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Exponential decay rates for a full von Karman
thermoelastic system with nonlinear thermal
coupling.

Assia Benabdallah* Irena Lasieckal

Abstract

The full von Karman system accounting for in plane acceleration and non-
linear thermal effects is considered. The results obtained in this paper: (i)
wellposedness of regular and weak (finite energy) solutions, (ii) uniform de-
cay rates of energy function, extend those obtained earlier in [7] for a more
restrictive model which does not account for the nonlinear thermal coupling.

1 Introduction

We consider a model describing nonlinear oscillations of a plate subjected to thermal
effects and accounting for in plane accelerations. The resulting model consists of an
elastodynamic system coupled nonlinearly with the Kirchoff plate equation and two
heat equations. As such, it is referred to as full von Karman thermoelastic system.

The linear models of thermoelasticity were considered in [31, 32, 33, 30]. The
nonlinear full von Karman system of thermoelasticity has been considered in [6] and
[7]. However, these models accounted for linear thermal coupling. A more accuarate
model involves a nonlinear thermal coupling, in addition to the full nonlinear me-
chanical coupling. The main aim of this paper is to provide stability analysis for
this more general model with nonlinear thermal coupling. Precise derivation and
physical justification of the model is given in [6]. We begin with the PDE equations
describing the model.

The variables w and u = (uy, ug) represent, respectively, the vertical and in plane
displacement of a thin plate occupying a two dimensional domain €2 with sufficiently
smooth boundary I". The variables # and ¢ describe the temperature affecting
vertical displacement and horizontal displacements respectively. We shall decompose
the vector u € [H'(Q)]? into rotational and solenoidal part u = Vp + curlg, where

= —Al_)l(divu) with Ap denoting the negative Laplace’a operator subject to zero
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Dirichlet boundary conditions. With the above notation, the governing equations
to be considered are given by:
uy + b curlgy — div[Cle(u) + f(Vw)]] + Vo =01in Q x (0, 00)
[I — ’yA]wtt =+ DA2w
—div[Cle(u) + f(Vw)|Vw + ¢Vw] + A =0 in Q x (0,00) (1)
with the Dirichlet boundary conditions ©« = w = Vw = 0 on I' x (0,00). The
temperature is governed by the following system of equations
¢y = A¢ — divug + VwVwy; in Q x (0, 00)

0y = A0 + Aw; in Q x (0,00) (2)

with the Dirichlet zero boundary conditions § = ¢ =0 on I' x (0, 00).

With ( 1) and ( 2) we associate the initial conditions

u(0) = ug, ut(0) = uy, w(0) = wp, w(0) = wr;
0(0) = 60, $(0) = ¢ in Q (3)
D represents the flexural rigidity, the constant 0 < p < 1/2 is Poisson’s modulus
and the constant « > 0 is proportional to the thickness of the plate.
The fourth order tensor C is defined by

E
Cle) = [ trace € T+ (1 — 2p)€
(1 =2p)(1 + p)
with the strain tensor given by €(u) = 1/2(Vu+ VT u). It can be easily verified that
the tensor C is symmetric and strictly positive. The function f is given by

f(s)=(1/2)s x s; s € R?

The main results related to the wellposedness/regularity properties of the solu-
tions are formulated below.

Theorem 1.1 Assume that v > 0.

e (1) Weak solutions. There ezists a unique, global solution of finite energy.
This is to say that for any initial data

uo, u1, 0o, ¢o € [Hy()]* x [L2(2)]? x [L2(2)]%; wo, w1 € HF () x Hy(Q),
there exists a unique solution (of the corresponding variational form (12))

(u,w,6,$) € C0,T;[H (Q)]? x H*(Q) x [L2(Q)]?);

(u, wi) € C(0,T; [La(Q)]* x H'())
where T > 0 s arbitrary.
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e (2) Regular solutions. For any initial data subject to the regularity in part
(1) and in addition

o, ur € [H2(Q)]? x [HY(Q)]2; wo,wi € H3(Q) x HA(Q)

0o, o € Hy(2) N H*(Q)
there exists a unique, global solution

(u,w,0,¢) € C(0,T; [H*(Q)]* x H(Q) x [H*(Q));

(ut, we, ¢r, 0¢) € C(0,T; [H' ()] x H(Q) x [L2()]*)

where T' > 0 is arbitrary.

Moreover, reqular solutions depend continuously on the initial data in the topol-
ogy of regular solutions (as above).

Assume that v =0 .

e (3) For any initial data
uo, ur, b0, do € [Hy ()7 x [La(Q)]* x [L2(Q)]%; wo, wr € HG(2) x L2(9),
there exists a unique finite energy solution

(u,w,0,0) € C0,T5 [H' ()7 x H*(Q) x [La(Q)]);

(ug, wy) € C(0,T; [La(Q)] x La(R))
with the additional reqularity
(w, wy) € Ly(0,T; H3(Q) x HY()).

where T > 0 1s arbitrary. The solutions depend continuously on the initial
data in the energy norm.

Remark 1.2 The main dificulty in proving the wellposedness (particularly the unique-
ness of finite energy solutions, which is critical for our stability results) is related
to the fact that the nonlinear terms in the equation are not bounded on the “en-
ergy” space (this is due to the lack of appropriate Sobolev’s embeddings in the two-
dimensional case). This precludes applicability of standard methods in nonlinear
analysis.
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The main aim of this paper is to establish exponential decay rates for the energy
associated with weak solutions.

Uniform decay rates for reqular solutions to full von Karman system, without the
thermal components, were recently proved for the models with additional mechanical
dissipation added on the boundary [31, 32, 33, 40, 26]. On the other hand, it became
known recently that the thermal dissipation alone causes the uniform decay of energy
in thermoelastic plates regardless the presence of inertial terms (ie v > 0 or v = 0)
[3, 4, 5] . [Exponential decay rates for the energy of linear thermoelastic plates
with v = 0 (analytic case) have been known for some time [see [24, 41, 42, 37,
39]]. Similar results have been extended to several scalar nonlinear plate equations
accounting for thermal components [2, 11]. The one-dimensional full von Karman
system accounting for in plane accelerations, with v > 0, has been treated recently
in [9]. Exponential decay rates for the two-dimensional von Karman system with
linear thermal coupling were obtained in [7].

The main goal of this paper is to prove the exponential decay rates for all values
of the parameter v > 0 and for all weak solutions to the two-dimensional full von
Karman system with nonlinear thermal coupling.

It should be pointed out that the presence of the nonlinear thermal coupling
complicates the analysis in a rather substantial manner. In addition to unbounded,
with respect to the energy function, nonlinear terms appearing in the mechanical
equations we have unbounded nonlinear contribution entering the thermal equation.
This causes some major difficulties and the resulting analysis is more subtle.

To state our main result, we define the energy functional associated with the plate
model ( 1) and given by

E,(t) = Bry(t) + Ep(t) (4)
with the kinetic energy
B () = /Q g2 + w2 + | Vw22 (5)
and the potential energy:
E,(t) = /Q (CN (uw) - N, w)] + D|Aw]? + (6] + |6[2d0) (6)

where the stress resultants N (u,w) is given by

N(u,w) = e(u) + f(Vw)

It is well known that E,(t) is topologically equivalent to H?(Q) x [H'(Q)]? x
Ly(2)]? topology. In particular, the following inequalities resulting from Korn’s
inequality and Sobolev’s imbeddings will be used frequently:

i) < ClIN(u,w)|py0) + [VwlZ, )
< CIN(u,0)|1,0) + w2 g)] (7)
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Moreover, the following obvious estimates will be used without further mention

Clulgiy; [VpelLy@) + leurl gty @)
Clut| 1,0 (8)

Vol + leurl qlgq) <
<

Our main result is:

Theorem 1.3 Let u,w,0,¢ be a weak solution to the original system given by (1),
(2). Then, the following estimate holds

E,(1) < C(B,0)c ;20 (9)

where the constant w > 0 may depend on E(0), and v > 0.
When v = 0 we also obtain:

Eo(t) < C(Ep(0))e ™t >0 (10)

The proof of Theorem 1.3 is based on application of multipliers method introduced
in [3, 1] (where uniform decay were proved for two-dimensional linear thermoelastic
plates) and in [9] (where one-dimensional thermoelastic von Karman model was
studied ).

Remark 1.4 1. In the case of linear thermal coupling, an analogous estimate
was obtained in [7]. There is, however, one major difference. The estimates
given in [7] are independent on the value of the parameter v > 0. Instead, in
our case, the arguments are different for the cases v > 0 and v = 0 and it
does not seem possible to obtain the uniformity of the decay rates with respect
to this parameter. In fact, the analyticity of the model for v = 0 appears an
essential tool in proving the decay rates. This is not the case for the model
with the linear thermal coupling.

2. We note that in order to guarantee the decay rates for the energy function, the
presence of the damping term curlq, in the first equation in (1) is necessary.
Indeed, this follows from the fact that thermal dissipation in 2-dimensional
linear system of elasticity will provide, in general, only strong stability and
not the exponential stability- see[35, 22]. For this reason it is mecessary to
introduce ”dissipation 7 acting at least on the solenoidal part of the horizontal
displacement (see [8]). It will be apparent from the proofs carried in the paper,
that the results of both Theorem hold without any change if we replace the
damping term curl u; by a stronger viscous damping u;. In fact, adding viscous
damping simplifies some of the arguments considerably.

3. A natural question to ask is whether similar results will hold with the dissi-
pation imposed on u on the boundary rather than in the interior. It is well
known that such feedback would provide uniform decay rates for the thermoe-
lastic elastodynamic system- which constitutes one component of the von Kar-
man system. Also, the plate component of von Karman system is exponentially
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stable without any dissipation added [3, 1, 24]. However, the strong nonlin-
ear mechanical coupling between these two components makes the analysis of
boundary stabilization very difficult. For the case v = 0 uniform decay rates
with nonlinear boundary feedback were recently established in [27]. However,
the case v > 0 is different and at the present it seems unlikely that such result
can be proved for v > 0 and for the case of boundary dissipation imposed on u
only.

The remainder of this paper is devoted to the proofs of Theorems 1.1 and 1.3.
Here we note that some of the arguments needed for the proofs of the main results
are similar to these presented in [7]. In particular, the proofs of the existence of
weak solutions and the regularity of solutions in the case v > 0 rely on almost
identical arguments as these provided in [7]. However, the presence of nonlinear
thermal coupling complicates substantially the arguments needed to establish: (i)
the uniqueness of weak solutions, (ii) regularity of solutions when v = 0, and (iii)
exponential decay rates. For this reasons, we shall concentrate only on points which
are new with respect to [7] and we shall refer to [7] whenever possible.

2 Proof of Theorem 1

2.1 Preliminaries
In what follows we shall use the following notation.

ula,0 = |ulpe(), [ular = |ulger); (wv)a = (w,v)r,0) (u,0)r = (W, v) L)

By the same symbol we shall also denote norms/ inner products of two copies of
Lo or H* spaces. This should not create any confusion, since the meaning will be
clear from the context. The constant C' is a generic constant, different in various
occurences.

We shall begin by writing system ( 1) in a variational form. To this end let be
given two test functions £ € H'(Q) x H(Q) and ¢ € H?(2) N H}(L2). The von
Karman system admits the following variational form:

(uee, &) + (b curlg, §)a + (Cle(w) + f(Vw)], e(€))a

—(Ce(u)v,E)r + (Ve,&)a =0
(Wi, V) + v(Vwy, V)o + D(Aw, A)q
+(Cle(u) + f(Vw)], Vi x Vw)q

OV, Voo — Dibw, -4 = (V6,94)s (1)

Note that we have used the boundary conditions satisfied on I.

Later we shall be using variational equality (11) with various choices of test func-
tions £ and . Taking test functions which comply with all boundary conditions
imposed by the problem, ie: ¢ € [HE(Q)]? and ¢ € HZ(Q), n,6 € HL(Q) leads to
the following classical variational formulation of the original system (1), (2).
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(uet; §)a + (b curlgs, §)a + (Cle(u) + f(Vw)], €(§))a + (Vo,§)a =0
(Wi, V) + v(Vwy, V)o + D(Aw, AY)q
+(Cle(u) + f(Vw)], Vi x Vw)q + (¢Vw, Vih)q = (VO,Vi)q
(e, ma + (Vo,Vn)a — (ur, Vin)a — (VwVw, n)g =0
(01, 8)0 + (V0,V8)g + (Vwr, VO)a =0 (12)

In order to prove the existence of weak solutions we apply a standard nonlinear
Galerkin method. By projecting variational form (12) on a family of finite dimen-
sional subspaces we construct semidiscrete approximations of the original system.
The appropriate a-priori bounds and passage through the limit with the parameter
of the approximation allow to conclude that the semidiscrete approximations con-
verge to a limit which satisfies the variational form given in (12). Since the details
of this argument are identical to these provided in [7], they are omitted. Similarily,
the analysis of regular solutions (part 2 of Theorem 1.1), based on the analysis of
regularity properties of the semidiscrete solutions (uniformly in the parameter of
discretization) is the same as that presented in [7], and it will be omitted. The
points which definitely require new analysis and where the presence of nonlinear
thermal coupling is critical are: uniqueness of weak solutions, the wellposedness for
the case v = 0, and stability analysis. These issues will be elaborated below.

2.2 Uniqueness of weak solutions - part 1 in Theorem 1

Here we adapt the method proposed in [43] where Marguerre-Vlasov equations were
considered. The same method was used in [26] where wellposedness of full von
Karman system without the thermal effects and with nonlinear boundary dissipation
is established and in [7] where thermoelastic system with linear thermal coupling was
considered. The presence of nonlinear thermal coupling introduces new technical
difficulties which require substantail modifications of the arguments. These are
provided below.

To begin with, we introduce the operators providing semigroup representation of
the thermoelastic system. To this end, let Ay be the generator corresponding to
the system of elasticity, and A be the generator corresponding to the biharmonic
operator. This is to say:

Apu = —divCe(u); D(Ag) = [H*(Q)]* N [H&(Q)]2

Aw = A%w; D(A) = HZ(Q) N HY(Q)

Let 4 = w1 — uo,w = wy — wo, g?) = ¢1 — gbg;é = 01 — 0, where u1, w1, ¢1,61
and wug, ws, ¢2,02 be two potential solutions of finite energy (ie weak solutions) of
(1), (2). Using the definitions of operators Ay, A given above and denoting M =
I +~Ap we rewrite the original PDE as an abstract second order system defined on

[D(Ao)]" x [D(A)]" (see [14], [17], [29] ).
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iy + VDl + Ao+ Vo = f1 (b, w;)
Moy + A — Apl = fo(i, 0, uz, w;)
¢1 + Apd + diviiy = f3(, by, wi, wiy)

0, + Ap + Api; =0 (13)
where, we recall, D € L([L2(Q)]?) is given by Du = u + VAp'divu, Ap : Ly(Q) —
Ly(Q), Ap = —A; D(Ap) = H%(Q) N HY(2). The forcing terms f; are defined as
follows:

Jr(w,wi) = divC[f (Vwy) = f(Vws)]
fz(ﬂ, W, U, wl) = div[CN(ul, wl)le — CN(UQ, 'U)Q)V'U)Q] + dw[gZ;le + gf)QVQD]

f3(@, Wy, wi, wir) = VoVwiy + Vwe Vidy,

(14)
Denoting:
0 I 0
Al = —AQ —bD -V (15)
0 —div —Ap
A1 . H1 — H1 with
Hy = [D(Ag)? x [La(Q))* ~ [Hy ()] x [Lao(Q)]
D(Ay) = {(u1,u2,¢) € [D(Ao)]* x [D(Ag"*)]* x D(Ap)}
0 I 0
Ag=| -M'A 0 M 1'Ap (16)
0 —Ap —Ap
AQ . H2 — HQ with
Hy = D(AY?) x D(Ap)'/? x Ly(Q) ~ HZ(Q) x HA () x Ly()
D(Ay) = {(wl,wg,e) € D(AY?) x D(AY?) x D(Ap);
Aw € [D(ApY?)] ~ H*l(Q)}
we rewrite (13) as:
g [ A a(t) 0
o | O | =A| a) | + Jr(w, w;) (17)
B(t) o(t) J3(0, ¢, wi, wig)

20 ESAIM: Proc., VoL. 8, 2000, 13-38



d w(t) w(t) 0
| w@) | =As | @() |+ | Mo, i, w) (18)
0(t) o(t) 0

It is well known that the operators Aj, (resp. Asg) are generators of contrac-
tion semigroup on the spaces [D(Ag"/?)]? x [Lo(Q)]* and, respectively D(A'/?) x
D(Ap'/?) x Ly()) . By standard semigroup argument we also know that these
operators generate strongly continous semigroups on the dual spaces [D(A})] and
[D(A3)], respectively, where the duality is, as usual, with respect to Hy, Hy topol-
ogy. We apply standard energy estimates applied to (17), (18) with respect to the
dual norms. This is to say, we apply the operator Afl [resp. A, 11 to both sides
of equation (17) [resp. (18) ], we multiply these equations by Ayt (a(t), @t (t), ¢(t))
[resp. Ay L(w(t), w4 (t),H(t))] and we integrate by parts.

This procedure produces the following negative norm estimates:

~ t _ ~
). 0. Doy + | 145" v+ 5)F s <

t
C/o 10, f1, f3)|fpagy ds

B t
(@), @ (1), B8 [ipagy < C /0 10, M 2, 0)| pasy | (B 1, B)] ot s

On the other hand , by direct computations of [A}]~1, we obtain:

(w1, w2, 9)[fpagyy = Ay VAR (divuy + 6) — up — DR o + [urf3
+ AR (divur + )5 0
~ o+ Ao Pusli o + AR R0 (19)

|(w17 W2, 9) |[2D(A§)}’ =

A2 [Mws + Apwn + 8] o + [M2un g + wr + 45013
~ (M P o AT MR o + 1450 (20)

Thus, in particular (after noting that Ap'div € £L([L2(€)] — L2(2)) and
A0, M fo, 0] = —[A71 £2,0,00" (21)

t
~ —1/2 ~ _ 7 —1/2 7
() Ro + 145 a0 + |G 602 o + / AR5 ds

t
- CT/O 45" falfo + 14D falf ads
(@, 01, 0) [Fpagyy < Clo() g + @50 + 145010

< C/Ot (A2 4y, AV2[ATY (W, 40y, 0)]1)alds (22)
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where [-]idenotes the first coordinate of the vector in Ho.
Inequalities in (22) form a basis for the subsequent analysis.

Let ¢ € [L2(Q)]?. By applying boundary conditions and divergence Theorem we
compute:

(A2 11, $)oer = —(CLF(Van) — F(Vwa)], e(Ag 200 (23)

Hence,

(A filoq < CI(F(Vwr) = F(Vwa)lo (24)

Let P, be the orthogonal projection on the subspace spanned by n eigenvectors of A
and let @, = I — P,,. The following "logarithmic” estimate resulting from Sobolev’s
embeddings and Holder’s inequality is known ( eg:[43]):

[(Paf)glo.e < Cllg(L + \)]Y2| flo.elglie
((Pof)lreio) < Cle@ + X)]Y2 e (25)

where A, is an eigenvalue of A and the constant C' is independent on n. Applying
(25) and abusing slightly notation by using the projection operator applied to a
vector function (meaning the projection is applied to each component) and evoking
the following Sobolev’s embedding:

HYQ) C L (Q)ie>0

1—e

we obtain:

|(f(Vwr) = f(Vwa)loo < CIVW x V(wy +w2)o,0
< O[|(P, VW) x V(wi 4 wa)lo,q + [(@n V) X V(wy + w2)|o0] <
Cllg(1+ X))V 2l oflwi 2.0 + [wal20]+
C|Qn Ve nflwi|2,0 + [wal2,0] (26)

On the other hand, by using the identification of fractional powers of eliptic op-
erators [19], Sobolev’s embeddings and Holder’s inequalities we obtain:

QuVibla < CLAY*Q,Vidloa < CLAYHTRIQu| 1, 0) | Vil 0
< CNM PN T gy 0 < CNM AP0 (27)

where [y < 1/2.
Combining ( 26), ( 27) gives:

Ay filog < CI(F(Vwr) — F(Vws)log
< Clllg(1 + A)]Y2[@]1.0 + A~ ®][Jwilo,0 + [wal2.0]
< C(EO)g(1 + M) ?|@]1.0 + C(EO)A\, P (28)
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where 5 < 1/8 and E(0) denotes the initial energy of weak solutions. The estimate
for fo is carried out next. Recalling (21) with ¢ € Lo(€2) we have:

(A2 f )00 = (CN(ur,wi)Vwy — CN (ug, we)Vwe, VA Y2)g o +
(Viigs + ¢Vwi, VA~ ) q (29)

The first term in the right hand side of ( 29) can be treated exactely as in [7] to
obtain

(@, divK)oo < |(Puil, divK)oo + (Qni, divK )o g
< Cllalo.allg(1 + XY w1 o0l VA™Y20)1.0 + |10 P wi]20| VA2 o]
< Cllaloolg(l + A)Y2 + lal1 o P wi|2.0lt]oo (30)

with

K =1/2Vw; x VA Y2y 4 (1/2Vw; x VA~V 2)T

So, we focus our attention on the last term on the right side of (29).
(620, VA" )0 < Cléaloall Pa (Vi) VA 2400+

|Qn (Vi) VAo 0
< Cloloalllg(l+ )2 [il,ol VA1 0
HQn (VD) 0| VAT 24]1,0]
< Clezloallls( + M) 2.0 + |Qn(Vd)leal[tlog

Hence

(¢2Vi, VAT 29)0 0 < Claloallls(l + A2 []1.0 + A [[wr |20 + [wel2.0]|¢log
For the second part of the term f we have:

(6Vw1, VAT2p)0 0 = (A6, AP (Vun VATY24))o o
<1452l Vw1 VA Y210

< |Pl-1ellwil2o VA 29[ ()
+ Vw1 D, VA Y20 0] (31)

where D, denotes a differential operator of the first order in space variable.
By using the second inequality in (25) we obtain
VAT 290 0) < [PaVATY 201 () + 1QuVAT 201 (o)
< OIn(1 4+ M)V VA Y20 + ClQu VA Y2140
< Cln(1+ )] 2[elo.0 + CLAYRIQu |21, 0) VA P]14 0
< Clin(1+ M) 2[$lo0 + CA/ P gls 0 (32)
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By applying the first inequality in (25) we obtain:
Vw1 D, VAY29)g0 < C|Vwy PyD VA Y200 + C|VuwiQnD VA2 o
< Cn(1 + X)]Y2 w1 2.0t 00 + Clwi|2,0|QnDe VA2 g

< Clln(1 + M)V Jwilzelvlog + C’wl!2,9\A1/4<5_’6°)Qn!L(L2(Q)!DxVA_I/QWBo,Q
< Cln(1 + M) Y2 wi 2.0l 0.0 + Clw 2.0\ 4P 4] 5, 0

(33)
Combining (31)-(33) and taking e suitably small yields
(6Vwr, VAT )0 < Clolalun 2ol + X)) 21010
+Cwi2,0X, 18] 1.0l 5.0 (34)

Collecting ( 29)-( 34) yields:

(A2 fo, )00 < Clig(1 4+ M)V [Jilo.o + |®]10 + 6] -1,.0]
lwila.0 + [wal2.0 + [uzl10 + |urha + w30 + [wal5 0 + |¢1]oe + [6210.0] Y00
FON w0 + oo + Tl o + [ o + 0180 + 028 ol W10

+Cluy |2,Q)\E’6|¢~5|—1,9|?/}|,80,Q
(35)

Taking ¢ = AY?[A; 1 (w,.0)]; in (35) and noting that (recall 3y < 1/2)

A2 (A5 (@, 00.0) 1.0 < O, @1-0) |1, < C(E(0))

AV2[A5 (@, 50 B)]1 o < Cl(i0, 51.0) pasy
yields
t ~
/ (A2 fo, AV2[AS (0,400, 0))1 )alds <
0
t
C(E(0)lg(1 + Ay) /0 a3 + ]2 olds

t ~
A PO (E(0)) + ¢ / 12 1 ods +
0

ColBON (1 + M) [ 1(0.0) s (36)

The term (f(Vw1)Vwy — f(Vwa)Vws, VA™Y21h)  is estimated directly as:

(f (Vwi)Vwy — f(Vwz)Vws, VATY29)0 o < Cli)1 of|wif3.g + [wil3.oll¢loe
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Finally, we estimate the contribution of f3 term. This is done as follows: With
¥ € Ly(2) we compute

(At f3, )0 = (Vi Vwy, + Vwa Vi, Apl)a
< CIVdo.0| Vi AR ¥loa + [t]o,oldiv[Vws A ¢ 0.0
< Ol alwiel,o + |[Wo,alwalz.0]lt]o0 (37)

Hence

AR f3lo.0 < C(E(0)[|@h. + |@t]o.0] (38)

From ( 28), (36) and ( 38) we obtain
t
/O (A2 o, AV2[ATY (i, B) 1)l + | A0~ Y2 130 + [ A fsl2 0 )ds
t
< C(B(O) (1 + An)] / (a2 + [012 o + [@1l2.0lds + A2 Cr(E(0))

/ 162, ds + C(E£(0))lg(1+ Ay) / |(w ]D(A* /ds. (39)
and combining with ( 22 ) and Gronwall’s inequality
a(®)3 o+ [0(6)[ o + AL 6M) 5.0 + 145 01) 5.0 <

Cr(E0)A, 22 (1 + A, CEO)

Taking t < Tp, where Tp is sufficiently small yields the conclusion of the Lemma for
t < Tp. Applying the "boost trap” argument completes the proof of the second part
of Theorem 1.1. O

2.3 Case 7 = 0- proof of part 3 of Theorem 1

The proof of the wellposedness in this case relies on the analyticity of the semigroup
generated by the operator Ao with v = 0, ie; M = I. Indeed, in this case we have
[38] that e/2t generates an analytic and uniformly stable semigroup on the space

Hy = D(AY?) x Ly() x Ly(Q) ~ H2(Q) x Ly(2) x Ly(Q)

with

D(A3) = D(A) x D(AY?) x D(Ap) ~ HZ(Q) N HY(Q) x H3(Q) x H(Q) N H(Q)
D(AY?) € D(A¥*) x D(AY*) x D(A}?)

hence

[D(Ay*) > [DAYY) x [DAYY] x [D(AP?) (40)
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STEP 1:

By the same Galerkin method as introduced in the first subsection, we obtain the
existence of finite energy solutions which obey the estimate:

t
E(t) + 2/ IVoli.o + V0[5 o + leurl 4l oldt = E(0) (41)
0

where we recall, E(t) = Ey(t), taking v = 0. In fact, the argument is identical as
before with the only difference that in order to pass with the limit on nonlinear
terms in the equation for ¢ we need to write Vw,Vwy,; = 1/ 2% ]th\Q and use test
functions which are regular in time.

(41) and inequality in (7) give us the apriori regularity of the solutions:

u € C(0, T3 [Hg()]*) N CH(0, T3 [L2(Q)]%) (42)
w € C(0, T3 [H (Q)*) N CH(0, T3 [L2(Q)]) (43)
(6,0) € La(0,T; [Hy () N C(0,T; [La(Q)]) (44)

Our main point is to show that the variable w displays more regularity.

STEP 2: Let Hy x Hy = [HJ(2)]? x [L2(2)]? x La(2) x HZ() x La(Q) x La(9)
Lemma 2.1 Let v =0 and the initial data be of finite energy i.e.:
(w0, u1, ¢o, wo, w1,60) € Hi x Hy then

(w, wy) € Lo(0,T; H3(Q) x H(Q)).

for all T > 0.
where Hy x Hy = [H}(Q)]? x [L2(0)]? x La(2) x HZ() x La(Q) x La(Q)

Proof:

We start by writing the solution to the plate component via semigroup formula:

w(t) wo ¢ 0
wi(t) | =M | wy +/ eA2=9) | div[CN (u, w)V(w) + ¢Vw] | dt
o (1) 0o 0 0
Hence by (40) and the regularity A~Y*div € L(L())
0
AZY2 | div][CN (u, w)V (w) + ¢V
0 H,

< CJA™Y4div[CN (u, w)V (w) + ¢Vw]|o.q
< C|N(u, w)V(w) + ¢Vwlp o
< C[IN(u, w)lo + |9lo.0][ VWl @) (45)

Going back to the semigroup formula, we obtain:

w(t) wo
A§/2 we(t) | = A;/Q e[ wy |+
0(t) 6o
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0

t

+/ AQeAQ(t_S)Az_l/2 div[CN (u, w)V(w) + ¢Vw] | dt
0 0

Singular estimates available for analytic, contractive and stable semigroups [10]
yield:

t
‘A;/QeAQtw‘LQ(O,T;Hg) < Clz|ny; \/0 AQeAQ(tis)f(s)dS‘Lz(O,T;Hg) < Clflpo(0,1:Hs)

So
» w(t) wo
14 | wi®) | loaorm) < CL | wi | Loy + 1IN (u,w)|o0
0(t) bo

+9lo. VWL ()| Lo0,1)
< CE(0)? + CE(0)"*w| 1, (0.7 12+ (46)

where we have used the a priori bound (41) and Sobolev’s embedding H!™¢(Q) C
L (€2). From (46) and applying moment and interpolation inequalities we conclude
the estimate

T

T
/0 [w(t)Z.o + () gdt < CE(0) + CE(0) /0 ()3 qit

T T
< CE(0) + C.E(0)? /O lw(t)[3.qdt + € /O lw(t)[3 qdt (47)

Taking € suitably small yields

T

T
/0 w(t) g + [ () gldt < CE(©) + CE(0)? /0 w(t)Bodt < CrE(0)

which gives the result of the Lemma 3. O.
STEP 3:

Using the improved regularity of the variable w we shall prove the uniqueness of
finite energy solutions. To this end we go back to the equations (17) and (18) with
M = I. Functions f1, fo and f3 are the same as in (14). Standard energy method
gives the following inequality

(t) t t t
W(t) |+ / IVo[3 qds]'/? < C / |f1|0,9d8+0[/ 1AL 2 f3 2 ods) 2 (48)
qb(t) - 0 0 0

< =31

The appropriate norms of f; are estimated below:

| f1(0, i), < CIVD x V(wi + ws)|10 < Cld2.0|V(w + w21 (@)
+ V[, @) l(w1 + w2)lw2e@) < Cll20[lV(wr +w2)|L @) + (w1 + w2)lw2s@)]
< Clwlz,0l(w1 +w2)ls.0

(49)
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Similarily as in (45) we also obtain
0
—1/2— - - - ~
A 2P faliny oy uiywi) | | < CEO) e + @20 + o] (50)
0
where p can be taken arbitrarily small. To compute ]A]_Jl/ 2 f3lo,o we evaluate the Lo

inner product of ABl/ 2 f3 with an arbitrary Lo function 1. Relevant computations
(51)

are given below.
(AL 2w Vi, ¥)a = — (@, div[Viws A 9]
< Clwfo,olwzl24e0ltloo

—-1/2
D / w‘aﬂ

(Ap*Vwn Vi, §)a = (Vwr s, VAL *¢])a < Clunli—ol VA
< Clwitli—eol®it2e,0lYlo0  (52)

Hence
1AL fs(, ) |o.0 < Clldelo.olwaloreq + [Wl2.0wi il —cql
< €f|wi]onlwls.n + [W0]2,0|Vwoal + Cel|wio,nlwle,a + [W]2,0]wtlol (53)
Now, by Lemma 3, (48) , (49), (53) we obtain
a(t) , -
alt) | <c / (@lalws + walsdt + / AR f312 s /2
o) |y, 0 0
t t
<] / @3 0ds] ] / fwn + w3 ods] 2
0 0
1/2 +

t
el 0,200 + 1511 (0212000 /0 sl g+ wr o2 ods]
t
C(EO))] /0 612 + ]2 ds] /2

< CUBWO) /0 j(s) B ds + /0 [ (5) 2 o] /2
(54)

+eC(EON[|0t] Lo (0,t,L2(2) T 10| 1o (0,8, H2 ()]

On the other hand, by the analyticity of e42¢ and (50)
w(t) ¢ 0
wi(t) | < / AYPHP A AP i, uwy) | ds
% 0 0 ;
2

< CEO) | G e+ D)o + Hoalds
1/2
L ds} .

<o) ||

00 |y,

(55)

t 1 ) ]
[/0 (t — 5)1/2+r la(s); o + [i(s)[3.0 + |¢>|37Q] ds]/2
ESAIM: Proc., VoL. 8, 2000, 13-38

28



From (54), (55) and taking e suitably small yields

()] o + 16060 + [BB)30 + [d:(t)50 + 0)F 0
< Cr(E(0)) -

t 1 ~
/o m“ﬂ(s)ﬁ,ﬂ +i(s) 5.0 + [We(s)l5.a + |96 axlds  (56)

This last inequality and Cronwall’s inequality with L; kernel yield:

G=w=¢=0=0

as desired for the final conclusion of part 3 of Theorem 1.1. O.

3 Proof of Theorem 2

3.1 Preliminaries

The following results are straightforward counterparts of Lemma 2.1 and Lemma
2.2 proved in [7].

Lemma 3.1 Let u,w be a finite energy solution of system ( 1). Then, for any s <t

¢
E.(t) + 2/ /[VG\Q + |Vé|* + blcurl q|*dQdt = E,(s)
s JQ

The following notation will be used throughout.

Q=0T xQ,X2=[0,T]xT

Lemma 3.2 Letu,w,,¢ be a finite energy solution corresponding to (1),(2). Then,
there exists a constant C such that the following trace reqularity takes place.

0,0
JaE

T
HAwdE < CrlE,(0) + E,(0) /0 1682 o + 163 oJd]

Remark 3.3 Notice that the regularity of the trace of a%u, Aw proclaimed by the
Lemma 3.2, does not follow from the standard interior reqularity of finite energy
solutions via the Trace Theory. These are independent reqularity results.
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3.2 Exponential Decay Rates
3.2.1 Main Estimate

The main aim in this section is to prove the following stabilizability estimate

Lemma 3.4 Let u,w,0,¢ be a regular solution to (1), (2). Then, there exists T
large enough such that

T
E,(0) + E5(T) +/0 E,(t)dt < Cyr(E4(0)) /QUW\(Q),Q + Vo5 o + bleurl ¢ilf oldt
where Cy 17 = %C’T when v > 0 and Cy 1 = Cr when v = 0.

The estimate of the Lemma above, critical to the proof of the main stabilliz ability
result, is an inverse type of the estimate. Indeed, it allows to reconstruct the energy
of the system from the measurments of thermal components and solenoidal part of
the velocity u;. The reminder of this section is devoted to the proof of the Lemma
3.4. Here, the strategy used for the proof is to apply the multipliers used in the
context of thermoelastic plates in [3] (see also [4, 5]) and thermoelastic systems [9].

Remark 3.5 The result of Lemma 5 can be extended to hold for all finite energy
(weak) solutions. Indeed, this can be accomplished by applying a special "regulariza-
tion” argument as in [28]. In order to avoid the additional technical complications
and for the sake of clarity of exposition we shall not do this here and for details we

refer the reader to [28] and also [20], [21].

3.2.2 First Estimate

In this subsection we shall prove a preliminary estimate which gives the estimate
for the kinetic energy modulo ”small” contribution of the potential energy and the
dissipative terms.

Lemma 3.6 Let u,w,0,¢ be a regular solution to (1), (2). Then, for any e > 0,
T > 0 the following estimate takes place:

T T
/ By, (t)dt < e / E,(t)dt+
0 0

T
Coen(B(0)) /O 1602 0+ 16 0 + leurd qol2 oJdt + s (0)

where Cy o7 = =Cer when v > 0 and Cy 7 = Ce 7 when v = 0.

1
¥
proof

STEP 1
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Let Ap denotes negative Laplasjan with the zero Dirichlet boundary data. We
apply the variational form (11) with the following choice of test functions:

E=VAS ¢ =AY

Relevant computations are provided below.
An application of the first multiplier and integration by parts gives:

T T
/ (e VA St = (ug, VA5 §)alT — / (e, VA )t
0 0

recalling equation for ¢

T
= (u, VA51¢)Q|E‘)F - / (ug, VABl(—AD)qu — VABl(divut — VwVuy))qdt
0

T
= (ut, VAL 9)ald + / (ut, Vo — VAR Appy + VAR VwVay,)qdt
0
= (u, VAR d)ali +

T
/ (Vpy + curl ¢,V — Vp, + VAI_)leth)th = (ut, VAB%)Q](?
0

T
+/ (th, ng) - th + VAI_)leth)th (57)
0

On the other hand, taking an arbitrary ¢ € La(Q2) and p > 2

(VAR'VwVw, ¥)q = —(Vuy, VwAR div)g = (wy, div[VwA L divy])g <
Clwt|r, )| VWAL dive] o) < Clwilealwl2.altloe  (58)

Hence

T T T
| VAR VuTwadt < 0 [ lwioluadt < CEL0) [l ol (59)

From (57) and (59) we obtain:

T T T
/ (uge, VAL ¢)adt < — / IVpiel§ qdt + CE,(0) + € / [V pe|§ dt
0 0 0

T T
C. / Vo2 qdt + CE,(0) / w2, odt (60)
0 0

When v > 0 and taking € < 1/2 (60) implies

T T T
/ (ust, VAR p)adt < —1/2 / IVpel§.adt + CE,(0) + C / V|5 odt
0 0 0

C T )
+—E,(0) Ylwe|T qdt
v 0

When v = 0 we use instead the inequality in Lemma 4.2 which via interpolation
leads to
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T T T
| wiodt < CEO) o [ o+ CaBO) [ w61
0 0 0
Combining the above with (60) gives
T T T
/ (ust, VAR $)adt < —1/2 / IVpel§ odt + CE(0) + C / V|5 adt
0 0 0

T T
2
v [ B0+ Co(BO) [ ot (62

In addition, the following relations will be used.
|(Cle(w) + f(Vw)], (VAR 9) — (Ce(w)r, VAR $)r| < €| N(u,w)[5 o +

0
06,61‘¢’(%,Q + 61‘5“’3,1‘
(63)

(Vo, VAR ¢)al < Clolig;  (curl uy, VAR '¢)o =0 (64)

Combining (60) [resp. (62)] with (63),(64) and with the variational form (11), after
recalling u = Vp + curlq leads to the following inequalities

T C T T
/ wl ot < CE,(0) + =, (0 / 2|V gt + ¢ / By (t)dt
0 0 0

T T
0
va [ Igpulfedt+ Con [ o0+ leurlalole (65

and when v =0
T T T
/ w2 dt < CE,(0) + CE(0) / wnf3 odt + ¢ / B, (t)dt
0 0 0

T T
0
va [ Igpulfedt+Con [ o+ leurtalfolde (60

Similarily, application of the second multiplier ABl and the use of thermal equa-
tion for @ followed by integration by parts give: (see [3] for detailed calculations)

T T
/ (wie — 7 Awy, Ap'O)d + / wel2 g + AVl e
0 0

T
<c / 62 odt + CE,(0) (67)
0

T
_ o
/0 [(Aw, AAL ) — (Aw, gADW)p]dt

T T
ge/ yAwyanHq/ yAwyZdz+c€,51/ 02 ot (68)
0 > 0
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|(Cle(w) + f(Vw)], VAL'0 x Vw)a| < e|N(u,w)[f o + C| VwV AL 0[5
< €|N(u,w)[§ o + Ce|VwlZ, )| VAL 0[7, ) (69)

(¢Vw, VAR )q < Cluwliolé],olfh.0 (70)

Hence
T T
| @vu. vt < o, 0) [ oha-+ 10k ad ()
By Sobolev’s embeddings and dissipation equality in lemma 7.

T T
/0 (Cle(u) + f(Vw)], VAL x Vw)gdt' < 6/0 |N(u,w)|aﬂdt +

T T
C.E, (0) /0 VAROP, gyt < e /O IN () ot

T
+ CoB,(0) / BRodt  (72)
0

From (67)-(72) we infer

T T
/0 wrl2 o + 2| Vel adt < CE,(0) + ¢ /O B, (1)dt
+61/E[18%u\2+mw\2]dz
T
1 Cout By (0) /0 16120 + 16120 + leurl R oldt  (73)

We multiply both sides of (73) by a suitably large constant (propotional to % in the
case v > 0) and we add the result to the inequalities in (65) (when v > 0) and (66)
(when v = 0) to obtain

T T T
| Bt < [ B0+ Cn B 0) [ 10R 0 +10R 0+ leurt alfaldt +
0 0 0
0
C»yE»Y(O) + €1 / [|6_u|2 + |A’w|2]d2
) 14
(74

STEP 2
Applying trace estimate given by Lemma 3.2 to inequality in (74) yields:

T T T
/0 Byt < ¢ /0 By(t)dt + Oy g.er (B (0)) /0 1620 + 16120 +
|curl qt|gvﬂ]dt + CyE,(0) + C’TelE?Y(O) (75)

and selecting ¢; suitably small so CTE7(0)€1 < 1 gives the desired estimate in Lemma
3.6. O
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3.2.3 Second Estimate and completion of the proof of Lemma 6

Our next step is to obtain the estimate for the potential energy.

Lemma 3.7 Let u,w,0,¢ be a regular solution to (1), (2). Then, for any e > 0,
T > 0 the following estimate takes place:

T T
/ E,(t)dt < C / By, (t)dt+
0 0

T
C(E,(0)) /0 62 o+ 162 + curl a12odt + CE, (0)

Proof:

We shall use the following multipliers -test functions applied to the variational
form (12) :

E=u; Yp=1/2w

T T
| / (u + b curl g, u)odt| < (u,w)alf + / |ug|§ odt +
0 0

T T
e/ \ulgﬂ + C’e/ |curl qtlaﬂdt
0 0

(Cle(u) + f(Vw)],e(u))a + 1/2(Cle(u) + f(Vw)], Vw x Vw)q =
(CN(u,w), N (u,w))q (77)

(#Vw, Vw)oo < Cleloglwlz g (78)

hence

T T T
/ (6Vw, Vw)oodt < Ce / B,(t)dt + C.(E, (0)) / GRodt  (79)
0 0 0

T T
/2 /0 (wit — Y Awy, whadt] < CE,(0) +1/2 /0 el + A Vbt (80)

T T
| / (Vo u)a — 1/2(V0, Va)dt| < e / 2 o + [wf? gdt +
0

Ce

Se/ t)dt + C.
0
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Combining the results in the inequalities (76)- (81) with the variational form (12)
we obtain:

T

T T
/0 E,(t)dt < C,E(0) + ¢ /0 E,(t)dt + /0 By (t)dt

T
+Cv,e(Ev(0))/0 [Velda + VO o + bleurl g3 o)dt (82)

Taking e suitably small (less than one) gives the desired inequality in Lemma 3.7.
O

To complete the proof of Lemma 3.4 it suffices to apply the results of Lemmas
3.6 and 3.7. Applying the estimate of Lemma 3.6 with e suitably small in Lemma
3.7 gives

T T
/0 Ep(t)dt < CLE,(0) + C%T(EW(O))/O IVold.0 + VO[5 o + bleurl a.ff oldt (83)

One more application of inequality in Lemma 3.6 yields

T T
/0 E,(t)dt < CyE,(0) + Cv,T(Ew(O))/O V[0 + V0I5 o+ bleurl q.ff oldt (84)

Recalling dissipativity inequality in lemma 4 and applying (84) gives

T
TE\(T) < C’Y7T(E’Y(0))/0 [Ve[5a + VO3 o +bleurl aff gldt + CLE,(T)  (85)

and taking T large enough so T' > 2C

T
Ey(T) + E,(0) < C’Y,T(EW(O))/O IVold.o + V0[5 o+ bleurl qff gldt — (36)

the above inequality combined with inequality in (84) leads to the conclusion in
Lemma 3.4. O

3.2.4 Completion of the proof of the main Theorem 1.3

Stabilizability estimate in Lemma 3.4 together with dissipativity inequality (lemma
7) give
Ey(T) < Cyr(Ey(0))[E4(0) — E4(T)]

Hence

C.r(B,(0)
B 21576 150 1 1

Ey(0) < py(E5(0))Ey(0); py <1 (87)

Standard nonlinear semigroup result gives the exponential rates claimed in Theorem
1.3 and valid for regular solutions. The uniqueness result established in Theorem
1.1 allows (see e.g. [30]) to extend the decay rates to all weak solutions.
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