ESAIM: Proceedings, Vol. 1, 1996, pp. 463-479
http://www.emath.fr/proc/Vol.1/

Singularity Formation in the Shape of a Vortex Sheet
in Three Dimensions—Numerical Simulation

Takashi Ishihara Yukio Kaneda
Department of Mathematics Department of Applied Physics
Faculty of Science Faculty of Engineering
Toyama University Nagoya University
Gofuku, Toyama 930, Japan Chikusa-ku, Nagoya 464-01, Japan
Abstract

The evolution of a small but finite three-dimensional disturbance on a flat uniform vortex
sheet is studied numerically on the basis of a Lagrangian representation of the motion. The
numerical simulations confirm the asymptotic analysis by Ishihara and Kaneda (1995; J. Fluid
Mech., 300, 339-366) for the spontaneous singularity formation in the shape of the vortex sheet.
They also suggest that the singularities appear along curves, which have a rather simple depen-
dence on the spanwise-coordinate. Reflecting the three-dimensionality of the vortex dynamics,
the singularity-curve is not along any of the vortex lines.

1 Introduction

Dynamics of vortex sheets in three-dimensional flow is fundamentally different from that in two-
dimensional one, particularly because of the existence of vortex stretching mechanism in three
dimensions. In spite of the fact that most real flows are three-dimensional, little is known about
three-dimensional motion of vortex sheets, as compared with two-dimensional motion.

Regarding two-dimensional motion of a vortex sheet, Moore [6] studied analytically the evolution
of a small but finite streamwise disturbance on a flat uniform vortex sheet by using Birkhoff-Rott
equation, and gave an analytical evidence for the spontaneous singularity formation in the shape of
the vortex sheet. His analysis gives a fairly good prediction of the appearance time as well as the
form and location of a singularity even for the case of finite disturbance investigated numerically
by Meiron et al. [7], Krasny [5] and Shelley [8].

Recently, Ishihara and Kaneda [3] (hereinafter referred to as IK) studied the evolution of a small
but finite three-dimensional disturbance on a flat uniform vortex sheet by generalizing Moore’s
analysis to three dimensions on the basis of a Lagrangian representation of the three-dimensional
motion of a vortex sheet (Caflisch [2], Kaneda [4]). In IK, the vortex sheet at time ¢ is expanded
in a double periodic Fourier series:

R(A1, A2, 8) = (A1, X2,0) + D Ay expli(nAs 4 ms)], (1)

n,m

where \; and Ao are Lagrangian parameters in the streamwise and spanwise directions, respectively,
and ¢ is the aspect ratio of the periodic domain of the disturbance. An asymptotic analysis valid at
large ¢ showed that a singularity appears at a finite time ¢, = O(Ine~!) where € is the the amplitude
of the initial disturbance. The singularity is such that A, = O(t, ') behaves like n~%/2, while

463

Article published by EDP Sciences and available at http://www.edpsciences.org/proc or http://dx.doi.org/10.1051/proc:1996014



http://www.edpsciences.org
http://www.edpsciences.org/proc
http://dx.doi.org/10.1051/proc:1996014

T. Ishihara et al. — Singularity Formation in the Shape of a Vortex Sheet in Three Dimensions ... 464

A, +1 = O(et;) behaves like n=3/2 for large n. The former agrees with the two-dimensional result
in Moore [6], while the latter reflects three-dimensionality or vortex stretching.

The full determination of the location as well as the form and the appearance time of the
singularity would require the full asymptotics of A, ,, for large n and m. However, being based
on the treatment of a rather limited range of (n,m), the analysis of IK is insufficient for the full
determination. The purpose of this paper is to study numerically the three-dimensional motion of
a vortex sheet so as to get further understanding of the singularity formation process of a vortex
sheet in three dimensions. Particular attention is paid to the meaning of the three-dimensional
correction term A, 4.

The problem definition and a short review of IK for the weak nonlinear problem are given in
Section 2, where some possible interpretations of the term A, i are also presented. Section 3
presents a numerical method based on the Lagrangian representation of the three-dimensional mo-
tion of a vortex sheet. Section 4 presents the numerical results. They confirm the analytical results
in IK, and we check the above interpretations in the light of the numerical results. Conclusions
and discussion are presented in Section 5.

2 Problem definition and analytical results for the weak
nonlinear case

Let a vortex sheet be described parametrically by R (A1, A2,1), and let us consider a flat uniform
vortex sheet. Suppose that it is perturbed initially as

R()\l, Aa, 0) = ()\1, )\2,0) + (62 sin27r(5)\2,0, €1 sin27r)\1), (2)

where \; and A9 are the Lagrangian parameters in the streamwise and spanwise directions, respec-
tively. Then the motion is given by

0

o oo OR/ o1
SR =pv. /700 [w(va) < g N, G =

where the symbol p.v. denotes the principal value of the integral, R = R (A1, A2, t), R' = R(\], A}, t)
and V = (0/0R) (Caflisch [2], Kaneda [4]). The flow is two-dimensional if €3 = 0, as assumed by
Moore [6]. If €, = 0, the vortex sheet is flat but each vortex line is distorted sinusoidally on the
flat vortex sheet. Note that we have so parametrized the sheet that A\; = constant defines a vortex
line.

Since the present numerical study on the three-dimensional motion of a vortex sheet is closely
related to the analytical study in IK, we briefly review here IK. In the following, we assume
appropriate normalization of the time and length scale. The position vector R at time ¢ may be
then expanded in a double periodic Fourier series as

R(A1, A2, t) = (A1,22,0) + D Ay i (t) exp{2mi(nA; + 0mAa)}. (4)

By assuming € = max(e, €2) to be small but finite and by introducing the following ordering as in
Moore [6]:

Avm = (2re)"(@2re) ™AL + (2me) M2 (2mer) M AR -
_’_(271-61)|n\ (27r€2)|m|+2A£L,;72L) 4 (5)
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IK obtained a closed set of equations for {AS{’)n} The solution of the set for large ¢ was found
inductively to be expressed as

m n
A =i (55) (=3) @ [alzmr e all ry 2]+ 0, (o)

for n > 0 and m > 0. Note that (5) and (6) give
|An,:l:(m+1)|/|An,:I:m| = O(€2t2)a (7)

for large t and small e. Since the time ¢ under consideration is O(Ine; '), (7) implies that when e,
is small enough, the Fourier coefficients for small m are important.
The coefficients aq(loyz) = (ag]}],bg)}],cg)’%) and a(o)ﬂ = (ag),)ﬂ,bg),)ﬂ,cno,)ﬂ) in (6) can be obtained

n,
from the following relations:

0 0 0) (0 0
an72] = Cn}] = 2(n _ 1) kz::l k(n - k)c;,())c’f'bzk,o’ bgl,g] = 0’ (8)
with ag?[)] = cg?a =1 and bgo[)] =0, and
1
- L k(n— E)2(n2 + 62)2
2n(n + l)cnoy)i1 = Z n’k — (n2 —nk + 162)(712 + (52)2 + (n )"(n"+ )
k=1 [(n— k)% + 622
n(n —k)(n?> —nk+56%)| (o 0
+ I cszzk,ilal(c,())v (9a)
[(n — k)2 + 02]2
0) n (0)
=—7 9b
p,+1 (n? + 62)% Cp, 1> (9b)
+4
p© 0) 9
n,E1 (2 + 52)% Cp,+1s (9¢)
with a&)il = g’)il = 0 and c(()?il = 1, where the sum ) }_,; is zero when n < 1. It is shown

numerically that aﬁ%, cg]}] and bg)’)ﬂ behave like e"n =%/, while agg)ﬂ and cg)’)ﬂ behave like e"n=3/2
for large n independently of . It is shown analytically that ag],)ﬂ = cg)’)ﬂ o e"n3/2 for § < 1.
The leading-order asymptotic forms of A, o = (Xy,0, Y50, Zn0) and Ay, 11 = (Xp 41, Yn,+1, Zn,+1)
for large n and large ¢ are given by

X0 = Znp =i(2m) 2 (=1)", 0 3 (,6)", (10)
Xpt1 = Zn 1 = Fin2(—1)"Cyd(eate)n™ 2 (,0)", (11)

and ;
Y41 = —in?(—1)"C50? (egte)n ™2 (€,0)", (12)

where § = 0(t) = n2 exp(nt + 1) with the singularity time ¢. being determined by €;6(t.) = 1, and
Cy is a constant depending only on the aspect ratio 4.
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Substitution of (5) and (6) into (4) yields an expression of the sheet profile near the singularity
time under appropriate conditions (see IK for details);

1 & )
(A1, A2, b)) ~ AL — 9277 2(619)" n°2) sin2mn(A; + 3)

o0

+27r562t{2(619)” n07)1 cos 2mn(Ay + %)}sin 210 \a, (13a)
0
" o
y(A1, Ao, t) = Ao+ 2%6621&{2 (€10)"b 07 sin27n(Ay + %)}cos 2w Na, (13b)
1 oo
z(A1, A9, t) = ~5.3 2(610)“ al’ %Sm27m(>\1 +3)
+27r562t{2(610)” no,)l cos 2mn (A + %)}sin 21 Ag, (13c)
n=0
20) _ (0) ,—n -(0) 0) —n o 7 :
where a,, § = a,, 567", @, 31 = a,, 167", and so on. In deriving (13a-c), we have used the relations
aﬁ% = cﬁ% , ’;7)1 = Ezg],)_l , Bgl[],)l = —Bg))_ and c( )1 = c(o) ;- Note that putting ez = 0 in (13a-c)

gives the two-dimensional sheet proﬁle which is the same as obtained in Moore [6]. The terms
proportional to et therefore imply three-dimensional correction of the profile near the singularity
time.

Note that for two-dimensional motion in which e2 = 0, the sheet profile near the singularity
time is given by

RS ~(0)
z(A1, Ae,t) = A — mnz::(el@)” n,0 SN 2N (A; + 5, (14a)
YA, A2,8) = Ay, (14b)
z(A1, Ao, t) =~ —Li (e10)"a (0 sm27rn(>\ + ). (14c)
15 A2, ~ o — 1 n,0 1

Comparison of (13a—c) with (14a-c) suggests us to assume that the three-dimensional sheet profile

(13a—c) results from a certain modification of (i) the amplitude a; 2), (ii) the phase A; and/or (iii)
the critical time %, of the two-dimensional profile due to the three-dimensionality. Among several
possible interpretations of (13a—c) based on such an assumption, the simplest is to interpret (13a—c)
to result from the modification of only one of (i), (ii) and (iii). Then we are left to the following

three interpretations (a), (b) and (c).

Interpretation (a)

If we assume that the three-dimensional correction terms come from the modification of only

a;o}) in the two-dimensional profile, then it may be concluded that a singularity appears at a time

t. defined by €16(t.) = 1 and its location is at
AM=32+k (k=0,%1,...). (15)
(0) (0)

Note that each singularity then appears along one vortex line. Although a,,’, and ¢,,’;; behave like

n~3/2 at large n, the above mentioned modification is O(ezt?) < 1 so that it may be understood

that the characteristic of the singularity, i.e. a;o}) o n~/2

in three dimensions.

at large n, suffers no significant change
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Interpretation (b)

As shown below, the three-dimensional profile (13a-—c) is also consistent with the interpretation
that it is due to the modification of only the phase A; in the two-dimensional sheet profile. Equation
(13a) and (13c) are equivalent to

1 o
(A1, Aoy t) = A\ — Py Z (e10)"a 0, sin2rn{ A1 + 3 — 22 (n)dext? sin 2w Ao }, (16)
and
1 oo
2(A1, Ao, t) = — 2(610)” no}) sin2mn{\; + 3 — 272 3(n)dext? sin 2mdAs }, (17)

22t =
n=1

respectively, where na(n) = 67(107)1/&20}], nB(n) = 67(10,)1/&7(1072), and we have neglected a term associated

(0)

with &7 which is irrelevant to the singularity analysis. Since a(n) = 8(n) ~ (2%)%05 for large n,
(16) and (17) are compatible with the interpretation that the singularity of the same form as in
two-dimensional motion appears at t. and it is distributed along the curves given by

M =k+ % + 2712 (n) beat? sin 0 g, (18)

where k = 0,£1,+2,---. In contrast to Interpretation (a), these singularity curves are then different
from vortex lines satisfying Ay = constant (these cannot occur in two dimensions).

Interpretation (c)

The assumption that the three-dimensional correction come from the modification of only 6
in two-dimensional profile also leads to the n~3/2 behavior of A, +1. If this is the case, then the
singularity time depends on the spanwise coordinate Ay. However this possibility can be excluded
at the leading-order approximation for the present problem because this assumption is incompatible
with a£L)1 = _(0) ’, and cg])l = _7(10,)_1 as shown in (13a) and (13c).

The analytlcal results in IK do not rule out possibilities other than interpretations (a) and (b),
and insufficient for the full characterization of the singularity in three dimensions. In order to get
further understanding of the singularity formation, we study the problem by numerical simulation

in the following.

3 Numerical method

Our numerical method is on the basis of the Lagrangian representation of the three-dimensional
motion of a vortex sheet. For simplicity, we set the aspect ratio ¢ to be unity hereafter. Since the
sheet at time ¢t > 0 satisfies

1 0
R(M\ +n,A+mt) =R(A,A,t)+n| 0 | +m]| 1 |, (19)
0 0

the domain of integration in (3) can be reduced to a fundamental periodic domain in (A1, A2)-space
by introducing a double periodic Green’s function:

1 1
B T R P )

(20)

where we have put R = (z,y,2) and R’ = (2, 4/, 2') by assuming 0 < A1, Ao, M|, A < 1. We apply
the Ewalt sum technique (cf. Baker et al. [1]) for the evaluation of G. The fundamental domain
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is described by N x M mesh points distributed uniformly in the (A;, A\2)-space such as Ry j =
R(IAMN, JAXg,t) where ANy = 1/N, Ay =1/M, I =0,1,---,N—1and J =0,1,...,M — 1.
The fast Fourier transforms are used to evaluate OR /02 at the mesh points with high accuracy.
The integration with respect to A\; and Ag is approximated by trapezoidal quadrature with omitting
the singular contribution at (A1, Ag) = (A}, AS).

A system of 3 x N x M ordinary differential equations thus obtained were solved numerically
by the 4th order Runge-Kutta method by using the time step At = 0.01. As introduced by Krasny
[5], we used a Fourier filter to control the errors induced by round-off error; Fourier coefficients
A,,;m which are less than 10~ % were set to zero at the end of every time step. We set the filter level
at L = 13 in the calculation performed in 16 decimal digits arithmetic. Parameters used in the
Ewalt sum were set so as to make the error in the approximation for the double-periodic Green’s
function to be less than 1078, For simplicity, we set ¢ = e2(= €) in (2), and studied the following
two cases: € = 0.001 and 0.01. For e = 0.001, we set (N, M) = (60,30), (90, 30) or (120, 30), and for
e =0.01, (N, M) = (60,30) or (120,30). We used smaller number of mesh points in the spanwise
(A2) direction than in the streamwise (A1) direction because the analytical results in IK suggest
that even at the singularity time, the sheet shape is smooth enough in the spanwise direction.

4 Numerical results

4.1 ¢=0.001

For e = 0.001 with (N, M) = (60,30), we integrated the system up to ¢ = 1.16. The simulation
showed no significant change in the sheet shape up to the time. Figure 1 shows the plot In|A,, ,(¢)]
vs. Inn with m =0,1,2,3 at ¢t =1.10,1.12 and 1.14. At the early stage of evolution the spectrum
falls off sufficiently rapidly with n (figure omitted), but at the later time the high wave number
(large n) mode gets larger and larger and the spectrum attain the form plotted in the figure. It is
seen in the figure that the curves of In|A,, ,(¢)| vs. Inn (m = 0,1,2) at ¢ = 1.10 look like convex,
while those at ¢ = 1.14 look like concave, and between ¢ = 1.10 and 1.14 they look like straight
lines. The slopes of the lines for (n,0) and (n,1) modes are quite close to the theoretical values
—5/2 and —3/2, respectively, which are also plotted in the figure. Note that IK predicts that a
singularity appears at ¢t ~ 1.116 for ¢ = 0.001. This value 1.116 is consistent with the value 1.1 ~
1.14 suggested from Fig. 1.

A bird’s-eye view of the vorticity density |Q| = |OR/9\2|/|(OR/0A1) x (OR/0N2)| at t = 1.14
as a function of (A1, \2) is shown in Fig. 2. It is seen that the profile of the vorticity density forms
a cusp-like shape at ¢ = 1.14. The simulation showed that the profiles of dz/90\; and 0z/0\; as
functions of (A1, Ag) also look cusp-like at ¢ = 1.14 (figures omitted). The location of singularity
may be determined by investigating the peak position of the profile of |€2|.

In order to specify the peak position, we first computed an interpolated function |€2| of A; for a
fixed As = JAMs by using cubic spline, and then determined the A;-value which gives the maximum
of |€2] by using inverse parabolic interpolation. Figure 3 shows the Aj-value of the peak position of
|| at ¢ = 1.12 as a function of A\y. The peak positions of dz/dA\; and 9z/0A; at t = 1.10 are also
plotted in the figure. Each of these curves is seen to be quite close to a simple sinusoidal curve.
The simulation showed that this is also the case for 0 < ¢ < 1.14.

Figure 4 shows the A;-values of the peak positions for fixed J as functions of time ¢, where we
have put J = 8, i.e. Ay & 1/4, at which the sinusoidal curves deviate most from the center A\ = 1/2
(see Fig. 3). It can be observed that the curves for ||, 0x/JA; and 0z/0\; collapse into a point at
t ~ 1.14. These results can be explained by Interpretation (b). In Interpretation (b), it is expected
that a singularity appear along a simple sinusoidal curve given by (18). For € = 0.001, the curve is
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given by
A1 = 0.5+ vsin(27)g), v = —0.0007, (21)

where we have used the theoretical values ¢, = 1.116 and «(n) ~ —0.0294 for large n and 6 = 1
(the latter was obtained from a plot of a(n) vs. 1/n by solving numerically (8), (9a) and (9b) with
d = 1). As shown in Fig. 3, the curves look sinusoidal in agreement with (8), and the numerical
estimate from Fig. 4 gives v =~ —0.0003 at ¢ = 1.14, which is in fair quantitative agreement with
(8).

For e = 0.001 with (N, M) = (120, 30), we integrated the system up to ¢ = 1.04. The simulation
showed no significant change in the sheet profile before ¢ = 1.00, but the motion of the 120 x 30
points became irregular at ¢ &~ 1.04. Figure 5 shows a bird’s-eye view of the vorticity density |€2]
at t = 0.99 as a function of (A1, A2). Differently from the case of (N, M) = (60, 30), it is seen that
there are two peaks (not one) in one fundamental periodic domain of the profile. Two peaks were
also observed in the profiles of the functions dxz/0A; and 0z/0\; of (A1, A2) at ¢ = 0.99, as well
as in the profiles of ||, 0z/0\; and 0z/0\; in the case of (N, M) = (90,30) at ¢ ~ 1.06 (figures
omitted).

The spectrum In |A,, ,(¢)| vs. Inn with m = 0,1,2,3 at ¢ = 0.96,0.97,0.98 and 0.99 is shown
in Fig. 6a. It may be understood that the wavy nature of the spectrum reflects the existence of
the two peaks, i.e. two singularities. Noting that the spacings, say An, between the minima of the
wavy curves are the same, i.e. An ~ 14, we assume the following expression for the sheet profile
(on the basis of Interpretation (b)):

o0

1
(A1, A2, 1) = AL — pyor Z(eﬁ)nano’%{sin 2mn [)q + % — %d — 2712 a(n)degt? Sin27r5)\2]
n=1

+ sin27n [)\1 + 1+ 2d — 21%a(n)dext? sin 27r(5)\2} }

1
~ Ay —
LE—r

NE

(e10)"a 02] cos(mnd) sin 27n [)\1 + 1 — 21%a(n)det? sin 27r6)\2], (22)

n,

Il
_

n

where d is the difference in the Ai-coordinate of two peaks. The above mentioned spacing, i.e.
An = 14, corresponds to d ~ 1/14. With (22) in mind, we plot In|A,, ,,(t)| — In|cos(nnd)| vs.
Inn in Fig. 6b. The curves in Fig. 6b look similar to those in Fig. 1 and have slopes close to the
theoretical values —5/2 and —3/2 for m = 0 and m = 1, respectively, at ¢t ~ 0.99.

As in the case of (N, M) = (60, 30), the A\;-values of the peak positions of |2| are plotted in
Figs. 7 (a) and (b) as functions of Ay at ¢ = 0.98,0.99 and 1.00. Each of the curves in Figs. 7a,b at
the same time corresponds to one of the two peaks in the profile of |€2| at that time. Similar curves
for 0x/0M\ and 0z/0A; are also plotted in Figs. 7a,b. It can be observed in each figure that the
curves look like simple sinusoidal and at a certain time (¢ & 1.00), the three curves corresponding to
|, 0x/0A\ and 0z/0\; collapse into one curve. These properties are similar to those in the case of
(N, M) = (60,30) except for the difference in the number of peaks; one peak in (N, M) = (60, 30),
while two peaks in (N, M) = (120, 30).

4.2 ¢=0.01

For e = 0.01 with (N, M) = (120, 30), we integrated the system up to ¢ = 0.50, at which sharp
peaks appear in the profile of the functions |©2|, dx/0A; and 9z/0A; of (A1, A2). Figure 8 shows
In|A, ,(t)] vs. Inn with m =0,1,2,3 at ¢ = 0.50. The spectrum has a complicated form reflecting
the stronger nonlinearity of the system.
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In order to see the Ag-dependence, we plot |Q(A1, A2 = 0)| and [2(A1, A2 = 1/4)| in Fig. 9.
It can be seen that the two lines are clearly different. In order to characterize this difference
quantitatively, let us define (A1, A2) = 2(A1, A2) +i2(A1, A2) and the spectra A and A/ by the
following relations:

¢, 00 = M+ Al exp{2rinA},

L) = A+ > A exp{2ninA; ).
n

Figure 10a shows In |A£?]| and In |A7[11/4]| vs. Inn at ¢ = 0.50. Although the two curves seem to
be quite similar to each other, a close inspection shows that there exists a systematic difference
between them. Figure 10b shows In |A£L1/4]| —In |A£?]| vs. Inn at ¢ = 0.50. If we assume the forms
AL?] x n P and A%/q xn 9, ln|A£11/4}| — ln|A£?}| = (p — q) Inn; figure 10b suggests p — ¢ =~ 0.045,
i.e. the sheet profile is more singular at Ay = i than at Ay = 0.

5 Conclusions and discussion

We have simulated the three-dimensional motion of vortex sheet on the basis of a Lagrangian
representation of the motion.

For ¢ = 0.001 with (N, M) = (60,30), the numerical results confirm the previous analytical
results, i.e. Ay o< n~5/2 and A, x n~=3/2 at large n, in IK. The profiles of the functions |,
Oz /0A1 and 0z/0\; of (A1, \2) exhibit cusp-like shapes at ¢ =~ 1.14, and at that time the A\;-value
of the peak positions of these profiles shows almost the same sinusoidal dependence on A3. These
results suggest that a singularity appears along a simple curve depending sinusoidally on As. These
can be explained by Interpretation (b). Note that the curve does not coincide with one vortex line
satisfying A; =constant (such discrepancy cannot occur in two dimensions).

For e = 0.001 with (N, M) = (120, 30), the profiles of the functions 2|, dx/0A; and 0z/0\
of (A1, \2) exhibit two peaks per one fundamental periodic domain at ¢ = 0.99; the result of the
computation with (N, M) = (90, 30) also exhibited two peaks in those profiles. The difference in the
number of peaks might be understood as due to the lack of resolution of the system with (N, M) =
(60, 30) to detect two peaks resolved by (N, M) = (90, 30) and (120, 30). In this context, it may be
worthwhile to mention our recent preliminary simulations based on point vortex approximation (cf.
Krasny [5]) for the two-dimensional problem (e2 = 0 in (2)); they have also shown the similar, i.e.
for e = 0.002, a single peak appears with N = 60 and 90, while double peaks with N = 120 and
240. The two-dimensional simulations have also shown that for ¢; = 0.001 a single peak appears
with V = 240. If this property exists also in three dimensions, it is expected that for the smaller
initial amplitude of disturbance than e = 0.001, a single peak (singularity) would appear even in the
higher resolution computation such as (N, M) = (90,30) and (120,30). It may be then concluded
that the initial amplitude e = 0.001 is not sufficiently small for the behavior to be explained by
IK. It was found that the peaks of the functions |Q|, 0z/0A; and 0z/0A; of (A1, A2) have simple
sinusoidal dependence on Ao in spite of the difference of the number of the peaks according to the
resolution of the system. This nature can be explained by Interpretation (b) with the assumption
in (22).

The computation for the stronger nonlinear case, ¢ = 0.01 with (N, M) = (120, 30), showed
the stronger Ao-dependence of the singularity. For example, the characteristic exponent of the
singularity defined in the previous section was found to depend on Ay remarkably. (The simulation
for e = 0.001 with (N, M) = (120, 30) shows a small dependence on \y; p—g ~ 0.0007.) Presumably
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the strong nonlinear nature as observed in the computation for e = 0.01 with (N, M) = (120, 30)
is beyond the the approximation in IK.

The resolution of the present computations are clearly insufficient for the full characterization of

the singularity, and the results presented in this paper are only suggestive. It would be interesting
to perform computations with higher resolution for the characterization.
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Figure 1: In|A,, ,,(¢)] vs. Inn with m = 0,1,2,3 at ¢ = 1.10 (dot-dash-lines), 1.12 (dotted lines)
and 1.14 (solid lines) by the numerical solution for € = 0.001 with (N, M) = (60,30). The thick
solid lines have the indicated slopes.
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Figure 2: A bird’s-eye view of the vorticity density |€2| as a function of (A1, A2) at ¢ = 1.14 by
the numerical solution for e = 0.001 with (N, M) = (60, 30). The mesh point (I,J) in the figure

corresponds to (A1, A2) = (I/N,J/M).
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Figure 3: The A;-values of the peak positions of |2 (o), dx/0A1 (A) and 9z/9\; (e) as functions
of A\g at t = 1.12 by the numerical solution for e = 0.001 with (N, M) = (60, 30).
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Figure 4: The A;-values of the peak positions of |2 (o), dz/0A; (A) and 9z/0A\; (e) for J =8
(A2 = 1/4) as functions of time ¢ by the numerical solutions for ¢; = 0.001 with (N, M) = (60, 30).

Figure 5: A bird’s-eye view of the vorticity density |€2| as a function of (A1, A2) at ¢ = 0.99 by
the numerical solution for e = 0.001 with (N, M) = (120, 30). The mesh point (I, J) in the figure
corresponds to (A1, A2) = (I/N, J/M).
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Figure 6: (a) In|A, ()| vs. Inn with m = 0,1,2,3 at ¢ = 0.96 (dot-dash-lines), 0.97 (dashed
lines), 0.98 (dotted lines) and 0.99 (solid lines) by the numerical solutions for ¢ = 0.001 with
(N,M) = (120,30). The thick solid lines have the indicated slopes. (b) The values of In|A,, ,,(t)]
in (a) are replaced by In|A,, ()| —In|cos(mnd)| with d = 1/14 which corresponds to the spacings
An = 14 between the minima of the wavy curves in (a).
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Figure 7: The Aj-values of the peak positions of |Q] (o), dx/0A; (A) and 0z/0A; (e) as functions
of Ao at ¢ = 0.98, 0.99 and 1.0. Each of the curves in Figs. 7a,b at the same time corresponds to
one of the two peaks in the profiles of |©2|, 0x/0X; and 0z/0A; at that time.
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Figure 8: In|A,, ,,(t)| vs. Inn with m = 0,1,2,3 at ¢ = 0.50 by the numerical solutions for e = 0.01
with (N, M) = (120, 30).
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Figure 9: The profiles of |Q2] at A2 = 0 and 1/4 at ¢ = 0.50 by the numerical solution for e = 0.01

with (N, M) = (120, 30).
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Figure 10: (a) In |A£?]| and In |Ag/4]| vs. Inn at ¢ = 0.50 by the numerical solution for e = 0.01 with
(N, M) = (120,30). (b) In|A| — In|AN*| vs. Inn at ¢ = 0.50. The solid line has the indicated
slope.
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