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Particle simulation of diffusion with non uniform viscosity
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A lot of turbulence models are based on the turbulent viscosity concept. This results in the
introduction of a non uniform diffusion process in the Navier Stokes equations. The aim of this
work is to investigate the capability of some existing particle modelling to solve this kind of problem.
Three different methods have been selected, the Strength Exchange Method, the Random Vortex
Method and the Diffusion Velocity Method. All three methods have been tested on the problem
of the turbulent transport of a passive scalar in a jet.

1 Introduction

The extension of particle methods to viscous flows in the last ten years has resulted in the emer-
gence of many different diffusion simulation algorithms. The next step for particle methods is the
extension to turbulent modelling. Although there is a possibility to derived new models taking
advantages of the Lagrangian formulation, it seems that it will be eventually necessary to solve a
more complex vorticity transport equation, including a non uniform diffusion process. The exten-
sion and validation of the existing diffusion methods to this kind of problem is the objective of the
present work. Only grid free methods and 2D diffusion for a passive scalar have been considered.
Although the actual vorticity transport equation contains additional terms according to the differ-

ent modelization strategies 10112 we will restrict the study to the following convection-diffusion
equation :

oc

oY (Uc) =V - (vVc) (1)

2 Numerical Models

2.1 The Particle approximation

There is an impressive variety of the published methods. However it is possible to roughly classify
them into three classes : the Random Vortex Model 32 the Strength Exchange Method 24569
and the Diffusion Velocity Method >711:12. Accordingly, three different methods have been tested.
A short description of these methods is given hereafter.

Let ¢°(X) be the particle approximation of ¢°(X) = ¢(X,0) :

NP
2(X) =) CPe(X - X;) ~ (X) (2)
i=1
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where NN, is the total number of particles, CY are the initial weights, X, the locations of the
particles, and & a smooth function. An approximate solution ¢ (X, t) of Eq(1) is :

N,
1) = 3 e~ X0) ®
i=
where C; and X, are solutions of the following differential equations :
B (X)) + UK ) 0
o = R(X,,C) @

The choice of U, and F; characterises the method.

2.2 Random Walk Model

The RVM is based on the use of the Brownian motion to simulate the effect of diffusion. The
convection diffusion equation has to be rewritten in order to obtain a suitable form for the diffusion
operator :

% +V - (Uc) =vV%ec+ Vv Ve
% +V - [(U-Vv)d =vVi (6)

The resulting method is a constant weight particle model in which the particle pathes are governed
by the following Langevin equation

t-+0t
Xt+o)= [ U+U)dr+n(X)
t

U, = -Yu (7)

v

Ci(t+ ot) = Ci(t)
where 7; is a Gaussian random walk with variance : 4v(X;)dt.

The viscosity gradient has been computed according to :

96 (X - X;)

Uy(X) = v~ = S r(X) =S

J
2.3 Strength Exchange Model

This method consists in solving at every time step the diffusion equation :

Oc
ot =vV-(V(c))
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with a set of Dirac as an initial condition. Due to the linearity of this equation, the solution can
be constructed as a sum of elementary solutions for the following problem :

i —vA(c)
o(X,0) = §(1X])
the solution ¢ of which is :
X2
o(X,t) = o exp T (5)

Using the particles yields the approximation :

L IX X P
Gt +00) = Cilt) + 3G, 0) - GO o e 20 (9)
In order to apply the SEM, Eq (1) has to be modified in :
oc
5 tY U+ Y)d =V (V(ve))
leading to the discrete solution :
XX P
Ci(t +0t0) = Ci(t) + %:(V(Xj, t)C;(t) — v(X,, t)C’Z-(t))47r6t exp 2mot (10)
X;(t+dt) = X;(t)+ U+ Vvt (11)

This is not the only way to discretise the convection diffusion equation and a wider class of model
have been extensively studied in ?. The main interest of this scheme is that it is based on the
Green function of the diffusion operator. Thus it has been built according to a direct analysis of
a diffusion process rather than according to a discretisation scheme. The major drawback is the
accuracy of the method which is limited to second order.

2.4 Diffusion Velocity Model

The DVM yields a constant weight model in which the Fick law associated with the diffusion
process has been used to express the equation in a divergence form :

O + V- [Uc+J(X,t)] =0 Conservation
ot (1)

J(X,t) = —vVec Fick’s law

denoting :
Hu (Xa t)C(X, t) = J(Kv t) = _V(K) ’ ZC(K, t)

This equation can be written in the form of a simple convection equation :

ESAIM: Proc., VoL. 7, 1999, 197 -204



S. Huberson, O. Le Maitre, E. Rivoalen 198

v (U, X)) =0
where : Ve(X.1)
c
X = —p(X) =—/=2"/ 1
U,(X,1) = —(X) -~ e (13)
From which a particle approximation is readily obtained :
dX;
; = A(X;(t)) + U(Xy)
np
> CiVEX - X;)
U,(X) = —v(X) - 5 (14)
> CiEX-X;)
j=1

3 External boundary conditions

3.1 Definition of the problem

One of the advantages of the particle method is a natural account for external boundary conditions
in the integral formulation used. However, the method is still confronted to the difficulty of
discretizing an infinite domain with a finite number of particles. Several methods have been
proposed to overcome this problem including an extension of the usual re-gridding procedures.
Re-gridding technique has been found unavoidable in order to warranty a minimum accuracy in
the case of highly sheared flows 8. In the present work, it has not been used for two main reasons :

1. The aim of this work is to compare different discretisation schemes in the same conditions.
The result would have been very difficult to analyse if a re-gridding technique was used since
the location of the particles can be very different for the three methods. It is clear that this
choice has resulted in a non-optimal form of the methods so that we do not claim that the
conclusion of this work are definitive in any way.

2. The particle methods are now currently used to analyse the flow around propellers and wings
and almost all these applications do not include any re-gridding procedure.

As a result, we expect our results to be of some interest for people using particle methods for
complex flows simulation although some of the conclusions could be possibly wrong for those who
are concentrating on the theoretical accuracy of the method.

Regarding the external boundary condition problem, the three methods are somewhat different
since the domain covered by the RVM and DVM increased with time whereas the domain covered
by the SEM particle is theoretically assume to be infinite. This condition is actually never satisfied
and some practical correction procedures are proposed hereafter. Three different methods have
been investigated :

1. Increase the Particles number
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2. Evaluate explicitly the out-flux
3. Modify the particles volume

Increasing the particle number is straightforward and only the last two method will be described
hereafter.

3.2 Explicit Evaluation of the out-flux

For simplicity, only the constant viscosity case is considered. The particles contribution to Eq (10)
can be split into two parts :
1 (X, — X,)?
> Gt Pl exp ————— — &,
3/2
it T 8(mvdt)3/ 4vét

Ci(t+ 0t) — Cy(t) =

where

b= /// ///R5 {P;} 8 Wyét))?’/Q P (X4 575) dx dx

An exact evaluation of ®; is not possible since the shape of the particle is not known. However,
the integral can be easily computed for the approximation of spherical particles with radius :

_ (3D /3
SGED

leading to :

2 2 (X_X/)Q ,
26_/ /// // 87w5t3/2 exp 4vét drdr

Approximating again ¢ |p,~ C, yield :

€ 2

(bz'e:_ ]
, Ci TV&GXP( P!

+e&(v%?ﬂ

It is of some interest to point out that the flux ®; is a product of C; by a constant. If the first
part of Eq(11) is neglected, the solution is a time exponential. Since the particles do not actually
cover the infinite domain which is accounted for in this expression, the method can be expected
to be dissipative. This has been actually observed in the computations.
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3.3 Modify the particles volume

For some Green Function G(x,x’,t) one has :

// Glx,,x, )dx' = 1

A discrete form of which is :

Z g(XO?Xivt) | Pi |: 1

i=1,1
where | P; | is the volume of the ith particle. Let | P; | (t + ot) =| Pi(t) | ni(t,0t) where n; is a
correction factor. At each time step, the set of factors 7; can be adjusted in order to enforce the
previous condition. The corresponding set of linear equation can not be solved directly since it
has a full matrix and the following iterative procedure has been used :

g(Xz’)Xjat) | Pl(t + 6t) ‘ 772‘(75»575)" =1- Z g(Xi)Xjat) | Pj(t + 6t) | ni(taét)nil
j=1,1,i#j

It was found from numerical experiment that this method limits the error to the region close to
the external boundary.

4 Numerical tests and discussion

4.1 Diffusion in a turbulent jet

The diffusion of a passive scalar in a turbulent jet is used as a test case for the three methods de-
scribed above. This case has been selected because it involves transport by advection and diffusion
by molecular and turbulent processes. To fairly compare the methods, the mixing length theory
has been used to represent the effect of turbulence on the diffusion through a space-varying eddy-
viscosity coefficient. This approach provides differential relations for the jet quantities which can
be numerically solved to determine velocity fields and eddy-viscosity fields. Here, two dimensional
jets have been considered.

This computational case presents many of the difficulties that arise in particle methods :

e the shear rate in the jet is large so that distribution of particles in the jet is highly affected
along time,

e external boundaries,

e the eddy-viscosity distribution has large variations in space.

Mean velocity fields and eddy-viscosity distribution are plotted in Figure (1).

The initial conditions are given by an exponential distribution for ¢y, centred on point (1.5,0).
This distribution is plotted in Figure (2) together with the solution at time t = 0.5 for a pure
advection.
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EDDY VISCOSITY

Figure 1: Vertical component of the mean velocity field and eddy-viscosity in the jet. Algebraic
model based on the mixing length theory.
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Figure 2: Initial concentration field for the passive scalar ¢y located in the jet core (left) and
solution without any diffusion at time 0.5 (right).
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Figure 3: RVM : solution at time 0.5, with At = 0.01, 6 = 0.01, and using 2935 (left) or 9703
(right) particles .

4.2 RVM results.

The first results of diffusion with eddy-viscosity are presented for the RVM algorithm. Solutions
are compared at time 0.5 for two initial discretizations of the scalar field : one using 2935 particles,
ant the second 9703 particles. The time step is At = 0.01 and 6 = 0.05 in both cases. The results
are plotted in Figure (3). It can be observed that the number of particles needed to obtain a smooth
solution is large : for 2935 particles the solution is quite noisy. This is one of the drawback of the
methods. It should be underlined that in your computations, the eddy viscosity is independent of
the scalar field (Vv is known) and the displacement of every particle is independent of the other
leading to a low computational cost. Although, for turbulence modelling, the local value of the
viscosity will depend on the solution and its evaluation will involve the full set of particles with
large computational efforts as consequences. Moreover, for large times, the density of particles
decreases at the external boundary of the perturbation with bad approximations as consequence.

4.3 SEM results.

Next the same test problem is solved using the SEM as presented above. It has been found that the
SEM requires less particles than the RVM to compute smooth solutions. This is the advantage of
a deterministic method on stochastic approach. Since the diffusion is model by weight exchanges
between particles and because diffusion tends to enlarged the support of ¢, one has to extend
the initial discretisation of the scalar field to allow for exchanges outside its initial support. To
illustrate this difficulty and the error introduced by restricting diffusion to a bounded discretized
domain, we have plotted in Figure (4) the solutions at t = 0.5 for two discretisations : first, the
initial distribution of particles only covers the support of ¢y, and second, the initial distribution
is enlarge of one diameter around the initial perturbation. The results clearly demonstrate the
effects of limiting the domain covered by the particles : the solution becomes nearly uniform in
the discretized domain with sharp variations at the boundaries.
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Figure 4: SEM : (left) solution at time 0.5 for At = 0.01 and § = 0.01. Left : using 1328 particles
and an initial discretisation that only covers the support of ¢y. Right : the initial discretisation is
extended by one diameter and 2935 particles are used.

Figure 5: DVM : solution at time 0.5, using 1328 particles. At = 0.01 and § = 0.01. The initial
discretisation only covers the initial support of ¢y. (Left) 1328 and (right) 2935 particles.

4.4 DVM results.

Finally, the DVM is tested on the previous problem. To compare the results with the SEM ones,
the same numbers of particles have been used to discretize the initial field : 1328 and 2935 particles.
In both case, the initial distribution of particles only covers the ¢y support, since the DVM is a
constant weight algorithm. The results are plotted in Figure (5). It can be noticed that the two
solutions are very similar : DVM can provide accurate results for a moderate number of particle
and can naturally treat external boundary conditions at least for the simulated time presented
here. For larger times, the density of particles near the boundary decreases and the approximation
deteriorates.
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5 Conclusion

As a conclusion, it can be pointed out that all the methods are able to provide good results. The non
uniformity of the diffusion coefficient does not affect too much the characteristics of the methods
which are basically similar to the uniform case. The RVM requires a larger number of particles.
This was not really a problem in our case since there was no interaction between the particles.
The SEM is very sensitive to the external boundary conditions. As it has been mentioned, no re-
gridding was used although some improvement can be expected from these techniques. The DVM
seems to exhibit some advantages for this problem, but the effect of the space inhomogeneity on the
interaction still have to be examined. It is clear that the computation of the diffusion coefficient
and velocity fields from the information carried by the particles will lead to new problems. The
particles number effect on the computing time as well as the possible loss of accuracy due to the
increasing distance between particles for the RVM and DVM will have to be carefully examined
before any significative conclusions could be drawn.
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