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ABSTRACT. The system of equations describing a nonstationary flow
of a quasi-newtonian fluid, with temperature dependent viscosity and
with the viscous heating, is considered. Existence of at least one weak
solution is proved, i.e. we get existence of at least one velocity field
having finite energy and existence of a nonnegative temperature field.
Its regularity is a consequence of the L'-forcing term generated by the
viscous heating.
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1. INTRODUCTION

In most polymer processing applications the temperature changes are im-
portant and cannot be neglected. An example is the manufacture of plastic
objects involving processing operations as melting and cooling. It leads to
considering the equations of a quasi-Newtonian flow with important viscous
dissipation.

The starting point for our considerations is the following system of equa-
tions in a bounded domain Q in IR" (n = 2 or 3) with boundary I' € C?:

dive =0 in Qx]0, I] (1)

_div {%V(T, |D(v)|)D(v)} FVp=0 i QX0 (2)

STIDE@D DE) i x0Tl ©)

Pé{a—T—l—vVT}— AT =
ot
where we denote the rate of strain tensor D(0) = symVo. Its second invari-
ant is denoted by |D(17)|27 nY is the characteristic viscosity, P¢ is the Péclet
number and Gn is the heat generation number. The unknowns are T the
temperature , v the velocity and p the pressure.

For a detailed discussion on the rheological aspects of the problem we refer
to Bird, Armstrong, Hassager [2] . A derivation using the basic conservation
laws of continuum mechanics can be found in Baranger, Mikeli¢ [1].

System (1)-(3) is subject to the following boundary and initial conditions:

U=y on I'x]o, I] (4)

T(z,0) =Ty in £ T=T, on I'x]0,I] (5)

The stationary variant of problem (1)-(5) is considered in Baranger,
Mikeli¢ [1] and for a large class of viscosity laws v(7T',| D(v) |), satisfying
ellipticity and continuity conditions, existence of at least one weak solution
was proved.
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In this note we extend those results from the stationary to the nonsta-
tionary case. In order to simplify the technicalities we can take, for example,
v as product of the Arrhenius law for the temperature and a power law for
| D(v) |, i.e.

E /1 1 9
v(z,&) = exp|—=|—-— = - Yz>0 and VE>0 6
( 75) Ho P[R (Z T1):|€ 3 g ’ ()

where o, I/, Rand T} are some positive constants and 1 < ris a real number.
We will see that this viscosity verifies sufficient conditions for the existence
of at least one solution for the problem.

2. STATEMENT OF THE RESULTS

Now we are in situation to state precisely our problem. Let us specify the
assumptions on the boundary conditions. We suppose

Uy € LOO((LI;I/Vl_%’r(lﬂ)”)7 with /vw.ﬁdaz 0 (a.e.)on ]0,I] (7)
r

and
T, € L=('x]0, I[)n HY('x]0,I[), T, > Cr > 0 (a.e.) on I'x]0, I[, (8)
Toe L™(Q), To>Cr>0 (ae.)onf. 9)

Then there exists 0, € L0, [; WH"(Q2)") a divergence free lift of the in-
jection velocity v, and T, € L0, I; WHe(Q)) a lift of the boundary tem-
perature T,.

The functional space V, is given by

V,={zeW} ()" : divz=0in Q}, (10)

where r in (7) and (10) is connected with the appropriate law for the vis-
cosity.
In analogy with the stationary case we introduce

DErFINITION 1. We say that {v,T'} is a weak solution of (1)-(5) if

v—10, € L7(0,1;V,), Vv < 4oo,
/vﬂWD@+@@DD@+@»szw:mv@ew,@moﬂmnun
Q

T—T,€L(0,1;Wy"(9), Yqe€ll, (n+2)/(n+1)[, (12)

T>Cr ae.in Qx]0,1],

and

1 I
—/ /Pé{Ta—@—l—(v—l—ﬁw)Tch}—l—/ /VTVL,Q—/PéTO @(z,0)
o Ja ot o Ja Q
Gn (! ~ ~
o [ [T ) | D) P (13
™ Jo Ja

Yo e C2(Qx[0,1]), ¢=0 onQx{I}ulx]0,I.

We can now state the main result of this paper.
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THEOREM 2. Let us assume (6)—(9). Then there exists a weak solution
{v,T} to problem (11)-(13).

3. AUXILIARY RESULTS

We start with some property of the viscosity of the fluid.

LEMMA 3. Let v be given by (6). Then v € C(IR X BZ2) and there exist
constants ¢, (r), C,(r) and C,(r) such that

v (wi, | A[) = v(wa, | AN <@ (r)O(|w — ws])| Al (14)
Vwp,wy € RY,  VYAeRY, with ©¢eC(R), ©(0) =0,

(V= AL AL = () s ) A9 : (A~ Ag) >

Cy(r)|Ar — Asl” for r>2
WL (15)
Cy(r) [A1 — A — for 1<r<2
{1AL] + A2}

Ve RY, VA, Ay e R”

and
1
E | (V(Zv |A1|)A1 - V(Z7 |A2|)A2) : B|<

ol (r)M” forr> 9
1A+ Aol - (16)

C(r)|A — Az|r_1 forl<r<2

Vze R, VYA, AyandB e RY .
Proof. See e.g. [5]. 0

The proof requires regularization of the velocity field. We are going to
use the following classical result:

LEMMA 4. Let w be a mollifier in IR" and let u € Ly ()" = {u €
L), divu € L*(Q), u-v = 0 on I'}. Furthermore, let uy (the regu-
larization of u) be defined by

up(z) = h™" / w (%) w(y)dy , 0<h < dist(z,09). (17)
Q
Let us extend u to IR" by zero, then up — w in LY. ()" as h — 0.

Finally, let z € Wol’q(D) , oo >q> 1, with D DD Q. Then z;, — z in
Whi(Q) as h — 0.
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Proof. See e.g. [4], p. 144-151. O

In order to prove the theorem we regularize the boundary conditions for
velocity and for temperature and the convection term in the equation for 7.
Consequently, we consider the folowing regularized problem

DEFINITION 5. We say that {v”, T"} is a weak solution of the regularized
problem if

Uh — Uy € LOO(07I7‘/7’)7
/y (T AD(" 4 5,0)] ) D" + Bn) 2 D(2) = 0, (15)
Q

Vo € V. (a.e.) on 10, 1],

™ -T,e () (N L0, Wy (),
1<g< 27 1§b<(n+rf%

T" > Cr ae. in Qx]0, 1], (19)

! , ph 09 Ao o h
- pPé{T 8—+(vh—|—vwh)T Vel
o Ja t
I
+/ /VTthp—l—/ Pé Ty ¢(x,0) (20)
0o Ja Q
Gn (! . .
=55 | [ AT IDE 5D DO ) P
mJo Ja

Vo e C*(Qx1[0,1]), =0 onQx{I}Ulx]0,I],

where uy, is the regularization with the respect to the space variables of
a given function u.

We have

PROPOSITION 6. Let us assume (6)—(9) . Then there exists a weak solution
{v", T"} to the problem (18)-(20), Vh €]0, hq.

Proof. We apply Schauder’s fixed point theorem in a closed convex set Cr =
Brn{z>Cr (ae)} C LP(0,[;W1F(Q)), where Bp is a closed ball and
g €ll, %[, to the mapping T : z — T, constructed as follows :

Let z € LP(0, I; W'#(Q)), 2 > C7 and denote by v, the unique solution
to the problem:

Find v, € L>(0, I; L"(Q)"") such that
/ v(z, |D(vy + Oun)|) D(ve + 0uwn) @ D(g) =0, Vo e V. (21)
Q

After inserting ¢ = v, as test function in (21) we get

||D(UZ)||LOO(O7I;LT(Q)7L2) <, (22)

with C'=C(Q,1,n,r).
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In addition, we easily get the existence of the corresponding pressure
field p. € L°(0, I; L™ (Q)/IR), 0 = ju(z, | D (vs + Bun)|) D(vz + Gur) — po1 €
L0, ;L7 (™), and 0. 1 D(vy, + Bup) € L2(0,1; L'(Q)), with bounds
independent of z and h.

Now we consider the problem

oT,
Pé{ 8t + (Uzh + ﬁwh)VTz} — ATZ =
Gn ‘
= 2—7701/(27 |D(v, + Bun)|) | D(vs + Dp) |* in Qx]0, 1] (23)
T.(x,0) =Ton in Q, T. =Ty, on I'x]0,I]

Since the right hand side is in L1(2) we are not able to use the variational
method. One possibility is to use directly the results from Boccardo, Gal-
louét [3]. However, problem (23) is linear and we are able to use the linear
theory. Our idea is to use the particular structure of the problem (23) and
to decompose it into two simpler problems. Then the elementary theory
gives the optimal results.

We start with an auxiliary problem:

8T(1)
Pl 8; + (vah + Do) VI = AT =
G
= 2—7;31/(27 |D(vz + 0wn)l) | D(vz + 0wn) [ in - 2x]0, 1] (24)
T,gl)($70):0 in QX]Ovl[v Trgl)zo on FX]O,I[

The left hand side of (24) defines Green’s operator :
FeL?0,I; HYQ) — Gf € L*(0,1; H}(Q)).

When v, + 0y, € L*(]0,I][; L*(Q2)™), a > n, the classical theorem of Nash
and Moser (see e.g. Ladyzhenskaya, Solonnikov, Ural’ceva [6]) implies that
the adjoint operator to Green’s operator is compact from
LY2(0, 1; L9/2(Q)) to C(Q x [0,1]) and from L(0, I; W=14(Q)) to C'(Q x
[0,1]), for ¢ > n and b > 2¢/(q — n). Then Green’s operator is compact
from My (]0, I[x) = (Co(]0, I[xQ)) to L' (0, T; Wol’q/(Q)) equipped with the
topology oy (M (]0, I[x), Co(]0, I[x€2)). Therefore, using the standard du-
ality argument we obtain that Green’s operator is compact from L (2x]0, I])
to Lb/(O,I;I/Vol’q/(Q))7 for ¢ <n/(n—1) and b’ < 2¢'/((n+ 1)¢' — n).

In the special case ' = ¢ Green’s operator is compact from
LY(Qx]0,I]) to LY(0, I; VVOLI(Q))7 for I < (n+2)/(n+1), which corresponds
to the result in Boccardo, Gallouét [3].

Therefore, there exists a unique solution

TWe N N L0, LWy (9)
1<g< 2 1§b<(n+fﬁ

for (24) and it is bounded in the corresponding norm by a constant C' de-

pending on €2, I, n, and h. Because of (22), this constant depends on h only

in the case n = 3 and 1 < r < 3/2. Otherwise, ||v.p||peqo,112(0)m), @ > 7,

is uniformly bounded independently of h. Positivity of the right hand side

implies 7V > 0 (a.e.).
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Finally, the linear parabolic problem

8T(2)
L (o 4 00n) VTP — AT =0 in Qx]0,T]
ot (25)

T,@)(yc7 0) =Ton in £ Trgz) = Twh on I'x]0,T7
(

Pé{

has a unique solution Tr@) € W(0,1I). Now T, = T,gl) + Trz) is a unique
solution for (23). The classical argument gives T, > Cr (a.e.) and
([Tl 10, r;w1(q)) is uniformly bounded by a constant which does not de-
pend on z or v., but can depend on h.

Now we easily find R > 0 such that Y(Cr) C Cr C LP(0,I; W1#(Q)),
B €ll, Zﬁ[ and Cr = BpN{z > Cr (a.e.)} . Furthermore, we need only
to show that T is continuous, since compactness of Green’s operator implies
its compactness.

Let {z;} be a sequence in LP(0, I; W'#(Q)), 8 €]1, %[ converging to-
wards z. Then the corresponding functions {v;} defined by (21) are uni-
formly bounded and we are able to extract a subsequence {v;} converging
weakly in L7(0,I;V,), v < 400, towards v, being a unique solution for (21)
corresponding to z. The uniqueness implies in fact the convergence of whole
sequence.

At this stage we subtract equations for v; and v, and get

/Q{V(Zjv |D (v + Bui)) D(v; + Bun)

(2, [D(0- + Bun) ) D{v: + 2un) } 2 D) (26)
:A{V(z7|D(UZ+ﬁwh)|)—I/(Zj,|D(vz+ﬁwh)|)}D(vZ—|—ﬁwh):D(c,o),
Yo €V,

We choose ¢ = v; — v, € V, as a test function.
Then we obtain

AT R MR
D(v, + Oyp) 2 D(v; — vs)

< D) = 0l o gt / ([ ot -=1Dtwanr)

Hence by Lebesgue’s dominated convergence theorem the expression (27)
tends to zero.Finally,

/

and v; — v, in L7(0,1;V,), v < +oo.

After establishing the strong convergence of D(v;) passing to the limit
in (23) is obvious. By uniqueness the whole sequence {7} converges and
sequential continuity of T is proved. O

A=

| Ar 1D+ 8 D0+ 501) = (250104 50 Do+ 80

-
:D(v; — 0yp)| —0
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Now we are going to pass to the limit as h — 0. Firstly, we need an a
priori estimate for T". As already remarked in Lewandowski [7] the trans-
port term (UZ + y,n) VI" does not give any contribution in estimating 7"
by truncation. The estimate follows using the calculations from Boccardo,
Gallouét [3]. For the confort of the reader we give some details. We have

PROPOSITION 7. Let T be defined in proposition 1, then

T | a0, rwra@y) < C, Vg €)1, (n+2)/(n+ 1)[. (28)

Proof. Without loosing the generahty7 we take:
Pé=1, fi = o OI/(Th |D(U + Own)l) | D(vh + Oyp) |* and u = UZ + O

We search Th in the form Th = T(hl) + T(hz) with T(hl) a solving

ety FuVTE — ATE = 5 in Qx]0,T]
T(hl)(av7 0)=0 in £; T(hl) =0 on I'x]0,T]
and T(hz) a solving
8T<h> ) .

T(h)(x,O):TOh in Q; T(h): wh  on I'x]0,T7]

Obviously there exists a constant C' such that ||T ||Lq o.wa(q)) < C for
h sufficiently small.

Let {f}} € Cg(2x]0,I[) be an approximating sequence for f* in
L°°(0, I; LY(2)). It should be noticed that f” > 0 and we can take f! > 0
as well. Let T} be the regularized solution given by (29) with f! as the
right hand side.Then T,f satisfies the following weak formulation :

I 8Th L I L I L
| [Ekerwvnioy+ [ [ vrive= [ [ e oy
0 JQ 0 JQ 0 JQ
Ve € L0, 1; Hy(Q))

Let 1), be the real function defined on IR by

0 of s<m
PYm(s) =< s—m if m<s<m+1 (32)
1 i f s>m

and let ¢, (s fo P (1
Let us take Vo(T])x (07,5) as a test function in (31) and integrate by parts.

Then after using that f/* is bounded independently of h and kin L>(0, I; L1(2)),
and noting that

/ / uN T o (T]) / / uV o (T]) = / / do(TH)divu = 0, (33)

we obtain
||TI?||L°°(O,I;L1(Q)) <C (34)
The choice of ¥,,,(T}!) as a test fonction yields
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/ VTP < G (35)

with By, = {(z,t) € Qx]0,I[;m < T} (z,t) < m+ 1} and C independent
of m,k and h. Let r = ”nllq7 then we have

1—q/2 1
[ownip < ctmeasayt <o [ o) U o

which gives

1 i 1—q/2 1
hig h|r
[ e <c(etmo+ > ([, ) )
q/2 - 1 q/2
<C( //'Tk| (Y wrmm) )

m=

Hélder’s inequality and (34) give

||TI?||TLT(0,I;LT( <l ||Lq 0,119 () (37)
with ¢* = ¢/(1 — r + ¢). Now Sobolev imbedding theorem implies
I
h
1T oo <€ [ [ VTR (39)

and consequently

1 /2) o 1 Q/2
”Tk”mom @) = C( (mOHHT’“”iqoqmq m))( m) )

m=mo
(39)
A proper choice of mg gives the estimate
T pago.rinem)) < C (40)
Finally (3),(37) and (40) give the result. O

4. PROOF OF THE THEOREM
Let us introduce a number « by

min{(n+2)/(n+ 1), ngr/(n(qg+r) —2rq)} for 1<r<n

(n4+2)/(n+1) for r>n
Then using (28) and the equation (23) we deduce the following estimate:

d1T"
1= s rw—rm@rr@xgory < € Yo €ll, (n+2)/(n+ 1) (41)

Now {7} is relatively compact in L'(2x]0, I[) by a compactness lemma of
Aubin’s type (see e.g. Simon [8]). After extracting a subsequence, denoted
by the same symbol, we get

vP ~ v weakly in LY(0,1;V,), v < 400
0,1;Wh

Th — T strongly in L7(0, [; WhH(Q)), 13‘]<%
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Using Minty’s lemma we write equation (23) as

/H(Th7|D(@+ﬁwh)|)D(@+ﬁwh) : D(S‘Q—I_ﬁwh_vh)zo VS‘QG‘/T’
Q

Then passing to the limit is obvious and we get

At

I
| [ rrapehpe) : piec =0 veevi cecion.

this stage we proceed as in the proof of continuity of the operator T and,

after passing once more to the subsequence, obtain

I strongly in L7(0,1;V,), Vv <+4oo

Now passing to the limit in (20) is obvious and we conclude that {v, T} is a
solution for (11)—(13).

(1]
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