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EIGENVALUE PROBLEMS OF POMPEIU TYPE.

THIERRY CHATELAINT

ABSTRACT. We are interested in two overdetermined problems in spec-
tral theory, known as Schiffer’s conjectures and related to the Pompeiu
problem. We show the connection between these problems and the crit-
ical points of the eigenvalue functional with a volume constraint. In two
dimensions, we use this fact to establish an integral identity satisfied by
a conformal map.

1. INTRODUCTION.

In 1928, the rumanian mathematician Pompeiu introduced the notion of
Pompeiu property for a domain :
Q C RN is said to have the Pompeiu property if the only function

[ € C(IRVN) satisfying / f(z)dx =0  for all rigid motions o of RN
)
is the zero function.

Then a natural question arises : what are the connected regular domains in
IRN which have the Pompeiu Property?

Williams [14] has proved in 1976 that the Pompeiu Problem was equivalent
to a conjecture of M. Schiffer in spectral theory :

let Q be a connected regular domain in IRY such that there exists an eigen-
value p and a Neumann-eigenfunction u # 0 satisfying

Ay = Adu in

(SC), du = 0 on 09,
on

U = const. on ON.

can we prove that € is a ball 7

This conjecture, for the Neumann case, can also, of course, be considered
for the Dirichlet case : if A > 0 and u # 0 are such that

Ay = Adu in
v = 0 on 0f),
(SC) o

const. on Jf).

an
then does it imply that Q is a ball ?

The motivation of this work is to give another interpretation of these two
spectral overdetermined boundary value problems in two dimensions. First
we prove that the solutions of these two problems (SC')y and (SC'), are
critical points of the eigenvalue functional under a volume constraint. Then
we use this fact to obtain an interesting integral identity satisfied by some
conformal map.
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In part 2, we recall the classical formulae of derivative of eigenvalues with
respect to the domain. These formulae allow us to point out the link which
exists between the Schiffer’s conjecture (SC')y and (SC'),, and the critical
points of the eigenvalue, considered as a domain functional, under a volume
constraint. In this part we consider any single eigenvalue of the Laplacian
operator.

In part 3, we restrict ourselves to the two-dimensional case. We consider
for Q a solution of (SC)\ or (SC), and we introduce the conformal map
¢ which maps € onto the unit ball Dy. We map € into €; thanks to a
displacement field given by a perturbation i of ¢ and we obtain, using the
result of part 2, the following integral identity satisfied by ¢ :

1 / ~2
Theorem : I ¢ € such thatVz € Dy : c¢'(z) = —/ AU (nlu dn

27 Jp, (1 —7z)?
where 4 is the Dirichlet (or Neumann) eigenfunction for (SC)y (or (SC),)

transferred to the unit disc.

2. CRITICAL POINTS OF THE EIGENVALUE FUNCTIONAL.
2.1. THE DIRICHLET PROBLEM (SC'),

Domain derivative is now a very usual tool in shape optimization. From a
mathematical point of view, it goes back to Hadamard (1905) and
Garabedian-Schiffer(1953). Good references are the works of
Murat-Simon(1975) which are summed up in [11], or the more recent book
of Sokolowski and Zolésio [13].

The nth eigenvalue of the Dirichlet-Laplacian, A, (£2) which is character-
ized by

\V4 2
M () = inf ffl'iqu' (1)
veW,(% fQ v
v#£0
where WP = (Span(uy, ..., u,_1))* C H}(Q) and
UL, .y Up—1 are the first (n — 1) eigenfunctions

can be regarded as a domain functional since it depends obviously on the
domain €.

The differentiability of A, (£2) with respect to the domain © has been ex-
tensively studied by many authors, see e.g. [3], [4], [13], [1]. Let us recall
the formula for a single eigenvalue in the next theorem.

THEOREM 2.1. Assume that Q is C? and that V : RN — RN is a C?
deformation field that transforms Q into Q; := (Id +tV)(Q). Then the
derivative of a single eigenvalue X, () with respect to the domain in the

direction of the deformation field V' defined as
1
N5 V) = dA (03 V) 1= lim (A (20) — A ()] 2)
%

exists and is given by

dAn(Q;V):—/aﬂ (%i”)zv-yda, (3)
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: : ouy .
where v is the exterior normal vector to the boundary 9Q, and —— is the

v

normal derivative of the n'* homogeneous Dirichlet-Laplace eigenfunction

normalized by
/ u? = 1. (4)
Q

For a multi-valued eigenvalue we recall that the eigenvalue is no more
Frechet differentiable, but we can give it’s Clarke generalized gradient (see
for instance [1], [4], [10] for more details).

Since the derivative of the volume is given by

dVol(©; V) = /89 Vi do (5)

we have immediately, using relation (3) :
PROPOSITION 2.2. Q is a solution of problem (SC')\ for a single eigenvalue
A if and only if there exists a constant ¢ such that

AN V) = —c* dVol(Q; V). (6)

In other words, the solutions of problem (SC')) can be considered as
critical points of the functional A, (€2) with a volume constraint, the constant
—c? being a Lagrange multiplier.

Proposition 2.2 is not new. It appears in a lecture of M. M. Schiffer in
1957 and in the more recent paper [4]. It has also been used in [2] or [§]
to prove a similar symmetry result in the case of the first eigenvalue for
inhomogeneous problems.

2.2. THE NEUMANN PrOBLEM (S5C),

For the homogeneous Neumann Problem, the characterization of u,(£2)
is now

\%
o (@) = inf 22 1V 7
”572‘6" fJRN v
where W,, = (Span(ug, ..., u,—1))* C H'(IRYN) and
U, ..., Uy_1 are the first n eigenfunctions

and the derivative of a single eigenvalue p, (€2) with respect to the domain
in the direction V is given by

|Vun|2V-1/dU—|—,un(Q)/ uZV-vdo (8)
oQ

dpn (V) = —/

o0

where v is the exterior normal vector to the boundary 99, and u, is the nt®
homogeneous Neumann Laplace eigenfunction normalized by (4).
With formula (5) for the derivative of the volume we obtain now

PROPOSITION 2.3. Q is a solution of problem (SC'), for a single eigenvalue
W if and only if there exists a constant ¢ such that

du(; V) = —c dVol(Q; V). 9)
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So the solutions of problem (SC'), are also critical points of the func-
tional p, () with a volume constraint, the constant —c? being a Lagrange
multiplier.

3. AN INTEGRAL IDENTITY IN THE TWO-DIMENSIONAL CASE.

We are now going to consider some particular deformations of the domain
Q induced by holomorphic maps. The main point is to obtain another ex-
pression of the derivative of the eigenvalue with respect to such deformations
and then to apply the relation (6) or (9) in order to have some information
on £2. Since the computations for the Neumann case are quite similar to the
Dirichlet case, we restrict ourselves in the following to the Dirichlet case.

Let Q C IR? be a simply connected domain and let ¢ be the conformal
map from the unit ball Dy onto 2. Since classical regularity results for
such free boundary problems imply that a solution Q of (SC), or (SC), in
IR? must be analytic, we can assume without loss of generality that 9 is
analytic.
Let us fix, in all the following, a single Dirichlet eigenvalue, say A(f2), and
let us denote by w its eigenfunction normalized by (4). We define @ on Dy

by :
a(2) = u(¢(2)). (10)

Now, for all holomorphic function 1, let us define a deformation of 2 by :

Q= (6 -+ t¥)(Do) = (Id+ thos™)(%). (11)
We also define u! on €; by transferring @ to € :
W(2) = u' (¢ +t)(2)). (12)

It is well-known that

o |Vu'(z)] dz:/Q|Vu(z)| dz (13)

and a simple change of variables yields
Jo, v dz _fD& (2)2]¢ + ty'(2)]%d2
= Jpy (2212 42 fD W22 Re(T) +0()  (14)
= Jqu(z)?dz +2t [ W(2)*Re(&'v) +O(7).
Now, (13) and (14) give :
th |Vul(2)|d=

th ut(z)zdz

and we have the following lemma :

)

= A(Q) — 2tA(Q) / W(2)2Re(¢F)dz +O(%)  (15)

Do

LEMMA 3.1. Let us denote by u; the (normalized) eigenfunction on €y as-
sociated with \(€). Then

Jo, V' (2)Pdz _ o, [Vue(2)Pd=
Jo, w(2)%dz Jo, wi(2)"dz

+ O(t%).
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Proof : Let us assume that A(€) is the n'* eigenvalue and let us denote
by u;; , 1 <1< n — 1, the previous eigenfunctions on ;. We recall that u
is defined in (12) by transferring @ to €;. We can write :

(ut7 wir) = (w,uy) + (w, wip — ug) + (ut — Uy Uiy)
(w'yuy) = (uyu) + (u,up — uw) + (u' — u,uy)

where (.,.) denotes the L? scalar product.

Since the variations of the domain € are regular, it follows from classical
regularity results that Vu;y, Vu;, u;; and w; are uniformly bounded on
QU Q,.

Now, we use the differentiability of ¢ — u; and ¢ — u' together with the
variational definition of the eigenfunctions to obtain :

|(u!, ue) — (u,u)| <tM  and  |(u', u;y)| < tM.

So we can write
k—1
u' = Ztaiu” + (14 at)u + oft).
=1
Then the lemma follows by a straightforward calculation using the orthog-

onality of the eigenfunctions.
O

Now, (15) and lemma 3.1 give :

M) = AM(Q) — 2L (Q) /D W(2)2Re(¢ )z +O(t) (16)

and passing to the limit in (16) as ¢t — 0, we obtain another expression of
the derivative of A :

PRrROPOSITION 3.2. The derivative with respect to the domain of A(2) in the
direction defined by the perturbation of the domain induced by 1 (see (11))
is given by

AN 0) = =20 [ e Re(of F)az (17)

where 4 is given by (10).
In the same way, we have :

LemMA 3.3. The derivative with respect to the domain of Vol(Q) in the
direction defined by the perturbation 1 of ¢ is

1 o XN [y 1%
Vol(9,0) = she [T+ ) ).

Proof : Stokes’ formula gives

2
Vol () = %Re / (¢ +10)(e) + (6 + 1) (7)o,
0

and using the definition of the derivative with respect to the domain we
obtain the desired result.
O

Now, we can give our integral identity which is satisfied for Q solution of

problem (SC')y :
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THEOREM 3.4. Let Q be a solution of (SC')y or (SC), and let ¢ be the con-
formal map from the unit ball Dy onto Q. Then :

N\ a2
Je € € such that Vz € Dy : ¢¢/(z) = %/ %dn

where @ is the eigenfunction transferred to the unit ball.

Proof : Using polar coordinates, we introduce :

2 =re' € Dy (18)

n=-00
W (re?) = Z u, (r)e™? (19)

n=+4oco
$(2) = D a." (20)

n=0

n=-00
V(E) = Y bat" (21)

n=0

and we have easily

dVol (2 ¢) = 27?2 nRe(ab,) (22)

Now, using (18) — (21) and denoting A; = ja; , B; = jb; , we can write

1 teo
fD W Re(¢Y) = 27TR6/ Zun(r) Z Ak+1Bk+n+1r2k+ndr

n=-—00 k>Maz(0,—n)
1 +<><>
= 27TR6/ (r)AN_n+1BN+1r2N_”)rdr
0 N=0 n=—00

1 oo + oo
= 27TR6/ ZE Z u_n(r)AN+nr2N+”_2rdr
0

N=1 n:—(N—l)
E)

ZAk/ UN_L ) N+k=1g,

Il
pO
5
+
[
=3
R
TN

So, replacing in (17) we obtain

AN(Q; ) = =47 A(Q ZnRe (T',0,) (23)
+oo 1
with I'), = Zlmk/ un_k(r)r”‘i'k_ldr.
k=1 0

Now, proposition 2.2 (or 2.3) implies
Je € C such that (I'y),>1 = c(an)n>1 (24)
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(otherwise we can find some 1 such that dVol(Q2; 1) = 0 and dA(Q; ) # 0).

By a further calculation we get

1 1 2 ) ) )
r, = —/ / ¢ (re?)i?(ret?yrn=le=i =10 drdg.
27 Jo Jo
Writing, for 2 € Dy

+oo
c#(5) = Y (n+ 1) (cansr) "

and using (24) we obtain our integral identity.

4. CONCLUDING REMARKS

Remark 1 : The two problems (SC'), and (SC'), give the same integral
identity (with different eigenfunctions @ of course) of theorem 3.4. So if
we were able to prove that this kind of integral identity be true only for
¢ = az+b (i.e. only for a ball), we would have proved that the two problems
have the same solution.

Remark 2 : According to Theorem 3.4, in order to solve the Schiffer’s
conjectures (and the Pompeiu problem) in two dimensions, a good strategy
could consist in showing that the integral identity of theorem 3.4 is true only
for ¢ a polynomial function. So we would be able to conclude thanks to the
result of Garofalo-Segala [6].
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