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Abstract

The evolution of a small but �nite three�dimensional disturbance on a �at uniform vortex
sheet is studied numerically on the basis of a Lagrangian representation of the motion� The
numerical simulations con�rm the asymptotic analysis by Ishihara and Kaneda �����	 J� Fluid
Mech�
 ���
 �������
 for the spontaneous singularity formation in the shape of the vortex sheet�
They also suggest that the singularities appear along curves
 which have a rather simple depen�
dence on the spanwise�coordinate� Re�ecting the three�dimensionality of the vortex dynamics

the singularity�curve is not along any of the vortex lines�

� Introduction

Dynamics of vortex sheets in three�dimensional �ow is fundamentally di�erent from that in two�
dimensional one� particularly because of the existence of vortex stretching mechanism in three
dimensions� In spite of the fact that most real �ows are three�dimensional� little is known about
three�dimensional motion of vortex sheets� as compared with two�dimensional motion�

Regarding two�dimensional motion of a vortex sheet� Moore ��� studied analytically the evolution
of a small but 	nite streamwise disturbance on a �at uniform vortex sheet by using Birkho��Rott
equation� and gave an analytical evidence for the spontaneous singularity formation in the shape of
the vortex sheet� His analysis gives a fairly good prediction of the appearance time as well as the
form and location of a singularity even for the case of 	nite disturbance investigated numerically
by Meiron et al� �
�� Krasny ��� and Shelley ����

Recently� Ishihara and Kaneda �
� �hereinafter referred to as IK� studied the evolution of a small
but 	nite three�dimensional disturbance on a �at uniform vortex sheet by generalizing Moore�s
analysis to three dimensions on the basis of a Lagrangian representation of the three�dimensional
motion of a vortex sheet �Ca�isch ���� Kaneda ����� In IK� the vortex sheet at time t is expanded
in a double periodic Fourier series�

R���� ��� t� � ���� ��� �� �
X
n�m

An�m exp�i�n�� � �m����� ���

where �� and �� are Lagrangian parameters in the streamwise and spanwise directions� respectively�
and � is the aspect ratio of the periodic domain of the disturbance� An asymptotic analysis valid at
large t showed that a singularity appears at a 	nite time tc � O�ln ���� where � is the the amplitude
of the initial disturbance� The singularity is such that An�� � O�t��

c � behaves like n����� while

���
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An��� � O��tc� behaves like n���� for large n� The former agrees with the two�dimensional result
in Moore ���� while the latter re�ects three�dimensionality or vortex stretching�

The full determination of the location as well as the form and the appearance time of the
singularity would require the full asymptotics of An�m for large n and m� However� being based
on the treatment of a rather limited range of �n�m�� the analysis of IK is insu�cient for the full
determination� The purpose of this paper is to study numerically the three�dimensional motion of
a vortex sheet so as to get further understanding of the singularity formation process of a vortex
sheet in three dimensions� Particular attention is paid to the meaning of the three�dimensional
correction term An����

The problem de	nition and a short review of IK for the weak nonlinear problem are given in
Section �� where some possible interpretations of the term An��� are also presented� Section 

presents a numerical method based on the Lagrangian representation of the three�dimensional mo�
tion of a vortex sheet� Section � presents the numerical results� They con	rm the analytical results
in IK� and we check the above interpretations in the light of the numerical results� Conclusions
and discussion are presented in Section ��

� Problem de�nition and analytical results for the weak

nonlinear case

Let a vortex sheet be described parametrically by R���� ��� t�� and let us consider a �at uniform
vortex sheet� Suppose that it is perturbed initially as

R���� ��� �� � ���� ��� �� � ��� sin ������ �� �� sin ������ ���

where �� and �� are the Lagrangian parameters in the streamwise and spanwise directions� respec�
tively� Then the motion is given by

�

�t
R � p�v�

Z �

��

Z �

��
�rG��

�R�

����
d���d�

�
�� G �

�

��

�

jR�R�j
� �
�

where the symbol p�v� denotes the principal value of the integral�R � R���� ��� t��R
� � R����� �

�
�� t�

and r � ����R� �Ca�isch ���� Kaneda ����� The �ow is two�dimensional if �� � �� as assumed by
Moore ���� If �� � �� the vortex sheet is �at but each vortex line is distorted sinusoidally on the
�at vortex sheet� Note that we have so parametrized the sheet that �� � constant de	nes a vortex
line�

Since the present numerical study on the three�dimensional motion of a vortex sheet is closely
related to the analytical study in IK� we brie�y review here IK� In the following� we assume
appropriate normalization of the time and length scale� The position vector R at time t may be
then expanded in a double periodic Fourier series as

R���� ��� t� � ���� ��� �� �
X
n�m

An�m�t� expf��i�n�� � �m���g� ���

By assuming � � max���� ��� to be small but 	nite and by introducing the following ordering as in
Moore ����

An�m � ������
jnj������

jmj
A

���
n�m � ������

jnj��������
jmj
A

�����
n�m � � � �

�������
jnj������

jmj��
A

�����
n�m � � � � � ���
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IK obtained a closed set of equations for fA
���
n�mg� The solution of the set for large t was found

inductively to be expressed as

A
���
n��m � i

�
�
�

�

�m �
�
�

�

�n
e�nt

h
a
���
n��m���t�

n����m � a
���
n��m���t�n����m � � � �

i
�O�e��n���t�� ���

for n 	 � and m � �� Note that ��� and ��� give

jAn���m���j�jAn��mj � O���t
��� �
�

for large t and small �� Since the time t under consideration is O�ln ���
� �� �
� implies that when ��

is small enough� the Fourier coe�cients for small m are important�

The coe�cients a
���
n�� � �a

���
n��� b

���
n��� c

���
n��� and a

���
n��� � �a

���
n���� b

���
n���� c

���
n���� in ��� can be obtained

from the following relations�

a
���
n�� � c

���
n�� �

�

��n� ��

n��X
k	�

k�n� k�c
���
k��c

���
n�k��� b

���
n�� � �� ���

with a
���
��� � c

���
��� � � and b

���
��� � �� and

�n�n� ��c
���
n��� �

nX
k	�

��
�n�k � �n� � nk � k���n� � ���

�

� �
k�n� k���n� � ���

�

�

��n� k�� � ���
�

�

�
n�n� k��n� � nk � ���

��n� k�� � ���
�

�

�
c
���
n�k���a

���
k��� ��a�

a
���
n��� �

n

�n� � ���
�

�

c
���
n���� ��b�

b
���
n��� �

��

�n� � ���
�

�

c
���
n���� ��c�

with a
���
���� � b

���
���� � � and c

���
���� � �� where the sum

Pn
k	� is zero when n 
 �� It is shown

numerically that a
���
n��� c

���
n�� and b

���
n��� behave like enn����� while a

���
n��� and c

���
n��� behave like enn����

for large n independently of �� It is shown analytically that a
���
n��� � c

���
n��� � enn���� for � 	 ��

The leading�order asymptotic forms of An�� � �Xn��� Yn��� Zn��� and An��� � �Xn���� Yn���� Zn����
for large n and large t are given by

Xn�� � Zn�� � i�����
�

� ����nt��
c n�

�

� �����
n� ����

Xn��� � Zn��� � �i������nC�����tc�n
� �

� �����
n� ����

and
Yn��� � �i������nC��

����tc�n
� �

� �����
n� ����

where � � ��t� � �� exp��t� �� with the singularity time tc being determined by ����tc� � �� and
C� is a constant depending only on the aspect ratio ��
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Substitution of ��� and ��� into ��� yields an expression of the sheet pro	le near the singularity
time under appropriate conditions �see IK for details��

x���� ��� t� 
 �� �
�

���t

�X
n	�

�����
n�a

���
n�� sin ��n��� �

�
��

������t
n �X
n	�

�����
n�a

���
n�� cos ��n��� �

�
��
o
sin ������ ��
a�

y���� ��� t� 
 �� � �����t
n �X
n	�

�����
n�b

���
n�� sin ��n��� �

�
��
o
cos ������ ��
b�

z���� ��� t� 
 �
�

���t

�X
n	�

�����
n�a

���
n�� sin ��n��� �

�
��

������t
n �X
n	�

�����
n�c

���
n�� cos ��n��� �

�
��
o
sin ������ ��
c�

where �a
���
n�� � a

���
n��e

�n� �a
���
n��� � a

���
n���e

�n� and so on� In deriving ��
a�c�� we have used the relations

�a
���
n�� � �c

���
n�� � �a

���
n�� � �a

���
n��� � �b

���
n�� � ��b

���
n��� and �c

���
n�� � �c

���
n���� Note that putting �� � � in ��
a�c�

gives the two�dimensional sheet pro	le� which is the same as obtained in Moore ���� The terms
proportional to ��t therefore imply three�dimensional correction of the pro	le near the singularity
time�

Note that for two�dimensional motion in which �� � �� the sheet pro	le near the singularity
time is given by

x���� ��� t� 
 �� �
�

���t

�X
n	�

�����
n�a

���
n�� sin ��n��� �

�
��� ���a�

y���� ��� t� � ��� ���b�

z���� ��� t� 
 �
�

���t

�X
n	�

�����
n�a

���
n�� sin ��n��� �

�
� �� ���c�

Comparison of ��
a�c� with ���a�c� suggests us to assume that the three�dimensional sheet pro	le

��
a�c� results from a certain modi	cation of �i� the amplitude �a
���
n��� �ii� the phase �� and�or �iii�

the critical time tc of the two�dimensional pro	le due to the three�dimensionality� Among several
possible interpretations of ��
a�c� based on such an assumption� the simplest is to interpret ��
a�c�
to result from the modi	cation of only one of �i�� �ii� and �iii�� Then we are left to the following
three interpretations �a�� �b� and �c��

Interpretation �a�
If we assume that the three�dimensional correction terms come from the modi	cation of only

�a
���
n�� in the two�dimensional pro	le� then it may be concluded that a singularity appears at a time
tc de	ned by ����tc� � � and its location is at

�� � �
� � k� �k � ����� � � ��� ����

Note that each singularity then appears along one vortex line� Although �a
���
n��� and �c

���
n��� behave like

n���� at large n� the above mentioned modi	cation is O���t
�� 	 � so that it may be understood

that the characteristic of the singularity� i�e� �a
���
n�� � n���� at large n� su�ers no signi	cant change

in three dimensions�
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Interpretation �b�
As shown below� the three�dimensional pro	le ��
a�c� is also consistent with the interpretation

that it is due to the modi	cation of only the phase �� in the two�dimensional sheet pro	le� Equation
��
a� and ��
c� are equivalent to

x���� ��� t� 
 �� �
�

���t

�X
n	�

�����
n�a

���
n�� sin ��nf�� �

�
� � �����n����t

� sin �����g� ����

and

z���� ��� t� 
 �
�

���t

�X
n	�

�����
n�a

���
n�� sin ��nf�� �

�
� � ���
�n����t

� sin �����g� ��
�

respectively� where n��n� � �a
���
n����a

���
n��� n
�n� � �c

���
n����a

���
n��� and we have neglected a term associated

with �c
���
��� which is irrelevant to the singularity analysis� Since ��n� � 
�n� � ����

�

�C� for large n�
���� and ��
� are compatible with the interpretation that the singularity of the same form as in
two�dimensional motion appears at tc and it is distributed along the curves given by

�� � k � �
� � �����n����t

� sin ���� ����

where k � �������� � � �� In contrast to Interpretation �a�� these singularity curves are then di�erent
from vortex lines satisfying �� � constant �these cannot occur in two dimensions��

Interpretation �c�
The assumption that the three�dimensional correction come from the modi	cation of only �

in two�dimensional pro	le also leads to the n���� behavior of An���� If this is the case� then the
singularity time depends on the spanwise coordinate ��� However this possibility can be excluded
at the leading�order approximation for the present problem because this assumption is incompatible

with �a
���
n�� � �a

���
n��� and �c

���
n�� � �c

���
n��� as shown in ��
a� and ��
c��

The analytical results in IK do not rule out possibilities other than interpretations �a� and �b��
and insu�cient for the full characterization of the singularity in three dimensions� In order to get
further understanding of the singularity formation� we study the problem by numerical simulation
in the following�

� Numerical method

Our numerical method is on the basis of the Lagrangian representation of the three�dimensional
motion of a vortex sheet� For simplicity� we set the aspect ratio � to be unity hereafter� Since the
sheet at time t � � satis	es

R��� � n� �� �m� t� � R���� ��� t� � n

�
B� �

�
�

	
CA�m

�
B� �

�
�

	
CA � ����

the domain of integration in �
� can be reduced to a fundamental periodic domain in ���� ����space
by introducing a double periodic Green�s function�

�G �
�

��

X
n

X
m

�

f�x� x� � n�� � �y � y� �m�� � �z � z��g���
� ����

where we have put R � �x� y� z� and R� � �x�� y�� z�� by assuming � � ��� ��� �
�
�� �

�
� 
 �� We apply

the Ewalt sum technique �cf� Baker et al� ���� for the evaluation of �G� The fundamental domain
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is described by N �M mesh points distributed uniformly in the ���� ����space such as RI�J �
R�I���� J���� t� where ��� � ��N � ��� � ��M � I � �� �� � � � � N � � and J � �� �� � � � �M � ��
The fast Fourier transforms are used to evaluate �R���� at the mesh points with high accuracy�
The integration with respect to �� and �� is approximated by trapezoidal quadrature with omitting
the singular contribution at ���� ��� � ����� �

�
���

A system of 
 �N �M ordinary di�erential equations thus obtained were solved numerically
by the �th order Runge�Kutta method by using the time step �t � ����� As introduced by Krasny
���� we used a Fourier 	lter to control the errors induced by round�o� error� Fourier coe�cients
An�m which are less than ���L were set to zero at the end of every time step� We set the 	lter level
at L � �
 in the calculation performed in �� decimal digits arithmetic� Parameters used in the
Ewalt sum were set so as to make the error in the approximation for the double�periodic Green�s
function to be less than ���
� For simplicity� we set �� � ���� �� in ���� and studied the following
two cases� � � ����� and ����� For � � ������ we set �N�M� � ���� 
��� ���� 
�� or ����� 
��� and for
� � ����� �N�M� � ���� 
�� or ����� 
��� We used smaller number of mesh points in the spanwise
���� direction than in the streamwise ���� direction because the analytical results in IK suggest
that even at the singularity time� the sheet shape is smooth enough in the spanwise direction�

� Numerical results

��� � 	 �����

For � � ����� with �N�M� � ���� 
��� we integrated the system up to t � ����� The simulation
showed no signi	cant change in the sheet shape up to the time� Figure � shows the plot ln jAn�m�t�j
vs� lnn with m � �� �� �� 
 at t � ����� ���� and ����� At the early stage of evolution the spectrum
falls o� su�ciently rapidly with n �	gure omitted�� but at the later time the high wave number
�large n� mode gets larger and larger and the spectrum attain the form plotted in the 	gure� It is
seen in the 	gure that the curves of ln jAn�m�t�j vs� lnn �m � �� �� �� at t � ���� look like convex�
while those at t � ���� look like concave� and between t � ���� and ���� they look like straight
lines� The slopes of the lines for �n� �� and �n� �� modes are quite close to the theoretical values
���� and �
��� respectively� which are also plotted in the 	gure� Note that IK predicts that a
singularity appears at t � ����� for � � ������ This value ����� is consistent with the value ��� �
���� suggested from Fig� ��

A bird�s�eye view of the vorticity density j�j � j�R����j�j��R����� � ��R�����j at t � ����
as a function of ���� ��� is shown in Fig� �� It is seen that the pro	le of the vorticity density forms
a cusp�like shape at t � ����� The simulation showed that the pro	les of �x���� and �z���� as
functions of ���� ��� also look cusp�like at t � ���� �	gures omitted�� The location of singularity
may be determined by investigating the peak position of the pro	le of j�j�

In order to specify the peak position� we 	rst computed an interpolated function j�j of �� for a
	xed �� � J��� by using cubic spline� and then determined the ���value which gives the maximum
of j�j by using inverse parabolic interpolation� Figure 
 shows the ���value of the peak position of
j�j at t � ���� as a function of ��� The peak positions of �x���� and �z���� at t � ���� are also
plotted in the 	gure� Each of these curves is seen to be quite close to a simple sinusoidal curve�
The simulation showed that this is also the case for � 
 t � �����

Figure � shows the ���values of the peak positions for 	xed J as functions of time t� where we
have put J � �� i�e� �� 
 ���� at which the sinusoidal curves deviate most from the center �� � ���
�see Fig� 
�� It can be observed that the curves for j�j� �x���� and �z���� collapse into a point at
t 
 ����� These results can be explained by Interpretation �b�� In Interpretation �b�� it is expected
that a singularity appear along a simple sinusoidal curve given by ����� For � � ������ the curve is
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given by
�� � ��� � � sin������� � � ������
� ����

where we have used the theoretical values tc � ����� and ��n� � ������� for large n and � � �
�the latter was obtained from a plot of ��n� vs� ��n by solving numerically ���� ��a� and ��b� with
� � ��� As shown in Fig� 
� the curves look sinusoidal in agreement with ���� and the numerical
estimate from Fig� � gives � 
 ������
 at t � ����� which is in fair quantitative agreement with
����

For � � ����� with �N�M� � ����� 
��� we integrated the system up to t � ����� The simulation
showed no signi	cant change in the sheet pro	le before t � ����� but the motion of the ��� � 
�
points became irregular at t 
 ����� Figure � shows a bird�s�eye view of the vorticity density j�j
at t � ���� as a function of ���� ���� Di�erently from the case of �N�M� � ���� 
��� it is seen that
there are two peaks �not one� in one fundamental periodic domain of the pro	le� Two peaks were
also observed in the pro	les of the functions �x���� and �z���� of ���� ��� at t � ����� as well
as in the pro	les of j�j� �x���� and �z���� in the case of �N�M� � ���� 
�� at t 
 ���� �	gures
omitted��

The spectrum ln jAn�m�t�j vs� lnn with m � �� �� �� 
 at t � ����� ���
� ���� and ���� is shown
in Fig� �a� It may be understood that the wavy nature of the spectrum re�ects the existence of
the two peaks� i�e� two singularities� Noting that the spacings� say �n� between the minima of the
wavy curves are the same� i�e� �n 
 ��� we assume the following expression for the sheet pro	le
�on the basis of Interpretation �b���

x���� ��� t� 
 �� �
�

���t

�X
n	�

�����
n�a

���
n��



sin ��n

h
�� �

�
� �

�
�d� �����n����t

� sin �����
i

�sin��n
h
�� �

�
� � �

�d� �����n����t
� sin �����

i�


 �� �
�

��t

�X
n	�

�����
n�a

���
n�� cos��nd� sin ��n

h
�� �

�
� � �����n����t

� sin �����
i
� ����

where d is the di�erence in the ���coordinate of two peaks� The above mentioned spacing� i�e�
�n 
 ��� corresponds to d 
 ����� With ���� in mind� we plot ln jAn�m�t�j � ln j cos��nd�j vs�
lnn in Fig� �b� The curves in Fig� �b look similar to those in Fig� � and have slopes close to the
theoretical values ���� and �
�� for m � � and m � �� respectively� at t 
 �����

As in the case of �N�M� � ���� 
��� the ���values of the peak positions of j�j are plotted in
Figs� 
 �a� and �b� as functions of �� at t � ����� ���� and ����� Each of the curves in Figs� 
a�b at
the same time corresponds to one of the two peaks in the pro	le of j�j at that time� Similar curves
for �x���� and �z���� are also plotted in Figs� 
a�b� It can be observed in each 	gure that the
curves look like simple sinusoidal and at a certain time �t 
 ������ the three curves corresponding to
j�j� �x���� and �z���� collapse into one curve� These properties are similar to those in the case of
�N�M� � ���� 
�� except for the di�erence in the number of peaks� one peak in �N�M� � ���� 
���
while two peaks in �N�M� � ����� 
���

��� � 	 ����

For � � ���� with �N�M� � ����� 
��� we integrated the system up to t � ����� at which sharp
peaks appear in the pro	le of the functions j�j� �x���� and �z���� of ���� ���� Figure � shows
ln jAn�m�t�j vs� lnn with m � �� �� �� 
 at t � ����� The spectrum has a complicated form re�ecting
the stronger nonlinearity of the system�
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In order to see the ���dependence� we plot j����� �� � ��j and j����� �� � ����j in Fig� ��
It can be seen that the two lines are clearly di�erent� In order to characterize this di�erence

quantitatively� let us de	ne ����� ��� � x���� ��� � iz���� ��� and the spectra A
���
n and A

���
�
n by the

following relations�

����� �� � �� �
X
n

A���
n expf��in��g�

�����
�

� � �� �

X
n

A���
�
n expf��in��g�

Figure ��a shows ln jA
���
n j and ln jA

���
�
n j vs� lnn at t � ����� Although the two curves seem to

be quite similar to each other� a close inspection shows that there exists a systematic di�erence

between them� Figure ��b shows ln jA
���
�
n j � ln jA

���
n j vs� lnn at t � ����� If we assume the forms

A
���
n � n�p and A

���
�
n � n�q� ln jA

���
�
n j � ln jA

���
n j � �p� q� lnn� 	gure ��b suggests p� q 
 ������

i�e� the sheet pro	le is more singular at �� � �

 than at �� � ��

� Conclusions and discussion

We have simulated the three�dimensional motion of vortex sheet on the basis of a Lagrangian
representation of the motion�

For � � ����� with �N�M� � ���� 
��� the numerical results con	rm the previous analytical
results� i�e� An�� � n���� and An��� � n���� at large n� in IK� The pro	les of the functions j�j�
�x���� and �z���� of ���� ��� exhibit cusp�like shapes at t 
 ����� and at that time the ���value
of the peak positions of these pro	les shows almost the same sinusoidal dependence on ��� These
results suggest that a singularity appears along a simple curve depending sinusoidally on ��� These
can be explained by Interpretation �b�� Note that the curve does not coincide with one vortex line
satisfying �� �constant �such discrepancy cannot occur in two dimensions��

For � � ����� with �N�M� � ����� 
��� the pro	les of the functions j�j� �x���� and �z����
of ���� ��� exhibit two peaks per one fundamental periodic domain at t � ����� the result of the
computation with �N�M� � ���� 
�� also exhibited two peaks in those pro	les� The di�erence in the
number of peaks might be understood as due to the lack of resolution of the system with �N�M� �
���� 
�� to detect two peaks resolved by �N�M� � ���� 
�� and ����� 
��� In this context� it may be
worthwhile to mention our recent preliminary simulations based on point vortex approximation �cf�
Krasny ���� for the two�dimensional problem ��� � � in ����� they have also shown the similar� i�e�
for �� � ������ a single peak appears with N � �� and ��� while double peaks with N � ��� and
���� The two�dimensional simulations have also shown that for �� � ����� a single peak appears
with N � ���� If this property exists also in three dimensions� it is expected that for the smaller
initial amplitude of disturbance than � � ������ a single peak �singularity� would appear even in the
higher resolution computation such as �N�M� � ���� 
�� and ����� 
��� It may be then concluded
that the initial amplitude � � ����� is not su�ciently small for the behavior to be explained by
IK� It was found that the peaks of the functions j�j� �x���� and �z���� of ���� ��� have simple
sinusoidal dependence on �� in spite of the di�erence of the number of the peaks according to the
resolution of the system� This nature can be explained by Interpretation �b� with the assumption
in �����

The computation for the stronger nonlinear case� � � ���� with �N�M� � ����� 
��� showed
the stronger ���dependence of the singularity� For example� the characteristic exponent of the
singularity de	ned in the previous section was found to depend on �� remarkably� �The simulation
for � � ����� with �N�M� � ����� 
�� shows a small dependence on ��� p�q 
 �����
�� Presumably
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the strong nonlinear nature as observed in the computation for � � ���� with �N�M� � ����� 
��
is beyond the the approximation in IK�

The resolution of the present computations are clearly insu�cient for the full characterization of
the singularity� and the results presented in this paper are only suggestive� It would be interesting
to perform computations with higher resolution for the characterization�
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Figure �� A bird�s�eye view of the vorticity density j�j as a function of ���� ��� at t � ���� by
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Figure �� �a� ln jAn�m�t�j vs� lnn with m � �� �� �� 
 at t � ���� �dot�dash�lines�� ���
 �dashed
lines�� ���� �dotted lines� and ���� �solid lines� by the numerical solutions for � � ����� with
�N�M� � ����� 
��� The thick solid lines have the indicated slopes� �b� The values of ln jAn�m�t�j
in �a� are replaced by ln jAn�m�t�j � ln j cos��nd�j with d � ���� which corresponds to the spacings
�n 
 �� between the minima of the wavy curves in �a��
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Figure 
� The ���values of the peak positions of j�j �
�� �x���� ��� and �z���� ��� as functions
of �� at t � ����� ���� and ���� Each of the curves in Figs� 
a�b at the same time corresponds to
one of the two peaks in the pro	les of j�j� �x���� and �z���� at that time�
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