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APPROXIMATION BY NEW FAMILIES OF UNIVARIATE SYMMETRICAL
B-SPLINES

EL BacHIR AMEUR!, HaMID MRAOUI? AND Driss SBIBIH!

Abstract. In this paper we prove that there exists a unique positive symmetrical univariate B-spline
with minimal support. It is obtained as linear combination of a minimal number of successive classical
B-splines with multiple knots in the space, Sj, of cardinal polynomial splines of class C" and degree
d. Next, we show that the approximation order in the space generated by the integer translates of
this B-spline is not optimal. However it can be used for geometrical design where the small support
is appreciated but the approximation order is not crucial. To have a higher approximation order, we
define the B-splines of high order by recurrence and by convolution with the characteristic function
of the interval [0,1]. We use these B-splines to study the cardinal interpolation and we show that it
is correct in the sense of Schoenberg. Finally, we give the explicit expression of interplant operators
associated with some of these B-splines.

Résumé. Dans cet article, nous montrons I'existence et I'unicité d’une spline symétrique & support
minimal qui s’écrit comme combinaison linéaire d’un nombre minimal de B-spline successives de ’espace
S, des splines polynomiales cardinales de degré d et de régularité r. Nous démontrons que l'ordre
d’approximation dans I’espace engendré par les translatés entieres de cette B-spline n’est pas optimal.
Cependant, leur utilisation dans le dessin géométrique, ou 'ordre d’approximation n’est pas crucial
mais oll un support de longueur réduit est recommondé, pourrait étre tres utile. Pour avoir un ordre
d’approximation élevé, nous définissons par récurrence de nouvelles familles de B-splines cardinales
symétriques. Ensuite, nous étudions I'unisolvance du probleme d’interpolation basé sur ces B-splines.
Nous donnons enfin, des exemples de calcul des coefficients des splines fondamentales associées a
quelques éléments de degrés faibles de ces nouvelles familles.

INTRODUCTION

It is well known that the classical cardinal B-spline of order d41 and degree d with simple knots 0,1,...,d+1
is of class C?~! and of support [0, d+1]. Moreover, it is symmetric and satisfies other properties (see e.g. [4,5,15]).
The degree, class and length of support of this B-spline depend all on the integer d. However, a high regularity
leads to a B-spline with a large support. Consequently, the approximation in the space spanned by its integer
translates requires the resolution of a linear system with a very large size, and a full associated matrix. Therefore
the linear system is difficult to solve. So, one way to construct B-splines of high regularity and small support
is to use the classical cardinal B-splines with multiple knots. In this case, (see e.g. [4,6,15]), one can obtain a
finite family of B-splines which form a partition of unity, but in general they are not symmetric. Our aim is
to define new polynomial symmetrical B-splines, associated with the uniform knot sequence 7 = Z, with small
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supports, which depend only on d, but their class and degree depend on d and another nonnegative integer 7.
This idea is generalized to the bivariate case, (see [9-11]), the authors construct B-splines of class C" and small
supports on three and four directional meshes of the plane.

Let ¢ be one of these B-splines and @ its Fourier transform. We denote by S(p) the space generated by the
integer translates of o, and for h > 0, Sp(¢) = {onf, f € S(v)}, where (onf)(x) = f(F).

In this paper, we study cardinal interpolation problem with new families of univariate cardinal B-splines of
high regularity and small support which are symmetric and form a partition of unity. A cardinal interpolant to

a sequence f on Z is a spline function in S(¢) of the form ., a;(¢)@(- — i) and which matches f on Z, i.e.,

Zaz .7 - Z f(])a for all .7 € Zv (1)

€L

where f is a sufficiently smooth function.
As in [14], we say that the cardinal interpolation with ¢ is correct if for any bounded function f there exists
a unique bounded solution a = {a;(y), € Z} of equation (1).
The solution L = Z ci(p)p(- —1i) of (1) which interpolates the data {dg ;}, where ¢ ; is the Kronecker symbol,
i€z
is called cardinal ﬁemdamental spline function associated with . The cardinal interpolant to a sequence f on
Z given by (1) can be written in Lagrange form

= fU)L(x - ).

JEZ

Therefore, solving equation (1) is equivalent to determine the cardinal fundamental spline L. On the other

hand, if we denote @g(w Z ©(j)e ™ (resp. a(w Z a;(p e~"7) the symbol of the function ¢ (resp. the
JEZL JEZL

sequence a), then, according to [14], the cardinal interpolation with ¢ is correct if and only if the symbol ¢ of

¢ does not vanish. In this case, the cardinal fundamental spline L has an exponential decay and the symbol

of the sequence {c¢;(¢)} is given by ¢(w) = ﬁ. Moreover, for h > 0, the optimal approximation order of the

interpolant Z;, = oZo 1 in Sp(p) coincides with the following so-called Fix-Strang condition of order n of ¢

(see [16])

{ g0) =1,
D*@(2rj) = 0, forjeZ\{0}and k=0,...,n

The paper is organized as follows. In Section 2, we give some preliminary results about the classical cardinal
B-splines with multiple knots in the space of polynomial spline functions S} of class C" and degree d associated
with the uniform knot sequence Z. In Section 3, we prove the existence and the uniqueness of a symmetrical
B-spline with minimal support. This B-spline, noted M and obtained as a linear combination of a minimal
number of successive classical cardinal B-splines with multiple knots, is positive and its integer translates form
a partition of unity, i.e., Y. jezM (-—j) = 1. We show that approximation order in the space S(M) is not
optimal, so these sphnes can be useful for the geometrical design where the order of convergence is not crucial
but small supports are recommended. In Section 4, we construct, by recurrence and convolution with the the
characteristic function of [0,1], a new family of B-splines with higher approximation orders and based on M.
Next, we study the cardinal interpolation problem in the space S(¢) when ¢ is one of these later B-splines. We
prove that the symbol of ¢ is positive and therefore the cardinal interpolation with ¢ is correct. Finally, as
examples, we give the explicit expressions of fundamental splines associated with some of these B-splines.

1. PRELIMINARY RESULTS

Let r,d be two positive integers such that » < d. We denote by S} the space of cardinal polynomial splines
of class C" and degree d, with the set Z of all integers as the knot sequence. Let y = d — r be the multiplicity
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of each knot. We assume that d > 1and 0 <r <d—1, then 1 < u < d—1. In the following, we put e = L%J
and p=d+ 1 — pe, where |z] = maz{n € Z:n < z}.
In order to define the B-splines basis for the space S, we consider the following knot sequence

rg=-120=0,---,x, 1 =0,2,=1,-+ 29,1 = 1,29, = 2,---

Let ngs =#{j€Z:j<iandz; =z;} and nd; = #{j € Z:j <i+d+1and z; = ;1441 }. Then we have
the following result.

Theorem 1.1. There exists a unique B-splines basis (N;)icz for the space S which satisfies the following
properties

(i) suppN; = [xi, Titas1],

(1) N; is positive on |x;, Titd+1,

(iii) Ny is of class C™~1t"9 at x; and of class O 1" at x4 411,

(v) Yen Ni = 1.

Proof. Tt derives from the classical properties of B-splines, see [15]. O

From the above properties, we deduce that for each integer 4, there are 4 — p B-splines N, 44,7 =0,--- , ;1 —
p — 1, which have as support [¢,7 + €] and p B-splines Nj,1;,j = p— p,--- , ;0 — 1, with support [¢,7 4+ e + 1].
Moreover, these B-splines are all of class C™7 at i, but the p — p first ones are of class C4~?~177 at i + e and
the p later ones are of class C4T#=P=1=J at j + e + 1.
It is well known that when g = 1 (simple knots), the B-splines NN; are symmetrical w.r.t. the middle of their
supports and they can be easily obtained by translation, i.e., N;(x) = No(x — ). When p > 1, there are also
some specific properties of symmetry and periodicity.

Proposition 1.2. For p > 1, the B-splines N; satisfy

(1) Nipgj(x) =Nj(x —1), forallz e R, i €Z and 0 < j < p—1;
(i) Nj(@) = Ny—p—j1(e —2),0 < j < 2572 ];

(éii) Nj(@) = Nop—pja(e+1—a),p—p<j<p—p+|55]

Proof. (i) derives from the fact that the knots are uniform and of multiplicity u. (i7) and (i%) can be easily
proved by using Theorem 2.1 or the recurrence relation of B-splines. O

2. SYMMETRICAL B-SPLINES WITH MINIMAL SUPPORT

In this section we show that there exists a unique symmetrical B-spline with minimal support in &);. It is
obtained as linear combination of a minimal number of successive B-splines satisfying interesting properties. To
establish the main result, we need the following lemma.

Lemma 2.1. Let L be a spline function in S of support [0,m], m € N*. If L is a linear combination of
successive | B-splines N;, then ), , L(- —1i) =1 implies that | > p.

Proof. As L does not vanish on ]0, 1], and it is linear combination of successive [ B-splines N;, it can be written

in the form
I+k—1

L= Z a;N; , where k € {0,...,u — 1} and a; € R*.
i=k
Then, for l =n*pu+ 60, with 0 <0 < p— 1, we obtain

— — 0—1 n p—1
E § Qipt+-k+j 7,u+k+] + § Anput-k+j n,u+k+] § E Ajp4-k—+75 l/l.-‘rk‘-‘r] 5
=0 7=0 7=0 =0 j=0
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with apyqpy; =0for 0 <j<pu—1
Consequently, we have

n p—1 u—1 n
DOLC=1) = D D> asuskts Nopsnrs( = O Neariprnrs = 2 2O @surrrs) Niprbrse
i€z i€Z s=0 j=0 i€Z j=0 s=0
Since
pn—1 p—1 n
DLC=)=1=3 Ni=D> > Nippir; =D 3 (3 aowrrts) Niptrts,
= i€ i€Z j=0 i€Z j=0 s=0

we deduce that ZachH =1, forall0 <j < pu—1. Thus, for each j € {0,...,u—1}, there exists s € {0,...,n}

s=0
such that a,4x+; 7 0, and therefore I > u. O

Theorem 2.2. In S} there exists a unique symmetrical B-spline M with minimal support [0,mo], such that
i) M is symmetric.

it) M(xz) > 0 for 0 < x < mg.

i11) M is a linear combination of a minimal number of successive B-splines Nj.

W) Y g M(-—1i) = 1.

The length of the support of M is equal to e if p =0 and equal to e + 1 if p > 0.

I+k—1 I+k—-1

Proof. Let us denote S = { Z a;N;, leN*, ke{0,...,u—1} and a; € R*}. Let M = Z a;N; € S such
i=k i=k

that ) ,., M(- — i) = 1. According to Lemma 2.1, we have [ > u. Moreover, M can be written in the form

n p—1
M = Z ZaSMJrkHNSMJFkH , where n is such that l=n+xp+60,0<60 < p—1.
5=0 j=0

Assume that | = p, ie, n = 1 and § = 0. According to Lemma 2.1, we have Zi:o Gsu+k+; = 1, where
autk+j = 0for 0 < j < p—1. Consequently, ar4; =1 for all 0 <j < p—1and M can be written as

k+p—1

p—1
M=> Nej= Y. N (2)
j=0 j=k

For p = 0, the support of all B-splines N; are of length e, then in this case the unique minimal supported spline
of type (2) is M = Z?;é N;.

By construction, M satisfies the properties ii), iii), and iv). To show that M is symmetric, it suffices to remark
that M can be written as

T
Z(Nj + Ny—1-5) if p is even,
_ j=0
M=1 s
Z (Nj +Ny—1-5)+ N% if p is odd.
§=0

Since Nj + N, 1 and Nu_1 are symmetric with respect to §, we deduce that M is symmetric.
2
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When p > 0, we have . — p successive B-splines N; of support [0, €] and p B-splines of support [0,e + 1] .

ktp—1 p—1 k—1
Assume that k < y—p. In this case, a spline M = Z N; = ZNJ'JFZNMH is of support [0, e+1]. Moreover,
j=k j=k Jj=0

it is easy to see that M is of class C"=D+k+1 at 0 and of class C"—D+r=r=k+1 ot ¢ 4+ 1. Consequently, so that
M is symmetrical on [0,e + 1], we must have k + 1 = pu— p—k + 1, i.e., u — p = 2k. Hence, if u — p is even,
e tu-l
there exists a unique spline M = Z Nj; of minimal support [0, e 4 1] which satisfies the properties ii), iii)
j=tz2
and iv).
To prove that M is symmetric, it suffices to remark that it can be written as

k—1 p—o—1
> N+ Nviep) + D (Nj + Nuca—-etp) if p = 2.
_ j=0 J=n—p
M = k-1 (n—p)+o—1
Z(Nkﬂ' + Nuph—45) + (Nj + Nu—1—(—p+p) + Nu—pio i p=20+1.
J=0 j=p—p
AS Ny + Nygi—(+1), (N +Ny_1-(j—p+p)) and Nﬂ_p+%1 are symmetric with respect to egl, we deduce that

M is symmetric.

In the case where 1 — p is odd, there exists no spline in S which is symmetric, of support |0, e + 1] and linear
combination of u successive B-splines N;. Consequently, it is necessary to take | = p + 1.

Assume that | = p+1,i.e., n =1 and # = 1. In this case, M can be written as

1 p—1

M=% aouinrj Nopwirts: (3)

s=0 j=0

Since Zi:o Qsptk+j = 1, for all 0 < j < pu—1, where ayqp4; =0, 1 < j < p— 1, we have ap + a4 = 1 and
agy; =1, for all 1 < j < g — 1. Thus, from (3) we get

k4+p—1
M = ap Ny + Z N; + ak+ﬂNk+#.
i=k+1

Assume that & < p — p. In this case, M is of support [0,e + 1] and it is easy to see that M is of class
Cr=D+k+1 at 0 and of class C("~D+tH=r=F at e + 1. Therefore, so that M is symmetrical, it is necessary to

k+p—1
have p —p—k=k+1,1ie, k= “7571. On the other hand, it is easy to verify that the spline B = Z N;
j=k+1
can be written in the form
k—1 pn—o—1
Y Nijer + Nvk-e) + D (Nj+ Nyoio (-t p) if p= 2o,
B = Jj=0 J=p—p
- k—1 (n—p)+eo—1
D (Niegjn + Nugr—ag) + (Nj + Ny—1-G—ptp)) + Nu—pto if p=20+1.
Jj=0 j=p—p

Consequently, B is symmetric with respect to e;rl, and so that M = ap Ny + B + ag4, Ni4, is symmetric it is
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necessary to have ap = agy,. As ap + ar4, = 1, we deduce that ar = ag4, = é

We conclude that M = %Nk + B+ %Nk_w, k= ”_5_1 , is the unique spline with minimal support which satisfies
the properties i), ii), iii) and iv).

When k& > o — p (resp. k> 11— p) we can easily show in the case [ = p (resp. | = p+ 1) that the associated
spline M is of support [0, e + 2], hence it isn’t of minimal support. O

Remark 2.3. The condition #i¢) of Theorem 2.2 is necessary to ensure the uniqueness of the function M. Indeed,
consider the space S3, then we have d =6, r =3, p =3, e = 2, p = 1. In this case, M = N; + Ny + N3 and its
support is [0, 3]. Without the condition iii), we can find another function supported by [0, 3] and satisfying the
properties i), i), iv). More specifically, for A € [0, 1], we consider M* = (1—X)Ng-+ AN+ No+AN3+(1—\)Ny.
It is clear that for A €]0, 1[, M? is a combination of 5 successive B-splines. But for A = 0, M? is combination of
three B-splines, which are not successive. Hence, M! = M is the only function that satisfies the property #ii).

For the approximation order in the space S(M), we have the following result.

Theorem 2.4. The approzimation order in the space S(M) is equal to 1 if u # 2 or p # 1 and equal to 2 if
p=2andp=1.

Proof. In order to establish this result, we use the notation N; 44 instead of N; and Mgy, instead of M.
According to the derivative algorithm of the B-splines, M;41 can be written as

efl No,a * Xjo,1] if p=0,
Mg = g N%,d * X[0,1] if p>0and p— p is even,

2% (ngqyd + Nu7§71+1,d> * Xjo,1] if p>0and p—pis odd,

where * denote the convolution product.

Assume that pu # 2 or p # 1. If p =0, we have My4q1 = efl No,q * X[0,1]-

Since e%‘ll > icz No,a(- — i) # 1, we deduce that e%'llNo,d does not satisfy the Strang-Fix conditions of order 1.
On the other hand, x|o,1) satisfies the Strang-Fix conditions of order 1, then the approximation order in the
space S(Mg41) is equal to 1. A similar technique can be used when p > 0.

Now, assume that u =2 and p = 1, then we have

Md+1 = Md * X[O,l]'
Consequently, the approximation order in the space S(Mgy41) is equal to 2. ]

3. CARDINAL B,,-SPLINES

3.1. Definitions and properties

In this section, we are interested in the construction of new B-splines based on M and having higher approx-
imation order. More specifically, we define these functions by recurrence on m and by convolution with M and
the characteristic function of [0,1] in the following way

My, = My—1 * Xo,1), form >1, where My = M.

As in the case =1, it is easy to verify that these B-splines satisfy the following properties.
Theorem 3.1.

(i) M., is symmetric,

(ii) suppM,, = [0,mo + m|, where mg=e if p=0ande+1 if p >0,

(14i) My, is positive on |0, mg +m|,

(i) Xjez Mm(-—j) = 1.
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Moreover, by using the Strang-Fix conditions and Theorem 2.4, we can easily show the following result.

Theorem 3.2. The approximation order in the space S(My,) is equal to m+ 1 if p# 2 or p # 1 and equal to
m+2ifu=2andp=1.

From Theorem 2.2, mg = e if p = 0 and e + 1 if p > 0, this implies that suppM,,, = [0,m + €] if p = 0 and
suppM,, = [0,m + e+ 1] if p > 0. As in the approximation theory, the basis functions with small supports
are appreciated, we consider in our case the B-splines M, with p = 0, i.e., d + 1 = pe. Moreover, the choice
of e as small as possible leads to B-splines M,,, with small support [0,m + e]. For examples, for e = 1, we get
r = —1 and the corresponding B-splines are discontinuous. For e = 2, we have d =2r+land py =d—r =r+1,
therefore, in order to ensure the existence of B-splines M,, with small supports, we must choose M in the
Hermite spline space 83,1 (p = 0 and e = 2). From Theorem 2.2, we deduce that M is a linear combination of
a minimal number of B-splines (N;);cz defined in Section 1 with d = 2r + 1. More specifically, M = Z;:O N;.
As this B-spline M is of class C" and its support is formed by two subintervals, we denote it in the following
by M27r-

Proposition 3.3. The explicit expression of Ms, = Z;:o N; is given by

ur () if x€[0,1],
My, (z) = up(2 — ) if xell,?2],
0 elsewhere,

where
2r4+1
2 1 . 14
ur(z) = Z (r+ )xj(l—x)27+1 Tz elo,1].
j=rt1 N

Proof. As M, , is symmetrical with respect to 1, it can be written in the form

ur () if xe€l0,1],
M, (z) = ur(2 —x) if xe(l1,2],
0 elsewhere,

where the expression of w,.(z) in the Bernstein basis is

2r+1

ww) = 3 aQTH(j)(Q’"jl)mﬂ'u—x)”‘“—j . zefo1]

j=r+1
On the other hand, from (iv) of Theorem 2.2, we have for all = € [0, 1]
ur(z) + u,(1 —2) =1, which implies that ay, ,(j) = 1, for j = 0,...,r.
Hence, we obtain the expression of Mj ;. O

Now, we define the B,,-splines M,, ,, m > 2, as follows.

Definition 3.4. For m,r € N, m > 2, the B-splines M,, ., called B,,-splines, are defined by
for m = 2,
M2.,r € S2Tr+1a
and for m > 3,
My (2) = (Mp—1,r * Xoa) (@) (4)
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In the next, we need the following notations. For all p,q € Z, we denote by
- I = [p,q] an interval of R.
- Prom = Sy 2 (I, {zi}icz, N I) the space of spline functions of degree at most 2r 4+ m — 1 with knots of
multiplicity r + 1 at {z;};ez N 1.
“Vim = {s€Prm :59() =0, m—1<i<r+m-—2andjelNZ}.

Lemma 3.5. a)dimP,,, = (r+1)(¢g—p)+r+m—1.
b)dimVy,;m, = gq—p+r—1.

Proof. a) It follows from the definition of P, ,, and the results, given in [4], concerning the dimension of spline
spaces.
b) Let s € Py, For all j € {p,...,q}, we consider the linear forms

wij(s) = 3(1)(3') di=m—1,...,r+m—2.

r+m—2 q
They are linearly independent. Indeed, if we assume that ¢ = Z Z a; ;5 = 0, then the application of
i=m—1 j=p
¥ to the following functions of Py,
(@—q+ )" e+ )T

leads to the linear system

. (r+1)! _
Z 7"+Z—j | Om—1+j,q = 0,7=0,...,r—1

It is easy to check that the determmant of this system does not vanish, therefore a; 4 = 0, fori =m—1,...,r+
m — 2.
In the same way, by applying v respectively to the functions

(x_]+1)r+m ! (x_]+1)r+m (‘T_.]+1)2T+m 27j:q_17"'7p+17

we prove that «; ; = 0.

Finally, in order to show that a; o = 0, it suffices to apply ¢ to 2™, 2™, ... ™ "~2, Since ﬂ ker ; j = Vim,
4,3

we deduce that dimV,.,, = ¢—p+m —1. O

Proposition 3.6. The family { M, (- —j),p+1—m < j < qg—1} forms a basis of Vi m.
Proof. Tt can be easily done by induction on m. O

In the next subsection, we study the cardinal interpolation based in the centred B,,-splines.

3.2. Cardinal interpolation

Let Mm » be the symmetrical cardinal B,,-spline of support [, ]. According to Definition 3.4, M, r(x) =

(ngr * Nm,2> (z), where N,,_s is the symmetrical classical cardinal B-spline of order m — 2, and its Fourier

~ sin @\ ™2 w\m—2
Np—2(w) = < 2) = (sincg) .

w
2

transform is given by
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In this section, we are interested in the cardinal interpolation problem in the _space S ( m,r)- According

o [14], to ensure the correctness of the interpolation problem with the B,,-spline Mmm i.e., the existence and
the uniqueness of the solution of

> i (Mpy ) My (j — i) = f(j), for all j € Z,
i€z
where f is a sufﬁmently smooth function, it is necessary and sufficient to show that the symbol AT (w) =
Z;ez Mm (e —wi of Mm » does not vanish. To do this, we need the following lemma.
Lemma 3.7. Let p,. be the function defined by
- { (2r+1)(7) (%H)“(% —z)" ifrel-33)

pr(z otherwise.

Then, for each w €]0, %] and r > 1, we have

r r—1
N 1 o 1 w
(Z) p"'(w) = Z a; CL)2S+1 Sln§ + Z ﬁg w25+2 COS b
ey <[
. r s+r 2r+1)! 25 o s+r (2r+1)! 2541
with of = (=1)""" 2 5255 (7). 85 = (-1 2 g5 ()

(it) pr(2mw) = pp(m) = pi(m) = %
(i) Bor(w—1) > 5(2m) > pum) = &

[

Proof. (ii) We remark that p,(2mw) = 2 / pr(z) cos2mwz dx. Then, as w €]0, ] we deduce that p, (27w) >
0

0. Moreover, it is easy to check that the function p,(27.) is decreasing on ]0, 1], so p, (27w) > P, ().
On the other hand, by using the expression of p, given in (i) of Lemma 3.7, we obtain

and since 7 is a transcendent number, we have p,(7) > 0.

To show that p.(m) > pi(m) for each r > 1, it suffices to prove that the sequence (p, (7)), is increasing.

Indeed, if we integrate by parts two times p,(w) and we use the fact that py42(3) = p;+2(%) = 0, we obtain
%
—~ ” COSWIT
Proo(w) = -2 / Pri2(T) 2 dz.
0

So, p;: 12 can be written as follows

" rt1 % +3
Pri2(t) = (2r+5)(2r +4) [gr1(2) = 2pria(2)],  where grpa(z) = —2- n 5 Pre1(2) + Y

pr().

Therefore

Poa(@) = 4@r +5)2r +3) oo () — praa(@)], and Proa(w) = " TINEED 5 ) hw). )

w?

24

—-

As Dryo(m) > 0, wehave forallr > 1 p.11(w) > pr(7) > p(n) =
T
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(ii) One can easily see that p,(2m(w — 1)) > 0 for all w €]0, 3], and the function p,(27(. — 1)) is increasing on
10, %} Therefore, we obtain the following inequality

ﬁr(2ﬂ-(w - 1)) > Z’)\r(_2ﬂ-) = Z/)\T(Qﬂ-)'

Since 7 is a transcendent number, we have p,.(2r) > 0 for all » > 1. On the other hand, from equation (5), we
get

(2r 4+ 5)(2r +3)

Pri2(27) = 5 (Pr1(2m) — pr(2m)) .

T
Then, for all » > 1, we have
~ ~ ~ 3
Pr1(2m) > pr(27) 2 pr(27) = 5.
Now, we are in position to prove the main theorem of this section.
Theorem 3.8. The symbol A}, of the symmetrical cardinal By, -spline J,\Ym,r 18 positive.
Proof. As A7 is symmetric and 27-periodic, it suffices to prove that A7 (27w) > 0, for all w € [0, 1].
For m = 2, it is easy to check that AL (27nw) = 1.

For m > 3, we distinguish two cases.
(i) For w = 0, we have A7 (0) = 37,7 Mp(j) = 1.

(ii) For w €]0, 1], we first prove that Mmyr(%rw) and Mmm(Zﬂ'(w — 1)) are positive. Indeed, as

= sinw\™ ! (—1)j(m71)
M (27w + 27j) = — Dr(27w + 27j),
| m W+

we deduce from Lemma 3.7 that Mm,r(%'w) and Mm7r(2ﬂ(w — 1)) are positive on ]0, 1]. Now, we show that

o~ —~

> ’M’m’r(%w + 275) ’ < My, (21w) + Mo (21(w — 1)).
i#{0,-1}

For this, we set

‘ M (27w + 275)
bi(j) = — , fori = 0,1and j € Z,

M (27 (w — 1))

— ‘

and we prove that Z bo(j) < 1 and by1(—2) < 1. Indeed, from the expression of ]\A/[/mr7 we have

>0
j<-2

m—1 |~ .
. w pr(27w + 27
i) = | [ B )

w+j pr(2mw)

According to (i) of Lemma 3.7 and the fact that

S

|- (27w + 27j)| < 2/ pr(z) |cos(2mw 4 27j)x| de < 1,
0
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we obtain the following inequality
m—1

So, for all j > 0, we have

b()< 1 ( w >m—1< 1 ( 1 )'m—l
V= Bm \w+ S hm\2i+1)
1 1 1

Since (— 7) is a decreasing sequence, we deduce that its large value is = Then, we
m

1
pi(m) (25+1)™~ 1 pi(m) (25+1)2°
have by (j) < ﬁ m Therefore

. 1 > 1 B 1 2
ZO (i) < == > T A (81>. (©)

Jj=1

In the same way, if j < —2, we prove that

, 1 —w \"7! 1 -1\ 1 1
w0 < 5w (a55) <am i) <rm@or

hence

1 1 1 (=2 10
Do) <=5 = (—) (7)
j<2 pi(m) = (25 - 1) 8 9
Combining the inequalities (6) and (7), we obtain

3 19
D bo(j) < 2—4 (2 - 9> — 0.46... < 1.

i>0

Jj<-2

On the other hand, we have

w—1 "“ 1. (27(w — 2))]

h(-2 = |25

and from (ii) of Lemma 3.7 we get

1 1—w\™! 1 1 2
bi(—2) < ( ”) < < —082. <1

p1(2m) \ 2 —w p1(2m) 2m—1 = 12

Hence e e _— —~

> ‘Mm,r(zmum)‘ < My (27w) and ‘Mm,r(zw(w—z)) < My (27m(w —1)).

Jj>0

J<—2
So, according to the Poisson summation formula, the symbol Al can be written in the form A} (w) =
Z Mm,r(w + 27j) and therefore Al (2rw) > 0. This completes the proof of the theorem. O
JEZ

Remark 3.9. The cardinal fundamental spline L]  and the interpolant operator associated with the B,,-spline
M, , are given respectively by

er = Z Cj(M’er,T‘) MnL,r(' _j), (I':af) = Z f(]) er( _,])

JEZ JEL
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According to the previous sections, the approximation order of Z], in the space S (Mm,r) is equal to m — 1.
More specifically, for a sufficiently smooth function f and for h > 0, there exists a constant C?, (f), independent
of h, such that

WTond = fll, < Col) W,
where I, = opZy,015 and .|| ; is the uniform norm on the compact J of R.

In order to determine C7,, (f), it is necessary to know the expression of L7 | or in other words, the coefficients

¢; (M, ). As it is difficult to compute explicitly these coefficients for all » and m, we give only some examples
of this computation in the next section.

4. EXAMPLES
As examples, we compute the coefficients (cj (]ijr)) of the fundamental splines L], associated with the
JEZ
cardinal B,,-splines M,, ., for all » > 0 and m = 3,4. In order to do this, we first prove the following lemma.

Lemma 4.1. Let r € N. If we denote o, = ]T/I/gw,«(—l) = Mg’r(l) and B, = Mg’T(O), then we have

(Z) Qp = 227%(2:‘:&12) and B =1 = 2a,,

(ii) the sequence (o), is decreasing and the sequence ([3,), is increasing.
Proof. (i) Let {a(j),0 < j < 2r +2} (resp. {b(j),0 < j < 2r + 2}) be the B-net of the Bz-spline M3, on [0, 1]

(resp. on [1,2]). Using the computational algorithm given in [2], we get

ol for j=0,... 1
and b(]):{ 331 3] or j ) ,T+ 9

. 0 for j=0,...,7r+1,
a(j) =

% forj=r—+2...,2r+2, T forj=r+2,...,2r+2.
Therefore
~ 1 2r 42 ~ 3 1 2r 42
(679 :M?),T(_l) = W(r-’—l)’ and 67“ :M37T(O) :ngr(i) =1- W(fr-’—l) = 1-20{T
(ii) From the expression of «,., we have aa—tl = g:ij < 1, thus («.) is decreasing and (3,) is increasing. O

4.1. Computation of cj(]f\\i/g,r), j€Zand r >0

The symbol ¢(w) associated with the sequence (cj (Mgr)) _is given by ¢(w) = w7
J
If we put 2 = e, then we have
2z

Ai(w) = a, 271 + + o, z, and therefore ¢(w)= ——>r .
3(«) " b " @) 1+ Bz 4 22

From (ii) of Lemma 4.1, we obtain a, < % and 3, > %. Thus, the equation 1 + g—’" z+ 22 = 0 has two real
distinct roots given by

20, — 1 + /1 — 4o, 20, — 1 — /1 — 4av,
21 = and zo = .

20ér 2ar
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So, the symbol ¢(w) can be written in the form

~( ) 1 z1 z9
c(w) = — .
V1—da, \z—21 Z— Zo

Using the entire series expansion of ¢(w), we obtain

w) =

1 *2"’ 2a, —1+T—da, "'
— z7.
VT=da; 2= 2a,

Hence, the coefficients c; (]/\Z/gm), Jj € Z, are given by

1 20, — 1 + T =4, \ V!
JI—1a, 2, :

4.2. Computation of cj(ﬂw), jE€Zand r >0

Cj(MS,T) =

In this case, we give an explicit formula of the coefficients c; (M47T) of the cardinal fundamental spline L}

associated with the B4-spline ]TJM, for a fixed r > 0.

The symbol ¢(w) associated with the sequence (cj (J’\L’T)) _is given by ¢(w) = %
J

If we put z = e~*, then we have Aj(w) = 4(%_23) 71+ 2(322-:_43) + 4(57':%3) z, and therefore
4(2r+3)
~ . 42~ _[2r+3 21 22
cw) = 1 4 2Br+4) 2 Vor+1 \z2—-2 z2—2
+ =gtz 1 2
where z; = —(3r+4) +24/(r+1)(2r+3) and z, = —(3r+4) =24/ (r+1)(2r+3)

r+2 r+2 :

Using the entire series expansion of ¢(w), we obtain

+oo |71
~ _J2r+3 3r+4  24/(r+1)(2r+3) ;
ow) = r+1 j;oo <_r+2 * r+ 2 =

Therefore, the expression of cj(]\74,,.) is given by

171
~ . [2r+3 3r+4  2/(r+1)(2r+3) _
c;j(My,) = 1 <r+2 + 12 , j € Z.

5. REMARKS

1- As we have said before, it is difficult to compute the coefficients (cj(Mm,r)) . for all m, even if r = 0.

JjE
Therefore, it is out the question to construct explicitly the cardinal fundamental splines of high regularity asso-
ciated with the classical cardinal B-splines. But, for the B,,-splines M3, and My ,, r > 0, we give the explicit

values of Cj(Mg,’r) and c; (]T([/AL,,)7 J € Z, and moreover, the corresponding cardinal fundamental splines Lj and
LY are respectively of class C"*! and C"*2, i.e., of high regularity on R.



42 ESAIM: PROCEEDINGS

2- According to their expressions, the coefficients (cj(Mm,r)) , of cardinal fundamental splines L] , m = 3,
JEZL

4, can be written in the form: cj(MmJ») = u:n(ﬁj;l)lj‘,j € Z. Therefore, the sequence (cj(Mm,,»)) decays
J
exponentially as |j| — oo. Moreover, it is easy to see that this sequence is decreasing on r. Consequently, the
coefficients ¢;(M,, ) converge rapidly to zero when j and r are large.
3- In the two previous examples, the coeflicients (Cj(Mm’rD . of cardinal fundamental splines L], m =3

j€

and 4, are computed by using the entire series expansion of ﬁ This result can be generalized for all m.
m U)

Indeed, if we denote by A, (z) = djez M,,.»(4)27, the extension of the symbol A", of M,, , to the set C,

then from Theorem 3.8, X; is positive on |z| = 1 and therefore — has a Laurent series expansion in the

set {z€Z:0 < <|z| <72} which contains {z € C : |z| = 1}, where ]71,72[ is a neighborhood of 1. Since
ﬁ = jez ¢j(My, )27, we deduce all the coefficients ¢;(M,, ) of the cardinal fundamental spline L.

4- We have studied the upper bounds of norms of interpolant operators Z,,, for m = 3,4 and we have obtained
the following results:

1 1 1 2 3
[|Z) || < e, where ¢f = — = and ¢y = — _ .
Ay(—1)  1—4da Ay(—1) r+1

In these two cases, we note that the sequence (cj,),. is decreasing. Moreover, it converges to 1 when m = 3 and
to 2 in the other case.
In general, according to [14], if ¢ is a compactly supported spline function, @ its symbol on C, and Z its

associated cardinal interpolant operator, then we have ||Z]| < #_1). Therefore, when ¢ = M,, , we get
1 o T i~ . i TF .
Il < =, with A, (=1) =Y (=1)' My, (j) = D ™ My, (4).
A, (—1) : ,
m JEZ JEZ

Using the Poisson summation formula, we obtain

= _1)Jj(m-1)
K;(_l) = ZMm,r(Tr + 2]7) = Z %ﬁr((Z? + 1)7T)
jez jez (5 )

and from Lemma 3.7, we get

- L2\ N -1’
A (=1) = (-1) <W> LIRSV (_1)k7r%(2r(—)2k)!2(2j(+1))m“’“'

jez

In the following table, we have verified that for m = 5,6,7,8 and for » = 0, ..., 6, the sequence (ﬁ)

is decreasing. We conjecture that this result is still true for all m and 7.

0 1 2 3 4 5 6
4.8000 | 3.9344 | 3.6373 | 3.4856 | 3.3931 | 3.3306 | 3.2856
7.5000 | 6.1765 | 5.7273 | 5.5000 | 5.3624 | 5.2703 | 5.2041
11.8033 | 9.7040 | 8.9890 | 8.6262 | 8.4063 | 8.2579 | 8.0975
18.5294 | 15.2419 | 14.1236 | 13.5569 | 13.2136 | 12.9830 | 12.8175

=

313|133
Il
00| ~1| o] o

5- The B,,-splines studied in this paper have been generalized to the bivariate case. In [9-11], the authors
have showed the existence of simple B-splines of class C¥ and small supports on three and four directional
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meshes of R?2. These simple B-splines are used afterwards for the construction by convolution of composed
B-splines which generalize the classical box-splines on R? and which are useful for solving some interpolation
and approximation problems. A particular application of one type of these composed B-splines is given in [1].

(1]
(2]

(3]

This work is supported by PROTARS III D11/18.
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