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NONSTATIONARY FLOWS WITH VISCOUS HEATING

EFFECTS

THIERRY CLOPEAU AND ANDRO MIKELI�C

Abstract� The system of equations describing a nonstationary �ow
of a quasi�newtonian �uid� with temperature dependent viscosity and
with the viscous heating� is considered� Existence of at least one weak
solution is proved� i�e� we get existence of at least one velocity �eld
having �nite energy and existence of a nonnegative temperature �eld�
Its regularity is a consequence of the L��forcing term generated by the
viscous heating�
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�� Introduction

In most polymer processing applications the temperature changes are im�
portant and cannot be neglected� An example is the manufacture of plastic
objects involving processing operations as melting and cooling� It leads to
considering the equations of a quasi�Newtonian �ow with important viscous
dissipation�

The starting point for our considerations is the following system of equa�
tions in a bounded domain � in IRn �n � � or 	
 with boundary � � C��

div v � 
 in ���
� I � ��


�div

�
�

��
��T� jD�v
j
D�v


�
� rp � 
 in ���
� I � ��


P�e f
�T

�t
� vrTg � �T �

Gn

���
��T� jD�v
j
 j D�v
 j� in ���
� I �� �	


where we denote the rate of strain tensor D��v
 � symr�v� Its second invari�

ant is denoted by jD��v
j�� �� is the characteristic viscosity� P�e is the P�eclet
number and Gn is the heat generation number� The unknowns are T the
temperature � v the velocity and p the pressure�

For a detailed discussion on the rheological aspects of the problem we refer
to Bird� Armstrong� Hassager ��� � A derivation using the basic conservation
laws of continuum mechanics can be found in Baranger� Mikeli�c ����

System ��
��	
 is subject to the following boundary and initial conditions�

v � vw on ���
� I � ��


T �x� 

 � T� in �� T � Tw on ���
� I � ��


The stationary variant of problem ��
���
 is considered in Baranger�
Mikeli�c ��� and for a large class of viscosity laws ��T� j D�v
 j
� satisfying
ellipticity and continuity conditions� existence of at least one weak solution
was proved�
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In this note we extend those results from the stationary to the nonsta�
tionary case� In order to simplify the technicalities we can take� for example�
� as product of the Arrhenius law for the temperature and a power law for
j D�v
 j� i�e�

��z� �
 � �� exp

�
E

R

�
�

z
�

�

T�

��
�r��� �z � 
 and �� � 
� ��


where ��� E� R and T� are some positive constants and � � r is a real number�
We will see that this viscosity veri�es su�cient conditions for the existence
of at least one solution for the problem�

�� Statement of the Results

Now we are in situation to state precisely our problem� Let us specify the
assumptions on the boundary conditions� We suppose

vw � L��
� I �W �� �
r
�r��
n
� with

Z
�
vw	
n d� � 
 �a�e�
 on �
� I � ��


and

Tw � L�����
� I �
�H�����
� I �
� Tw � CT � 
 �a�e�
 on ���
� I �� ��


T� � L���
� T� � CT � 
 �a�e�
 on �	 ��


Then there exists �vw � L��
� I �W ��r��
n
 a divergence free lift of the in�

jection velocity vw� and �Tw � Lq�
� I �W ��q��

 a lift of the boundary tem�
perature Tw�

The functional space Vr is given by

Vr � fz � W ��r
� ��
n � div z � 
 in � g� ��



where r in ��
 and ��

 is connected with the appropriate law for the vis�
cosity�

In analogy with the stationary case we introduce

Definition �
 We say that fv� Tg is a weak solution of ��
���
 if

v � �vw � L��
� I �Vr
� �� � ���Z
�
� �T� jD�v� �vw
j
D�v � �vw
 � D�

 � 
� �
 � Vr� �a�e
 on �
� I ����


T � �Tw � Lq�
� I �W ��q
� ��

� �q ���� �n� �
��n� �
�� ���


T � CT a�e� in ���
� I ��

and

�

Z I

�

Z
�
P�e fT

�


�t
� �v � �vw
Tr
g�

Z I

�

Z
�
rTr
�

Z
�
P�e T� 
�x� 



�
Gn

���

Z I

�

Z
�
��T� jD�v � �vw
j
 j D�v � �vw
 j� 
� ��	


�
 � C���� �
� I �
� 
 � 
 on �� fIg 	 ���
� I �	

We can now state the main result of this paper�
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Theorem �
 Let us assume �������� Then there exists a weak solution
fv� Tg to problem ����������

�� Auxiliary Results

We start with some property of the viscosity of the �uid�

Lemma �
 Let � be given by ���� Then � � C�IR � IRn�
s 
 and there exist

constants c��r
	 C��r
 and C��r
 such that

j��w�� j A j
� ��w�� j A j
j 
 c��r
��jw�� w�j
jAj
r�� ���


�w�� w� � IR
� �A � IRn�
s � with � � Cb�IR
� ��

 � 
�

�
��z�jA� j
A� � ���z�jA� j
A�

�
� �A��A�
�

	

�


�

C��r
jA� �A�j
r for r � �

C��r

jA� � A�j

�

fjA�j� jA�jg
r�� for ��r��

���


�z � IR
� �A�� A� � IRn�
s

and
�

jBj
j
�
��z� jA� j
A� � ��z� jA� j
A�

�
� B j


	

�


�

C��r

jA� � A�j

fjA�j� jA�jg

��r

for r � �

C��r
jA� � A�j
r�� for��r��

���


�z � IR
� �A�� A� andB � IRn�
s 	

Proof� See e�g� ����

The proof requires regularization of the velocity �eld� We are going to
use the following classical result�

Lemma �
 Let � be a molli
er in IRn and let u � L�div��
n � fu �

L���
n� div u � L���
� u � � � 
 on �g� Furthermore	 let uh �the regu�
larization of u� be de
ned by

uh�x
 � h�n
Z
�
�

�
x� y

h

�
u�y
dy � 
 � h � dist�x� ��
	 ���


Let us extend u to IRn by zero	 then uh �� u in L�div��
n as h �� 
�

Finally	 let z � W ��q
� �D
 � �� � q � �	 with D 

 �� Then zh �� z in

W ��q��
 as h �� 
�
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Proof� See e�g� ���� p� ��������

In order to prove the theorem we regularize the boundary conditions for
velocity and for temperature and the convection term in the equation for T �
Consequently� we consider the folowing regularized problem

Definition �
 We say that fvh� Thg is a weak solution of the regularized
problem if

vh � �vwh � L��
� I �Vr
�Z
�
�


Th� jD�vh � �vwh
j

�
D�vh � �vwh
 � D�

 � 
� ���


�
 � Vr �a�e�
 on �
� I ��

Th � �Twh �
�

��q� n
n��

�
��b� �q

�n���q�n

Lb�
� I �W ��q
� ��

�

T h � CT a�e� in ���
� I �� ���


�

Z I

�

Z
�
P�e fTh�


�t
� �vhh � �vwh
Thr
g

�

Z I

�

Z
�
rThr
 �

Z
�
P�eT�h 
�x� 

 ��



�
Gn

���

Z I

�

Z
�
��Th� jD�vh � �vwh
j
 j D�vh � �vwh
 j� 
�

�
 � C���� �
� I �
� 
 � 
 on �� fIg 	 ���
� I ��

where uh is the regularization with the respect to the space variables of
a given function u�

We have

Proposition �
 Let us assume ������� � Then there exists a weak solution
fvh� Thg to the problem ������
��	 �h ��
� h���

Proof� We apply Schauder s �xed point theorem in a closed convex set CR �
BR � fz � CT �a	e	
g � L��
� I �W �����

� where BR is a closed ball and
� ���� n
�n
� �� to the mapping ! � z �� Tz� constructed as follows �

Let z � L��
� I �W �����

� z � CT and denote by vz the unique solution
to the problem�

Find vz � L��
� I �Lr��
n
�

 such thatZ

�
��z� jD�vz � �vwh
j
D�vz � �vwh
 � D�

 � 
� �
 � Vr	 ���


After inserting 
 � vz as test function in ���
 we get

jjD�vz
jjL����I
Lr���n� � 
 C� ���


with C � C��� I� n� r
�
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In addition� we easily get the existence of the corresponding pressure
�eld pz � L��
� I �Lr

�

��
�IR
� �z � ��z� jD�vz � �vwh
j
D�vz � �vwh
� pzI �

L��
� I �Lr
�

��
n
�

� and �z � D�vw � �vwh
 � L��
� I �L���

� with bounds

independent of z and h�
Now we consider the problem	




�





�

P�e f
�Tz
�t

� �vzh � �vwh
rTzg ��Tz �

�
Gn

���
��z� jD�vz � �vwh
j
 j D�vz � �vwh
 j� in ���
� I �

Tz�x� 

 � T�h in �� Tz � Twh on ���
� I �

��	


Since the right hand side is in L���
 we are not able to use the variational
method� One possibility is to use directly the results from Boccardo� Gal�
lou"et �	�� However� problem ��	
 is linear and we are able to use the linear
theory� Our idea is to use the particular structure of the problem ��	
 and
to decompose it into two simpler problems� Then the elementary theory
gives the optimal results�

We start with an auxiliary problem�	





�






�

P�e f
�T

���
r

�t
� �vzh � �vwh
rT ���r g ��T ���r �

�
Gn

���
��z� jD�vz � �vwh
j
 j D�vz � �vwh
 j� in ���
� I �

T
���
r �x� 

 � 
 in ���
� I �� T

���
r � 
 on ���
� I �

���


The left hand side of ���
 de�nes Green s operator �

f � L��
� I �H����

 �� Gf � L��
� I �H�
���

	

When vzh � �vwh � L���
� I ��La��
n
� a � n� the classical theorem of Nash
and Moser �see e�g� Ladyzhenskaya� Solonnikov� Ural ceva ���
 implies that
the adjoint operator to Green s operator is compact from
Lb���
� I �Lq����

 to C�� � �
� I �
 and from Lb�
� I �W���q��

 to C�� �
�
� I �
� for q � n and b � �q��q � n
� Then Green s operator is compact

from Mb��
� I ���
 � �C���
� I ���

� to Lb
�

�
� I �W ��q�

� ��

 equipped with the
topology �b�Mb��
� I ���
� C���
� I ���

� Therefore� using the standard du�
ality argument we obtain that Green s operator is compact fromL�����
� I �


to Lb
�

�
� I �W ��q�

� ��

� for q� � n��n � �
 and b� � �q����n� �
q� � n
�
In the special case b� � q� Green s operator is compact from

L�����
� I �
 to Ll�
� I �W ��l
� ��

� for l � �n� �
��n� �
� which corresponds

to the result in Boccardo� Gallou"et �	��
Therefore� there exists a unique solution

T ���r �
�

��q� n
n��

�
��b� �q

�n���q�n

Lb�
� I �W ��q
� ��



for ���
 and it is bounded in the corresponding norm by a constant C de�
pending on �� I� n� and h� Because of ���
� this constant depends on h only
in the case n � 	 and � � r 
 	��� Otherwise� kvzhkL�����I�
La���n�� a � n�
is uniformly bounded independently of h� Positivity of the right hand side

implies T
���
r � 
 �a�e�
�
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Finally� the linear parabolic problem	

�


�
P�e f

�T
���
r

�t
� �vzh � �vwh
rT ���r g � �T ���r � 
 in ���
� T �

T
���
r �x� 

 � T�h in �� T

���
r � Twh on ���
� T �

���


has a unique solution T
���
r � W �
� I
� Now Tz � T

���
r � T

���
r is a unique

solution for ��	
� The classical argument gives Tz � CT �a�e�
 and
jjTzjjL����I
W ������� is uniformly bounded by a constant which does not de�
pend on z or vz � but can depend on h�

Now we easily �nd R � 
 such that !�CR
 � CR � L��
� I �W �����

�
� ���� n
�n
� � and CR � BR � fz � CT �a	e	
g � Furthermore� we need only
to show that ! is continuous� since compactness of Green s operator implies
its compactness�

Let fzjg be a sequence in L��
� I �W �����

� � ���� n
�n
� � converging to�

wards z� Then the corresponding functions fvjg de�ned by ���
 are uni�
formly bounded and we are able to extract a subsequence fvkg converging
weakly in L��
� I �Vr
� � � ��� towards vz� being a unique solution for ���

corresponding to z� The uniqueness implies in fact the convergence of whole
sequence�

At this stage we subtract equations for vj and vz and getZ
�

n
�
�
zj � jD�vj � �vwh
j

�
D�vj � �vwh


��
�
zj � jD�vz � �vwh
j

�
D�vz � �vwh


o
� D�

 ���


�

Z
�

n
�
�
z� jD�vz � �vwh
j

�
� �

�
zj � jD�vz � �vwh
j

�o
D�vz � �vwh
 � D�

�

�
 � Vr

We choose 
 � vj � vz � Vr as a test function�
Then we obtainZ I

�

����
Z
�

n
�
�
z� jD�vz � �vwh
j

�
� �

�
zj � jD�vz � �vwh
j

�o

D�vz � �vwh
 � D�vj � vz


����
�

���



 CjjD�vj � vz
jjL����I
Lr���n� �

Z I

�

�Z
�

��jzj � zj
r
�

jD��vwh
jr
� �

r�

Hence by Lebesgue s dominated convergence theorem the expression ���

tends to zero�Finally�

Z I

�

����
Z
�

n
�
�
zj � jD�vj � �vwh
j

�
D�vj � �vwh
� �

�
zj � jD�vz � �vwh
j

�
D�vz � �vwh


o

� D�vj � �vwh


����
�

� 


and vj �� vz in L��
� I �Vr
� � � ���
After establishing the strong convergence of D�vj
 passing to the limit

in ��	
 is obvious� By uniqueness the whole sequence fTzjg converges and
sequential continuity of ! is proved�
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Now we are going to pass to the limit as h �� 
� Firstly� we need an a
priori estimate for Th� As already remarked in Lewandowski ��� the trans�
port term �vhh � �vwh
rTh does not give any contribution in estimating Th

by truncation� The estimate follows using the calculations from Boccardo�
Gallou"et �	�� For the confort of the reader we give some details� We have

Proposition �
 Let Th be de
ned in proposition �	 then

jjThjjLq���I
W ��q���� 
 C� �q ���� �n� �
��n � �
�	 ���


Proof� Without loosing the generality� we take�
P�e � �� fh � Gn

��� ��Th� jD�vh � �vwh
j
 j D�vh � �vwh
 j� and u � vhh � �vwh�

We search Th in the form Th � Th
��� � Th

��� with Th
��� a solving

	

�


�

�T h
���

�t
� urTh

��� � �Th
��� � fh in ���
� T �

Th
����x� 

 � 
 in �� Th

��� � 
 on ���
� T �

���


and T h
��� a solving

	

�


�

�Th
���

�t
� urTh

��� � �Th
��� � 
 in ���
� T �

Th
����x� 

 � T�h in �� Th

��� � Twh on ���
� T �

�	



Obviously there exists a constant C such that jjTh
���jjLq���I
W ��q���� 
 C for

h su�ciently small�
Let ffhk g � C�� ����
� I �
 be an approximating sequence for fh in

L��
� I �L���

� It should be noticed that fh � 
 and we can take fhk � 

as well� Let T h

k be the regularized solution given by ���
 with fhk as the

right hand side�Then Th
k satis�es the following weak formulation �Z I

�

Z
�
f
� Th

k

�t

 � urTh

k 
g�

Z I

�

Z
�
rTh

nr
 �

Z I

�

Z
�
fhn
� �	�


�
 � L��
� I �H�
���



Let �m be the real function de�ned on IR
 by

�m�s
 �

	�
�


 if s 
 m
s�m if m � s 
 m � �

� if s � m
�	�


and let �m�s
 �
R s
� �m�r
dr

Let us take ���Th
k 
����t� as a test function in �	�
 and integrate by parts�

Then after using that fhk is bounded independently of h and k in L��
� I �L���

�
and noting thatZ t

�

Z
�
urT h

k ���T
h
k 
 �

Z t

�

Z
�
ur���T

h
k 
 � �

Z t

�

Z
�
���T

h
k 
divu � 
� �		


we obtain

jjTh
k jjL����I 
L����� 
 C �	�


The choice of �m�Th
k 
 as a test fonction yields
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Z
Bm

jrTh
k j
� 
 C� �	�


with Bm � f�x� t
 � ���
� I ��m
 Th
k �x� t
 
 m � �g and C independent

of m� k and h� Let r � n
�
n q� then we have

Z
Bm

jrTh
k j

q 
 C�measBm
��q�� 
 C

�Z
Bm

jTh
k j

r

���q�� �

mr���q���
�	�


which gives
Z I

�

Z
�
jrTh

k j
q 
 C

�
c�m�
 �

�X
m�m�


Z
Bm

jTh
k j

r
���q�� �

mr���q���

�


 C

�
c�m�
 �


 Z I

�

Z
�
jTh

k j
r
���q��
 �X

m�m�

�

mr���q���

�q���

H"older s inequality and �	�
 give

jjTh
k jj

r
Lr���I
Lr���� 
 CjjTh

k jj
q

Lq���I
Lq�����
�	�


with q� � q���� r � q
� Now Sobolev imbedding theorem implies

jjTh
k jj

q

Lq���I
Lq�����

 C

Z I

�

Z
�
jrTh

k j
q �	�


and consequently

jjTh
k jj

q

Lq���I
Lq
�
����


 C

�
c�m�
 � jjTh

k jj
q���q���

Lq���I
Lq
�
����


 �X
m�m�

�

mr���q���

�q���

�	�


A proper choice of m� gives the estimate

jjTh
k jjLq���I
Lq����� 
 C ��



Finally �	
��	�
 and ��

 give the result�

�� Proof of the theorem

Let us introduce a number � by

� �

	�
�

minf�n � �
��n� �
� nqr��n�q � r
� �rq
g for � � r � n

�n � �
��n � �
 for r � n

Then using ���
 and the equation ��	
 we deduce the following estimate�

jj
d Th

d t
jjLq���I 
W��������
L�������I�� 
 C� �q ���� �n� �
��n� �
�	 ���


Now fThg is relatively compact in L�����
� I �
 by a compactness lemma of
Aubin s type �see e�g� Simon ���
� After extracting a subsequence� denoted
by the same symbol� we get

vh � v weakly in L��
� I �Vr
� � � ��
Th �� T strongly in Lq�
� I �W ��q��

� � 
 q � n
�

n
�
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Using Minty s lemma we write equation ��	
 asZ
�
�
�
Th� jD�
� �vwh
j

�
D�
� �vwh
 � D�
 � �vwh � vh
 � 
 �
 � Vr

Then passing to the limit is obvious and we get

Z I

�

Z
�
�
�
T� jD�v
j

�
D�v
 � D�

� � 
 �
 � Vr� � � C��
� I
	

At this stage we proceed as in the proof of continuity of the operator ! and�
after passing once more to the subsequence� obtain

vh �� v strongly in L��
� I �Vr
� �� � ��

Now passing to the limit in ��

 is obvious and we conclude that fv� Tg is a
solution for ���
���	
�
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