if the Reynolds number of the computations are
not exactly the same �Re � �

 for Orlandi��

Figures � to � present the results obtained for three values of crosswind� U�

max � 
�
� �Case
��� 
��
 �Case �� and 
��
 �Case ��� The initial conditions of the computations are the same for
the vortices� g� � 
�
�� r�c � 
�� and b�� � 
��� The maximal value of the logarithmic pro�le
of crosswind is di�erent �see above� and also the value of x�

med �x�

med � �� for U�

max � 
�
� and
x�

med � ��� for the two other values�� Figure � �Case �� presents the evolution of vorticity at four
instants� t�� � 
�

� ���
� ��
� and ������ The observed mechanism is the same as in Fig� �� Due
to their mutual interaction� the two primary vortices descend and create a strong vorticity sheet�
As the vortices move down� due to the adverse pressure gradient� the boundary layers separate�
creating the secondary vortices�

The main di�erence with the case without crosswind is the asymmetry of the upwind �left� and
downwind �right� vortex pair� The vorticity of the downwind secondary vortex has the same sign
as the crosswind and the separation is favored� On the contrary� the separation is delayed for the
upwind secondary vortex with the opposite sign of vorticity due to the crosswind�

Figure � �Case �� shows the contours of vorticity in the case of a crosswind equal to U�

max � 
��

are presented� The times are the same as in Fig� � as are the values of the contours� In this case� the
velocity of the crosswind is ��� of the maximal tangential velocity u�max

of the vortices �see Table
��� The behavior of the vortices described before is more obvious here� The asymmetry between
the upwind and downwind secondary vortex is ampli�ed and at t�� � ������ as the downwind pair
is moving away from the wall� the secondary vortex for the upwind pair has not yet detached� At
this time� a tertiary vortex with the same sign of vorticity as the primary is also observed near the
upwind vortex�

Finally� Fig� � �Case �� shows the evolution of the vorticity for a crosswind of U�

max � 
��
�
For this case� the crosswind is high ���� of the maximal tangential velocity of the vortices�� At
t�� � ��
�� the secondary vortex for the upwind vortex is not created� The opposite vorticity due
to crosswind is able to counteract the e�ect of the descending upwind primary vortex�

If we examine the separation for the downwind vortex �Fig� 
� and the upwind one �Fig� ��� the
e�ect of the crosswind on the boundary layers induced by the primary vortices may be observed�
all snapshots are made at the same time� t�� � ���� and illustrate di�erences in the evolution of the
vorticity near the ground� For the downwind pair �Fig� 
�� the trace of the tertiary vortex can be
seen� just below the secondary vortex� This trace is less obvious as the crosswind speed increases�
When the crosswind velocity increases� separation occurs earlier� For U�

max � 
��
 �Fig� 
 �d��� the
vorticity sheet is more elongated and the primary vortex is at higher altitude than in the other
cases�

For the downwind pair� Fig� � �a� is the same as for Fig� 
 �a�� because the computation is
symmetrical when there is no crosswind� It is obvious that the vorticity induced by the crosswind�
which is more important near the ground plane� counteracts the creation of the secondary vortex�
For a crosswind of U�

max � 
��
 �Fig� � �d��� the rebound of the upwind vortex will certainly never
occur�
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��� Trajectories

The previous results are summarized in Fig� � which displays the trajectories of the primary vortices�
The �rst remark is that the altitude of rebound increases with the crosswind velocity�

In the same way� the length of rebound �the distance along the x�axis during which the vortices
are in a ground e�ect� increases with the crosswind� The primary�secondary vortex pair is advected
by the crosswind� From an operational point of view the case with the milder crosswind �U�

max �

�
�� is the most hazardous case� The upwind vortex stays near the runway axis and may cause
trouble to the following aircraft� In all other cases� the crosswind sweeps the upwind and downwind
vortex from the runway and there is no more hazard for a following aircraft�

A useful dimensionless number to study trajectories is WS � U�b���� 	��� where U� is the
value of crosswind at initial altitude� b� the initial spacing between the vortices and �� their initial
circulation� However� the minimum altitude reached by the vortices does not correlate with WS

�see Fig� �
�� In Fig� �
� homin stands for the minimum altitude reached by the vortices without
crosswind� hmin for this minimum altitude in the considered case and then the di�erence between
these two altitudes made dimensionless with the initial spacing is plotted versus WS� Six cases are
plotted� the four presented above �g� � 
�
�� b� � 
��b for four values of crosswind and then four
values of WS�� plus two other cases where the initial spacing between the vortices is reduced to
b� � 
��b for two crosswind values� U�

max � 
��
 �Case �� and 
��
 �Case �� �then two new values
of WS�� The trend followed by the results varies with the initial spacing between the vortices even
if the rebound mechanism is the same as described above�

If the inviscid theory is considered� the minimum altitude reached by the vortices is half of their
initial distance� Far from the wall� the vortex pair propagates with a constant vortex spacing d�
�which we will call the �reference� spacing� which is the relevant parameter for initial conditions�
However� because of resolution requirements� the vortex pair is sometimes initialized at an altitude
y� and a vortex spacing b� such that the in�uence of the wall is already felt�

The reference spacing d� may be deduced from y� and b� using the vortex trajectory in the
inviscid theory 	���� �

d�
�

�� �
x� � y�

�
� x�y�

so that the reference vortex spacing d� is given by�

d� �
�b�y�q
b�� � �y��

We will use this length d� to normalize the altitude of rebound� If the wind pro�le is �physically�
the same in these computations� the vorticity experienced by the vortices at d��� is di�erent in
these two cases� As the vorticity due to crosswind increases near the ground� the shear seen by the
vortices in the case of b� � 
��b �or d� � 
���b� is much more important than the shear experienced
by the vortices in the case b� � 
��b �or d� � 
�
�b� for the same maximal value of crosswind�

To describe the e�ect of crosswind on the vortex bouncing� it is better to use the shear crosswind
at an altitude of half the initial distance between the vortices� In the previous paper 	��� we showed
that the altitude of rebound depends on core radius and initial strength of the vortices� and that
we could form a new dimensionless number in order to try to correlate the results�

ws �

rc
u�max

where 
 �
dU

dy

����
y�d���

is the shear of the crosswind at d���� All the previous results plus three
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others test cases are plotted in Fig� ��� These other cases are� g� � 
�
� for two values of crosswind
U�

max � 
�
� �Case 
� and 
��
 �Case ��� and g� � 
�
�� for a crosswind U�

max � 
�
� �Case ���
The correlation between the results is very good for the downwind vortex but relatively poor

for the upwind one� The error bars plotted in this Figure indicate the minimum altitude in the
computation� It is assumed that this position could vary by �� grid point and gives an error of
�
�
�� relatively to d� in the case of d� � 
�
�b and �
�
�� in the case of d� � 
���b� The linear
regression obtained with these results are also plotted in Fig� ��� The regression coe�cient is 
����
for the downwind vortex and �
��

 for the upwind one� To compute the linear regression for the
upwind vortex� two points are not taken into account� g� � 
�
� for U�

max � 
��
 and g� � 
�
� for
U�

max � 
��
 because the downwind vortex leaves the computation domain at early times� These
results lead to the following formulae�

� for the downwind vortex
hmin � h�min

d�
� ����ws

� for the upwind vortex
hmin � h�min

d�
� �����ws

� Conclusions

Using direct numerical simulations� this study shows the e�ect of crosswind on vortex rebound� The
main e�ect of the crosswind is to asymmetrize the rebound� the downwind vortex bounces earlier
than the upwind one� This is due to the e�ect of crosswind shear which has� in one case� the same
sign and in the other� the opposite sign as the secondary vortex created near the wall by the primary
one� In a high crosswind� and thus a high shear� the upwind vortex cannot even rebound and follow
the inviscid trajectory� These computations show that the experimentaly observed vortex tilting in
a crosswind can be explained by the di�erence in rebound height between the two vortices� Finally�
these computations identify a new dimensionless parameter ws which gives the altitude of rebound
as function of crosswind and vortices characteristics� This parameter can be used in the engineering
model VORTEX to dynamically adjust the rebound height�
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Table �� Parameters of the test cases�
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