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ABSTRACT. We consider a hybrid system consisting on two flexible beams connected by a point
mass. We prove that the presence of the point mass affects the spectral gap when the inertia term
does not vanish. This allows us to show that the system is well-posed in as ymmetric spaces in
which solutions have one more degree of regularity to one side of the mass. The proofs combine
classical techniques from asymptotic analysis and the theory of non-harmonic Fourier series.
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1. INTRODUCTION

In this paper we study a linear system modeling the vibrations of two flexible beams connected
by a point mass.

We assume that the beams occupy the intervals (-1,0) and (0,1) and that the point mass is
located at 2z = 0. By means of the scalar function v = u(z,t) defined for x € (—1,1) and ¢t > 0
we describe the vertical displacements of the beams and the point mass. The linear equations
describing the small vibrations of this system can be written as follows

( yOuy — uy — 0*u = 0, for z € (—1,0),t >0
¥O?uy — uy — 0*u = 0, for z € (0,1),t >0
$ [u](0,8) = [0u](0,¢) =0,  fort>0 (1.1)

ug (0, 1) + [03u](0,1) = 0, for t > 0
yOuy (0,t) — [0%u](0,t) =0  for t > 0,

\

where 0 denotes partial derivation with respect to z and the index ¢ derivation with respect to
time. [u](0) = u(0") —u(0") denotes the jump of the function u at the point z = 0 where the mass
is located. Assuming that the beams are posed at their extremes, system (1.1) has to be completed
with the following boundary conditions:

u(£1,t) = 0?u(£1,t) =0, for t> 0. (1.2)

In this system v > 0 is the constant of rotational inertia. The third equation guarantees that v and
Ou are continuous across z = 0 while the last two equations describe the vibrations of the point
mass at £ = 0. To simplify the exposition we have assumed that the mass concentrated at x = 0
is one.

This system can be viewed as the singular limit as ¢ — 0 of a system consisting of three
flexible beams occupying the intervals (—1,—¢),(—¢,¢) and (e,1) respectively, the middle one
having density 1/2¢. In this case, if p°(7) = 1+X(_c ) /26, X(—-,) being the characteristic function
of the interval (—e, ¢), the equations of motion read as follows:

70 (p°(2)Ougy) — p°(z)uyy — *u =0, for —1<z<1,t>0. (1.3)

It is easy to see, formally, that, as € — 0, solutions of (1.3) with appropriate boundary and initial
conditions converge to the solutions of (1.1). This can be proved rigorously in suitable weak and
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strong topologies. We refer to [C] for a detailed analysis in the case of flexible strings instead of
flexible beams. System (1.1) can also be written as

70 (pug) — puyy — d*u =0 in (—1,1) x R

where p = 14§, dy being the Dirac delta at the origin. In this way it becomes clear why solutions
of (1.3) approach the solutions of (1.1) as £ — 0.

It is worth noting that, in the particular case in which the constant v of rotational inertia
vanishes (7 = 0) 8?u is continuous across x = 0 too. This implies that the effect of the mass point
is weaker on the behavior of the system when v = 0 than when v > 0. Thus the properties of
system (1.1)-(1.2) when 4 = 0 are much closer to the case in which the point mass is not present
and we will not address it here.

All along this paper we assume that v > 0.

System (1.1)-(1.2) has to be completed with suitable initial conditions for w(z,t),w(0,¢) and
0u(0,t). The last two quantities will be denoted by y and z respectively, i.e.

u(0,t) =y(t);  0u(0,t) = 2(t). (1.4)
The initial conditions are then:

u(z,0) = u’ in (—1,0) U (0,1);4(0) = 4°, 2(0) = 2° )
ut($,0) = ul(w) in (_1’0) U (07 1); yt(o) = yla Zt(O) = Zl' .

Under appropriate regularity and compatibility conditions on the initial data it is easy to see
that system (1.1)-(1.2) with the initial conditions above admits a unique solution in a suitable class.
On the other hand, its energy

1
E(t) = /1 [‘82u($,t)‘2+”y|(9ut(x,t)|2+|ut(x,t)|2 dz

+1ue(0, )] + 7 [0us (0, 1) (1.6)
is constant along trajectories. We deduce then that system (1.1) is well posed in the energy space
H o= {((°y°,2°), (' y',2") € (H*(~1,1) x R x R)
x(Hj(—1,1) x R x IR) such that
u(0) = y°, 0u’(0) = 2°, u'(0) = ¢', Ou'(0) = 2'}
in the sense that if U° = ((u?,¢?, 2%), (u',y', 2')) € H then the solution
U(t) = ((u(®),y(t), 2()), (ue (£), 42 (2), z(2)))

of (1.1)-(1.2) with initial data U belongs to H for every ¢ > 0.

In this work we prove that there exist spaces of solutions with different regularity to both sides
of z = 0 where system (1.1) is also well posed without having an associated natural energy.

The main result we prove is the following;:

THEOREM 1. Consider Y the subspace of elements
U° = ((u*,9°,2%), (ul,y', 2")) € H
such that the restriction of (u®,u') to (0,1) belongs to H3(0,1) x H?(0,1) and verify the following
conditions:
out(0%) =2, 9%°(1) =o.
Then, the solution U(t) = ((u(t),y(t), z(t)), (u (t), ye(t), 2 (t))) of (1.1)-(1.2) with initial data U° €
Y belongs to Y for every t > 0.
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The same phenomena was observed in [HZ] in the case of two flexible strings connected by a point
mass. In [HZ] this was proved by using the explicit formula for solutions of the one-dimensional
wave equation in terms of its initial data and it was seen that this is a consequence of the fact that
solutions gain one derivative when crossing the mass. In [HZ] it was also observed that the spectral
gap of the wave equation vanishes in the presence of a point mass and it was conjectured these two
facts (i.e. the existence of an asymmetric space where the system is well posed and the lack of the
spectral gap) to be closely related. Later on, in [C], it was proved that these two properties are
equivalent.

When analyzing the fourth order system (1.1) we do not have explicit formulas of solutions.
Therefore, we adopt the point of view of [C] based on a careful analysis of the spectrum of the
system and on the theory of non-harmonic Fourier series.

We prove that the eigenvalues of (1.1) are simple and that the presence of the point mass affects
the spectral gap. We also do a detailed asymptotic analysis of the eigenfunctions. This analysis
shows that system (1.1)-(1.2) is also well-posed in an asymmetric space defined in terms of Fourier
series. The most technical part of the paper is devoted to prove that this space is also asymmetric
in the sense that its elements are more regular to one side of the mass, the difference in the number
of L?-derivatives being exactly one. This result applies only when v > 0 since, as we said above,
when v = 0 the presence of the mass has a much weaker effect on the behavior of the system. In
this case system (1.1)-(1.2) is not well-posed in asymmetric spaces of this kind.

As it was shown in [HZ] for the strings connected by a point mass, the existence of asymmetric
spaces where system (1.1) is well posed has some consequences concerning the controllability of
system (1.1) when we act in one extreme z = +1. Using the results of the present paper one can
prove that, if we change the condition 9?(1,¢) = 0 by 9%(1,t) = q(t) where ¢(t) € L?(0,T) is the
control and we take T large enough, the space of initial data is not an usual energy space (as it
happens if the point mass is not present) but an asymmetric space. The detailed proof of this result
will be given elsewhere.

The rest of the paper is organized as follows. In section 2 we give some basic results on the
spectral decomposition of the energy spaces and the development of solutions in Fourier series. In
section 3 we perform a careful analysis of the spectrum of the system. In section 4 we introduce
and identify the asymmetric space mentioned above. In section 5 we derive some final comments.

2. PRELIMINARY SPECTRAL RESULTS

When decomposing solutions of (1.1)-(1.2) in Fourier series one is led to consider solutions in
separated variables u = e*(x). In this class of solutions system (1.1)-(1.2) becomes:

(0o = N2p —yA\20%p, for z € (—1,0)
O = N2 —yA\20%p, forz € (0,1)
[£](0) = [0¢](0) =0
[07](0) = —7A%0p(0)

[0°0](0) = Ap(0)
p(£1) = 0%p(&1) = 0.

(2.1)

\

In order to solve the eigenvalue problem (2.1) it is convenient to introduce its variational formula-
tion: Find real positive numbers \? such that there exists a non-trivial function o € H*NH}(—1,1)
satisfying

1 1
/ 0% pd*vdx = / (Mo + yA?0p0v] dz 4+ YA29¢p(0)0v(0) (2.2)
~1 -1 :

+A20(0)v(0), Yv € H> N H(—1,1).
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In what follows the space H2 N H}(—1,1) will be considered as endowed with the norm
1/2

1
1o lomg= | [ 1% P do] (23)

which, in this space, is equivalent to the norm induced by H?(—1,1).
The classical theory on the decomposition of self-adjoint compact operators allows us to prove
the following result:

PROPOSITION 2. The eigenvalues { A}, v of system (2.1) constitute a sequence of positive real
numbers of multiplicity less or equal than two:

O<A <A< S <

such that A\, — oo as k — oo.

Moreover, the corresponding eigenfunction {(bk}keﬂv may be normalized to form an orthonormal
basis of H?> N H}(—1,1).
REMARK 3. In the next section we will prove that all the eigenvalues are simple.

Proof. Let us consider the linear bounded operator K : H? N H}(—1,1) — H? N H(—1,1) such
that for each F € H> N H}(—1,1), KF =u € H> N H{(—1,1) is the unique solution of

/ ' Pudods = / " OF0u 1 Fuldi +40F(0)90(0) + F(0)u(0),
1

~1 (2.4)
Vv € H>NH(—1,1).
By Lax-Milgram’s Lemma, the solution of (2.4) exists and it is unique.
On the other hand, it is easy to see that there exists C' > 0 such that
ol < C [ F lzny +10F©) |+ FO) 1] < C1IF lzmy, (2.5)

for all F € H2N H}(-1,1).

Let us see that K is compact and self-adjoint.

To see that K is compact, let us consider a sequence {Fj} in H? N H{(—1,1) that weakly
converges to F in H? N H}(—1,1). Then u, = K F} is bounded in H% N H}(—1,1). By extracting
subsequences (that we denote by the index k) we can deduce that u; weakly converges to some
u € H2N HE(—1,1) in H?> N H}(—1,1). Passing to the limit in the weak formulation (2.4) of the
identity up = KF} it is easy to see that u = KF. Therefore it suffices to show that the norms
converge. Taking the test function v = uy in the weak equation (2.4) that uj satisfies we deduce
that

1
e iz -1,0= /1 [ O [ o = (2.6)

1
/ [YOF,0uy, + Frug] dx + vOF(0)0uy (0) + Fi(0)uy(0).
-1

Taking into account that the embedding H%(—1,1) C C'([~1,1]) is compact it is easy to pass
to the limit on the right hand side of (2.6). Then, using the weak equation (2.4) that the limit
u = KF satisfies we deduce that || wy [[;j2qp3 converges to || u || g2qp;. This concludes the proof
of the compactness.

Since K is bounded, in order to see that it is self-adjoint it is sufficient to check that K is
symmetric. This is straightforward from its definition.

From the theory of compact, self-adjoint operators we deduce that K has a non-increasing
sequence of positive eigenvalues {yu} such that py — 0 as k& — oo. Thus, it is sufficient to
observe that A > 0 solves (2.1) if and only if A = 1/uy for some k. We also deduce that the
corresponding eigenfunctions form an orthonormal basis of H2 N H}(—1,1).
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Let us prove that the multiplicity is at most two. If it were greater than two for some index
k, then it would exist a non-trivial solution u of (2.1) with A = A such that, in addition to
u(—1) = 0?u(—1) = 0, it would satisfy du(—1) = d3u(—1) = 0. The equations in (2.1) being of
order four, this would imply that u = 0, leading us to a contradiction. ]

In the sequel we will often identify the elements of H? N H}(—1,1) with those of
(H2 NH (-1, 1)) x IR x IR by means of the linear mapping
T:H*NH{(-1,1) — (H*NH{(-1,1)) x RXx R
u — Tu = (u,u(0), 0u(0)) .

From Proposition 2 the space H?> N H}(—1,1) can be also written as follows

H*NnH{(-1,1) = u:u= Z axdr, || v “iﬂﬂHé: Z | ag <00 p. (2.8)
keIN kelN

We can also define the following fractional Hilbert spaces (Ha, || - [la)yc R

Hy=qu= Y adr:lulla= D lar [P \* <oop. (2.9)
keIN keIN

We will denote by < -,- >, the scalar product in H,
Clearly Hy = H* N Hy(—1,1) and || - ||H2mHg(—1,1):|| o
Observe that, if u =Y, v axdr, then Ku =3, ;’\—’5@9. Clearly K is an isomorphism from
k
H, into H, 1. We can also write explicitely K -1

K lu= Z )\%akgbk
kcIN
which is continuous from H,; into Hy,.

We need to identify the spaces H, for some values of the parameter « € IR. To do that we
denote by H® ((—1,1)\{0}) N H2 N H}(—1,1) the subspace of H? N H}(—1,1) constituted by the
elements such that its restrictions to (—1,0) and (0, 1) belong to H*.

We also introduce the operator (I—y0?)~! : H=1(—1,1) — H{}(—1,1) such that u = (I—y0?)~'F
if and only if u € H}(—1,1) satisfies

1
/ [yOudv + uv]dz = (F,v), Vv € H}(—1,1). (2.10)
-1

We have the following characterizations of the fractional spaces Hy:
PROPOSITION 4. Assume that v > 0. Then:
(a) Hy coincides algebraically and topologically with the subspace of
H*((-1,1)\{0}) NnH N H}(~1,1) x Rx R
constituted by the elements (u,y, z) such that
Pu(£1) =0, u(0)=y, u(0)=
[0%u] (0) = F(0);  [0%u](0) = —7OF(0),

where F = (I —y0?)~'F, F being the L?(—1,1)-function that coincides with O*u to both sides of
x = 0 that the will denote by

(2.11)

= [0" (=10 0" l0,1)] w-
(b) Hy 5 coincides algebraically and topologzcally with the subspace of

H3 (-1, D)\{0O}) N H*N H}(-1,1) x Rx R
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constituted by the elements (u,y,z) such that
*u(£1) =0, u(0) =y, Ou(0)= =z (2.12)

(c) H_y)y coincides with the subspace of Hj(—1,1) x R x IR constituted by the elements (u,y, z)
such that u(0) = y.
Moreover
1

I ) I21o= [ Tyl 4w Pl dos |y P4y P (2.13)

(d) H_; coincides algebraically and topologically with the quotient space of L*(—1,1) x R x IR
constituted by the classes (u,y,z) characterized in the following way: Two elements (u',y*, z') and
(u?,y?%, 2%) belong to the same class if and only if

(u! —u?yt =y, 2 = 2%) = a(m, ~1,0) + B(n,0,77")

where a, B € IR and m and n are the functions

S re 1 AL prel-Lo)

m(z) = Q) ,onle) = (2.14)
IV I Nai .
2/7 cosh( =) if z €0, 1] 2ysinh()-) if © € [0,1]

(e) H_3/, coincides algebraically and topologically with the quotient space of H 'Y (-1,1)x Rx R
constituted by the classes (u,y,z) characterized in the following way: Two elements (u',y', z') and
(u?,y2, 2?) belong to the same class if and only if

(u' —u?yt =y 2 = 2%) = a(m, —1,0) + B(n,0,77")
where a, f € R, m and n are the functions given in (2.14).

Proof. (a) Let (u,y,z) be a element of H*((—1,1)\{0}) N H?2 N H}(—~1,1) x R x R satisfying
(2.12). We set F = [(I —y0%)~1 {34 ‘(_170) + 34‘(071)“ u. Observe that [84 ‘(_1,0) + 34‘
O — [03u] (0)dp — [0%u] (0)Dd) in the sense of distributions.

We have F' € Hy and u = K F since the compatibility conditions (2.12) are satisfied. Therefore
u € Hi.

To prove the other embedding, let u be any element of H;. Then, there exists some F €
H? N H{(—-1,1) such that KF = u, i.e.

u =

(071)}

1 1 1
/ D*ud*vdr = fy/ OF dvdx + / Fudz +~vy0F(0)0v(0) + F(0)v(0),
-1 -1 1

Vo € H*N H}(—1,1).

By choosing test functions such that v(0) = dv(0) = 0, it is easy to see that 0*u = —y0?F + F in
(—=1,0) U (0,1). Therefore u € H* ((—1,1)\{0}) N H?> N H}(—1,1). On the other hand, integrating
by parts in the left hand side of this identity we obtain

0 1 1
/ Ot uvdz —I—/ O*uvdz — [0*u](0)0v(0) + [0%u](0)v(0) = / (—y0*F + F)vdx
-1 0

-1

—[0*u](0)0v(0) + [03u](0)v(0) = fy/l OF Ovdz + /1 Fodz — [0%u](0)0v(0)
~1 1

+[03u)(0)v(0), Yo € H?> N H{(—1,1).

Therefore, the compatibility conditions (2.12) hold.
We have proved the continuity and bijectivity of the map u — F. The equivalence of the norms
is then a consequence of the open map theorem.
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(b) Let us take u € Hy and compute its norm in H; /. We have
lull} g = (u,ubrye = (u, K uho = (KK u, K u)g =

1 1
= / (KK 'u)0* (K 'u) = / [’y ‘8K71u‘2 + ‘Kﬁluﬂ dx
-1 1

+ ‘8K_1u(0) ‘2 + ‘K_lu(()) ‘2 .
Since u € Hy, in view of (2.12), the right hand side of this identity coincides with

/_11\8<I—762>—18[(83\<-1,o>+63\(0,1>)}u— () [0 )] + |[0%] ) + 5| [0%] O

where H denotes the Heaviside function (H(z) =0 for z < 0 and H(z) =1 for z > 0).

On H; this norm is equivalent to the H? one to both sides of the point mass. Since Hy )y is the
completion of Hy with respect to this norm we deduce that H;/ coincides with the space given in
the statement of the proposition.

(c) Let u € Hy = H> N H{(—1,1) be given. Then

1
I = )10 = (0 K = [ 9Pud(Kupdo = (2.15)

1
=/1h|au|2+|u|2]dx+v|au(o>|2+|u(o>|2

The completion of Hy with respect to the norm || - |/, (that coincides with H_, ;) is precisely the
space of point (a) of the statement of the proposition. On the other hand, (2.11) is a consequence
of (2.14).

(d) First of all let us obtain a suitable identity for K 'u. Suppose that u € Hy. It is easy to check
that, in the sense of distributions,
K lu= [(1— v9?) ! [‘94|(—1,0) + 34|(0,1)” u=—y"'G+y '(1-79*)"'G
where
G = [0l + o] u— H(z)[0%u](0) = Y (2)[0°u)(0)

F([2)0) + [0u)(0) T2

Here H(x) denotes the Heaviside function and Y (z) its primitive given by Y (z) =0 if z € [-1,0]
and Y (z) = z if z € [0, 1]. Now, we observe that K 'u € H2 N H}(—1,1) and

K lu=—y" [8| ~1,0) —I—a|01]u—7_2u+7_2(1—762)_1u

w7t () = T = (1907 () + (120 ) [Pl 0)

w7t (V@) = T - (=90 Y (@) + (100 ) %0)
On the other hand, K~1u(0) = [0%u](0) and (9K ~'u)(0) = —y~1[02u](0).
We define
@) = -7 (H(w) -= ; L (=90 H () + (1 - 782)_1%&)

mla) = = (Y(@) = T~ (=90 Y (o) + (1= 90) ).
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A straightforward computation shows that m and n defined as above are those of (2.14). The image
by K ! of a element u € H; is then
K~ 'u = (—y7'0%u — v 2u+772(1 = 40%) "' — n[0%u](0) — m[0*u](0), [0°u)(0), =y [87u](0)) -
(2.16)
Now we observe that H_; = K 'Hy. Thus, to identify H_; we characterize the image by K ! of
Hy= H?NH(-1,1).
Consider an element u of Hy. For any o, € IR we can find a sequence u, € H; such that up — u
in Hy with [03u;](0) = « and [0%u;](0) = B. Then, by (2.16) we see that K lu; converges in
L?(-1,1) x R x R to

(_7_182’“ - ’}’_QU + 7_2(1 - 782)_1,”5 07 0) - a(m, _]-7 0) - /B(na 05 7_1) = L(u7 «, /6) (217)

The image by K ! of u is then the two dimensional subspace of L?(—1,1) x IR x IR composed by
the elements L(u,a, ) with a, 3 € IR. This subspace can be identified with a class of the quotient
space of L?(—1,1) x IR x IR given in the statement of the Proposition.

As a consequence of the open map theorem, K~! is in fact an isomorphism from Hj to the
quotient space defined above.

(e) Following the ideas of the proof of (d) we can characterize H_3/5 as K~'(H_;/3). Now we
observe that if u € Hy then
K lu = P10+ Plop] v = 1000u(0) =y Pu+y A (1 —49%)
- ( )[07u](0) + m(z)[0%u](0).

Let be now (u,y,2) € H_1/5 = {(u,y,2) € H}(—1,1) x Rx R : y = u(0)}. For any ., € IR we
can find a sequence uy € Hy such that (ug, u(0), dug(0)) = (u,y,2) in H_j 5 with [0%u](0) = 3,
[03ug](0) = o and [Oug](0) — 2. Then, K 1wy converges in H !(—1,1) x R x IR to

(_77182’“ - ’}’72’11 + 772(1 - 782)71,”5 07 0)) + ’Yilz((soa 07 0) - a(m, _]-7 0) - /B(na 05 771)' (218)

The image by K~! of u is then the two dimensional subspace of H~'(—1,1) x IR x IR composed
by the elements (2.18) with «, 8 € IR and we can conclude as in (d). O

Let us now recall briefly how solutions of (1.1)-(1.2) can be developed in Fourier series.
Given initial data (u®,9°, 2°) € Hy, (u!,y',2') € H_, /5 we compute its Fourier coefficients

1
o= (0o = / 0P pyd (2.19)
b, = ((u'y2Y), (dk, Pk (0), 6¢k(0))>_1/2
1
= [ (0000 ) do 4y u(0) +9210,0), (2.20)
Then
w0 =" kg, u’(0) = 4" = Y Ggr(0),0u' (0) = 2" = Y @i (0)
keIN keIN keIN
) (2.21)
Z b N Bre, ! Z b e (0), 2" = Z b A0 (0)
keIN keIN keIN

and {ay}, { } €2
Then the unique solution of (1.1), (1.2), (1.4) and (1.5),
(U,y,z) eC ([0,00),H()) N Ol ([Oa oo);H—l/Z) (222)
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can be written as follows

e, t) = (z;,c cos(At) i () + by sin(Akt)gbk(x)) . (2.23)
keIN

To simplify these expresions we set

Ak =Xk, P =g (2.24)

and we introduce the complex Fourier coefficients

Ek — ng Zik + ’Lg]c
== = =" 2.2
ak 5 v Ok 5 (2.25)
Then, u can be written as follows
u(z,t) = > ape™ (). (2.26)
keZ

It is clear that {qﬁk} wez, With b = (ér, i r¢y) constitutes an orthonormal basis of the energy
space H = Ho x H_y 5 (at this level we are identify i\p¢y with (iApdr, irrdk(0),iAr0¢k(0)) by
means of the mapping 7 in (2.7)).

Then, the vector-valued unknown

U = ((u,y,2), (v, Y1, 1)) (2.27)
can be written as
Ut) = > axe™ 'y (2.28)
keZ

The conservation of the energy £ in (1.6) is equivalent the fact that system (1.1)-(1.2) generates
a group of isometries in H. More precisely
2
B0 = U0 B= Y |lme™de] = 3 [ax P=IUO) = BO).  (229)
ke Z keZ

Obviously, one can also obtain developments in Fourier series of the form (2.24) for solution of
(1.1)-(1.2) in other classes.

3. SPECTRAL ANALYSIS.

In this section we obtain precise estimates on the eigenvalues of (2.1).

First of all we observe that it suffices to consider eigenvalues associated to even or odd eigenfunc-
tions. Indeed, if u = u(x) is an eigenfunction corresponding to the eigenvalue A, then v(z) = u(—xz)
is an eigenfunction too. Thus, wy(z) = u(z) — u(—z) and we(z) = u(z) + u(—=x) are also eigen-
functions with the same eigenvalue. When A is simple this implies that w; and wo are necessarily
proportional. Since w; is odd and ws even, this means that one of them has to vanish and then, u
to be either odd or even. When the multiplicity is two (recall that, by Proposition 2 it can not be
greater than two), if one of the eigenfunctions is not even or odd it generates two eigenfunctions w;
and we as above and then necessarily, there are two even eigenfunctions, two odd eigenfunctions
or one even and one odd. In any case, we can reduce our study to the analysis of even and odd
eigenfunctions.
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3.1. EVEN EIGENFUNCTIONS.

PROPOSITION 5. The eigenvalues corresponding to even eigenfunctions are simple and we will de-
note then by {Xog—1},.pv- They satisfy

(M;k—l)Z (3.1)

Aok—1 = Hap_1p| — g
T \2
v (H3_1)” +1

where ,u2+k71 are the positive roots of

2

4 T
[ 2
5—1—2730—1— vz4 4+ 1tanh 5

o = tanz. (3.2)

The corresponding eigenfunctions are

+ +

- Pok 105 Hok 1 . - .

sin (ug,_,(1+2)) — o coshi sinh (pg,_(1+z)) in (—1,0)
21 2k-1

por—1(7) = Ck (3.3)

+ +
COSs

“_2’“*1 ”2f*1 sinh (ug;, (1 —x)) in (0,1)

Mg 1 COSh pigy

sin (u;k71(1 — :E)) —

2
(1351

R Moreover, Opap_1(1) # 0.
¥ (H3p—1)” +

where pio, | =

Proof. Eigenvalues A with even eigenfunctions are characterized by the following reduced system:
oo = N — y\20%p in (0,1)
p(1) = 9*p(1) = dp(0) =0 (3.4)
Pp(0) - % 0(0) = 0.
Taking into account that ¢(1) = 0%p(1) = 0, solutions of this system are of the form
¢(z) = Asin (u*(1 —z)) + Bsinh (p~ (1 — 2)) (3.5)

where A and B are constants and p~ and iu™ are the real and imaginary roots of the polynomial
z* + vy %22 — X2 = 0 given by

P e [
u—\/2+ TN = A (3.6)

Imposing the other boundary conditions we obtain

0p(0) = —Ap™ cos(u™) — Bu~ cosh(u™) = 0; (3.7)
2 2 2
9p(0) — 2p(0) = A [(u+)3 cos(ut) - > sin(m] B [(m)?* coshi(u”) + sinh(u‘)] -
(3.8)

This system admits a non-trivial solution (A, B) if and only if

2 2
o oset) () eosh )+ 7 sinh ) ) = coshe) (% sin(u) = () o) )
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Observe that A # 0 and therefore both 1~ and ™ are non-zero. On the other hand cos(u™) # 0,
too. Indeed, otherwise, from (3.7) we would get B = 0 and then, by (3.8), AX?sin(u*) = 0 and
this implies A = 0. Thus in (3.9) we may divide by u*p~ cospu™ cosh ™~ to get

2 )\2

_ A _
(/,L )2 + 2/1—_ tanh,u = 2/1—4_ tan(,u"')

— ()% (3.10)

From the definition of T and p~ (notice that (1~ )? and —(u7)? are the roots of 22 +y\2z—\? = 0)
we deduce that

(™) = (uh)? = =A% =)’ (uh)? = =X%
This allows us to write 4~ and X in terms of p™:

T (3.11)

Replacing the values of A and p~ in (3.9) we deduce that

3 [ 3
(M+)2 + @ /7(M+)2 + 1tanh #2):1 + (M+)2 (1 +7(M+)2) _ @ tan(put) = 0.

Multiplying by 2/(u*)? we deduce that p* is a positive root of (3.2). From (3.7) we can write B
in terms of A and we obtain the identity (3.3) for the eigenfunctions.

Let us see that these eigenvalues are simple. Assume that there exist two eigenfunctions corre-
sponding to the same eigenvalue, both being even functions. Then we can find a combination ¢ of
them such that (1) =0, i.e. Ay + Bp~ = 0. This identity and (3.7) imply

By~ (cos(ut) — cosh(n)) = 0.

Since By~ # 0 we deduce that cos(u™) = cosh(p ). But then x~ = 0 and this implies that ¢ = 0.
Notice that the same argument shows that dp(1) # 0. O

3.2. ODD EIGENFUNCTIONS.

PROPOSITION 6. The eigenvalues corresponding to odd eigenfunctions are simple and we will de-
note then by {Aog},.pv- They satisfy

(3.12)

where ,u2+k are the positive roots of

2 2
(+f>——-———m = _cota. (3.13)
x vz

The corresponding eigenfunction is given by

ot

sinpig, . _ :
——=% gsinh 14+2x)) in (—1,0
S sl 11 +.9) in (1,0

por, = C . (3.14)

ST _ ,

) — Sinh 1, sinh (p1g;, (1 — z)) in (0,1),

—sin (ug, (14 2)) +

sin (g, (1 — =z

+\2
where iy, = % Moreover 0pqi(1) # 0.
g
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Proof. Eigenvalues corresponding to odd eigenfunctions are characterized by the following system:
0o+ Y2202 — X290 =0 in (0,1)
p(0) = p(1) = &p(1) =0 (3.15)

)\2

9%p(0) + 15-9¢(0) = 0.

Notice that, although the eigenfunctions under consideration are odd we do not impose the condition

0?¢(0) = 0 since ¢ is not smooth at z = 0 due to presence of the mass.

Proceeding as in the proof of Proposition 5 we see that the general form of the solution of (3.15)

is given by (3.5) where A and B are constants and p~ and iu™ are as in (3.7).
From the boundary conditions that ¢ satisfies at & = 0 we obtain the equations

©(0) = Asin(u™) + Bsinh(z~) =0 (3.16)
2 2
6(0) + 75-0p(0) = 4| =P sin(u) ~ 2 cos(u)|
2
+ B [(,u)2 sinh(p™) — %uf cosh(u)] = 0. (3.17)

This system has a non-trivial solution (A, B) if and only if

2
sinye”) | ()2 sin() = 25 cosh(0)] =

2
sy |2 sinG) + 5 o)

As in Proposition 3.1, it is easy to see that the quantity yA?u* sinu sinh 4~ may not vanish
and, dividing in the last identity, we obtain:

2"+ ()] p - +
Nt — = coth(p) = —cot ™.

Replacing the values of A and = from (3.11) in this identity we obtain
2[(n*)*y+2]
y(pt)? y(ut)2+1

Thus, p™ is necessarily a positive root of

2 [yz? 42
fy_x< pop > 1/7 +1 thy{/—— $2+1 —cot z. (3.18)

Concerning the eigenfunctions, if we compute B from (3.16) and replace this value in (3.5) we
obtain the expression (3.14) in (0,1). The value of the elgenfunctlon in (-1,0) is obtained taking
into account that it is odd.

Let us check that these eigenvalues are simple too. Otherwise it would exist a non-trivial linear
combination ¢ of eigenfunctions such that (1) = —Apu*t — By~ = 0. Then B = —Ap™ /u~ and
identities (3.16)-(3.17) would yield

cothpy™ = —cotpt.

. _ B
sinhpy~ = e sinpt (3.19)
+ + — . - ’)’>\2 + —
pwrsinpg™ 4+ p” sinhp™ = DN (cosp™ —coshp™). (3.20)

Combining these two identities we get

—\2
p YA? _
+(1+EH+;2>SIHM T(cos,u"‘—cosh,u )SO
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and this contradicts the fact that, in view of (3.19), sinu™ > 0, except if siny™ = 0. But then,
from (3.19), p~ = 0 and this implies ¢ = 0.
The same argument shows that these eigenfunctions satisfy dp(1) # 0. O

3.3. SIMPLICITY OF THE EIGENVALUES.

The goal of this section is to prove the following:
PROPOSITION 7. All the eigenvalues of system (2.1) are simple.
Proof. In the section above we have shown that the number of odd or even eigenfunctions associated
to each eigenvalue is at most one. Thus, it is sufficient to show that there is no eigenvalue solving

simultaneously (3.1)-(3.2) and (3.12)-(3.13). Taking into account that the mapping that associates
A to put asin (3.1) and (3.12) is strictly increasing, it is sufficient to show that (3.2) and (3.13) do

not have roots in common.
We set
2 2
[ coth = + ’YfE —]
Vv +1 fy:v
4
— 4 2yx + /2% + 1L tanh / =
T +1

Recall that pj, | and pg, are respectively the positive roots of g(z) = tanz and f(z) = tanz.
Clearly it is sufficient to show that f(z) # g(z) for all x > 0.

We argue by contradiction. Assume that there exists z > 0 such that g(z)/f(z) = 1. In other
words,

4 /7:62—1—1 x2
’y( +7 an \ vz +1 \/ 2+1 \/')/3:2—1-1

By the change of variables y = \/x?/(yz? + 1) this equation reduces to

-1

g(z) =

22 1
—— (—2 —fy> tanhy — — tanh?y +y = 0
7T \Y 7Y

where y € (0,71/2). From this identity we get

2 2 2
tanhy = yy — ; + \/(; - 'yy> + yy2. (3.21)

We have to show that the last equation does not posses any root in the interval (0,7_1/ 2.

First of all we observe that
2 2 2
vy———\/(——7y> +7y2 <0
) )

in (0,7~'/2) and then, since tanhy > 0 in this interval, we see that there are no roots for the minus
sign on the right hand side of (3.21).

Thus, it is sufficient to show that F(y,7y) < tanhy for 0 <y < % with

2 2 2
F(y,v) = vy — 5 + \/(5 - 7y> + vy? (3.22)

To see this we apply the following lemma:
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LEMMA 8. Let F(y,v) be a positive function defined in (0,00) X (0,00). Assume that the following
two conditions hold:
OF

N 20 ey, V=0 (3.23)
F(fyil/Za'Y) < tanh(7*1/2), Yy > 0. (324)
Then, F(y,v) < tanhy for all v >0 and 0 < y < ,),71/2_

Proof. Assume that for some v > 0 there exists yo € (0,7~"/2) such that F(y,) > tanh(yo). Let
7o > 7y be such that yo = 1/,/70. Then by (3.23), we have

F(y0,70) > F(yo,7) = tanh(yo)
and this contradicts (3.24). O

It is sufficient to show that the function F' as in (3.22) satisfies (3.23) and (3.24). We have

OF 1 ) 2
o = Y+ Yy =2\ -—y )y
oy \/2 2 Y

2 (

s - vy) +7y?

2
2
(3-m)
Y > 0.

2 2 o
(g - vy) +vy?

> Y-y

On the other hand,
)= () e

Indeed, to see that (3.25) holds we use the following elementary lemma:

LEMMA 9. Assume that f € C'(0,00) satisfies

li > i =0 3.26
Jim fy) = lim, £() (3.26)
f >0 in the set where f' > 0. (3.27)

Then, necessarily f(y) > 0 for every v € (0,00).

In view of this lemma, to conclude the proof of (3.25) and therefore, that of Proposition 7, it
is sufficient to check that f(y) = tanh (%) + /7 — Vv + 1 satisfies (3.26) and (3.27). We have
lim f(y) = 0; lim f(y) = 0. On the other hand,
¥—00 v—0

1 1
27 27+ 1

-1

fy) =3 (1 — tanh? (7’1/2)) +

and f'(y) > 0 if and only if

% > y73/2 (1 — tanh? (7—1/2>>

or, equivalently,
vy +1-— \/’7
Vy+1

We have to distinguish two cases. First, if the right hand side of (3.28) is negative at some point,
since it is an increasing function, we deduce that it is negative in an interval of the form (0, ).

tanh? (7_1/2> >1—y (3.28)
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But then clearly f'(y) > 0 in (0,7p) and since f(y) — 0 as v — 0 we deduce that f > 0 in (0, o).
Suppose now that the right hand side of (3.28) has positive sign.

In this case
| f(v)z[l—v<%>]w+ﬁ—m>o

since

[1 — (%)] v >y +1—7. (3.29)

This can be seen easily taking squares. Indeed, (3.29) is equivalent to

v () <oyt -2

Vy+1
or
VI(VI+1=A) <20y +1) - 2/4(r ). (3.30)
Taking squares it is easy to see that (3.30) holds for any v > 0.
This completes the proof of Proposition 7. U

3.4. ASYMPTOTIC BEHAVIOR OF THE EIGENVALUES.

In this section we obtain precise estimates on the asymptotic behavior of the eigenvalues as
k — oo.

Concerning the eigenvalues associated to even eigenfunctions we have the following:
ProrosITION 10. We have
km —m/2 c1(7y)

i -3

-1
where c1(y) = (2y + /A tanh (y"1/2)) 7 + (2y)7L.
REMARK 11. In the absence of mass the asymptotic behavior of eigenvalues associated to even
eigenfunctions is as follows:

Aok—1 = +0(k™?), as k — o0 (3.31)

Aop—1 = 2 L+ O(k™?), as k — oo.
el ’
This shows that only the second term of the asymptotic expansion is affected by the presence of
the mass.

Proof. Recall that Agy_1 is given by (3.1) where ., | are the positive roots of (3.2). The function
on the left hand side of (3.1) is positive, continuous and increasing for large xz. Thus, for large

k, equation (3.2) has an unique root in each interval (k7r — 7, km — g) in which the tangent is

positive.
Keeping the leading terms in (3.2), for large k£ we obtain

tanpify, = iy (209" tanh(y"/2)) + Oh™)
and taking into account that u;'k_l € (knr — 7, km — g) this yields

1
cot ,u2+k_1 = (u;k_l(%/ + 71/2 tanh(7*1/2)> + O(k*:’))

and using Taylor’s expansions we deduce that
1

™
2] g )

+ O(k™2). (3.32)



16 A HYBRID SYSTEM CONSISTING OF TWO FLEXIBLE BEAMS...

On the other hand, from (3.5) we have

+ove . 7Y(Ageo1)? 4 2 1 —2
uho ) = P2 (g 14— ) =3 -+ Ok
(3% 1) 9 N 21+ 2 (k7%)

and therefore

P 1 1 2
Aop_y = 2E=1 _ FOk2). 3.33
2k—1 \/’7 2’}’3/2/1/;]971 ( ) ( )
Combining (3.32) and (3.33) we get (3.31). O

Let us consider now the eigenvalues associated to odd eigenfunctions:
ProproOsSITION 12. We have

(br-3) o

Ao = +0(k™?), as k — o0 (3.34)
V7 VY <k7r — g)
where cz(y) =y Y2 cothy /2 — 24 (2y)~ L.
k
REMARK 13. In the absence of mass these eigenvalues behave as follows: Ay = \/—71 +O0(k™2).
Y

Proof. We proceed as in the proof of Proposition 10. We observe that, in view of (3.13), o are
the roots of an equation of the form

1
(2 — 12 coth'yfl/2> —+0(z7%) = —cotz, as |z |- oo.
T

Applying Taylor’s development of the cotangent function at kn — g we deduce that

~1/2 coth~y=1/2 — 9
(kr = 3) =i = T——1% +O(k™?). (3.35)
(br-3)
From (3.33) and (3.35) the identity (3.34) holds. O

Concerning the spectral gap we have:
PROPOSITION 14. We have

)\Qk — >‘2k2—1 = L;/)m + O(k_Q), as k — oo (336)
(kr=5)
where
Cly) =ci(y) —e2(y) >0, ¥y > 0. (3.37)

REMARK 15. In the absence of mass we have Ao —Agp_1 = ﬁ—i—O(k‘l). Therefore the asymptotic
gap is reduced by a multiplicative factor of the order of 1/k by the presence of the mass.

Proof. The fact that (3.36) holds is an immediate consequence of (3.31) and (3.34). Thus, it is
sufficient to check that (3.37) holds.
We have

-1
Cly) = (27 + ﬁtanh(y—lﬂ)) — (7—1/2 cothy~1/2 — 2) ‘
Therefore C(y) > 0 if and only if

- (%coth% ~2) (24 v tanh (%)) >0,
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i.e.

1 1
4y — 2y/ycoth — + 2,/ytanh — > 0
Vi gt
or equivalently

Y2+ 2/7y—1>0 (3.38)

1
with y = tanh (—)
Vi
The roots of the function on the left hand side of (3.38) are y = —,/y & /v + 1. In particular,

1

(3.38) holds if y > /vy +1 — /7. Thus, it is sufficient that tanh ? > /7 +1— /7 and this was
v

obtained in (3.25). O

4. THE ASYMMETRIC SPACE.

In this section we are going to introduce and characterize an asymmetric subspace of the energy
space H = Ho X H_y/5. As we will see this subspace is stable under the flow generated by system
(1.1)-(1.2) and it is a natural space to solve the boundary control problem.

4.1. CONSTRUCTION AND BASIC PROPERTIES OF THE ASYMMETRIC SPACE.

With the notations of section 2; when v > 0 we set

_ _ o 2
Y={U= Y ad et U= Y lawo P+ > | ask ;2% el oo
ke Z\{0} ke Z\{0} ke Z\{0} k
(4.1)

where 0 = Aoy, — Aog—o, Where o, =sgnk, ie. op =1ifk>0and o = —-1if k <O0.

Clearly Y endowed with the norm || - ||y is a Hilbert space. On the hand, it is clear that if
all the d; were uniformly positive and bounded above, then Y would coincide algebraically and
topologically with #.

Notice that || U ||y < oo if and only if

_ 2
Z | agk + aze—o, |° + Z | az g%ﬂ’“ | < 00 (4.2)
ke Z\{0} ke Z\{0} b

or, in other words, {ag + aoj—¢, } € ¢? and {5,;1 (agr — 22k—0'k)} € 2. Since 6, — 0 as k — oo it
is clear that Y is a strict subspace of H.
Let us see that system (1.1)-(1.2) is well-posed in Y

PROPOSITION 16. Let UY = ((uo,yo,zo),(ul,yl,zl)) be an element of Y. Then, the solution
Ut) = ((u(t),y(t),z(t), (w(t),ye(t), z(t))) of (1.1)-(1.2) with initial data U° belongs to Y for
every t > 0. Furthermore, for any T > 0 there exists a constant C(T) > 0 such that

1U®) y< @) [1U° Iy, VO<t<T,VU’ €Y. (4.3)
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Proof. We have

. 2 iAopt i)‘Zk—o'kt 2
Aor_ | aoxe 2% —g € |
U@ = > |as—ge™ !+ Y 2
ke Z\{0} ke Z\{0} F
2
idort _ iAog—o, b
ot |2 | aok — asp_g, |2 e’ e K
2 Aort 2k 2k—o 2
< Z | A2k —oy, | +2 Z ‘el 2k 5,% e+ |a2k—0k| 5]%
ke Z\{0} ke Z\{0}
< 2 | agk — agk o, |2 2 2| < 2 02
< Z | a0, |© +2 52 + 267 | agk—o, |7 < (2+287) | U° |5
ke Z\{0} k
since
ePawt _ ohok—oyt| 5 <t Yk € Z,Vt > 0.

Therefore, the result holds with C(T) = 2 + 27°. O

We set

Pk + Pok— Pok — Pok—
kagk; %Z%%N’fez\{o}- (4.4)

We have:

PROPOSITION 17. The set {pk}keZ\{o} U {q’f}keZ\{o} forms a Riesz basis of Y.

Proof. Observe that

> ade= Y. [(a% + a2k—oy) P+ (%) Qk] - (4.5)

ke Z\{0} ke Z6\{0}
With the scalar product

(> wde, Y, bit)

ke Z\{0} ke Z\{0}

— —0 bor, — b -0
= Z [(a% + a2k—o, ) (b2r + b2k—g,,) + (azs — az ’“()52( 2k ok ’“)] (4.6)
ke Z\{0} k

the set {pk}keZ\{o} U {Qk}keZ\{o} is orthonormal and the norm associated to this scalar product

is equivalent to || - ||y as observed in (4.2).
U

The presence of the point mass makes the amplitude of the oscillation at z = 0 to be much
smaller than elsewhere. Thus, the even eigenfunctions ¢o;_,, , in addition to d¢op—q, (0) = 0, are
such that ¢o;_q, (0) is small while the odd ones, in addition to ¢2;(0) = 0, are such that 9¢g(0)
is small. Taking this into account and since the gap between consecutive eigenvalues vanishes
asymptotically even and odd eigenfunctions are expected to be very close one to each other to one
side of the point mass. Then (égk + qﬁgk_gk) /2 and (qﬁgk — égk_o.k) /2 will be, roughly, one the
even reflection of the other one with respect to x = 0. Since we have weighted differently py and g
when introducing the factor 6; in the definition of the later and taking into account that & ~ k= *
as k — 00, it is natural to expect Y to be constituted by functions whose degree of regularity differs
by an order to one side of the point mass and another.

In figures 1 and 2 below we give an approximate graph of py and gx/d) exhibiting this fact:
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v T
Figure 1: py Figure 2: g /0y

4.2. CHARACTERIZATION OF THE ASYMMETRIC SPACE.

The following theorem provides a precise characterization of Y:
THEOREM 18. Y is the subspace of elements U = ((uo,yo,zo),(ul,yl,zl)) of H such that the
restriction of (u®,u') to (0,1) belongs to H3(0,1) x H?(0,1) and in addition to the compatibility
conditions of H (u®(0) = y°,0u’(0) = 2°,ul(0) = y') the following hold:
ou(0%) = 21, 9%u°(1) = 0. (4.7)
Furthermore, the norm || - ||y is equivalent to

1/2
(10 1+ 11660 o a" Lio0) 201

To prove Theorem 18 we need some preliminary results:
LEMMA 19. We set
K = {(u,v) € (H?(0,1) x H*(0,1)) : u(0) = 9°u(0) = du(l) = v(0) = dv(1) =0} .

The vectors

= - (1, %(jvr - q%)) ﬁ cos ((jm —0;5) (1= 2)).

32
with j € Z\ {0} form an orthonormal basis of K for the norm

1 1 1/2
ol = | [ 1oPuPaoy [ o2 pas]
0 0

Moreover,

167 = il = OG™), a5 j — oo (4.8)
where

h; h;
pj lo — (ugfa_azj7> $2j-;
p; = 2C 1

S.
11—z t o

where hj = ,u;j — u;'jfak and S; = a; + bjz + cjr(x — 2)/2 with coefficients

h; h; .
(0,1) (lu‘;ja'j ) 2\/7> ¢2]7zrj

w——~®)+—< by -ﬁL>¢- (0), bj = —0 v
i = ~Pj H;}_gj,Q\/’V 2j—0;\V)s Uj = 11—
z=1
2l _u;’-li,. $2j-0;
cj=— d? 1 _; J L0,
2=0

and C =1/C(y) is the constant in (3.37).
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REMARK 20. In the definition of p; the functions p; appear. Here there is some ambiguity in the
notation since p; has six components. For the definition of p; we only use the first and fourth
components of p;. When defining S; its coefficients are two-dimensional vectors. In the definition

of the coefficient ¢; of S, p(-l) denotes the first component of the vector p;.
j Jjr Pj j

Proof. We first observe that the components of 1; are the eigenfunctions solution of
—0%u = \u,0 < z < 1; u(0) = du(l) = 0.

It is easy to see that ¢; have been normalized to be orthonormal in K.

Let us prove the second part of the lemma. For simplicity, we assume that 57 > 0.

In view of Proposition 5 and 6 and the asymptotic formulas we have obtained for the eigenvalues
in section 3.4 it follows that

boj1 = (1,iaj1) ﬁ [Sin (u{j_l(l - x)) —
Haj—1

+ +
Poj—1COS Hoj_q

oo cOsh pip;

: +
. sin { 45
n . P2 . ( 2])
$oj = — (1,1X95) J 5 |sin (,u2+j(1 — x)) - —x
M;} sinh (MZj)
in the interval (0,1), where p; are of the order of 1 + O(j ') as we will see below. Recall that ¢;
have been normalized to constitute an orthonormal basis of the energy space H = Ho x H_; 5 and

that their sign has been chosen so that the first component of (—1)79¢;(1) has positive sign.
On the other hand, by (3.32) and (3.35) we have
2
(1)

2
0 (ué}) +1

sinh (ugj_l(l — x))]

sinh (ugj(l — x))

=772+ 0(™

(N;}—1>2 — 12 L oG

2
Y (MZ‘A) +1

and therefore cos (uj) = 0(j71); sin (,uj) =0(1).

.o 1y —
fj_y = I — 5 T O(j 1)§H2j—1 =

Thus, the terms in ¢; or in some of its derivatives in which hyperbolic functions appear are of
the order of 1/ in L*°(0,1).

Before computing the norm || p; — ¢; ||k some remarks are in order.

When computing the norm || p; —); ||k one is led to estimate the norm of the second derivative
of ¢9j_1/(1 — x). This is actually the quantity in which hyperbolic functions appear and that
produces the largest contribution. The term one obtains is as follows:

P2j—1COS (,u;jfl) 2 sinh (,u2_j71(1 — x))

11—z

Hgj—1Ha; 1 cosh (NZj—l)

which is of the order of 5!, since the function sinh (,ugjfl(l - x)) /(1 — z) and its derivatives are
bounded in L*°(0, 1).
If we denote by SJ(-I) and SJ(-Z) the first and second components of the polynomial S;, we have

83SJ(-1) = 8QS§2) = 0. Therefore, when computing the norm of p; —+; in K, the polynomial S; does
not affect the computations.
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We now proceed to the proof of (4.8) in two steps. In the first one we estimate the H3—norm
of the first component of p; — t; while in the second step we compute the H2—norm of the second
component.

Step 1. We have to prove that

/1 ; <(;ﬁ2)j2 sin (/Jj(l — ZE)) + (:f7—1)2 sin (,u;jfl(l — x))) — % sin (“;jﬂ(l — x))
0
0

T TE R -
(g0 -2)\[
—sin((ymr — 7 —x -—1\2 |2 (P2] p2j,1)2 5 s M2j 11—z )
((4 /2)1—z)+0@G H2|? < e /0 P )2 ]

1

P25—1

sin ((jm —7/2)(1 —z)) +O(5 )| dz (4.9)

is of the order of O(j~!). Observe that in the integral above all the terms in which hyperbolic
functions appear have been bounded by O(571).
To do that we need the following Lemma:

LEMMA 21. We have pj =14 O(57"') as j — 0o. Moreover, paj — p2j—1 = O(j73).

Proof. Let us consider first the even eigenfunctions. According to the normalization in H? N
H{(—1,1) we have

2

1 1
- +
Faj—1COS Haj 1 d

1
2,;%._1/ -
R /‘;—3‘71 cosh pig;

1 - -

. Poj1COSHa; 1 . . _

203 / sin? (,u"'-f (1-— w)) 422 7~ sin (/["-7 (1-— {E)) sinh (,u (1= $)>
j—1 0 [ 2j—1 :U‘;_jfl cosh :U*2j71 2j—1 2j—1

sin (/‘;}‘71(1 - w)) +

sinh ('U‘2_j—1(1 - w))

- +
Mo: 1 COS [ho,
+ ( 27—1 27—1

fi4: 4 cosh ps 1) sink® ('ugj*l(l N x))] dr = 2:0%j—1 (It + I + I3) .
J— ] —

Let us analyze now each of these integrals:

1 +
1 cos(2uo.
.[1:/ SiIl2 (M;}il(l—ﬂ?)) dm:——M,
0 2 Apg;

S 1 COS i 1
I, =2 foj 1 PP Haj / sin (,u2+j_1(1 — LU)) sinh (ugj_l(l - x)) dx

+ —
figj 1 coshipiy; 1 Jo
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and, by integrating by parts,

/01 sin (M;}_1(1 - $)> sinh (,uQ_j_l(l — ;p)) dr =

_ 2
Hoj 1 b .
_ (/.1,-'_] ) /0 sin (u$71(1 - {E)) sinh (M;—jq(l - x)) dzx
2j—1

+ . — —
COS (4o 4 sinh po )
B M2y—1+ Haoj_1 n Haj—1 . sin (:U‘;_j—1> cosh (ng_1>
- +
IU’ZJ 1 (MZ‘]‘*I)

and therefore

/01 sin (u;}_1(1 - :U)) sinh (Iu;j_l(l _ x)) dr —

_ ¢ sinhas
Hoj_1 . ( + ) h( — ) _cospy;_y Sinhpy;
<<u$1>2 SHEH2j-1) COSH {H2j-1 uhs . 0G™Y

= 5 =0(7).
_ 2 -2
e 1+0(?)
H;r];l
Thus I, = O(j7%).
Finally, it is easy to see that I3 = O(5~*). Therefore
—1/2
1 —cos (2;1;}_1) A
p2j—1 = +0(U™)
1+ cos (2/@}-71) 3 sin? (2;1;}71)
= ™ + 5+ oG 4.
Hoj—1 32 (MZ‘A)
On the other hand,
(25 2 ,)
JT T /‘29'71) : 4 _
oS (2/@}-71) =1- 5 +O(2]7r—7r—2u;}-71) =1+0(7?)
and
1 1 1
,u;j_l jgr—m/2+ 07  jr—7/2 )
Therefore py;_1 =1+ O (j’l).
In a similar way we can compute p;:
2 2
1 (ui) Sinu;}
1 = || ¢o “%IQHH(%(—I,I): Qp%j/ sin (,u2+j(1 - x)) + A sinh (,uQTj(l - LU)) dz
0 (,qu) sinh 15
2
(,u%) sin,u2+j

= Qp%j /01 sin? (,u;'j(l — $)> +2 sin (,u;'j(l — {E)) sinh (u;j(l — $)>

2

(u%) sinh fi,;
4

(u%) sin? u;}

1
(,u%) sinh? oy

1
sinh? (ugj_l(l — LU)) dr = 2p%j/0 sin’ (u{j(l - x)) dz +0(; 7).
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Notice that the last integral in this identity coincides with I; above. Therefore, proceeding as in
the estimate of po;j_1 we deduce that

cos(Z,u;j) 3 cosZ(Z,u;j

p2; =1 +03™
7 A AL
but, again,
(2' oud )
JT— T — afky ) 4
cos (2,u2+j> =1- 5 _+o0 <2j7T - 2M2+j> =0(7)
and
1 1 1
== — = - +0(77).
M;_j jgr—7/24+ 0" jr—m/2
Therefore, py; =1+ O(j71).
Observe however that po; — poj_1 = O(j_3). O

Let us go back to the proof of Lemma 19 and more precisely to the inequality (4.9).

Observe that
58 sin(,u;'j(l — 1)) _ (M+')2 58 <Siny>
(13;)2(1 — ) ) 1Y\ y

Thus, in view of Lemma 21, the first term on the right hand side of (4.9) is of the order of O(j 2).
Let us consider now the second term on the right hand side of (4.9). To simplify the notation
we set

< C(Mg_jq)Z = 0(5).
y=nz; (1)

aj = sin (u;“(l - x)) /(1 —x); B =cos (u;“(l - x)) /(1 —x).

Then, the second term on the right hand side of (4.9) can be bounded above by:

p3i 1h? LY Q2 Q21 20951 Poja(l—x)
TGO T \Bilug)? hiagy)? 0 (g ()
2
Mo Bojor(1—x)\  sin((jr — n/2)(1 — z))

45, hz/ o | 22 + +0(1

25—1"% 0 20(7) (163;1)2 Zhj ( )
a2 [ AL ) a,12) o (4.10)

27T C%(7) 2 ' :

Since hj = O(j 1) and pgj—1 = O(1), it is sufficient to prove that | A; | and | Ay | are uniformly
bounded with respect to j.
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Let us consider first | A; |. Writing ,u;j = N;jq + h; we have

. . - 1 1
83 Qg5 — (251 4 Q251 _ +
Luzl++wﬁhj h \Gd P )

3 [ agj—agj 1

CORER R B ol G ) RS (PO R)

+ 3 iSRS e ho)2 )2
MQJ 1) (NQJ 1) (/1'2‘771_*_ ]) (/1'2‘771)

| A1 | =

—_

_l’_

+ 2 Pa
27—1
hy NQJ 1t h’ hj(ﬂ2+j_1)2 (N{j_1)3 ’

1 Qi — Q9
< 63< 27 27 1)
B ‘( /123 1+h (:U’;j—l)2> h;
+— (M2 N 9 ((70% _}L?%l) —521‘1(1—:6))‘
J—

+ ! ! ;2 o
- 0251
hi(ugy oy +hi)?  hilug; 1)? (kg )3
Let us see that the terms B;,7 = 1,2, 3 are uniformly bounded with respect to 5. We first observe
that

+

= B1 —+ B2 —+ Bg. (411)

azj(l—z) = sin (,u;j(l — x)) = sin ((u{j_l + hj> (1- x))
= sin (,u;'jfl(l - ZE)) cos (hj(1 —x)) + cos (M;—jq(l - x)) sin (h;(1 —x))

and therefore

— 1 agj—1¢0s (hj(1 —x)) + Boj_1sin (hi(1 — )  agja
By = (H3;-1)2 63( d J 5 j j fz] — Baj 1(1_36))‘
S - j —x sin(h;(1 —2)) — hi(1 — @)
: (1) J (ﬁQH(l ) (01— ) >‘+
I - 2 P . cos(hj(l—1z)) —1
+ g, P 0 ( 2j-1(1 — ) h(—2) >‘ (4.12)

In order to estimate these two terms we need the following Lemma:

LEMMA 22. Forn =0,1,2,3 we have

nfcos(hj(l—z)) -1\ o 1y on(sin(hi(l—x)) —hj(1—2)\
d ( hi(1— ) >—O(hj)—0(1 ); 0 ( hi(l— ) >—O(hj).

Proof. We only prove the first identity since the second one can be proved in a similar way.
We have

h2(1—x)? hA(1—z)* o

I e

hj(l—.’L‘) hj(l—ZE)
o hi—2z) h(1-2x)?
=0 <_ B R >

The power series inside the derivation operator 0" in the last term converges uniformly for 2 € [0, 1].
Therefore its derivate can be computed term by term and the result follows immediately. O
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Going back to (4.12) and taking into account that when taking derivatives of agj_1(1 —z) we
get ,u2+j_1 as multiplicative factor it follows that

1 cos(hj(l —xz)) —1 (B3 1)
(Hgj-1)? hj(1 —z) )‘ : C(H;jflyhj = o)

In a similar way we get that the first term on the right hand side of (4.12) is uniformly bounded.
This shows that By is uniformly bounded.
Let us consider now the term Bj. Let us first observe that

1 1 —h;’f — Q;Jjﬂhj

0 (%‘1(1 — )

¥ 2 (7 2 (T 20,5 2:O(j74)'
(qu_l + h;) (N2j—1) (sz—l + hy) (H2j—1)
On the other hand,
a9; — o4 a9; — (94—
J J

As we have seen when we estimated above the term Bs, the first term on the right hand side of
(4.13) is of order O(j2). The second one is of order O(53). Thus By = O(5 ).
Let us analyze Bs. We have | 03ag;—1 |[= O(j*). On the other hand, the coefficient in Bj is such
that
(1aj_1)* = (naj_1 — 2hj) (pa;_y + Nj)?
hj(pzj—1)*(ngj_1 + hy)?
Thus, Bj is uniformly bounded too.

Going back to (4.11) we see that | A; | is uniformly bounded.
In order to complete the Step 1 we have to show that | As | is also uniformly bounded. We have

1 Poj 1 (1 =)\  sin((m —7/5)(1 — 7))
2C(v) - ( 22#%1)2 ) i 2hj2 +o)

aj1 . sin((jr — 7/2)(1 — @)
_253(71) sin (u{j_l(l - :U)) + thz

On the other hand, in view of (3.32) and (3.35) we have

2h§? + 4M2+j—1hj - (:U’;j—l)Zh?
hi(pa; )3 (pgj_y + hj)?

= 0@

| Az | =

+0(1)

1 _Jm—m/2
po; —ty o CY)

and therefore
Haj_1 B 1
C(v) M;—j - M;—jf1

= 0(1). (4.14)

Thus

1
| Ay |= 0(1)+2—hj

since N;jq — (jm — m/2) and h; are of the order of O(j1).
This completes the first step of the proof of (4.8).

sin (g1 (1= 2)) = sin ((jm = 7/5)(1 = 2))| = O(1)

Step 2. Let us estimate now the L?—norm of the second derivative of the second component of
the vector p; — ;-

/

21 W("’zj—l

1 <_(22+f§§1 sin(/l;_j(l —x)) + A?L__;Pz;;l Sin(l/f;_j,l(l — 22))) _ P2j11hj)2 sin(u$71(1 —2))
2 29
)’ o
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1 ) N
— — — <
37 conlm —/2)(1 =) + 0G| <
2
1 s (U1, Agj sin (,urjj(l - LU))
S 5 (102] - ,02j—1) 0(7) 6 N 2 +
(sz) (1-=)
—A2; sin(,u;"j(lfw)) A2j—1 sin(,u;'jil(lfm)) _ h;j sin(,u;'jil(lfm))
Yt 2(u5,)’ 2h-1)° )
2 2 2 23 2j—1 251
+ 2 [ o o
1 2
- ﬁcos((ﬁr—wﬂ))(l—x)—l—O(]—1) = A + A,. (4.15)

To do that we have to show that both terms A; and As are of the order of O(j1).
In view of Lemma 21, paj — paj_1 = O(j %) while

sin (pd.(1—z
(sz(l )) 0 ((M;J>2> _o(),

pa;(1— )

Therefore Ay = O(j?), since )xgj/,u;j =0(1).
In what concerns A we first observe that it can be easily bounded as follows:

2
Ay < COR? 1 0? A2jQzj _ A2j-103j-1 L %2yl _ Bojma(l —2)
" Jo +)? + ) +)? 245,17/
2h; (:U‘Zj) 2h; (,u2j_1> (“23’—1) NG i
2 . 2
JrC’hj /1 L o ,62j71+(1—$) +COS((]7T—7r/2)(1_$))+O(1)
v Jo |[C(V) Hoj_1 h;j
1

ey A2 P H1437 4.1
01 (s | 4P+ 43 (416)

for a suitable choice of positive constant C.
Since hj = O(57"), it is sufficient to see that both A} and A3 are uniformly bounded.
Let us consider first the term A. We recall that (see Propositions 10 and 12)




CARLOS CASTRO AND ENRIQUE ZUAZUA 27

and therefore
2 @25 _ @2j
NG TTE (M;j)?’ ho b (MZ)Q

Q2j—1 Q2j-1 O(j?)anj—1

_ 2ﬂhjﬂ2+j—1 432 (M;r]‘—1>3hj h;j (,u2+];1>2

IN

Ay

a1 Pl —2)

+ 2
2/
Vi (#d-1) VIt

1 g2 | 2 i1 20951 Poja(l—x)

2
2V7 |\ hawsy by (354) Haj1

IN

1 Qgj Qi1
2 i j P

+ 0 —_— =
4~3/2 3 3 ( +>
7 (65) i (ng5-0) b hi \ 1
O(j=)agj 1

2
hj (/‘;—]‘71)
Let us see that B;,i = 1,--- ,4 are uniformly bounded with respect to j.

The structure of the term B is the same as term A; in step 1 (see (4.10)). By similar arguments
it is easy to see that B is uniformly bounded (notice that term A; is of the order of %8B1 in (4.17)

+ |62 = By + By + B3 + By. (4.17)

and that the multiplicative factor % compensates the boundedness of an extra derivative).
Concerning By we first observe that

1 9 a; Qi1 2095 1 B2j-1(1 —x)
b= 3/ J N () T T
(ng) hj ('U‘2j—1) h; ('“2]'71) (MZj—l)
1 9 Q91 1 5 ﬁZj—l(l - *'I") _
+ 273/2 n 1 + 473/2 7+ 3 = C1 + Cy + Cs.
M1 H2j—1

The term Cy can be estimated as By in (4.17). Concerning Cs we have:

O 82 <a2j1>
M;rjf1

(151)
C

Cy = W 6 (cos (g1 =) )| = 0 (11 ) = OG™).
Haj—1

Therefore Bs is uniformly bounded too.

Finally, it is also easy to see that the term Bs and By in (4.16) are uniformly bounded. This
completes the proof of the uniform boundedness of Al.

To conclude the proof of this Lemma we have to show now that A% as in (4.16) is uniformly
bounded too.

Cy < =0 (1/uf-1) =0G™).

We also have:
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We have
) < | e (B0 | estm om0 ] o
C() Haj_1 h;
+ .
P21 n B _cos ((jm —m/2)(1 — x))
= |6 (“2%1(1 x)) y +0(1)
Hajo 1 1
< sz) — h_J ‘cos (u$71(1 - l‘))‘ + h_J ‘cos (,u;jfl(l - x)) —cos((jm —7/2)(1 — z))
+ 0(1)
and each of these can be shown to be uniformly bounded since, in view of (4.14), :u2+j—1/0(7) -
1/hj = O(1) and, on the other hand, u;jil —(jmr—7/2) =0(5 — 1). O

We also need the following result:
LEMMA 23. Let us set

By o= | i (-10) (4.18)
20-05 = b2 —¢2j—0; . )
——2< in (0,1)
and define its reqularization
~ 1 .
P20 = 50y (@37, +0;204;(0)r(x)) (4.19)
where
[ (A+=)*/3 in (-1,0)
rie) = { (1—2)*3 in (0,1), (4.20)
0j = A2j — Azj o, and C(v) is as in (3.37).
Then
=~ r - 2 .
19 ®2j—0; + m@j—q 17/o=0("). (4.21)

REMARK 24. §;®; ,, is the even extension of the restriction of ¢; to (0,1) and 5j&>2j,(,j is obtained
from §;®3; ,; by adding a polynomial function so that the jump of the first derivative at z = 0

vanishes to guarantee that 6j(f>2j_gj € Hyp. Recall that the first component of the elements of
H,, belongs to H 2(—1,1) and therefore it is continuous with continuous derivative.

Proof. Without loss of generality we can assume that j > 0. Therefore o; = 1.
In order to prove (4.21) we will use the following norm, which is equivalent to || - [, /2,

0 1 1 1/2
|||(u,v)|||=(/ a1+ |a2u|2) .
1 0 —1

Since 52]-,1 and ®y;_1 are even we can work on the interval (0,1) only. In this way, taking into
account that ¢; = (¢;,i\j¢;) we have to estimate

2
V. Bay = Bnj 1 | ;002,008 Ay
9 5. j j O P2 j i—lg3 g
[ gy Ry T e
1 i>\2'82¢2' — i)\Q'_1(92¢2'_1 6¢2 0 2-62¢2'—1 2
9 A2 j j j ) 7(0) .y 2 j 4.99
+ /0 d; 200 + C(v)d; 20() iAo 07T + — (4.22)

since (9%'(0) = (5]' (6¢2j(0) — 6¢2j_1(0)) /2 = 5j6¢2j(0)/2 = O(]72) Therefore, all the terms in
which the polynomial r appears are of the order of O(51).
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On the other hand, recall that, in view of (3.36):

3 Aoj — Agj 1 1 1 . 1

= =7 +0(7) = —F——=+0(") = +0(7t
o Cty Groms V) T s O O
1
= —+0(Gh.
e (G7)
Going back to (4.22) we obtain
2 2
2/1 Phaj  Poj1  Beoja 1 2 [1]0¢2j — 0PPoj1 1
= - + +0(G7) +—/ ’ T+ Oaj1 +O( )
Yo | 2u3 2wy, pgi 72 Jo 2 !
L [1P¢y; | By 1 o 2 2 1y]2
- + 821 o +—/ 82 ho; + Po; 1 + O3~ 4.23
2y Jo ,Uf2+j ,Uf2+3;1 ( ) 2,)/2 0 ‘ 29 27—-1 ( )‘ ( )

since |0%¢;| = O(1) and |0%¢;| = O(j71).
Rewriting (4.23) in view of the explicit form of ¢; we obtain

3
— . +
1 /! (,u2j> SIn fhg ;

— p2j | cos (u{j(l - x)) + 3 cosh (,ugj(l — x))
(,u%) sinhu;j

2y Jo

2
- +
(szq) COS fhgj 1

—p2j—1 | cos (u;}'—l(l - 37)) +

(“2+321>2 cosh iy, cosh (“2_]'—1(1 - :c)) +oGY

2
(u%) sin ,u2+j

(,u;;) sinh Hha;

— +
P21 ( + B ) Hoj_1COS o 1 ( — B ) 1
5 (sm poj_1(1—2z)) + H{j_1 cosh iy, | sinh (pg; (L —2)) | +0( )

—l—# /01 p2; | sin (,u;j(l — x)) + sinh (Mg}(l - x)) (4.24)

2

The terms in which the hyperbolic functions appear are of the order of O(572). On the other hand,
in view of Lemma 21 we know that py; and po;_; are of the order of 1 4 O(j~2). Therefore, the
quantity in (4.24) can be written as

1 ! + + 1 2
L o) o s ) 0
I . PN
T (i) s i) 07
which is of the order of O(j2) since u;“j — ,u2+j71 =hj = o). O

We can now proceed to prove Theorem 18.

Proof. We proceed in two steps.

Step 1. First, let us show that any element U € Y is such that U | )€ H3(0,1) x H%(0,1) and
such that the compatibility conditions (4.7) holds.
In view of Proposition 17, U can be written as follows:

U= Z (ajpj+ijj)7 (aj)a (bj) 662'
jeZ\{0}
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We set U = U' + U? with U! = ZjeZ\{O} ajpj and U? = EjeZ\{O} bjq; and show that U | )€
H3(0,1) x H?(0,1).

We set Url =U! |(071). Thus: Url = ZjEZ\{O} a;p; |(071).

Let us define now U} = EjeZ\{O} a;jpj |(0,1) where pj is as in the statement of Lemma 19.

Let us prove that (7,} € K, where K is as in Lemma 19 and that U} is as regular as [7} In view
of Lemma 19 we have

2 2 2
~ 2
‘UﬁKZ S oapy|| <2 Y0 el 2| Y. aiy
jeZ\{0} K jeZ\{0} K jeZ\{0} K
2
< 20 > e lm -l | +2 >, lail?
JEZ\{0} jeZ\{0}
<2 3 gl Y -l +1
jeZ\{0} jeZ\{0}
1
< C Z la; > | 1+ Z 7 <C Z | a; |>< oo.
jeZ\{0} jeZ\{0} jeZ\{0}

On the other hand,

(ki Ry ,
(0,1) </“2+jaj ’ 2\ﬁ> ¢2]—0’j

Dj
0= Y em = Y e +5,(a)
BN gy weZ\0)
_ U hi  hi \ 920
T 1-z Z aJ(gé"._’Qﬂ) 1—x + S(a)
jeZ\{0} I

where S(z) = a + bz + cz(x — 2)/2 is the polynomial with coefficients

—_y! (R by :
a=-U(0)+ Z a; (:U';_j‘]g'j72\}f7> $2j—a;(0)

jeZ\{0}

h; h;

U o) — Z aj ( +_J ’ﬁ) P2j-0;
_ jeZgoy  \'2-oi
N 1—2
=1
aih;

UM (0,1) — Z \J/ﬁ_y]@jfa]—

=9 jeZ\{0} 0
11—z ’
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It is easy to see that none of these three coefficients is singular. On the other hand, since
aj € 623 h] = O(]il) and :U‘;_jfg-]— = O(])a

hj  hy
jEZ\oy N

and therefore, when restricted to the interval (0,1), belongs to H3(0,1) x H2(0,1) too. This implies
that U'/(1 — ) ‘(071) € H3(0,1) x H?(0,1) and therefore U* ‘(071) € H3(0,1) x H%(0,1) too.

The fact that the compatibility conditions (4.7) holds follows easily from the regularity we have
proved for U ‘(071) and its Fourier series representation.

Step 2. Consider now an element U € H such that U ‘(0,1) € H3(0,1) x H%(0,1) and satisfying

oU(0*) = > (ardpi(0) + bpdg(0)), 9*u’(1) = 0.
jeZ\{0}
Since U € H we have U = EjeZ\{O} cjggj for some coefficients ¢; € ¢2. Clearly, U can also be
written as follows

U= > <ajpj + %%)  (ag), (b)) € £,
jeZ\{0} ’
It is sufficient to show that (b;/0;) € ¢
We set U = ZjeZ\{O} a;p;. As we have seen in Step 1, since a; € ?? we deduce immediately
that U* ‘(0,1) € H3(0,1) x H?(0,1) and that U' also satisfies the compatibility conditions (4.7).
Therefore since both U and U' verify the same properties, it follows that U? = U — U! is also

such that, when restricted to (0,1), belongs to H3(0,1) x H?(0,1) and such that (4.7) holds. Let
us denote by U2 the even extension of U? ‘(071) to the whole interval (—1,1). We set

U? = IR TR () (4.25)
yeZ\{O}

where r is the polynomial of (4.20). It is easy to see that the serie in (4.25) converges. On the
other hand, by construction and in view of the characterization of H, , given in Proposition 4 we

deduce that (77? € Hy /5. Moreover,

Ula) = Y, 0% o)+ Y 5J 0q;(0)r( ) > 0Dy sigma, (7).
jeZ\o} jeZ\o} yeZ\{O}
In view of Lemma 23 we know that, for N large enough,
2
(5]"52]'_@ + (;2j—o'j < 1. (4.26)
liI>N VA2j-0; 1/2

We are in the conditions to apply the following result by Paley-Wiener on the stability of Riesz
basis on Hilbert spaces (see [Y]):

THEOREM 25. (Paley-Wiener) Let {e;} be an orthonormal basis in a Hilbert space H. Let {f;} be
a sequence of elements of H such that

> e —fili<1.
i

Then, {f;} forms a Riesz basis of H.
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$2j-0;
)\Zj—o'j

Taking into account that { ( ) U (i’—ij) } forms an orthonormal basis of H; /; and in view of

~ Ba; . .
U (—5‘7‘@2]'70-]-)‘]"2]\[ U ()‘_z;)jeZ\{O}} forms a Riesz basis

(4.26) we deduce that { (@]:_Uj)

Of H1/2.
On the other hand,

D bi®yg; = U7 = 3 b®sj0; € Hupp

li|>N lil<nv
since both [7,? and Z bj(igj_(,—j belong to Hy .
lil<N
This implies that
12
> |5 <
gI>nN
which is equivalent to (b;/d;) € ¢2. O

5. COMMENTS.

The space Y is not the only asymmetric space in which system (1.1)-(1.2) is well-posed. In fact,
we can construct in terms of Fourier series, in a similar way as we did for Y, the following Hilbert
spaces depending on the parameter «:

Yo=SU= > ad |l UIf,<o0 (5.27)
ke Z\{0}

where

U2 — | ask—o, |? | ask — agp—o, *
I “Ya_ Z 52a + Z s20+2 :
ke Z\{0} k ke Z\{0} k

It is easy to reproduce the proof of Proposition 16 to obtain that system (1.1)-(1.2) is well-posed
in the spaces Y, too.

These spaces may be characterized in classical terms as well. For instance, using the characteri-
zation of H, for « = —3/2,—1,—1/2,0 given in Proposition 4 and following the proof of Theorem
18 one is able to conclude after some calculations that

Yo = {((UO’yO’ZO),(ul,yl’zl)) € H X H—3/2 : (u0|(0,1)7u1|(0,1)) € Hl(oa ]-) X LZ(Oal)a
u’(1) =0, u°(07) = y}.

The same result can be deduced in an easier way by means of a change of variables. Consider
the solution of system (1.1)-(1.2) with initial condition 1(0) = u° and u;(0) = u' satisfying U’ =
(u,u') € Y. Then v = uy is also solution of (1.1)-(1.2) with initial conditions v(0) = —K ‘u®
and v;(0) = —K tul.

As system (1.1)-(1.2) is well-posed in Y the solution (u(t),u;(t)) € Y for any ¢ > 0. Then,
(v,v1) = (=K 'u(t),—K'u(t)) € K~'Y for any t > 0. In other words, system (1.1)-(1.2) is
well-posed in K1Y

Thanks to the characterization of the space Y and following the arguments given in the proof
of Proposition 4 to characterize the spaces H_; and H_3/,, it is not difficult to conclude that
K'Y =Y_,.

The same arguments can be used to identify the asymmetric spaces Y, for other values of « as
well.
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