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Rational energy decay rate for a wave
equation with dynamical control
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Abstract

We consider a wave equation with dynamical control. We first establish the
rational energy decay rate using a multiplier method. Next, using a spectrum
method, we prove that the rational energy decay rate is optimal.

1 Introduction

In this work, we study the stabilization of one-dimensional wave equation with a
dynamical control

ytt_ya:a::07 0<.%'<1,
y(oat) = 07

Yo (1,1) +n(t) = 0,

ne(t) — (1, 1) + Bn(t) =0

where 7 designates the dynamical control and 3 is a positive constant. The dynam-
ical control has been introduced by the automaticians in the finite dimensional case
(ordinary differential equations) see Francis [4], for example. In the infinite dimen-
sional case, this concept of dynamical control is very close to the one of indirect
damping mechanisms proposed by Russell [15].

(1.1)

Let V = {y € HY(0,1) : y(0) = 0}. We define the energy space H = V X
L?(0,1) x IR, endowed with the inner product:

1 1
(u, @) = /0 YoTuda + /0 2Edr + i, u=(y,2n), T = (5,5.7) € H.
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Next we define the linear operators A and B by

D(A):{u:(y,z,n) ceH : yEHz(O,l), z €V and yx(l)—kn:()},

Au= (532 2(D)), ¥ u= (3. 50) € D(A),
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Bu = <0a07_/6?7>7 Vou= (y,Z,T]) GH

Setting u = (y,y:,n) € D(A), we formally transform the equation (1.1) into an
evolutionary equation

ur = (A+ B)u, u(0)=1up € H. (1.2)

It is easy to prove that A is m-dissipative and B is dissipative operators, then
A+ B generates a Cj semigroup S(t) of contractions on the energy space H (see Pazy
[10]). Moreover, since A is skew adjoint and B is compact, then using the compact
perturbation theory of Russell [14], the system (1.1) is not uniformly stable (see Rao
[12]). However, using the spectral decomposition theory of Sz-Nagy-Foias and Foguel
(see Benchimol [1]), we can prove that the energy E(t) decreases asymptotically to
zero: limy, oo E(t) = 0, Y ug € H. It is well-known that the energy has not a
preassigned decay rate. In fact, Littman and Markus in [9] proved that for any
given decay rate there is an initial data ug € H such that the decay rate of the
associated energy is less than the given one.

In this paper, our main concern is the energy decay rate for smooth solution. We
will prove that for any ug € D(A) the energy of the system (1.1) has a rational decay

rate:
2M

M+t
where M is a positive constant dependent on ug. To this end, we employ a nonlinear
technique used in Rao [11] for the dynamic control of the Kirchhoff plate. We next
prove that the rational energy decay rate (1.3) is optimal in the sense that for any
e > 0 there exists uj € D(A) such that the associated energy satisfies the estimate:

E(t) < E(0) V>0 (1.3)

C
E¢(t) > tl—; t — +o0.
Our approch is based on the theory of Riesz basis and earlier results of Littman and
Markus [9] on the hybrid system.

To our knowledge, the estimate (1.3) and the optimality is new even in one-
dimensionel cas. In fact, there were several works on the energy decay rate for
smooth solution of wave equation [7], [8]. In [8] Lebeau and Robbiano considered
the boundary stabilization for wave equation. In particular, it was shown that the

energy has a decay rate just like 0 >0 for any ug € D(A).

1
(Int)2-9’
Unlike the spectrum method, the multiplier method does not necessitate any
knowledge of the spectrum of the system. It is simple and can be adapted to the
study of other problems in any spatial dimension (see Rao [11], Rao-Wehbe [13]).
But, the spectrum is essentially limited to one-dimensional problems.

2 Rational energy decay rate by a multiplier method

Let u = (y, z,m) be a smooth solution of the system (1.1). We define the associated
energy by:

B0) = 3{ [ 6 + o2t + 07} (2.)
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Then a direct computation gives

dE(t)

22
pra UM OF Vit>0. (2.2)

In this section, using a multiplier method, we will establish the rational energy decay
rate for smooth solution of the system (1.1).

Theorem 2.1 Assume that 3 > 0. Then for any ug € D(A), there exists a constant
M > 0 depending only on ug such that :

2M
Vit>0. (2.3)

Proof. The idea of the proof consists in using the multiplier zy, E(t) which is used
in Rao [11]. Let 0 < § < T < 400, we multiply the wave equation by 2zy, F(t) and
integrate by parts:

T T
[ B < 4BOES) + E(S) [ (y§<1,t>+y§<1,t>)dt (2.4)
S S

On the other hand, from (2.2) we deduce that

5[0 =- [ Boa<p0), 5[ woaspo @)

where the energy of high order Ej(t) is defined by

1
Bi(t) =5 11 d/(0) I3, V0.

Combining (2.5) and (1.1) we obtain that

/ST (y?(l,t)wi(l,t))dt:/ol <(77t+ﬂn)2+n2>dtg

E1(0) 1
2<ﬂE(O) e ﬂ>E(0)E(S). (2.6)
Inserting (2.6) into (2.4) gives that
/ST E2(t)dt < ME(0)E(S), Y0<S<T < oo (2.7)

where we have put:

£1(0) 1
M_2<ﬁE(O) +6+E+2>‘

Thanks to a classic result of Haraux (see [5]) we deduce the rational decay rate (2.3)
from the estimation (2.7). The proof is thus complete.
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3 Rational energy decay rate by a spectrum method

Let ug € D(A), we define the optimal rational energy decay rate w(ug) by:
1 , C
wlug) =supqa € R: B(t) =5 || Sarnt)uo [3< 57 ¢

JFrom theorem 2.1, we have w(ug) > 1 for any ug € D(A). In the following, we will
prove that this upper-bound is optimal in the sense that for any € > 0 there exists
ug € D(A) such that w(uf) =1+e¢.

We first recall the following result (see Littman-Markus [9]):

Lemma 3.1 Consider a C°-semigroup S(t) acting on a real or compler Hilbert
space E, with infinitesimal generator A. Assume that :
(i) The eigenvalue A, of A has the following form X\, = —o,, + i1, such that

op > a>0,6>0.

a
nd’
(ii) The eigenvectors {®,}n>1 associated to the eigenvalues A, form a Riesz basis

n H.
(7i) Let ug € H such that

b 1
= D, < —,b0>0, ¢g>=.
uo nglann |an|_nq q 9

Then there exists a constant C' > 0 depending on ug such that

C
| Sa(t)uo [ < Ry Vit > 0.

Remark 3.1 In fact if we assume that

1 d 1
Op~ — an Ay ~ —.

Then we have

1
H SA(t)UO HH ~ m, Vvt > 0.

Let A € € be an eigenvalue and u = (y, z,n) € D(A) be the eigenvector of A + B
(A+ B)u = Au.
Then it follows that

ymm_)\zyzoy O<.%'<1,
y(0) =0, (3.1)
A((A T B)ye(1) + Ay<1>) —o.

164 ESAIM: Proc., VoL. 8, 2000, 161-168



Notice that A = 0 is not an eigenvalue of A+ B. Hence using the bounded condition
at x = 1 we deduce that X is an eigenvalue of A + B if and only if A is a zero of the
function

f(2)=(+B8+1)e* +2+5-1. (3.2)

Using Hadamard’s factorization theorem we can prove that f(z) has an infinite
number of roots A, for n € ZZ, which appear in conjugate pairs and |\,| goes to
infinity as |n| goes to infinity. Moreover the algebraic multiplicity of A, is one.

Lemma 3.2 Assume that 3 > 0. Then we have the following asymptotic expansion:

)\n:i(mr—kzﬂLi— : ) b +O<1>. (3.3)

2  nm  2niw n2m2 n3

Proof. Writting (3.2) into the form:

ePn = (—1) (1 #) (3.4)

At
We obtain
M= Sln(—1) + 21 (1 2 )+' (35)
= — In({— — In — . .
nT 9 2 M+ g+1) T
Since |\,| goes to infinity, we obtain the first asymptotic expansion:
A= inm+ i+ 02 (3.6)
n =T+ i ~ ) .

which implies that

2 2 20 1 2 1 203 1
m(i-—= Vo2 2 o(=)=i(=-—= )= 10o(=2).
n( )\n+ﬂ+1) An + A2 +O()\%) Z(mr n271'2) n2m?2 +O<n3)

Then we have

2 /2 1 23 1
ln<1_)\n+ﬁ+1>_Z<E_n27r2>_n2772+0($)' (3.7)

Inserting (3.7) into (3.5), we obtain the asymptotic expansion (3.3). This achieves
the proof. In particular we will numerote the eigenvalues A, of high frequencies
following the asymptotic form (3.3).

Now let
D,, =] — nm,nw[x]| — nmw, nx.

Lemma 3.3 There exists an integer N such that for n > N the function f(z) has
2n +1 roots in D,,.

Proof. We first prove that f(z) and g(z) = (2 +1)e?* 4+ 2z — 1 have the same number
of roots in D,,. By virtue of Rouché’s theorem, it is sufficient to prove the following
estimate

1f(2) =9(2)| <lg(2)|, Vz € dD,. (3-8)
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Let z = tinm + x, x € [—nm, nx), then we have :
1+e? =142 .62 =1 462 > 1, (3.9)
Let z = +nm + iy, y € [—nm, nr|, then we have :

‘14—622

>|1- e > 1/2, ¥n>1. (3.10)
On the other hand, since |z 4+ 1| > nm — 1, then we obtain

F(z) = g(2) = B|L+e

)
provided that n > b+ .
™
We next determine the number of the zeros of ¢g(z) in the domain D,,. Let iu, €
iIR be a zero of g(z), then we have tan(y) + ¢ = 0 which admits a unique zero in
each interval [(k — )7, k], 1 < k < n. Since pg = 0 is obviously a zero and since

tan p + p is odd, we obtain exactly 2n + 1 zeros in D,,.

<[z 1] |14

—2<lg(2)|, YV z€ 0D,

Let Xn = i, € tIR be an eigenvalue of the skew adjoint operator A and ®,, =
(Un, Zn, n) be the associated eigenvector:

1 -
x T sinh(\,x)
By — (_01) S Snh(os) | Vn € Z2*. (3.11)
—cosh(\,)

Since A is skew adjoint with compact resolvent, then the system of eiganvectors is
complete in H On the other hand, a directe calculation gives:

l &)n H%{: |COS(Mn)|2 +1—1, as n — +oo.

It follows that (®,,)nezz is a Riesz basis of H.

Now let A, be an eigenvalue of A+ B, and ®,, = (yn, 2n,7n) be the associated

eigenvector:
ﬁ sinh(A\,z)
o, = | sinh(\z) |, Vne Z. (3.12)

—cosh(Ap)

Theorem 3.1 Assume that 3 > 0. Then the system of root vectors (Pp)nez is a
Riesz basis in H.

Proof. Using Lemma 3.2 we deduce that there exists an integer IV such that for
any n > N we have \, = —o,, + A, where

N . m 1 1 1 I6] 1
An—z<nﬂ+§+ﬁ—ﬁ+0<$>), Jn_m—i_O(E).

Then we deduce that

[Yna(%) = ne ()] = [cosh(An) — cosh(An)| < Cp | A — An |< % (3.13)
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C

2n(z) — Zp(2)] = ]sinh(Anx) - sinh(an)] <Gl A= l< 5, (3.14)
and o
0 — Tin| = ‘cosh()\n) - cosh(Xn)\ <Co| M= Anl< 5. (3.15)

Combing (3.13), (3.14) and (3.15) we get

S ®, — ®, ||3,< 4o0.
nez,

Since the system (®,)nezz is w-linearly independent (see Lemma A.6 in [3]) and
quadratically close to the Riesz basis (®y,)nezz, applying Bari’s theorem we conclude
that (®,)nczz is also a Riesz basis in H. This achieves the proof.

Theorem 3.2 Assume 3 > 0. Then we have

inf - 1. 3.16
uogll)(A)w(uo) (3.16)

Proof. Let ¢ > 0, we define ug by
1

g _
nez*
Then we have \
n
(A+ B)ug = Z mq)n-
nez*

. An 1 . . .
Using the Lemma 3.2 we deduce that St | ™ i Since (®y,)nezz is a Riesz
basis in ‘H, then we have :

Ao C
2 n
I (A+ B)ug |15~ Y o e > e < o
nez* nez;*

This implies that uj € D(A). Thanks to Lemma 3.1 and Remark 3.1 (with ¢ =
3/2+ ¢ and 0 = 2) we deduce that

Eo(t) = 5 | Sarn(tug [~ o, 9> 0 (317)
where C. is a constant depending on ug. It follows that:
w(ug) =1+e.
On the other hand, from Theorem 2.1 we deduce that
w(ug) > 1, for any uy € D(A).

Then we deduce that
1 <infw(up) <1+e.

Since ¢ can be arbitrarily small, we obtain (3.16). This achieves the proof.
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