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CONSERVATION LAWS INVARIANT FOR GALILEO GROUP ;
CEMRACS PRELIMINARY RESULTS.

Francors DUBOIS, 1! 2

Abstract. We propose a notion of hyperbolic system of conservation laws invariant for
the Galileo group of transformations. We show that with natural physical and mathematical
hypotheses, such a system conducts to the gas dynamics equations or to exotic systems that
are detailed in this contribution to Cemracs 99.
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1. (GENERAL FRAMEWORK

Let ¢ and z two real variables. We denote by IR? the set of line vectors : (¢, z) € IR?
and IR>* = IR x* IR the set of column vectors that are the transposed from line vectors :

<;> € R>*. (1.1)

For v € R, we denote by y, the special Galileo transform defined by the relations

T (i) - <m—tvt> - (fv ?) (i) (1:2)

and we introduce also the space symmetry ¢ defined by the conditions :
t t 1 0 t
(5) = (%) =0 4) () =

Proposition 1. Relation between the generators.
We have the following relations between the operators y, and ¢ :

Vo, we€IR, Yo *Yw = Yy 4w (1.4)
> =1d
VvelR, YpodelYy = 4 (1.6)
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where Id denotes the identity matrix.

Definition 1.  Galileo group.

We denote by GL,(IR) the group of two by two invertible matrices with real coefficients . By
definition, the Galileo group G is the subgroup of GL,(IR) generated by the matrices y,,
for v € IR, the matrix ¢ and the relations (1.4), (1.5) and (1.6).

Definition 2. Space of states.

Let m be a positive integer. The space of states €2 is an open convex cone included in
R™*t
QCcR™* and VW e, VA>0, AWeQ. (1.7)

Hypothesis 1. The Galileo group operates linearly on the space of states.
For g € G and W € () the action geW of g on the state W is well defined as a linear
operation of the group G on the set 2 :

Vge G, YW eQ, geW €Q (1.8)
Vg, g €G, VYW €Q, (gg ) oW = ge(g e W). (1.9)

From an algebraic point of view, there exists an m by m set of matrices Y (v) and a matrix
R with m lines and m columns such that

VvelR, VW e, Y(v)e W € Q (1.10)
VW e Q, ReW € Q. (1.11)

Then the relations (1.4), (1.5) and (1.6) between the generators and the hypotheses (1.8) and
(1.9) can be written in the vocabulary of the m by m matrices Y (v) and R :

Vo, w e R, Y(v)eY(w) = Y(v+ w) (1.12)
R* =1d (1.13)
Vv elR, Y(v)eReY(v) = R. (1.14)

2. CONSERVATION LAWS.

We introduce a regular flux function Q@ > W —— f(W) € R™* and we consider the
associated system of conservation laws in one space dimension :

%W(t,x) + %f(W(t,a:)) =0 (2.1)
where the unknown function [0, +00[xIR > (¢,2) — W (t,xz) € Q takes its values inside
the convex open cone Q. We suppose that the system (2.1) of conservation laws admits a
mathematical entropy (Friedrichs and Lax [FL71]) n : Q> W —— n(W) € R which is
here supposed to be a regular (of C? class), strictly convex function admitting an associated
entropy flux &(e). Recall that a pair of (mathematical entropy, entropy flux) allows any

regular solution of system (2.1) to satisfy an additional conservation law (Godunov [Go61]) :
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0 0
el _ = 2.2
oV (5,2)) + - [€0V(2)] = 0 (2.2
and that a weak entropy solution of system (2.1) is by definition (see e.g. Godlewski-Raviart
[GRY6]) a weak solution that satisfies also the inequality

0 0

57 MW (@) + o [EW (1) ] <0 (2.3)

in the sense of distributions.

e We introduce the Frechet derivative dn(W) of the entropy and its associated partial
derivatives Q> W —— (W) € & that takes its values in some set ® C IR and defines
the so-called entropy variables :

YW e, VreR™", dn(W)er = o(W)er. (2.4)
We consider also the dual function of the entropy : ® > ¢ —— 1n*(¢) € IR in the sense
proposed by Moreau [Mo66], that is

() = sup (oW — n(W)). (2:5)
weQ

This dual function satisfies

dn*(¢) = dpeW(p), where p = dn(W(y)). (2.6)

Hypothesis 2. Entropy flux and velocity.
There exists a regular (of C! class) function v : Q 3 W —— u(W) € IR which allows to
write the entropy flux £(e) associated to the strictly convex entropy 7(e) under the form

VW eQ,  &W) = n(W) u(W). (2.7)

e For the study of gas dynamics in Lagrangian coordinates, Després [De98| has developed
the general case where the function Q3> W —— u(W) € R is identically null. Hypothesis 2
is very little restrictive because we can define w(W) by the relation u(W) = % as soon
as the state W is such that the entropy (W) is not null. We observe also that field wu(e) is
homogeneous to the ratio of space variable x over time variable ¢. For this reason, we have

introduced in [Du99] the following

Definition 3.  Velocity of the state W.
When hypothesis 2 is satisfied, we call velocity of the state W the scalar u(W) defined
according to the relation (2.7).

Definition 4.  Thermodynamic flux.
When the hypothesis 2 is satisfied, the thermodynamic flux j: Q3> W —— j(W) € R™?" is
defined according to the relation

JW) = f(W) —u(W)W. (2.8)
The hypothesis 2 is satisfied if and only if we have the following relation between the thermo-
dynamic flux j(e) and the velocity u(e) :
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YW eQ,  oW)edj(W) + n*(p(W)) du(W) = 0. (2.9)

Proof of Proposition 2.

It is sufficient to express the classical compatibility relation (see e.g. [GR96]) between the
entropy flux, the derivative of entropy and the derivative of the flux function, i.e. d(nu) =
= pedf; this relation is what is usefull to deduce the relation (2.2) from the original system

(2.1) of conservation laws. We derive the relation (2.8). Then we get
df(W) = (du(W))W +u(W)dW + dj(W)

and

pedf — d(nu) = (du(W))peW + u(W)pedW + pedj(W) — (@u(W) + ndu(W)) =
= du(W) (oW — n(W)) + pedj(W) because dW = Id (R™")
= n"(p)du(W) + @edj(W)

and the desired result is established. |

Example. Gas dynamics (i).

For the Euler equations of gas dynamics, we have m = 3,
2

Q = {(p,q,e)tele’t, p>0, €>(2]—p}. (2.10)

Classically, the velocity u and the internal energy e are introduced thanks to the relations
L
qg = pu, ezpe+§pu (2.11)

and because the pair (mathematical entropy , entropy flux) is of the form

., &) = (—ps, —psu) (2.12)

where the entropy s is the specific thermostatic entropy (see e.g. [Du90]), the relation (2.7) is

satisfied and the definition 3 is perfectly compatible with this classical physical model for gas

dynamics. Moreover, the classical relation between the massic internal energy e, the massic
1

entropy s and the specific volume 7 = ik

de = Tds — pdr (2.13)
allows us to define the temperature 7" and the thermodynamic static pressure p (see e.g.
Callen [Ca85]). Then the Gibbs-Duhem relation associated to extensive fields shows that
the specific chemical potential g can be defined as a function of temperature and of static
pressure according to the relation

p = uT,p) =e—Ts+ pr. (2.14)

After some lines of easy algebra, it is possible to express the entropy variables for the system
of Euler equations for gas dynamics :

1 1,
Y = T(u—iu,u,—l). (2.15)
It is also clear that the thermodynamic flux j(s) admits the following simple form :
: t
W) = (0, p, pu) . (2.16)
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The explicit evaluation of matrix Y (v) is simple ; we have

1 0 O
Y(v) = -v 1 0 (2.17)
% v2 —v 1

1
and the orbit of the particular state W = (p, pu, pe + 3 pu? )t € ) is a parabola that

is expressed by

GeW = {(p,p(u—v),pe+%p(u—v)z)t, UE]R}. (2.18)

3.  INVARIANCE.
Hypothesis 3. The mathematical entropy is invariant under the Galileo group.
Vge G, YW e, n(geW) = n(W) (3.1)
and this hypothesis implies in particular that
VoelR, VW eQ, (Y (v) e W) = n(W)
VW € Q, n(ReW) = n(W).

Definition 5. Systems of conservation laws invariant for the Galileo group.
The system of conservation laws (2.1) associated with a mathematical entropy 1 and an
entropy flux satisfying hypothesis 2 (relation (2.7)) is said to be invariant for the Galileo
group G of transformations if for each regular solution IR? D E' 5 (¢, ) — W(t,2) € Q
of the conservation law (2.1) and each Galilean transformation g € G, the function V (6, &)
defined by the relation

R? D g(E%) 2 (0,6 — V(0,€) = (geW)(g71(6,€)) €Q (3.4)

is also a regular solution of the conservation law (2.1). It is the case in particular when
g = y, Iis a special Galilean transform :

9
06

+E)%[U(Y(U).W(9,£+v9) (Y (0) s W (0. €+ 00)) + (Y () W(O. £+ 00))] = 0

[V (v) e W (0, € +00)] +
(3.5)

%n(y@).me, g+u9)) + %[u(Y(v).W(Q, ¢+ v0)) (Y (v)sW (6, gm@))] —0 (3.6)
and when ¢ = ¢ is the reflection operator :

%(R.W(G, —£)) + %[U(RoW(Q, —&)) ReW (0, =€) + j(ReW (0, —g))] =0 (3.7

%n(R.W(G, —6) + %[U(R.W(G, —6)) n(RaW (0, —€))| = 0. (3.8)
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Proposition 3. Transformation of the velocity field.
We have the following properties for the velocity field associated with a special Galilean
transformation and with the space reflection when the hypotheses 1, 2 and 3 are satisfied :

VoeR, VYW e€Q, u(Y(v)e W) = u(W)—v (3.9)
VW € Q, u(ReW) = —u(W). (3.10)

Proof of Proposition 3.
We first consider the elementary calculus that express the partial derivatives on each side of

the Galilean transformation : % = % + v % ; a% = a% and we remark that the relation
(3.2) implies
(Y (0) e W (B, € +v6)) = n(W (8, € +v0)). (3.11)
We develop the left hand side of relation (3.6). We get
ow ow 0
G0 0G|+ o (MY @)W (6, 08) (Y (0)aW (6. €+ 08)) ] =
= T LW (0,€ 4 08)) n(W (O, € + 0B)] + vdn(W (6,6 +06)) 0 S0, +06) +
+ a% [w(Y(v) e W(0,&+v0)) n(W (8, €+ v6))] due to (3.11)
9,
= A o wr @ ew) | n(we, ¢ +00) } = 0.

This last expression is identically null for any regular solution W (¢,z). In consequence the

coefficient in front of n(W (0, £ + v0)) is null (see e.g. Serre [Se82]) and this fact is exactly

expressed by the relation (3.9). In order to prove the relation (3.10), we develop the left hand

side of the relation (3.8). We obtain
ow

0
an(w (6, ~€)) (0, =6 + 5¢ |
= 5 [ue, ) e, €] + 51 (R (8, =) n(W (8. —£) |
= a%{ [u(W(& =) + u(ReW(0, —5))] n(W (0, —£)) } = 0.
Then the bracket is null as above and the relation (3.10) is established. n

u(Re W (0, =€) n(W (0, =€) | =

Proposition 4.  Transformation of the thermodynamic flux.

Let (2.1) a system of conservation laws satisfying the hypotheses 1 to 3 and invariant for the
Galileo group. Then for a special Galilean transformation y, and the space reflection ¢ we
have

VvelR, VWeQ,  j(Y(v)eW) = Y(v)ej(W) (3.12)
VW eQ,  j(ReW) + Rej(W) = 0. (3.13)
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Proof of Proposition 4.
For a special Galilean transformation, we have from the relation (3.5) :

Y(v)-[aavf +vaW] 385{ w(Y (v) « W)) (Y (v) « W) +j(Y(v).W)} -

_ —%{Y(U)o[u(W)W—I—j(W)]}-f-%(UY(U)oW)+

+ a%{ u(Y (0) o W) (Y (0) o W) + (Y (0) o W) }
_ %{ [—u(W) + v+ u(Y () W] (Y (0) s W) + [-Y (0) «5(W) + j(V (o) W)] }
_ %{ [~ () 0§ (W) + §(V(0) s W)] } due to (3.9)
= 0

according to the relation (3.5).

Then the relation (3.12) is established ; the end of the proof is obtained by writing that the
conservation law (3.7) is satisfied for R w .

0

0
a0 (ReW) + a_

W) = — (ReW) — —[u(R.W) (ReW) + j(ReW)]| =

ow 0

ot Oz
= RS uW)W 4 G0)] + S [u(W) ReW — (e W)
0

_ —%[R.j(W) + j(ReW)] = 0.

Then the relation (3.13) is established and the proposition 4 is proven. O

=~ R. [—U(W) (ReW) + j(R.W)]

4. NULL-VELOCITY MANIFOLD.

Definition 6. Null-velocity manifold.
We denote by €2y the null-velocity manifold, i.e. the set of all states W € Q whose associated
velocity u(W) is equal to zero :

W eQq ifandonlyif w(W) = 0. (4.1)

We remark that the denonination of manifold is appropriate because the function Q2 3 W +—
u(W) € IR is regular.

Proposition 5. Decomposition of the space of states.
The open cone €2 is decomposed under the following form
velR
and the sets Y (v) {2y have no two by two intersection :
Vo, weIR, vEw = (Y(v)eQy) N (Y(w)eQy) =0. (4.3)
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In other words, the cone €2 is a boundle space with basis 2, fiber G e{2y over the manifold
Qo and projection II defined by

QW — (W) = YV(u(W))eW € Q. (4.4)

Proof of proposition 5.
The relation (4.2) is a consequence of the following remark :

Y(u(W))eW € Qo (4.5)
that takes into account the relation (3.9) and the definition 6 of €. In a similar way, Y (v) €

is also the set of all the states having a velocity exactly equal to —wv; then assertion (4.3) is
clear. The end of the proposition consists simply in using the vocabulary of topologists. We

refer the reader for example to the book of Godbillon [Go71]. d
Proposition 6. The null velocity manifold is of co-dimension 1.
VW eQ, dlmTWQ():m—l (46)

Proof of Proposition 6.
We start from the relation (3.9) : (Y (v)e ) = u(W ) —v and we derive this expression
relatively to the variable v. We obtain du(Y V) e ) . ( ) = —1, then we consider
the particular value v = 0. It comes :

VW € Q, du(W)e (dY (0) e W) = —1. (4.7)

For W e€Q and r € R™*, we have
du(W)e{r + (du(W)er) (dY(0)e W)} = (du(W)er) + (du(W)er) (1) = 0

Then the vector 7 € R™*® can be decomposed under the form r = p+ 60 (dY(0) ¢ W) with
du(W)ep = 0. If we suppose now that the state W belongs to the null-velocity manifold
Qo , the condition du(W)ep = 0 implies that p € T;, €. We deduce from this point the
following decomposition of space IR™* :

R™"' = T, Qy + IR(AY(0)e W), WeQ. (4.8)
The decomposition (4.8) is in fact a direct sum. If r e (T,,Q) N (IR (dY(0) e W)), there
exists some scalar p € IR such that r = pdY (0) e W. Then, the property that r € T, Qo

implies du(W)er = 0. Due to the relation (4.7), we deduce that p =0 and the vector r
is null. Then the property (4.6) is established. ]

Hypothesis 4. Null-velocity manifold is invariant by space reflection.
The null-velocity manifold €2 is supposed to be invariant point by point by space reflection :

VW € Qq, ReW = W. (49)

Definition 7. Decomposition of space.
We introduce the two eigenspaces associated with the reflection operator R :

= {WeR™" ReW =W} (4.10)
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A, ={WeR™" ReW = -W }. (4.11)

An immediate consequence of the property (1.13) is the decomposition

R™" = A & A . (4.12)
Proposition 7.  Constraint for the thermodynamic flux.
VW € Q, JW)eA . (4.13)

Proof of Proposition 7.
It is an immediate consequence of the relation (3.13) : j(ReW) + j(W) = 0 and of the

hypothesis 4 : ReW = W when W € Q. O
Remark 1. Linear geometry.
The hypothesis 4 can also be written as
Qo C A (4.14)
and the null-velocity manifold is flat.
Example. Gas dynamics (ii).
In the case of the Euler equations of gas dynamics, we have
A= {(p,0,0" peR, ec R} (4.15)
Ay ={0,0,0% 0cecR}. (4.16)

We remark also that all the matrices Y (v) have a common eigenvector that generates a linear
space I'y of dimension 1 included in Aj:

Iy = {(0,0,¢" ccR} c Ay (4.17)
Moreover, the half manifold T'7 = {(0,0, e)t, e>0} is a part of the boundary of

which is composed by (unphysical ?) states without any matter (p = 0), undefined velocity

0
(u =Y 6) and full of energy (e>0) !
p

5. THE CASE m = 1.

Proposition 8.
It does not exist any hyperbolic equation (m = 1) invariant for the Galileo group.

Proof of Proposition 8.

The operator R is linear IR — IR and satisfies R* = Id. If dimA, =1, then u(RW)+
+Ru(W) = 0 implies that u(W) = 0 for all W € Q. Then T, Q¢ = IR and this
property is in contradiction with the proposition 6. If dimA ;, =1, i.e. RW = —W, we
have from (1.12) and the derivability of the function IR > v — Y(v) : Y(v) = a” for
some a > 0. On the other hand, from relation (1.14) : Y(v) RY (v) = R we deduce that
Vv eI, Y(v)2?=1. Then a=0 and Y (v) = 1. But this property is in contradiction with
the property (3.9) : u(Y (v) W) = u(W) —wv. The proposition is established. O
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6. (GALILEAN INVARIANCE FOR SYSTEMS OF TWO CONSERVATION LAWS.

Theorem 1.

When Q C 10, +oo[x*IR C IR**®, a system of two conservation laws invariant for the
Galileo group is parameterized by the scalars a>0, >0 and by a derivable strictly convex
function ]0, +oo[ 3 { — o(§) € IR. It takes one of the following forms :

(i) Hyperbolic Galileo.
We have for this first case
o' (€) <0 (6.1)

and the space of states €2 is included in the following one :

_ _ (0 2t @
Q+_{W—<<>eﬂ{ , 0>0, |§|<\/;|9|}. (6.2)

The system of conservation laws takes the algebraic form

9 <9> ? {U(W) <9> LIV —6¢/a) <BC/a>} _ 9 (6.3)

ai\¢) "oz ¢ V02— B 4
with a velocity u(e) given by the relation
_ 1 B¢
u(W) = Jap argth<\/; 5) (6.4)

and a function II(s) named here the mechanical pressure and satisfying the relation
1 o*(a'(&
e = L7
g od§)
if we denote by o*(e) the dual function of o(e). Moreover, the function n(e) defined by

6.0 = o (o2 - 25 (6.6)

is a mathematical entropy associated with the hyperbolic system (6.3).

(ii) Elliptic Galileo.
In this second case, we have

(6.5)

o'(€) > 0. (6.7)
The elliptic Galileo system of conservation laws admits the expression
9 (o), 9 0\ , LV +5¢/a) <—ﬁ€/a> _
ot (C) +8x{u(W) <C> * V2 + B2 a 6 =0 (6:8)

with a velocity w(e), a mechanical pressure II(e) and a mathematical entropy 7n(e) defined
by the relations

u(W) = \/clv—ﬁ arctg(@%) (6.9)
_ 1 07(d'(9))
I(¢) = 5 o) (6.10)
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n(d, ¢) = 0(\/92—#%@) . (6.11)
Proof of Theorem 1.

e We have R? = Id in the linear space IR>*t. If dimA, =2, then R = 1Id, A | =
{0} and due to the relation (4.13), j(Wo) belongs to A_, when Wy lies in €y. Then
j(Wo) = 0 if Wy € Qp. We deduce from (3.12) that j(Y (v)eWy) = Y (v)ej(Wp) for each
Wy € Qp. Then, according to (4.2) and the preceding point, we have j(W) = 0 for each
W € Q. We deduce from the proposition 2 and the property (2.9) that du = 0 and this fact
contradicts the relation (4.7). Then dim A, < 1. Moreover the unidimensional (due to (4.6))
flat manifold TWQO is included in A;. Then dimA;, >1 and dimA, = dimA ; = 1.

e  We differentiate the relation (1.14) relatively to the variable v :
dY(’U) ° R ° Y(’U) —f— Y(’U) ° R ° dY(’U) = 0

and we take v =0 :

dY(0)e R + RedY (0) = 0. (6.12)
For r € A, we have dY (0)er + RedY (0)er = 0 and

VreA, dY (0)er € A_, . (6.13)
In a similar way, for r € A |, we have —dY (0)er + RedY (0)er = 0 and this implies

VreA |, dY (0)er € A, . (6.14)

e Let (ry,r_) be a basis of the linear space IR** composed by a non null vector 7
of A, and a non null vector r_ of A_,. We define o >0 by the condition dY (0)er; =
—ar_ after an eventual change of the sign of r_. Due to (6.14), the vector dY (0)er_
belongs to the linear space A, and can be written under the form : dY (0)er_ = Bry. If
the scalar « is null, we can express the matrix Y (v) as
1 Bo
<0 1 > ; (6.15)

y() = Y (0) _ exp[v <8 g”

and for Wy = (6o, 0)* € Qp, we have Y (v) e Wy = (6p, 0)*. Due to the relation (4.2), this
property implies that (2 is included inside the subspace A, that contradicts the definition 2
that claims that € is an open set of IR>*. Then a>0.

e If the scalar [ is null, we can express the matrix Y (v) as

Y(v) = vdY(0) — exp[v <_0a 8)] - <_;U ?) (6.16)

Then for Wy = (6p, 0)® € Qp, we have Y (v)e Wy = (0, —v0p)® with u(Y(v)eWy) =
—v due to the relation (3.9). We deduce the expression u(W) = (/6 for the velocity field.
Moreover due to the invariance (3.2) of the mathematical entropy, we have the following
calculus :

(00, —v0o) = n(W) = n(Y(v) e Wy) = n(Wo) = n(fo, 0)
and the mathematical entropy is function of the unique variable 6. In consequence the
function 7(e, o) can not be a strictly convex function of the pair (0, ¢). Due to the general
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choices done in the section 2, this case must be excluded and the matrix of the operator
dY (0) has relatively to this basis one among the two following expressions :

dy (0) = (_Oa _05> a>0, B>0, (6.17)
Ay (0) = (_Oa g) a>0, B>0. (6.18)

e Case (i). When the operator is defined in the basis (rj,r_) € A, x A_, with the
matrix (6.17), the end of the construction of the system of conservation laws can be done as
follows. We first remark that

(AY (0))* = ap 1d; (6.19)

we have the expansion

2 3
_ wvdY(0) _ v v
Y(v) = ?Y () = 194 4 vav(0) + o Bl + 5 afdY(0) +

and the sum of the previous series is equal to
Y(0) = < ch(vyvap) —Wsh(v@)) .
—v/a/B sh(vyvaB) ch(vyap)
For a state Wy = (6o, 0)' € Qy, we have due to the expression (6.20),
0o ch(v/a )
—v/a/B 0y sh(vap) )

with u(W) = —v. We deduce the relation (6.4) with the adding condition

_ 4 — 2_ﬁ_C2 i — t
Oy = & () Vo F) \/0 a fW=(0,¢)"eQy. (6.21)

e We focus now on the mathematical entropy. We first note o(e) the restriction of the
mathematical entropy 7(s) to the subset Qo = QN (]0, +00[x*{0}). With the preceding
notations, we have necessarily from the hypothesis (3.2) n(W) = n(Wy) = o(fy) that
establishes exactly the relation (6.6). A natural question is to verify that the mathematical
entropy 7(e) is a strictly convex function, when o(e) satisfies the same property. We set

¢ = \/92—5—0 (6.22)
(07

and we have from the relation (6.6) the following calculus :

(6.20)

W = Y)W, = <

0 0 0
gde = 0ao — Dcac, T - 2 3—’5:—%0’,
Pn _ BE 0, O _pOC, BOC , O B, B2E
202« &3 €27 7 000¢ o &3 a €27 7 9 a§3 a? g2
Then 92 5 92 )
. n n n .
det(d*n) = 902 9z ( eag> =
L (B P N(BE B¢ BOC , BOC N2
= (—ag“+g—z )(—ag—s Teel ) - (ags“‘a§”> =
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B 0_/ 0_// ( 4 62 4 6 5 o 6 0_/ 0_//

- £ —0* — = 2—=10 ) = —= >0
a &P a2 ¢+ Q ¢ a &

when the condition (6.1) is satisfied. Then, joined to the hypothesis ¢” >0 the function

n(e) is scritly convex.

o For Wy = (0o, 0)" € Qp, we have from (4.13) : j(Wp) € A_,, then we can write it

under the form :

VWo = (60, 0) €Q,  (Wo) = (0,1(6))" €A_,, (6.23)

where the function |0, +o00[ 3 6y — II(fp) € IR remains to be determined. In order to find
the algebraic expression of the thermodynamic flux j(s), we derive now the relation (3.12)
relatively to the variable v. It comes: dj(Y(v)eW)edY (v)eW = dY (v)ej(W) and taking
the particular value v =0 :

YW eQ,  dj(W)edY(0)e W = dY(0)ej(W). (6.24)

We apply the compatibility condition (2.9) to the vector dY (0)e Wy with Wy € Q. Taking
into account the relation (4.7), we get

pedY(0)ej(Wo) = @edj(Wo)edY (0)eWo = —n"(p) du(Wo) «dY (0) e Wo = n"(¢)
id est
VWo € Q, pedY (0)ej(Wy) = n*(p) with ¢ = dn(Wy). (6.25)
We have also from the relations (6.6) and (6.22) :

=0 0en. =% (0.-5¢) (6.26)

and if W =Wy = (6p, 0)* € Qp, we have ¢ = (o, 0). We have also the following calculus :
. 0 - 0 0
prar i) = (o',0) (5, ) (1) = (0 =) (1) = -pooman.

We have also 7*(c’(£),0) = £a'(§) — n(§) = &'(&) — 0(€) = o*(d'(§)) and due to the
relation (6.25) and the preceding development, we have necessarily
A (o/(60))

pa’(6o)
in coherence with the relation (6.5). Then the thermodynamic flux function j(W) can be
easily deduced from the relation (3.12). We get, due to the condition v = —u(W) :

i) = ((een) eSO (46) -

TI(6y) = (6.27)

(6o)
= II(#p) ch(v \/ﬁ) (\/5/704\{5/7&(/9 ) due to (6.4)
- (v ) —— (797) thanks to (621

and the expression (6.3) of the hyperbolic system is established in this first case.
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e We still have to verify the global coherence of what have been done, ¢.e. that the function
n(e) introduced at the relation (6.6) is really a mathematical entropy for the system (6.3).
We first have th(u+/af \/B /a (/0 then by derivation

\/ du = \ﬁglz (0d¢ — ¢do)

ch2
and due to the relation (6.21) we have the following expression for the derivative of velocity :
Let W(t, ) = (0(¢, x), ((t, ;1:))t be a regular solution of the system (6.3). We have, with
the notation (6.22) :
an 0 (0 0 ou do 2 3 @ B
ot ar) = (gt ugg)n) + g = G (Gt vag) s+ gy =
B 0 (00 00 B ¢ (0C ¢ ou
_0<g(8t+ 8x> &E(at+ 8$>>+n%_
_a ou o (Il B I5] o (II ou
S (ool L] Al s ()Y et menies
o o, Ou B II(E) . 06 ¢ ou
_z<—§—$+aT[§£—eax]>+na due to (6.22)
' 0 ' 0
= (€' © +n) 5, ~ AIOTE) 5 due to (6.28)
0
— (—f o' (&) + (&) + o* (U'(ﬁ))) a—Z due to (6.5) and (6.6)
=0

by definition of the dual of a function in the sense of Moreau. Then any regular solution of
the system (6.3) is also solution of the equation (2.2) of conservation of the entropy ; in other
terms, the relation (2.9) is identically satisfied. This fact ends the first part of the theorem 1
where has been developed the case of a jacobian matrix dY (0) given by the relation (6.17).

e Case (ii). When the matrix dY(0) is given by the relation (6.18), we have

(AY(0))® = —apB Id. (6.29)
Then
2 3 4

Y() = VY (0) — 14 4 vay(0) - %aﬁld - %aﬁdY( )+ 2 (@B)?Id + -

A1
= cos(v \/@) Id + sin (v \/7) dY (0);

1
Vvap
Y(v) = ( cos(vvap) V/B/a sin(v \/W)>
—/a/B sin(vyap) cos(vvap) ’
For Wy = (6o, 0)* € Q¢ , we have

AN B 90(:05 aﬁ . L
W—<C>—Y(’U)0W0—< \/Weo sin(v a B aﬁ) with u(W) = —v.
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We deduce that necessarily the relation (6.9) is compatible with the previous expression and

— 0 — 2 B_CZ i — t
Oy = o (s Vo T |02+ = fW =60 eq. (6.31)

e As in the hyperbolic case, the condition u(W) = 0 implies that the second component
¢ of the state W is null. Then the necessary condition n(W) = o(fy) conducts to fix
the entropy on the null velocity manifold g as a strictly convex function of some variable

&>0; we set :
n(, ¢) = o(&), with & = /602 + %CZ . (6.32)

We have again to determine the condition for the convex function o(e) to construct a stricly
convex entropy 7 from the relation (6.32). We have :

p on 0 , on BC
S R Y VTS R VS
00? a &3 277 000C a & a &2 7 02 a &3 2 ¢2
Then ) ) )
9°n 0% 07 \?
det(d?n) = - =
et(dn) = 5o ac? (aeag)
_ (B, 2 NB? e, poc , BOC N _
= (a7 2 ) (ag—s“ Tee’ ) - (—ag—s” toae) =
B ﬁ O'/ O_// 4 ﬁZ 4 ﬁ 5 . B ﬁO’l O_//
- s (9+a2c+2a9g)_a§ >0
when the condition ¢'({) > 0 of relation (6.7) is true. In these conditions, we have also
% > 0, and we have established that the function n(e) is a scritly convex function of the

pair (6, ().
e  We search now the thermodynamic flux j(Wy) on the form (6.23). The determination
of the entropy variables is easy :

_ ¢ _ T (g P
YW= (0.0 e, v = = (0,5¢) (6.33)
and o(Wp) = (¢/,0) when Wj € Qy. We have now

. 0 0 0
pedY (0)ej(Wo) = (', 0) <_a ﬁ) <H> = (0, —Ba’) <H> = Ba’'(60) 11(6o)

and the relation (6.10) is established due to (6.25) which remains true for this second case.
The end of the determination of the thermodynamic flux j(W) for an arbitrary state W is
easy, taking into account the relation (3.12) and the expression (6.30) :

JW) = Y(—u(W))ej(Y(u(W))e W) = Y(—u(W))sj(Wo) =

cos(u\/aﬁ) —/ B/ sin(u\/aﬁ) 0
V/B sin(u/aB) cos(uv/ap ) 11(0o)
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= II(0y) cos(u\/cﬁ) <_M\{%C/9>

1 _

_ 11(\/92 n Bg“z/a) _ < ﬁC/Oz) thanks to (6.31)
/92 + ﬂ_C2 4

and the algebraic expression (6.8) of the hyperbolic system is established.

e Asin the first case, we must verify that the candidate n(es) for a mathematical entropy
is in fact a correct one, i.e. that the quantity n(W) is advected with the velocity w(W) for
the regular solutions of the equation (6. 8), With the entropy flux w(W) n(W). Taking into
account the relation (6.9), we have tg(u = /B/a (/0 then

\/ du = \ﬁ;z (0d¢ — ¢dn)

and due to the relation (6.31) we have the following expression for the derivative of velocity :

cos2

1
Let W(t,z) = (0(t, z), {(t, ¥))* be a regular solution of system (6.8). We have, with the
notation (6.32) :
L0 ou oo 0 ou _
E+a("“)_( o a) 8x_d§< “ax)g(WH"ax_
B 6 1006 B¢ 0¢ ¢ ou
0(5(8t+ 3x>+ag<_+ 83:))4_77%_
o ou I1ps B o (11 ou
=t (g m G e Ll - 5(59)]) +g ey
_a 5 B II(E) 00 ¢ ou
_€<_ %4-&?[ C—+93]>+n% due to (6.32)
ou 0
= (~€0'©) + ) 5o + BOTIE) 5 due to (6.34)
0
- (—ga'(g) o(€) + o* (o '(g))) 8—;‘ due to (6.10) and (6.11)
= 0.
The proof of Theorem 1 is completed. O

Remark 2. About the p—system.

Following a remark proposed by F. Coquel in march 2000, we can fix $ > 0 and take the
limit o — +oo for the systems found at the theorem 1. Then the velocities u(W) defined
in (6.4) and (6.9) tend to zero and both systems of conservation laws (6.3) and (6.8) admit

the following formal limit
o (0 0 0
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we observe here that this limit system is not the p-system that takes the classical form (see

e.g. [GROG)) :
202 )

Remark 3. Preliminaries.

In all fairness, the elliptic Galileo version of two by two Galileo group preserving systems
of conservation laws satisfies the relation (3.9) w(Y(v)eW) = w(W) — v only for suffi-
ciently small velocities v. It is clear from the relation (6.9) that the velocity u(W) should
be defined modulo some additive constant (equal to m/y/a ) because only the expression
tg(\/a— u(W)) is well defined. Then the hypothesis 2 should be adapted to systems of con-
servation laws whose velocity belongs to some quotient group of the type IR/(uZZ). These
developments have not been realized at this moment [november 2000], and this fact explains
the word “preliminary” in the title of our contribution. This remark is also to be done for the
three by three “elliptic Galileo” system developed in the next section.

7. (GALILEAN INVARIANCE FOR SYSTEMS OF THREE CONSERVATION LAWS.

Theorem 2.

When Q C ]0, +oof x* R*»* < IR3?, a system of three conservation laws invariant for
the Galileo group has one of the three following types : hyperbolic Galileo, elliptic Galileo or
nilpotent Galileo. The hyperbolic system is parameterized by the scalars a >0, b>0 and
by a derivable strictly convex function [0, +oo[ xR > («, B) — o(a, B) € IR; we denote
by o*(e) the dual function of o (e).

(i) Hyperbolic Galileo.
We have for this first case 9
o

Va>0, Ve, %(a,ﬁ)<0 (7.1)

and the space of states (2 is included in the cone 2, defined by

0 = {w=(0cv)eme o0 i< fT ) (7.2

The system of conservation laws takes the algebraic form

9 9 — b(/a
P P (/2= b%a, ) }
— + 2 uw + 0 -0 7.3
ot 'li 33:{ ( ) 5) \/92—1)(2/@ 0 ( )

with a velocity u(e) given by the relation

w(W) = \/2_17 argth<\/g g) (7.4)

and a so-called mechanical pressure function II(e) satisfying

*(A
H(Evﬁ) = _%¥7

with (4, B) = do(¢, B). (7.5)
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Moreover, the function 7(e) defined by
) b¢?
77(97 C7 w) =0 02 — 77 lb (76)
is a mathematical entropy associated with the hyperbolic system (7.3).
(ii) Elliptic Galileo.
We have in this second case
Va>0, VBeR,

do

55 (@ £) > 0. (7.7)

The elliptic Galileo system of conservation laws admits the expression

o (7 ) O\ (b a, ) [ Ve
3t<c)+a${u(w)<c)+ Y 0 } =0 (78

(4 (2 0
with a velocity wu(e), a function II(e) and a mathematical entropy n(e) defined by the
relations
1 b g)
u(W) = arct \/j— 7.9
W) = e aneig(|/2 5 (7.9
10*(A, B
me ) = L CEE i (4, ) = an(e ) (7.10)

n(0, ¢, ¥) :a<\/92+$,¢>. (7.11)

(iii) Nilpotent Galileo.
For this third case, we suppose

Va>0, VBelR, (a, B) < 0. (7.12)

do
op
The nilpotent Galileo system of conservation laws takes the algebraic form
0 0 > 0
;(C)+£;{U(W)<C)+H<9,w2ba<9) ole } — 0 (7.13)
(8 (2 oy
with a velocity field w(e) given by the relation

_ S
wW) = — (7.14)
and a mechanical pressure II(e) satisfying
1 o*(A, B) )
(e, B) = 5§ with (4, B) = do(a, B) (7.15)
or in an equivalent way
do oo
1 o* (a_a(a7 ﬁ)7 %(OQ B))
(o, B) = —= . (7.16)
b 07 (00 )
op

Moreover, the function 7(e) defined by
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b 2

is a mathematical entropy associated with the hyperbolic system (7.13).

Remark 4. Pressure and duality.

The case of gas dynamics corresponds to 6 = p, ¥ = pE, a = b = 1 for the nilpotent
Galileo system of conservation laws. The entropy o(e) at null velocity is defined from the
classical thermostatic entropy function 3(e) which is concave and homogeneous of degree one
relatively to the extensive physical variables of mass M, volume V and internal energy &
[Du90]. Introducing the intensive thermostatic variables of temperature 7, thermodynamic
pressure p and massic chemical potential p, we have the classical fundamental relation of
thermostatics (see e.g. Callen [Ca85]),

dé = T dX(M, V, &) — pdV + pdM (7.18)
and taking into account the Euler relation for homogeneity of degree one
E=TY —pV +uM, (7.19)
we have necessarily :
n(p,0,¢) = =%(p,1,%) = alp, ¥). (7.20)

We take V. =1, M = p and & = ¢; we deduce from the relations (7.19) and (7.20) the
identity :

p 1 P
Y . Y 4 21
and by application of the relation (7.18) in the particular case V =1, we deduce :
7 1
do = =dp — =dvy. 7.22
o= gdp - 5dy (7.22)
Both identities (7.21) and (7.22) establish that we have
ar 1 ) P
—, —=) = =. 7.23
7 (T’ T T (7.23)

In this context, the relation (7.12) can be written as
1
T >0
and the following calculus, issued from the relation (7.16) :

o* p/T) _ p(

7 1
e = gm) = T
3

gives an intrinsic definition of the mechanical pressure II(e) as identical to the thermo-
dynamic pressure p(e) with the help of the relation (7.23) in terms of the dual of the
thermostatic specific entropy. We remark also that, in some sense, the theorem 2 establishes
theoretically the Euler equations of gas dynamics.

Proof of Theorem 2.

e  We derive the relation (1.14) relatively to the velocity v :
dY(’U) ° R ° Y(’U) + Y(’U) ° R ° dY(U) = 0
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and we consider the particular case v = 0. It comes :

dY(0)e R + RedY(0) = 0. (7.24)
Then the range of the linear space A, by the operator dY(0) is included inside the eigenspace
A |, and the range of the linear space A _, by the same mapping is included inside the

eigenspace A_,. Moreover, the kernel of dY'(0) is stable under the action of the symmetry
operator R :

dy (0) (Al) (7.25)
dY (0) (A_ Al (7.26)
R(ker dY(O) ) C ker dY(O) (7.27)

(4.14)

(0 C A}) that we have necessarily :

dimA, > 2, T, Q C A . (7.28)
e The case where dimA, = 3 is not possible. Indeed we would have A | = {0} and
the relation (4.13) establishes that in this case the thermodynamic flux j(e) is identically
null on the manifold €y then on the entire space 2. Moreover, the relation (3.10) joined
with the relation R = Id shows that u(WW) = 0 for each W € Q. This fact contradicts the

relation (4.6) that claims that dim Tj,,Q = 2. Taking into account the relation (7.28), we
have established that we have necessarily

dimA, = 2, dimA_, = 1. (7.29)
If dim kerdY (0) = 3, then Y (v) =1Id for each real parameter v and the Galileo group
does not operate anymore on the cone (). In particular, we have a contradiction with the
property (3.9) : u(Y(v)e) W) = u(W) — v.
e If dim kerdY (0) = 2, due to the stability property (7.27), we are necessarily in one of
the two following cases :

ker Y (0) = A, (7.30)
dro €A, 10 #0, Jr_€A,r_#0, ker dY(0) = span < ro,7_ > . (7.31)
If the relation (7.30) holds, there exists a basis (r4, 79) of the linear subspace A, with

dY (0)ery = dY(0)ero = 0, a non null vector r_ € A | and a scalar a > 0 such that
inside the basis (r4, r_, r9), the operator dY(0) admits the following expression :

0 —a O
dY(0) = |0 0 0 in the basis (r4, r_, o). (7.32)
0O 0 0
Then
1 —av 0 90 90
Y(v) =10 1 0 and for Wy = 0 | €Qo, we have Y(v)eWy = 0
0 0 1 Yo Yo

that belongs always in the null manifold 2y and we have a contradiction exactly as in the
preceding point. If the relation (7.31) is active, there exists a scalar a > 0 such that inside a
basis (r4, r—, ro) consructed as previously, we have, taking into account the relation (7.25) :
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0 0 O
dY(0) = | —a 0 0 in the basis (r4, r—, o) - (7.33)
0 0 O
Then
1 0 0 Ao Ao
Y(v)=| —av 1 0 and for Wy = 0 | €Q, YW eWy=| —avhy | €.
0 0 1 o o

We deduce from the relation (3.9) that that w(0, ¢, ¢) = ¢(/(a®) and for W = (0, (, )t €
Q, we have necessarily 7(0, (, ¥) = o(0, 1) where o(e) is the restriction of the entropy
n(e) to the null manifold ©y. Then the mathematical entropy 7(e) cannot be a strictly
convex function and this case has to be excluded. In consequence we have necessarily

dim (kerdY (0)) < 1.

e We observe now that we have also necessarily dimkerdY (0) > 1 because taking into
account the relation (7.25), the operator dY (0) can be considered as a linear mapping between
the linear space A, of dimension 2 and the linear space A ;| of dimension 1, therefore with
a necessarily non degerated kernel. According to the previous point, we are inconsequence in
the particular case :

dim (ker dY'(0)) = 1, ker dY/(0) C A, . (7.34)
With analogous notations as in the previous subsection, we introduce a non null vector rg
(ro € A;) that generates the linear space ker dY(0). We complete the basis of A, by some

non null vector r4 and due to the inclusion (7.25), its image r— by dY(0) is necessarily a
non null vector of the eigenspace A_, :

da >0, dY(0)ery = —ar_. (7.35)
We write now the vector dY'(0)er_ € A, inside the basis (ry, ro) :
dY (0)er— = cry — dry. (7.36)
If ¢c#0, weset 71 = ry —dro/c and we have dY (0)ery = —ar_; dY(0)er_ = cry.
Inside the basis (r4, r_, r9) the matrix of the operator dY (0) takes the form :
0 ¢ 0
Av@©) = | —a 0 0}, a>0, c#0. (7.37)
0 0 O

We change our notations and replace the vector ry initially introduced by the new vector
7+ . When the scalar ¢ introduced at the relation (7.36) is null, we have necessarily d # 0
and after an eventual change of the sign of the vector ry, the matrix of the operator dY(0)
inside the basis (r4, r—, rg) can be expressed as

0 0 0
da >0, b>0, dY(0) = | —a 0 0| in the basis (ry,r_, ro). (7.38)
0 —-b 0

e Case (i). We develop now the two particular cases (7.37) and (7.38). If the relation
(7.37) holds, we have in a first opportunity :
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0 —-b O
da>0, b>0, dY (0) = (a 0 0) in the basis (ry, r—, ro) (7.39)
0 0 0

and we are exactly in the case (i) of an “hyperbolic Galileo” system of conservation laws. The
proof follows what have been done at the theorem 1. By exponentiation of the relation (7.39),

we have :
ch(vvab) b/a sh(vvab) 0
Y(v) = (\/a/b sh(vVab) ch(v\/ﬁ) 0) :
0 0 1

For an arbitrary state W = (0, ¢, ¢)* € Q we have :

0 9 ch(vvab) — ¢ \/ba sh(vvab)
Y(M-(i) = (Wesh( aw)+g (\/—b)>.

Because u(Y(w(W))eW) =0 and Qp C A, = R x* {0} x* R, we deduce from the
previous equality the expression (7.4) of the velocity field. We then have 9ch( )

¢ v/b/a sh(vvab) = /02 —b(%/a and the necessary condition n(W) = n(Y( .W)

shows that the relation (7.6) holds.

(7.40)

e We must look now to the precise conditions that makes the function n(e) defined in
(7.6) a strictly convex function when the property is satisfied for the two-variables function
o(a, B). We set as in the proof of the theorem 1 :

2
N P T )
and we have :

_ _ b on _ 000 o _ bGoo on _ 9o
de = 0d0 =2 Cde, 5 T Fda’ ¢ atda’ oy 9B
oG B o 0cae 0o
902 =~ P oa T2 902 vpac e ga P gaz
om0 e o ar LG
900y € 0a0p’ 0z P& ga TP e a2
P ¢ e o i

. acoy  Pedaop’ oy 9p?
en
G 00 000 0C 00 0C D00 Do
53 oo &2 0a? 53 oo 52 da2 £ 0adp
,0¢00 _ 6¢ 820 92 9o 2 920 ¢ 9%
d?n = R P 2 —p2 7.42
7 P90 P02 P800 PV 202 Pedaop (742)
0 o ¢ 0o
¢ a0 P baop op?

The two by two sub-matrix at the top and the left of the matrix of the expression (7.42)
admits the following determinant :
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1 0o 0%
det (d277> = ———(_p94_p3C4+2p202<2> = - - — —
1<i<2, 1<j<2 &% da 0o a & da Oa?
which is necessarily strictly positive in order to get the strict convexity of the function n. We
2
know that the second derivative % is strictly positive and that a b and & have the same

property. Then we have —g—g > 0 and the relation (7.1) is established. We develop now the

determinant of d?n by using the third column. It comes :
det (d?n) = -2 — —— —
et (%) ¢ 90002 057 T
9( oo 9§ 0%c 6% Oo 5 (2 0%
0 2 \P&oa Peoez PEga Ve oa2

Tt 9008 0 9% (o +
¢ 9a0p Pe 9008
S P 0C0r  0¢ 0
i Pe3a 2902 P8 00 Pe? 9a2
P 9ap 0 9 R
£ 9a 0P p£3a86
0C Oo 320 6% Oo 0%c
do 920 92 0 ; 0% \2 |,28907 _ g0 _ 0T 00 o070
€ da 0a? 9B &4 \Dadp 0 —p¢
2 2 2
Po N2 |_p L 07 00 0G0, 000
+p%(a gﬁ) Peaa " 902 PE oo PUC a2
: “ 0 —pC
p 0o 0%c 0%c 1 0o 1 62 p(
T TtoaoazopE (8a36> aa[?( P07 + T (P p?) |
p 0o 0% 0%c oo
- LR B () 5 —r ) =)
B p 0o [ 0% %0 0%0
= ~F 5 [Mz 55 <8a8ﬁ> ] due to (7.41)
and do 1 90 O 920 2
2N o o070 o
det (dn) = ,/7 ~0C%/a da | 5o 952 (aafw) ] (7.43)

The matrix d2n is definite positive if it is the case for the matrix d?¢ and if g—g <0, e
when the condition (7.1) is satisfied.

e In order to obtain the algebraic expression of the thermodynamic flux j(e), we first
evaluate the entropy variables
dn On On 0 Oo b( 0o Oo
= (%’ aC’ %) - (Ef)_a’_a_gc’)_a’ %)
on the null-velocity manifold €y that corresponds to (6, ¢, ) = (0o, 0, 1) . Then ¢y =

do do
(a (907 lb()), ) 36

(7.44)

— (0o, wo)) . Taking into account the relation (7.39), it comes :
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0o edY(0) = (0, 97 0). (7.45)

oo
We introduce the mechanical pressure II(e) as a notation :
Y Wo = (60, 0, %0)" €Q0,  j(Wo) = (0, (6. 1), 0)" (7.46)
and the relation pedj + n*du = 0 applied against the vector dY (0)e Wy gives
do do do
b—(6 6 (A, B) =0 ith A=—(0 0
9 (00, to) 1L(6o, o) + o*(A, B) wi 8a(0,1/)0)7 8ﬁ(0,1/)0)

and this property is exactly the relation (7.5). The general expression of the thermodynamic
flux j(WW) is obtained thanks to the relations (3.12) and (7.40) :

JW) = Y(—u(W))ej(Y(u(W)) e W) =

ch(uﬂ) MSh(UM) 0 0
= (Wsh(uﬂ) ch(uﬂ) 0) . (H(\/92 gCZ/aal/)))

0 0 1
f n(/02—56¢/a,¢) (<9
VW = Q, (W) = 0 . 7.47

Joined with the expression (7.4) of the velocity field, the relation (7.47) establishes the ex-
pression (7.3) of the hyperbolic Galileo system of conservation laws.

e  We verify now that the function 7(e) defined at the relation (7.6) is effectively a mathe-
matical entropy associated with the flux w(W)n(W); in other words we have the additional
conservation law

o), on(V)

ot Ox
if W(z,t) is aregular solution of the conservation law (7.3). By differentiation of the relation
(7.4), we have :

(u(W)n(W)) = 0 (7.48)

adu = 92—711)(2/a (0d¢ — ¢df) . (7.49)
We have now do develop some algebraic calculus :
i+ ) = (g g -

0 0 ] do (0 ] )

= %0 {Kg(at*“%)g*a_g(_ wgn)¢) + 55 (g tugg)e + g,

= G - L G (e
due to (7.44)

- gg_{ 9% B %(H@’W%)] - Séa—[— % - %( (€, w>£)]
g;( wau) + ngu according to (7.3)
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0o Ou 62 b (2 do du ou 1 do 6 b 0C b ¢ 00
= Gadr € af]—%a—‘”’%*g% €9 |~z25 * 2l
0 0 b 0 0 00
— G [eoeew IR ) — o )] - s ai e oo - o]

0 b0 1 * 0
= —3—20* — 53—2(—5 800/7&) (aa—Z) due to (7.5) and (7.49)
=0

and the property (7.48) is established. The study of the first case is over.

e Case (ii). We consider again the expression (7.37) of the jacobian matrix dY (0) now
with ¢ > 0 and the relation (7.37) can be rewritten as :

0 b 0
Ja>0, b>0, dY(0) = | —a 0 O in the basis (ry,r—, 7).  (7.50)
0 0 0

The relation (6.30) established during the proof of the theorem 1 can be reproduced without
any modification and we have in consequence :

cos(v\/ﬁ) Jb/ﬁsin(vﬂ) 0
Y(v) = —m sin(v \/%) COS(U \/ﬁ) 0]:; (7.51)
0 1
then for (0, ¢, )" € Q, we have
0 0 cos( ) + \/b/ia sm( )
Y(v)e 5} = | —a/b o sm(v M) + ¢ cos(v \/ﬁ)

We know that the reference basis (r4, r—, rop) belongs to the product of spaces A} xA_| XA
and €y C A, . We deduce that the second component of the state Y'(v)eW that belongs
to the null velocity manifold is necessarily null and we have

b ¢
t b) = - = 7.52
c(wvat) = /28 (7:52)
and the relation (7.9) is established. We deduce naturally

_ Y ¢ N
cos(uvab) = ¢ sin(uvab) \/7 V02 + bC2/a (7.53)
Y(u(W))eW = (£,0,9)" = 0% +b(%/a (7.54)

and the relation (7.11) is a consequence of the invariance (3.2) of the mathematical entropy
for the transformation Y (v).

)

e  We consider now as given the strictly convex function o(e) which is the restriction of the
mathematical entropy 7(e) to the null manifold €y. We must verify that the mathematical
entropy is also a strictly convex function of the triplet (6, ¢, ©). We set as above p =b/a
and we have
_ (@,@7%): (Q%,pgag,@)_ (7.55)
207 0¢ " o0y € 0a’ " & da’ 0P
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Then

O _ oo, 9232 821 _%a_a+ 0¢ 0% Pn 0 9%
02 P390 T2 0a20  900C & 00 P 0902 900% € 0adp
oy 0 aa 2g2 920 oy S 920 o*n 0%
¢ P& aa "V eoar oy Pedaop o2 o

and ¢% 0o 6% 0% 9§ do ¢ 9*c 0 0%
SRR e L
0C Oo 0C 070 0° Oo 0%o 0%o
dn = _g_ga_+ 5—5— Pe o0 " 22232 pgaaaﬁ (7.56)
0 9% ¢ 8% 920
¢ 00 0p Pe 9a0p ap?

This matrix is identical to the one presented at the relation (7.42), except that the variable
p must be changed into —p. But this change of sign is exactly what is necessary to modify
the definition of the variable ¢ from (7.41) to (7.53). We observe that the two by two minor
determinant composed by the two left lines and the two first columns of the right hand side of

the relation (7.56) is equal to g g—g gf;g and is strictly positive when g—g is strictly positive.

In consequence the hypothesis (7.7) is clearly established. The computation of det (d?n)
done during the study of the hyperbolic case conducts to the relation (7.43) and the change
of the variable p into —p establishes that
p Oo 0%0 0%c 0%0 \2
det (d2y) = = - (=) ] 7.57
et (d%n) = ¢ 0o Loz 982 ~ \Baop (7.57)

which is strictly positive when o(e) is strictly convex and when the relation (7.7) is satisfied.

e The constitution of the thermodynamic flux j(e) is obtained exactly as the hyperbolic
case. Taking into account the relations (7.50) and (7.55), we have, for Wy = (6o, 0, ¢)*
€ QO H

o o 0 b 0 oy
90(907 0, w)odY(O) = (3_047 0, %> —a 0 0 = (O,b%,())
0 0 0

and if we introduce the mechanical pressure II(e) with the relation (7.46), we have from
the relation (2.9) : @gedY (0)ej(Wy) + o*(—=1) = 0, and this calculus proves exactly the
relation (7.10). The general expression of the thermodynamic flux is given by somes lines of
algebra that are consequence of the relations (3.12) and (7.51) :
JW) = Y (—u(W))ej(Y (u(W)) e W) =
cos(uﬂ) \/I)/TSIH(U\/%) 0 0
= \/%sin( Vab) cos(uvab ) 0]« | I(/62+02/a, )
1 0

0
i
_ ag

9/5

taking into account the relation (7.53)

258



_b¢

I, ) s

0
Then the algebraic expression (7.8) of the elliptic Galileo system of conservation laws is
established.
e  We still have to show that any regular solution of the system (7.8) satisfy the conservation
(7.48) of the mathematical entropy, with a velocity field given by the relation (7.9) that satisfies
in consequence :

M| o=

We have very simply
on (0 0 ou
gt o) = (g rugg)n + g =
0o 10§ o0& 10 0 do (0 ou
= Ier [%(%—FU%)Q—Fa—C(%—FUa—)C] 8ﬁ< +u— )’lﬁ‘Fﬂa
_0do [0 (0 0 b (/0 0 do (0 ou
- %[g(—”a)“ag(a*“a—)f] aﬁ< T o )1“’7@
due to (7.55)
0 0o ou 0 b¢ b ¢ do
= fa0l 05 t o (M6 W )] +aga—[ ~Cgr g (M6 Wg)]
+ g—;(—w %) +n% applying the equation (7.8)
_ Ou 6% Oo b (2 0o oo 0 0 0o b( b ( Oo
=~ oo lcoatataat Vo) +%(5)[ga—az— 2 oa’)
b9s I (9%_ @)
a Oa &2 ox ox
. ou 0o ou _ o _ 0o
=0 taking into account the relation (7.15).

This property establishes the structure of the elliptic Galileo system.

e Case (iii). = We detail now the third case, when the matrix dY'(0) is given by the
relation (7.38) with >0 and b>0. We first remark that the matrix dY (0) is nilpotent
because

0 0 0
dY (0)? = (0 0 0) , dY(0)®> = 0. (7.59)

This remark justifies the name “nilpotent” given for this third Galileo group preserving system
of conservation laws. The exponentiation of the matrix Y (v) is easy :

abﬁ —-bv 1

1 0 O
Y(v) = (av 1 0) , velR, a>0, b>0. (7.60)
2
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The determiation of the velocity field wu(e) is a direct consequence of the evaluation of the
product Y (v)sW and of the remark that «(Y (u(W))eW) = 0. We have

o 6 0
VW =| (| €9Q, Yw) [ ¢ | = —avf + ¢
W W ab% 0 — bul +
and we deduce that we have necessarily w(W) = %. This expression is exactly the relation
(7.14). We deduce :
b (2\¢
VW o= (0,6 9)F €Q,  Y(u(W)eW) = (9,0,1/)—%?) . (7.61)

e The computation of the entropy variables is a simple consequence of the relations (7.17)
and (7.61). It comes

- _+_ — e, == = =,
oJe" 2a 602 0f a6 0B 0p
With the notation p = b/a, the exact expression of the Hessian of the mathematical entropy
only needs some care :

(7.62)

g02(80 b (2 0o b ( do 80>.

Py _ 0% (P00 1, 0% oy _ (oo p? (0%
02 o2 Pwap T iV wiap  oeac  Porop 2 0% 0B
0%n B p (2 0% 0%n _ poo 5 (2 0%

2009 2020 o2 oo P ezop
*n ¢ 0% 9*n 0%

acoy Lo oap

952" o 9pE’
and with the complementary notation ¢ = (/6 we get
0%c g% 0o 1 , ,0% pq oo

1
o2~ Poop T AP T opr g oop 2P T opr 2PT ope
2

2 2
A2y = M@_lpzqsa_g _p 9o +p2q2a_g _pqa_g . (7.63)
0 03 2 op 0 0p op opB
2 P4 ope P4 op2 062
The two by two minor determinant at the bottom and the right of d277 isequal to — a_be g—g giﬁ‘; ,

which establishes the necessary condition (7.12) when we have supposed that the domain 2
is composed by states W = (0, ¢, ¥)* that satisfy the condition

6>0. (7.64)

The evaluation of the determinant of the relation (7.63) is easy. We multiply the last line by
pq and we add it to the second line. We obtain :

da? 0 08 ' 4 B2 0 9p 2 opz 207 9p2
pq 0o p 0o
det (d*n) = Az —= 0 :
0 08 6 0B
o P4 5p2 Pa 552 932
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then we multiply the third column of the previous expression by % pq? and we substract it
from the first column ; in an analogous way, we multiply the last column by pq and we add
it to the second column of the determinant. We find :

Po  for pide 1 o
02 Yoo 0 o 277 9p2 2 2
pq 0o p 0o 0%c 1 p\ 0o 0%
det (d%n) = = = 0 _ 9 ( By Y9
et (d%) 0 0B 6 03 am( 9) 98 da?
232
The sign of det (d?n) is the one of —g—g when the condition (7.64) is satisfied then is coherent

with the inequality (7.12). Then the function 7(e) defined with the relation (7.17) is strictly
convex.

e The thermodynamic flux j(s) is constructed exactly as in the two previous cases. We use
the definition (7.46) of the function II(e); then the expression (7.62) of the entropy variables

shows :
0 0O 0

0

,—) o 0 o]|m)| =<,
W7\ 0 - o) \o 96

The relation (7.16) is then a consequence of the remark that dj(W)edY (0)eW = dY(0)e

e j(W) joined with the relation (4.7). The general expression for the function j(W) is a

consequence of the relation (3.12) and the expresison (7.61) of a state inside the null velocity

manifold :

do do

PedY (0)aj(Wo) = (52,0

1 0 0
. b 2 b 2
JW) = Y(—u(W)).J<9,0,¢ 2—%) = 1o H(9,¢—2—%) -
ab% bu 1 0-“
= H(Q w_ic—z> 1 due to the relation (7.14)
’ 2a 0 b¢ L)
a 6

The algebraic expression (7.13) of the nilpotent Galileo system of conservation laws is an
immediate consequence of what have been done at the previous line.

e Asin the two preceding cases, we verify that the candidate (7.17) for beeing a mathemat-
ical entropy satisfies the relation (7.48) for regular solutions of the conservation law (7.13).
We have

on 0 (0 0 ou
ot aam) = (Gt )N g, =
(0o ab ,00 0 0 do (0 0 do (0 0 ou
= (Ga+ 3 %)(&”%)9—”“% (a*“%)“@(a*“%)@””%
due to the expression (7.62)
(0o ab ,00 ou oo ou Ol
= (ot 555) (050) ~ 055 (450 ~ &)



3; ( 2 % = 83 (Hub)) +o % taking into account the equation (7.13)
:—%[92—04—(@0—;%)%—0]—61_[2—;% due to (7.14)
= Gl Ee ) ) Her )

'“@W—ﬁ%)—“@gg) =0
and the theorem 2 is proven. O

8. THE CEMRACS SYSTEM.

This section describes the funny hyperbolic system of conservation laws that we have
derived during the Cemracs 99. It corresponds to the elliptic Galileo system of conservation
laws with ¢ = b =1 and the thermodynamics of the polytropic perfect gas.

e Let 7>1 be a fixed real number, e.g. v = 7/5 for the air (di-atomic gas) at usual
conditions of tempeature and pressure, see [Ca85]. We set

o (6, ) = —elog[(”;#], 0>0, ¢>0 (8.1)

and as considered in the remark 4, we can introduce the density p and the internal energy e
according to

0 = p, Y = pe. (8.2)
We have
with 0. )
QO v) = “é (8.3)
0
x(0,¢) = —E >0. (8.4)

The determination of the dual function of the entropy is easy. We have to solve, for a given
pair (A, B), the system

o)
o° (8.5)
—-— = B.
(G
Then, following the relation (7.10), we evaluate the “mechanical pressure” Il(e) :
o*(A, B) 1 (y—1)0
e, v) = 22 2) — 2 (A + B — o0 — 9 f_g) = DO
(v-1)6
(0, ) = : 8.6
T8 Ty
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Taking into account the relation (7.9), we set
u(W) = arctgg , W = (6,¢ ) e (8.7)

and the Cemracs system is a simple re-writing of the relation (7.8) :

6 0 —C 0
0 0 (/02 +¢?,
5 ¢ +%{u(W) ¢ |+ ( ezczw) 9 }:o,W: ¢ |. (88)
b ) VOE+C 0 b
Proposition 9. The Cemracs system is hyperbolic.
Under the hypotheses
0>0, ¢>0, IH(V/2+,9)>0, (8.9)

the system (8.6) (8.7) (8.8) of conservation laws is hyperbolic.

Proof of proposition 9.

e It is some kind of exercice for the studients. We do a direct proof of this proposition to
improve the preceding assertions. The simplest way to do it is to consider the following new
set of variables :

v’z(9@zg,wz;%%ﬁnw¢1+ewmf. (8.10)
We have
1
d (146 du = de = d(%) - —g—gde + 5 (8.11)
al
H(9V1+527 lb) — (7_1)9 = o. (8.12)
V1 + &2 e[ XDV ]
Tl ey
Then d do 0 dy  do "
p Ao _dy o do
P (7—1)9[ v Ty T 1+§2§d§]
_ AN v oo € ?  dyp

e  We write again the two first equations of the system (8.8) :
a0 00 ou 0
il 4= - = — 14
ot * i * Ox 8;U(<'0£) 0 (8.14)
aC ¢ ou Oy
— = 0. 8.15
ot "oz Ox * Ox (8.15)
We multiply the equation (8.14) by —(/6? = —£/6 and the equation (8.15) by 1/6.
Thanks to the relation (8.11), we have the following evolution in time of the variable ¢ :
06 06  p&0¢ 1+ 0p
ot "o "9 0x 6 0w
The equation for the variable ¢ is composed from the relations (8.14), (8.16), the third

equation of the system (8.8) that is :

(8.16)
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oY oY ou
— — — =0 8.17
o "o TV s (8.17)

and from the relation (8.13). We set
14
= - 8.18
y 9 ? ( )
we multiply the equation (8.14) by the coefficient (1 - Ll %) % , the equation (8.16) by
v ¢? ¢ (8.17) ¢’ !
— — , the equation (8.17) by —————— and we add these three equations.
vy-10 (1+¢&?) (y—=1)0v

The — term is absent, the term associated to — is equal to
or or

2 2
9[(%@‘2_*”) (1_% )y_ fyily?’lf—fz +7i1 1152]
= % (v- @+ + %y?’)

0
and the coefficient of the term relatively to 8—('0 is :
x

g g
—§y<1 - —y) - ——&y? = ~¢y.
v-1 v-1
We deduce from this calculus that with the variables V' introduced in (8.10), the system (8.8)
takes the form

ov ov ov
o T+ BV) o =0 (8.19)
with
: o y
14 &2 4 )
BV) = | o £y 126 . (8.20)
7 (g 2,2 4 T .3 _
0 i (y 2+&)y +,y_1y> £y

e We see in an clear way that the real number zero is an eigenvalue of the matrix B(V)
of the relation (8.20). The two other eigenvalues A satisfy the equation :
A2+ [—y+2y2—ily3] = 0. (8.21)
Iy j—
The equation (8.21) has two opposite real eigenvalues when y > 0 as proposed in our study
[Du99]. We have effectively in this case :

Y 3 2 1 3
— 2y? — —— = —y(1- - — < 0
vty - oy y(1—y) o
and the proposition 9 is established. O
Remark 5. Curious Physics.

The condition y > 0 i.e. ¢/0 > 0 or in an equivalent way Il > 0 because 6 > 0 by
convention. It corresponds to
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mI==5>0 (8.22)

RS

L p_p
p/TT — p
and the mechanical pressure II(e) is the quotient of the physical pressure p(e) divided
by the chemical potential p which is not natural. It is easier to interpret the Cemracs
system (8.8) as an elliptic Galieo system of conservation laws whose associated thermostatics
is obtained by exchanging the roles of the variables 6 and 1 = pe inside the relation (8.2).

This corresponds to :

1
because as claimed in the relation (7.22) : do = %dQ -7 dy then II =

0 = pe, Y =p. (8.23)
1
Then the relation do = — T 0 + %dw and the condition (7.7) can be written
0o 1
= - _= .24
90 7 >0 (8.24)

corresponding to a thermostatics system with a negative temperature and associated with a
thermostatic pressure p equal to the mechanical pressure II and given by the formula

M(pe, p) = 1(7_(1&61” . (8.25)
v os [T
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