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DATA FITTING BY VECTOR (V,F)-REPRODUCING KERNELS

Mohammed-Najib BENBOURHIM1

Abstract. In this paper we propose a constructive method to build vector reproducing kernels. We
define the notion of vector (V,f)-reproducing kernel and we prove that every vector reproducing kernel
is a (V,f)-reproducing kernel. We study the minimal approximation by these (V,f)-reproducing kernels
for different choices of V and f.

Résumé. Dans ce travail on propose une méthode constructive pour générer des noyaux reproduisants
vectoriels. On définit la notion de (V,f)-noyau reproduisant vectoriel et on montre que tout noyau
reproduisant vectoriel est un (V,f)-noyau reproduisant vectoriel. On étudie l’approximation minimale
à l’aide de ces (V,f)-noyaux reproduisants vectoriels pour différents choix de V et f.

Introduction

Kernels are valuable tools in various fields of numerical analysis, including approximation, interpolation,
meshless methods for solving partial differential equations, neural networks, and machine learning. This con-
tribution proposes a constructive method to build vector reproducing kernels for approximation theory uses.

The problem of computing a function from empirical data is addressed in several areas of mathematics and
engineering. Depending on the context, this problem goes under the name of function estimation (statistics),
function approximation and interpolation (approximation theory), among others.

The outline of this paper is as follows: in Section 1, we recall some fundamental results on vectors reproducing
kernels and we define the notion of (V, f)-reproducing kernels. We state the fundamental result, that a matrix
function is a vector reproducing kernel if and only if it is a (V, f)-reproducing kernel. In Section 2, we give
examples of (V, f)-reproducing kernels. In Section 3, we present the first vectorial approximation and we prove
the existence and/or uniqueness of the solution. In Section 4, we present the second vectorial approximation,
preserving a finite dimensional vector space and we prove the existence and/or uniqueness of the solution.

1. Vector (V, f)-reproducing kernels

1.1. Vector reproducing kernels

For any set Ω we denote by (Rn)Ω the real vector space of functions h : Ω −→ Rn equipped with the topology
of point wise convergence.

Definition 1.1. A real valued matrix-function H(t, s) = (Hk,l(t, s))1≤k,l≤n defined on Ω× Ω is a reproducing
kernel (RK) if
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1. It is symmetric
H(t, s) = HT (s, t), ∀t, s ∈ Ω. (1)

2. For every finite set {tj}1≤j≤N of distinct points in Ω and for every set of real scalars {λi,l}1≤l≤n
1≤i≤N

, we

have
N∑

i,j=1

n∑

k,l=1

Hk,l (ti, tj) λj,l λi,k ≥ 0. (2)

Remark 1.2. Taking λj,l = µjcj,l in Equation (2), it is easy to see that Definition 1.1 is equivalent to that
for every finite set {tj}N

1 of distinct points in Ω and for every elements cj = (cj,l)1≤l≤nof Rn, the matrix
(ci

T H(ti, tj)cj)1≤i,j≤N is a positive matrix.

Proposition 1.3. The RK H(t, s) has the following properties:
1. For all k=1,...,n, the function Hk,k(t, s) is a RK.
2. For all k,l=1,...,n, and t, s in Ω, we have the Cauchy-Schwartz inequality

| Hk,l(t, s) |2≤ Hk,k(t, t)Hl,l(s, s). (3)

Proof. It is a consequence of Remark 1.2 and the properties of symmetric positive matrices.
¤

Definition 1.4. A vector subspace H of (Rn)Ω equipped with a scalar product 〈· | ·〉H is called a hilbertian
subspace of (Rn)Ω if

1. (H, 〈· | ·〉H) is a Hilbert space.
2. The natural injection from H into (Rn)Ω is continuous.

We recall some important results on RK and its associated hilbertian subspace which are studied in [9].

Theorem 1.5. For any reproducing kernel H(t, s) there exists a unique hilbertian subspace HH of (Rn)Ω such
that:

1- The space

H0,H =

{
u ∈ (Rn)Ω | u(t) =

N∑

i=1

H(t, ti)ci, ci ∈ Rn, 1 ≤ i ≤ N, t ∈ Ω

}
(4)

is a dense subspace of HH .
2- H(t, s) is the reproducing kernel of HH :

〈u | H(., t)c〉HH
= cT u(t), (5)

for all u ∈ HH , c ∈ Rn and t ∈ Ω.

1.2. Vector (V,f)-reproducing kernels

Definition 1.6. Let H(t, s) = (Hk,l(t, s))1≤k,l≤n a real valued matrix-function defined on Ω×Ω. We say that
H(t, s) is a (V, f)-reproducing kernel ((V, f)−RK) if there exist a real Hilbert space (V, 〈· | ·〉V ) and a function
f = (fk)1≤k≤n from Ω into V n such that

H(t, s) = (〈fk(t) | fl(s)〉V )1≤k,l≤n . (6)

Theorem 1.7. A real valued matrix-function H(t, s) = (Hk,l(t, s))1≤k,l≤n is a reproducing kernel if and only
if it is a (V, f)-reproducing kernel.
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Proof. It is clear that a (V, f)−RK, H(t, s) = (〈fk(t) | fl(s)〉V )1≤k,l≤n is symmetric and satisfies
N∑

i,j=1

n∑

k,l=1

λi,kλj,lHk,l(ti, tj) =
N∑

i,j=1

n∑

k,l=1

λi,kλj,l〈fk(ti) | fl(tj)〉V =

∥∥∥∥∥
N∑

i=1

n∑

k=1

λi,kfk(ti)

∥∥∥∥∥

2

V

≥ 0,

which implies that H(t, s) is a RK.
Conversely let H(t, s) = (Hk,l(t, s))1≤k,l≤n be a RK. ¿From Theorem 1.5, there exists a hilbertian subspace
HH of (Rn)Ω which admits H(t, s) as a reproducing kernel. Let V = Hf and fk(t) = H(t, .)ek ∈ HH with
ek = (δk,l)1≤l≤n. From the reproducing formula (5), we get: Hk,l(t, s) = 〈fk(t) | fl(s)〉Hf

. Then H(t, s) is a
(V, f)−RK. ¤

In the following theorem we establish a characterization of the hilbertian subspace Hf associated to H.

Theorem 1.8. Let H(t, s) = (〈fk(t) | fl(s)〉V )1≤k,l≤n be a (V, f)-reproducing kernel. Its associated hilbertian
subspace Hf of (Rn)Ω is defined by:

Hf =
{

u = (uk)1≤k≤n ∈ (Rn)Ω | ∃v ∈ V : uk(t) = 〈v | fk(t)〉V , 1 ≤ k ≤ n, ∀t ∈ Ω
}

. (7)

Proof. Let Af : V −→ (Rn)Ω be defined by (Afv)k(t) = 〈v | fk(t)〉V , 1 ≤ k ≤ n. The application Af is linear
and from the inequality

| (Af )v(t) |2 =
n∑

k=1

| 〈v | fk(t)〉V |2 ≤
(

n∑

k=1

| fk(t) |2V
)
| v |2V ≤

(
n∑

k=1

| Hk,k(t, t) |2
)
| v |2V ,

we deduce that Af is continuous. Let ker(Af ) = {v ∈ V | 〈v | fk(t)〉V = 0, ∀k = 1, · · ·, n and ∀t ∈ Ω} and,
B =

(
ker(Af )

)⊥ the orthogonal space in V of B. One can easily verify that B is the closure of the space
span {fk(t)}(k,t)∈Nn×Ω, with Nn = {1, . . . , n}. We denote PB the orthogonal projector on B. We define on
Hf = Af (V ) the bilinear form

〈Afu | Afv〉Hf
= 〈PBu | PBv〉V .

It is easy to see that this bilinear form is a scalar product on Hf . Then the linear application

Af : (ker(Af ))⊥ −→ Hf

is an isometry and consequently (Hf , 〈· | ·〉Hf
) is a Hilbert space. For all s ∈ Ω and c = (cl)1≤l≤n ∈ Rn the

function

H(t, s)c : t ∈ Ω −→
(

n∑

l=1

Hk,l(t, s)cl

)

1≤k≤n

=

(
n∑

l=1

〈fk(t) | fl(s)〉V cl

)

1≤k≤n

=

(
〈fk(t) |

n∑

l=1

fl(s)cl〉V
)

1≤k≤n

=

(
Af

(
n∑

l=1

fl(s)cl

))
(t),

is an element of Hf and satisfies the reproducing formula (5). Thus

〈Afv | H(·, s)c〉Hf
= 〈PBv | PB(

n∑

l=1

fl(s)cl)〉V = 〈v |
n∑

l=1

fl(s)cl〉V

=
n∑

l=1

cl〈v | fl(s)〉V =
n∑

l=1

cl(Afv)l(s)

= cT .(Afv)(s),
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for all v in V . Consequently (see Theorem 1.5) Hf is a hilbertian subspace of (Rn)Ω and admits H as a
reproducing kernel. ¤

2. Examples of (V, f)-reproducing kernels

2.1. Example 1

Let V = L2(a, b) and let Ω be a subset of Rd. For any function ck : Ω −→ R, 1 ≤ k ≤ n, let fk(t)(x) =
exp(ck(t)x). We have

Hk,l(t, s) =





exp(b(ck(t) + cl(s)))− exp(a(ck(t) + cl(s)))
ck(t) + cl(s)

if (ck(t) + cl(s)) 6= 0,

b− a otherwise.
(8)

and

Hf =

{
u = (uk)1≤k≤n ∈ (Rn)Ω | ∃v ∈ L2(a, b) : uk(t) =

∫ b

a

v(x) exp(ck(t)x)dx, 1 ≤ k ≤ n,∀t ∈ Ω

}
. (9)

2.2. Example 2

Let V = L2(0, +∞) and let Ω be a subset of Rd. For any function ck : Ω −→]0, +∞[, 1 ≤ k ≤ n. Thus

1) If fk(t)(x) =
1
4
√

π
exp(−ck(t) | x |2) then Hk,l(t, s) =

1√
ck(t) + cl(s)

.

2) If fk(t)(x) = exp(−ck(t)x) then Hk,l(t, s) =
1

ck(t) + cl(s)
and in particular if ck(t) =

Pk(t)
Qk(t)

, where Pk(t) and

Qk(t) are polynomials, we obtain a rational reproducing kernel

Hk,l(t, s) =
Qk(t)Qk(s)

Pk(t)Qk(s) + Pk(s)Qk(t)
.

2.3. Example 3 : (V,f)-RK of convolution type

We consider the case where
1) V = L2(Rd) and Ω = Rd.
2) fk(t)(x) = fk(t− x) with fk is in the usual Sobolev space Hm(Rd).

Then Hk,l(t, s) =
∫

Rd

fk(t− x)fl(s− x)dx.

Theorem 2.1. We have the following properties
1. Hk,l(t, s) = Gk,l(t− s) with Hk,l(ξ) = 〈fk ∗ f̌l)(ξ) wheref̌l(x) = fl(−x).
2. Gk,l ∈ Cm

0 (Rd), where Cm
0 (Rd) is the space of compactly supported functions of class Cm on Rd.

3. The associated hilbertian subspace of His

Hf = f ∗ L2(Rd) =
{
u = (uk)1≤k≤n ∈ C(Rd;Rd) | ∃v ∈ L2(Rd) : uk = fk ∗ v, 1 ≤ k ≤ n

}
↪→ Cm

0 (Rd)

4. If fk is radial, 1 ≤ k ≤ n, then the (V,f)-RK Hk, is radial: Hk,k(t, s) = Hk,k(| t− s |) for 1 ≤ k, l ≤ n.

Proof. 1. We have

Hk,l(t, s) =
∫

Rd

fk(t− x)fl(s− x)dx =
∫

Rd

fk(y)fl(y − (t− s))dy = 〈fk ∗ f̌l)(t− s).
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2. fk ∈ Hm(Rd) ⇒ DαHk,l = (Dαfk) ∗ f̌l ∈ C0
0(Rd) for | α |≤ m, (See [4]).

3. It is a consequence of Theorem 1.2 and the property given in item 1).
4. For any orthogonal matrix A

Hk,l(At) =
∫

Rd

fk(x)fl(x−At)dx =
∫

Rd

fk(Ax)fl(A(x− t))dx =
∫

Rd

fk(x)fl(x− t)dx = Hk,l(t),

since fk(Ax) = fk(x) and | det A |= 1. Then Hk,l is invariant under orthogonal transform and conse-
quently it is radial

¤

3. Data fitting by vector (V, f)-reproducing kernels

We consider the first approximation problem. Given a subset ΩN = {t1, . . . , tN} of Ω, a set of vectors
ZN = {z1, . . . , zN} in Rn and a parameter ε ≥ 0, the scattered data approximation problem consists in finding
a vector-valued function σε such that the system of equations

σε(ti) = zi + θi(ε), (10)

has a solution of the form

σε =
k=N∑

k=1

Hf (t, tk)aε
i (11)

where the unknown error function θi(ε) satisfy, θi(0) = 0.
Let AN be a linear operator from Hf into (RN )n defined by

ANu =
(
u1(t1), . . . , u1(tN ), . . . , un(t1), . . . , un(tN )

)
.

First, we give the following definition

Definition 3.1. For all ZN ∈ (Rn)N , and ε ≥ 0 we define a (V, f)-spline function as a solution σε of the
following approximation problem:

(Pε)(ZN ) : min
v∈Cε(ZN )

(
(1− ε)| v |2Hf

+ ε||Av − Z||2
(Rn)N

)
, (12)

where

Cε(ZN ) =
{

A−1(ZN ) for ε = 0 (Interpolating Problem)
Hf for ε > 0 (Smoothing Problem) (13)

(14)

and A−1
N (ZN ) = {v ∈ Hf : AN v = ZN}. Here || . ||(Rn)N denotes the standard Euclidean norm on (Rn)N .

The explicit expression of the solution of the problem (12) is given in the following theorem.

Theorem 3.2. For all u ∈ Hf the problem (12) with ANu = ZN , admits a unique solution σε ∈ Hf which is
explicitly given by

σε(t) =
N∑

i=1

Hf (t, ti)aε
i . (15)

The coefficients aε
i for i = 1, . . . , N , are obtained by solving the nN × nN linear system

(
HN

f + cεInN

)
aε = ZN with cε =

{
0 if ε = 0,
1
ε

if ε > 0,
(16)
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where aε and ZN are the vectors given by

aε = (aε
1,1, . . . , a

ε
N,1, . . . , a

ε
1,n, . . . , aε

N,n)t ∈ Rn.N ,

ZN = (Z1,n, . . . , ZN,n)t ∈ Rn.N ,

and InN and HN
f = (HN

f

(l,k))1≤l,k≤n are the nN × nN matrix identity and nN × nN matrices, respectively.

The blocks Hf
(l,k) =

[
Hf

(l,k)
i,j

]
1≤i≤N
1≤j≤N

of Hf are given by HN
f

(l,k)

i,j
=< fk(ti) | fl(tj) >V .

Proof. From the continuous embedding Hf ↪→ Rn (see Theorem 1.5), we deduce that AN is continuous. Let I
be the identity operator in Hf . We have

1. AN (Hf ) is a closed subspace of (Rn)N .
2. I(Hf ) = Hf is closed.
3. ker(AN ) ∩ ker(I) = {0}.
4. ker(AN ) + ker(I) = ker(AN ) is closed in Hf .

According to the general spline theory (see [2, 5]), we get the theorem. ¤
Using the general spline theory, we obtain the following proposition in the case of smoothing problem (ε > 0).

Proposition 3.3. For all (ε, ZN ) ∈]0, 1[×(Rn)N the problem (12) admits a unique solution σε ∈ Hf which is
explicitly given by

σε(t) =
N∑

i=1

Hf (t, ti)aε
i . (17)

The coefficients aε
i for i = 1, . . . , N , are obtained by solving the nN × nN non singular linear system

(
HN

f +
1
ε
InN

)
aε = ZN . (18)

For the case of interpolating problem (ε = 0)we have the proposition

Proposition 3.4. The following properties are equivalent:
(1) The linear application AN is surjective from Hf onto (Rn)N .
(2) For all ZN ∈ (Rn)N the problem (P0)(ZN ) admits a unique solution.
(3) The matrix HN

f is non singular, i.e. definite positive.
(4) The system {fk(ti}1≤k≤n

1≤i≤N
is linearly independent in V .

Proof. We have
(1)⇒(2) It is a consequence of the general spline theory (see [2, 5]).

(2)⇒(3) Let aε = (aε
1, · · · , aε

N ) be a solution of the homogeneous system HN
f aε = 0 and σε(t) =

N∑

i=1

Hf (t, ti)aε
i .

We have ANσε = HN
f aε = 0. Item 2) implies that σε ≡ 0. According to the reproducing formula (5),

we get that for all v in Hf

0 = < σε | v >Hf
=

N∑

i=1

(aε
i)

T
.v(ti) (19)

Let Z(i,k) = (δk,l)1≤l≤n, for i = 1, · · · , N and k = 1, · · · , n. There exists an interpolating (V, f)-spline
function σ0,(i,k), 1 ≤ i ≤ N and 1 ≤ k ≤ n, solution of the problem (P0)(Z(i,k)) given by (12). Taking
σ0,(i,k) successively in equation (19), we get aε

i = 0 for i = 1, . . . , N .
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(3)⇔(4) Since the matrix HN
f =

(〈fk(ti) | fl(tj)〉V
)
1≤i,j≤N
1≤k,l≤n

is a Gram matrix, it is invertible if and only if the

system {fk(ti)}1≤i≤N
1≤k≤n

is linearly independent in V .

(4)⇒(1) Since the matrix HN
f is invertible, then for all ZN ∈ (Rn)N there exists a = (ai)1≤i≤N in (Rn)N such

that HN
f a = ZN . The element σ0 of Hf defined by σ0(t) =

N∑

i=1

Hf (t, ti)ai satisfies ANσ0 = ZN .

¤

4. Data fitting preserving polynomials

Let P be a finite dimensional vector subspace of (Rn)Ω and let {p1, . . . , pm} be a basis of P. In the second scat-
tered data approximation problem, the P-reproduction property is required. Given a subset ΩN = {t1, . . . , tN}
of Ω, a set of vectors ZN = {z1, . . . , zN} in RnN and a parameter ε ≥ 0, the scattered data approximation
problem consists in finding a vector-valued function σε such that the system of equations

σε(ti) = zi + θi(ε) (20)

has a solution of the form

σε =
k=N∑

k=1

Hf (t, tk)aε
i +

n(m)∑

j=1

pj(t)bε
j , (21)

where the unknown error function θi(ε) satisfies, θi(0) = 0.
Hereafter we assume that

(H1) For all p ∈ P : {p(ti) = 0, 1 ≤ i ≤ N} =⇒ p ≡ 0. (22)

(H2) Hf ∩ P = {0}. (23)

Let HPf denote the Hilbert direct sum: HPf = Hf ⊕P . We denote by Πf the orthogonal projector from HPf

onto Hf and we define on HPf the linear application

ANu =
(
u1(t1), . . . , u1(tN ), . . . , un(t1), . . . , un(tN )

)
.

First, we give the following definition

Definition 4.1. For all ZN ∈ (Rn)N , and ε ≥ 0 we define a (V, f)-spline function as a solution σε of the
following approximation problem:

(Pε)(ZN ) : min
v∈Cε(ZN )

(
(1− ε)| Πfv |2Hf

+ ε||Av − Z||2
(Rn)N

)
, (24)

where

Cε(ZN ) =





A−1(ZN ) for ε = 0 (Interpolating Problem)
(HP)f for ε > 0 (Smoothing Problem)
P for ε = 1 (Least squares)

(25)

(26)

and A−1(ZN ) = {v ∈ (HP)f : AN v = ZN}.
The explicit expression of the solution of the problem (24) is given in the following theorem.
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Theorem 4.2. For all u ∈ (HP)f the problem (24) with ANu = ZN , admits a unique solution σε ∈ (HP)f

which is explicitly given by

σε(t) =
N∑

i=1

Hf (t, ti)aε
i +

m∑

j=1

qj(t)bε
j (27)

The coefficients aε
i and bε

j for i = 1, . . . , N , are obtained by solving the nN × nN linear system

(
HN

f + cεInN M

M t O

)(
aε

bε

)
=

(
ZN

0

)
with cε =

{
0 if ε = 0,
1
ε

if ε > 0,
(28)

where aε, bε and ZN are the vectors given by

aε = (aε
1,1, . . . , a

ε
N,1, . . . , a

ε
1,n, . . . , aε

N,n)t ∈ Rn.N ,

bε = (bε
1,1, . . . , b

ε
n(m),1, . . . , b

ε
1,n, . . . , bε

n(m),n)t ∈ Rn.n(m),

ZN = (z1,1, . . . , zN,1, . . . , z1,n, . . . , zN,n)t ∈ Rn.N ,

and HN
f = (HN

f

(l,k))1≤l,k≤n and M = (M (l,k))1≤l,k≤n are nN × nN and nN × nn(m) matrices, respectively.

The blocks HN
f

(l,k) =
[
HN

f

(l,k)

i,j

]
1≤i≤N
1≤j≤N

and M (l,k) =
[
M

(l,k)
i,j

]
1≤i≤m
1≤j≤N

of HN
f and M are given by

HN
f

(l,k)

i,j
=< fk(ti) | fl(tj) >V

and
M

(l,k)
i,j = δl,kqj(xi),

respectively.
In particular, the property of preserving polynomials holds, which means that if there exists q ∈ P such that
q(ti) = zi, for i = 1, . . . , N then σε = q.

Proof. We have
1. AN is continuous and AN ((HP)f ) is a closed: From the continuous embedding property, Hf ↪→ (Rn)Ω

(see Theorem 1.5), we deduce that AN is continuous. AN ((HP)f ) is closed cause it is a finite dimensional
space.

2. Πf ((HP)f ) = Hf is closed.
3. ker(AN ) ∩ ker(Πf ) = {0}.
4. ker(AN ) + ker(Πf ) is closed: It is a consequence of the fact that ker(AN ) is closed and ker(Πf ) = P is

a finite dimensional space.
According to the general spline theory (see [2, 5]), we get the theorem. ¤

Using the general spline theory, we obtain the following proposition in the case of smoothing problem (ε > 0).

Proposition 4.3. For all (ε, ZN ) ∈]0, 1[×(Rn)N the problem (24) admits a unique solution σε ∈ (HP)f which
is explicitly given by

σε(t) =
N∑

i=1

Hf (t, ti)aε
i +

m∑

j=1

pj(t)bε
j . (29)

The coefficients aε
i and bε

j for i = 1, . . . , N for i = 1, . . . , N , are the solution of the nN ×nN non singular linear
system (

HN
f +

1
ε
InN

)
aε = ZN . (30)
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For the case of smoothing problem (ε > 0), using a similar proof as in Proposition 3.4, we get

Proposition 4.4. The following properties are equivalent:
(1) The linear application AN is surjective.
(2) For all ZN ∈ (Rn)N the problem (P0)(ZN ) admits a unique solution.
(3) The matrix HN

f is non singular, i.e. definite positive.
(4) The system {fk(ti)}1≤k≤n

1≤i≤N
is linearly independent in V .
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