
ESAIM: PROCEEDINGS, October 2007, Vol.20, 157-169

Mohammed-Najib Benbourhim, Patrick Chenin, Abdelhak Hassouni & Jean-Baptiste Hiriart-Urruty, Editors

BOUNDED CONVERGENCE OF CONVEX COMPOSED FUNCTIONS ∗
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Abstract. In this paper we establish conditions that guarantee, in the setting of normed vector spaces,
the bounded convergence (also called Attouch-Wets convergence) of convex composed functions. We
also provide applications to the convergence of multipliers of families of constrained convex optimization
and to the continuity of inf-convolution and level sum operations.

Résumé. Dans ce papier nous établissons les conditions garantissant, dans le cadre des espaces vec-
toriels normés, la convergence des fonctions convexes composées au sens d’Attouch-Wets. Nous ap-
pliquons ce résultat de stabilité pour étudier la continuité des multiplicateurs de Lagrange associés à
une famille de problèmes de minimisation convexes avec contraintes et aussi la continuité des opérations
inf-convolution et level sum.

Introduction.

Let (hn)n be a sequence of extended-vector-valued mappings from X into Y ∪{+∞}, where X and Y are two
normed vector spaces. The space Y is assumed to be endowed with a preorder associated with a closed convex
cone Y+ and the element +∞ denotes an abstract maximal element (with respect to the preorder) adjoined to
Y . Let also for each n ∈ N an extended-real-valued function gn from Y to R∪{+∞} that is nondecreasing with
respect to the preorder in Y . It is easily seen that (gn ◦hn) is convex whenever gn and hn are convex. Our main
objective is to introduce a practical concept of convergence of (hn)n toward h ensuring, in the convexity setting
and under the bounded convergence of (gn)n toward g, that the sequence of extended-real-valued functions
(gn ◦hn)n boundedly converges to (g ◦h). The convergence of (hn)n that we consider is geometrical in the sense
that the sequence of the epigraphs of (hn)n should boundedly converge to the epigraph of h. We will prove how
this stability result can be applied to the continuity of Lagrange’s multipliers under perturbations associated
with a family of constrained optimization problems and also the stability of the inf-convolution and the level
sum operations.

1. Preliminaries and background results.

Throughout this paper X and Y are real normed vector spaces and the product space X × Y is equipped
with the max norm. Recall that for two nonempty subsets A,B of X, the excess of A over B is given by

e(A,B) := sup
a∈A

d(a,B), where d(a,B) := inf
b∈B

‖a− b‖
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with e(∅, B) = 0 for any subset B and e(A, ∅) = ∞ for any nonempty subset A. For p ∈]0, +∞[ we set

ep(A,B) := e(A ∩ pBX , B), dp(A, B) := max(ep(A,B), ep(B, A)),

where BX is the open unit ball in X.
Let us recall first that a sequence (Cn)n of subsets of X is said to converge sequentially to a subset C of X in
the sense of Painlevé-Kuratowski (and one denotes (Cn)n → C ) if lim supnCn ⊆ C ⊆ lim infnCn, where

lim infnCn : = {x ∈ X : ∃ xn → x such that xn ∈ Cn, ∀n ∈ N}

lim supnCn : = {x ∈ X : ∃ (nk)k∈N, ∃ xk → x such that xk ∈ Cnk
, ∀k ∈ N}.

If we suppose that the convergence of (xn)n, in the definition of lim supnCn, is taken with respect to the weak
topology w of X and w−lim supnCn ⊆ C ⊆ lim infnCn one says that the sequence (Cn)n Mosco converges
to C and we write (Cn)n M−→ C. In what follows, we focus our attention to a somewhat stronger notion. For
this, it is convenient to write symbolically C ⊂ b − lim infnCn if for each p ∈]0, +∞[, (ep(C, Cn))n → 0 as
n → +∞ and C ⊃ b− lim supnCn if (ep(Cn, C))n → 0 for each p ∈]0, +∞[. One says that the sequence (Cn)n

boundedly converges (or b-converges) to C if b− lim supnCn ⊂ C and C ⊂ b− lim infnCn, this convergence is
also called the convergence for the bounded (Hausdorff) topology, and we write (Cn)n b−→ C. Let us note that
C ⊂ lim infnCn whenever C ⊂ b− lim infnCn since then C ⊂ lim infnCn and since lim infnCn is closed. Also
if b − lim supnCn ⊂ C then lim supnCn ⊂ C. Thus, we get that Cn → C when (Cn)n b−→ C. If X is finite
dimensional, the reverse implication holds.
The choice of the open unit ball of X in what precedes, rather than the closed unit ball, enables one to use the
equalities

ep(A,B) = ep(A,B) = ep(A, B) = ep(A,B).
In virtue of these equalities we can restrict our attention to the case the limit set is closed; then we get uniqueness
of the set C such that (Cn)n b−→ C and we can write C = b− limnCn.
For a given function f : X → R ∪ {+∞} we denote by

dom f : = {x ∈ X : f(x) < +∞}

its effective domain, by
Epi f : = {(x, r) ∈ X × R : f(x) ≤ r}

its epigraph and by
[f ≤ r] : = {x ∈ X : f(x) ≤ r}

its r-sublevel set.
Recall now that, as for other variational convergences, we can define the b-convergence for a sequence of functions
(fn)n, f from X to R. Indeed, we write

f ≥ b− lim supnfn if Epi f ⊂ b− lim infn(Epi fn)
and

f ≤ b− lim infnfn if Epi f ⊃ b− lim supn(Epi fn).

The sequence (fn)n is said to boundedly converge toward f , and we write (fn)n b−→ f , when (Epi fn)n b−→ Epi f

which means that f ≤ b − lim infnfn and f ≥ b − lim supnfn. This type of convergence has been thoroughly
studied by several authors [1]- [4], [6], [8], [9], [13]- [14], [17]- [19].... and it has been also called the Attouch-Wets
convergence, the bounded Hausdorff convergence and the epidistance convergence.

The next propositions are a convenient way of expressing that a sequence (Cn)n of subsets of X b-converges to
C.
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Proposition 1.1. [3] A sequence (Cn)n of subsets of X b-converges to C if and only if for any bounded
sequence (xn)n of C one has (d(xn, Cn))n → 0 and for any bounded sequence (xn)n of X such that xn ∈ Cn for
n large enough one has (d(xn, C))n → 0.

Proposition 1.2. [3] A sequence (Cn)n of subsets of X b-converges to C if and only if the following both
conditions are satisfied
(i) ∀ρ > 0, ∀ε > 0, ∃N ∈ N : C ∩ ρBX ⊂ Cn + εBX , ∀n > N ,

(ii) ∀ρ > 0, ∀ε > 0, ∃N ∈ N : Cn ∩ ρBX ⊂ C + εBX , ∀n > N .

Remark 1.3. For a subset C of X, we define its indicator function δC : X → R∪ {+∞} by δC(x) = 0 if x ∈ C
and δC(x) = +∞ otherwise. Following [3] if (Cn)n and C are closed subsets of X then the b-convergence of
(Cn)n to C is equivalent to the b-convergence of (δCn

)n to δC .

In the sequel, we assume that the space Y is endowed with a preorder induced by a convex cone Y+ i.e.

y1 ≤Y y2 ⇐⇒ y2 − y1 ∈ Y+,

and an abstract maximal element +∞ will be adjoined to Y . For an operator h : X → Y ∪{+∞} we denote by

Epi h : = {(x, y) ∈ X × Y : h(x) ≤Y y}

its epigraph and by
dom h : = {x ∈ X : h(x) ∈ Y }

its effective domain. When dom h 6= ∅, one says that h is proper and the set Im h := h(dom h) is called the
effective image set of h. The operator h is said to be Y+−convex if for every x1, x2 in X and every α ∈ ]0, 1[ we
have:

h(αx1 + (1− α)x2) ≤Y αh(x1) + (1− α)h(x2).
A function g : Y → R ∪ {+∞} is said to be Y+-nondecreasing on Y if for any y1, y2 ∈ Y we have

y1 ≤Y y2 =⇒ g(y1) ≤ g(y2).

In what follows, we define the composed function (g ◦ h) : X → R ∪ {+∞} by

x → (g ◦ h)(x) :=





g(h(x)) if x ∈ dom h

sup
y∈Y

g(y) otherwise.

When g is further assumed to be convex, this amounts to taking (g ◦ h)(x) = +∞ for x /∈ dom h whenever g is
not constant over all the space Y . For a constant function g ≡ c, obviously one gets (g ◦h)(x) = c for all x ∈ X.

Remark 1.4. In the case when the space Y is finite dimensional i.e. Y = Rm (m ∈ N∗) we consider that Y is
equipped with the usual componentwise order ”≤Rm” induced by the positive orthant Rm

+ , i.e. for any a, b ∈ Rm

we have
a ≤Rm b ⇔ bi − ai ∈ R+ ∀i ∈ {1, ...,m}.

We set that the abstract maximal element +∞ associated to Rm is defined by

(a, b) = +∞ if a = +∞ or b = +∞.

The next definition concerns a notion of vector lower semicontinuity which has been introduced by J.-P.
Penot and M. Théra [15]. We recall here a sequential definition that seems to be well adapted when one works
with sequences of vector valued mappings taking values in a preordered topological vector space.
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Definition 1.5. [5] A mapping h : X → Y ∪ {+∞} is said to be sequentially lower semicontinuous (or S-l.s.c)
at x̄ ∈ X if for any b ∈ Y with b ≤Y h(x̄) and any sequence (xn)n in X converging to x̄, there exists a sequence
(bn)n in Y converging to b and satisfying bn ≤Y h(xn) for each n ∈ N.

This notion was studied in [5] where several stability results were established. One concerns the preservation
of the lower semicontinuity after composition with lower semicontinuous nondecreasing real valued functions.

Proposition 1.6. [5] and [7]. Let us assume that the mapping h : X → Y ∪ {+∞} is lower semicontinuous
and that the function g : Y → R ∪ {+∞} is Y+-nondecreasing and lower semicontinuous. Then the function
(g ◦ h) is lower semicontinuous.

Remark 1.7. (1) Let us note also that when h : X → Y ∪ {+∞} is sequentially lower semicontinuous (resp.
lower semicontinuous following J.-P. Penot and M. Théra [15]) then Epi h is sequentially closed (resp. closed)
in X × Y , but the converse is false in general. Indeed, the following mapping h : R→ R2 given by

(2.1) h(x) =





(0, 0) if x = 0,

(
1
|x| ,−1) otherwise.

is not lower semicontinuous although its epigraph is closed. This counterexample was first given by J.-P. Penot
and M. Théra [15].
(2) Proposition 1.6 fails if the lower semicontinuity is replaced by the weaker assumption that Epi h is closed
(see [5] for a counterexample).

2. Bounded convergence and convex composed functions.

By taking into account the definition of b-convergence for sequences of functions, we introduce the following
concept of bounded convergence for mappings taking values in a preodered topological vector spaces. This
geometrical concept will appear to be well adapted to our objective of preserving the b-convergence after
composition with nondecreasing convex function.

Definition 2.1. Let {h, hn : X → Y ∪{+∞}, n ∈ N} be a sequence of extended vector valued mappings whose
epigraphs are closed. We will say that (hn)n b-converges to h (and we will write (hn)n b−→ h) if (Epi hn)n b−→Epi h.

In order to establish our main result, we will need the next result dealing with the stability of the b-
convergence of the sum of two proper convex lower semicontinuous functions stated by Penot and Zǎlinescu
in [12].

Theorem 2.2. [12] Suppose that f , fn, g and gn are proper convex lower semicontinuous functions on the
Banach space X satisfying

X = R+[dom f − dom g].

Then, if (fn)n b−→ f and (gn)n b−→ g one has (fn + gn)n b−→ f + g.

Now, let {g, gn : Y → R ∪ {+∞}, n ∈ N} and {h, hn : X → Y ∪ {+∞}, n ∈ N} be two sequences of convex
and proper mappings. In the sequel, we will assume that for each n ∈ N, (gn ◦ hn) and (g ◦ h) are proper and g
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and gn are Y+-nondecreasing. Let us consider the following auxiliary functions defined on X × Y by

(x, y) → Hn(x, y) := δEpihn
(x, y),

(x, y) → H(x, y) := δEpih(x, y),

(x, y) → Kn(x, y) := gn(y),

(x, y) → K(x, y) := g(y)

and the following mappings Ψn,Ψ : X × Y → R ∪ {+∞} defined for any (x, y) ∈ X × Y by

Ψn(x, y) = Hn(x, y) + Kn(x, y),

Ψ(x, y) = H(x, y) + K(x, y).

Let us consider also the following conditions

(C.Q1) : Y = R+[dom g − Im h].

(C.Q2) : X × Y = R+[dom K − dom H].

Lemma 2.3. We have
(C.Q1) =⇒ (C.Q2)

Proof. From the convexity of g and h and the monotonicity of g it is easy to see that Y = R+[dom g− Im h] =
]0,+∞[ [dom g− Im h]. Let (x, y) ∈ X×Y , from (C.Q1) there exist some α ∈]0, +∞[, y1 ∈ dom g, x1 ∈ dom h
and y2 ∈ Im h such that y = α(y1 − y2) and h(x1) = y2. As

(x, y) = α[(
1
α

x + x1, y1)− (x1, y2)],

we get

(x1, y2) ∈ Epi h, (
1
α

x + x1, y1) ∈ X × dom g

and since
dom K = X × dom g, dom H = Epi h,

it follows that (x, y) ∈ R+[dom K − dom H] and therefore X × Y = R+[dom K − dom H]. ¤

Lemma 2.4. Let {h, hn : X → Y ∪ {+∞}, n ∈ N} be a sequence of Y+-convex and proper mappings with
closed epigraphs. If we assume that (hn)n b-converges to h then we have (Hn)n b-converges to H.

Proof. Thanks to Remark 1.3 it follows that the b-convergence of (hn)n to h ensures the b-convergence of
(δEpihn)n to δEpih. ¤

Lemma 2.5. Let {g, gn : Y → R ∪ {+∞}, n ∈ N} be a sequence of proper convex lower semicontinuous
functions and {h, hn : X → Y ∪ {+∞}, n ∈ N} be a sequence of Y+-convex and proper mappings with closed
epigraphs. If we assume that g is Y+-nondecreasing, (gn)n b-converges to g, (hn)n b-converges to h and (C.Q1)
is satisfied then (Ψn)n b-converges to Ψ.
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Proof. It is easy to check that for every closed subset C of X we have C b−→ C so X b−→ X and hence from [11]
we deduce that (X × Epi gn)n b−→ X × Epi g which means that (Epi Kn)n b−→ Epi K i.e. (Kn)n b−→ K. On
the other hand from Lemma 2.4 we have (Hn)n b−→ H and by using Lemma 2.3 and Theorem 2.2 we obtain
(Hn + Kn)n b−→ (H + K) i.e. (Ψn)n b−→ Ψ. ¤

Now, we are ready to state our main result.

Theorem 2.6. Let {g, gn : Y → R ∪ {+∞}, n ∈ N} be a sequence of proper convex lower semicontinuous
functions and {h, hn : X → Y ∪ {+∞}, n ∈ N} be a sequence of Y+-convex, proper and sequentially lower
semicontinuous mappings with (g ◦ h) and (gn ◦ hn) supposed to be proper for every n ∈ N.
If we assume that (gn)n b-converges to g and (hn)n b-converges to h and the following conditions are satisfied

(i) (C.Q1),
(ii) ∀ρ > 0, ∃ρ′ > 0 : h(ρBX ∩ dom h) ⊂ ρ′BY ,

(iii) ∀ρ > 0, ∃N ∈ N, ∃ρ′ > 0 : hn(ρBX ∩ dom hn) ⊂ ρ′BY , ∀n ≥ N ,
(iv) ∀n ∈ N, gn and g are Y+-nondecreasing,
then (gn ◦ hn)n b-converges to (g ◦ h).

Proof. For every n ∈ N, (gn ◦ hn) is convex lower semicontinuous (Proposition 1.6) i.e. Epi (gn ◦ hn) is convex
and closed, hence, by virtue of Proposition 1.2, proving that (gn ◦ hn)n b-converges to (g ◦ h) amounts to prove
both the following inclusions





∀ρ > 0, ∀ε > 0, ∃N ∈ N : Epi (g ◦ h) ∩ ρBX×R ⊂ Epi (gn ◦ hn) + εBX×R, ∀n > N.

∀ρ > 0, ∀ε > 0, ∃N ∈ N : Epi (gn ◦ hn) ∩ ρBX×R ⊂ Epi (g ◦ h) + εBX×R, ∀n > N.

At first, let us fix any ρ > 0, ε > 0 and any (x, r) ∈ Epi (g ◦ h) ∩ ρBX×R. By using (ii) and setting y := h(x)
and ρ′′ := sup(ρ′, ρ) we get (x, y, r) ∈ ρ′′BX×Y×R and (x, y, r) ∈ Epi Ψ. From Lemma 2.5 and Proposition 1.2
there exists N ∈ N such that

Epi Ψ ∩ ρ′′BX×Y×R ⊂ Epi Ψn + εBX×Y×R, ∀n > N,

which yields
(x, y, r) ∈ Epi Ψn + εBX×Y×R, ∀n > N,

i.e. fixing any n > N , there exist (xn, yn, rn) ∈ Epi Ψn and (x
′
n, y

′
n, r

′
n) ∈ εBX×Y×R satisfying





(x, y, r) = (xn, yn, rn) + (x
′
n, y

′
n, r

′
n)

(xn, yn) ∈ Epi hn.

Since gn is Y+-nondecreasing we have

(gn ◦ hn)(xn) ≤ Ψn(xn, yn) ≤ rn

i.e.
(xn, rn) ∈ Epi (gn ◦ hn).

As (x, r) = (xn, rn) + (x
′
n, r

′
n), we have for any n > N that (x, r) ∈ Epi (gn ◦ hn) + εBX×R and thus the first

inclusion is proved.
Concerning the second inclusion, let us fix ρ > 0 and ε > 0. The condition (iii) ensures that there exist N1 ∈ N
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and ρ′ > 0 such that for every n ≥ N1: hn(ρBX) ⊂ ρ′BY . Putting ρ′′ = sup(ρ′, ρ), we get from the b-convergence
of (Ψn)n to Ψ the existence of N2 ∈ N such that

Epi Ψn ∩ ρ′′BX×Y×R ⊂ Epi Ψ + εBX×Y×R, ∀n > N2.

Let us fix any n > N =: max(N1, N2) and any (x, r) ∈ Epi (gn ◦ hn) ∩ ρBX×R. By setting yn := hn(x) we have
(x, yn, r) ∈ ρ′′BX×Y×R and (x,yn, r) ∈ Epi Ψn, which implies thanks to Proposition 1.2 that

(x, yn, r) ∈ Epi Ψ + εBX×Y×R.

Therefore there exist (x1
n, y1

n, r1
n) ∈ Epi Ψ and (x2

n, y2
n, r2

n) ∈ εBX×Y×R such that

(x, yn, r) = (x1
n, y1

n, r1
n) + (x2

n, y2
n, r2

n),

and by means of monotonicity of g we have




(x1
n, r1

n) ∈ Epi (g ◦ h)

(x, r) = (x1
n, r1

n) + (x2
n, r2

n),

which asserts that
(x, r) ∈ Epi (g ◦ h) + εBX×R,

and the proof is complete. ¤
Corollary 2.7. Let {g, gn : Y → R ∪ {+∞}, n ∈ N} be a sequence of proper convex lower semicontinuous
functions and {A, An : X → Y, n ∈ N} be a sequence of linear and continuous operators with (g ◦ A) and
(gn ◦ An) supposed to be proper for every n ∈ N. If we assume that (gn)n b-converges to g, (An)n converges
strongly to A and Y = R+[dom g − Im A], then we have (gn ◦An)n b-converges to (g ◦A).

Proof. By taking Y+ = {0}, h := A and hn := An and using the continuity of A and An, it is not difficult
to check that the strong convergence of (An)n to A implies the b-convergence of (An)n to A and also all the
conditions of Theorem 2.6 are fulfilled. ¤
Corollary 2.8. Let {g, gn : Y → R ∪ {+∞}, n ∈ N} be a sequence of proper convex lower semicontinuous
functions and A : X → Y a linear and continuous operator with (g ◦A) and (gn ◦A) supposed to be proper for
every n ∈ N. If we assume that (gn)n b-converges to g and Y = R+[dom g − Im A], then we have (gn ◦ A)n

b-converges to (g ◦A).

Proof. We apply Corollary 2.7 by taking An := A. ¤

3. Convergence of Lagrange multipliers.

Let us consider the following minimization problem

(P ) : Minimize f(x) subject to h(x) ∈ −Y+,

and analogously, under perturbation, we define the associated family of constrained optimization problems given
by

(Pn) : Minimize fn(x) subject to hn(x) ∈ −Y+,

where {f, fn : X −→ R ∪ {+∞}, n ∈ N} is a sequence of proper convex functions and {h, hn : X −→
Y ∪ {+∞}, n ∈ N} is a sequence of proper Y+-convex mappings.
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The goal of this section is to deal with the stability of Lagrange multipliers with respect to b-convergence.
It is easy to see that the problem (Pn) may be written equivalently as

(Pn) : inf
x∈X

{fn(x) + (δ−Y+ ◦ hn)(x)}

where δ−Y+ is the indicator function of the cone −Y+. Note that the function δ−Y+ : Y −→ R ∪ {+∞} is
Y+-nondecreasing on the whole space (see [5]). If we consider the following qualification condition

0 ∈ int(Y+ + hn(dom hn ∩ dom fn)), ∀n ∈ N,

then it follows from [5] that

∂(fn + δ−Y+ ◦ hn)(x) =
⊔

y∗n∈Y ∗+
〈y∗n,hn(x)〉=0

∂(fn + y∗n ◦ hn)(x)

for any x ∈ X and hence xn ∈ X is an optimal solution of (Pn) if and only if there exists some y∗n ∈ Y ∗
+

satisfying
0 ∈ ∂(fn + y∗n ◦ hn)(xn) and 〈y∗n, hn(xn)〉 = 0,

where 〈 , 〉 stands for the duality pairing between Y and Y ∗. Such an element y∗n is called a multiplier at xn

for the minimization problem (Pn).
Let us consider the following condition

(C.Q3) : Y = R+[Y+ + Im h].

The following theorem concerns the convergence of multipliers (y∗n)n related to the family of constrained
minimization problems (Pn)n.

Theorem 3.1. Let {f, fn : X → R∪{+∞}, n ∈ N} be a sequence of proper, convex and lower semicontinuous
functions and {hn, h : X → Y ∪ {+∞}, n ∈ N} be a sequence of proper, Y+-convex and sequentially lower
semicontinuous mappings with dom h = X. Let (xn)n be a sequence of optimal solutions of (Pn)n that converges
to x̄. Assume that (fn)n b-converges to f and (hn)n b-converges to h, and assume also that (C.Q3) and the
following conditions hold
(i) ∀ρ > 0, ∃ρ′ > 0 : h(ρBX ∩ dom h) ⊂ ρ′BY ,

(ii) ∀ρ > 0, ∃N ∈ N, ∃ρ′ > 0 : hn(ρBX ∩ dom hn) ⊂ ρ′BY , ∀n ≥ N .
If a bounded sequence of multipliers (y∗n)n at (xn)n converges strongly to y∗, then y∗ is a multiplier of (P ) at x̄.

Proof. First, we prove that x̄ is a feasible point for (P ), i.e., h(x̄) ∈ −Y+. Indeed, Y+ is a nonempty convex and
closed cone and (hn)n b-converges to h, so using Theorem 2.6 it is easy to see that (δ−Y+ ◦ hn)n b-converges to
(δ−Y+ ◦ h). Furthermore, (δ−Y+ ◦ h) is convex lower semicontinuous so its epigraph is weakly closed and hence
from [3] (Epi (δ−Y+ ◦ hn))n Mosco converges to Epi (δ−Y+ ◦ h), which yields

w−lim supnEpi (δ−Y+ ◦ hn) ⊂ Epi (δ−Y+ ◦ h). (3.1)

As (xn, 0) converges to (x̄, 0) and xn is an optimal solution of (Pn), we have (xn, 0) ∈ Epi (δ−Y+ ◦ h), and from
(3.1) we get (x̄, 0) ∈ Epi (δ−Y+ ◦ h) i.e. h(x̄) ∈ −Y+.
To infer that (y∗n ◦ hn)n b-converges to (y∗ ◦ h) via Theorem 2.6 requires (y∗n)n b-converges to y∗. However, by
the results in [3], the later property is equivalent to norm convergence of the (y∗n)n. As dom (y∗◦h) = X we have
from Theorem 2.2 that (fn + y∗n ◦ hn)n b-converges to (f + y∗ ◦ h). Since the bounded convergence is stronger
than the epiconvergence for proper convex lower semicontinuous functions (see [3]) we have (fn + y∗n ◦ hn)n
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epiconverges to (f + y∗ ◦ h). Let any x ∈ X and as (fn + y∗n ◦ hn)n epiconverges to (f + y∗ ◦ h) there exists
some sequence (zn)n of X which converges strongly to x and satisfies

lim sup
n→+∞

(fn + y∗n ◦ hn)(zn) ≤ (f + y∗ ◦ h)(x). (3.2)

Since xn is an optimal solution of (Pn),i.e.

(fn + y∗n ◦ hn)(xn) ≤ (fn + y∗n ◦ hn)(zn),

then we get
lim inf
n→+∞

(fn + y∗n ◦ hn)(xn) ≤ lim sup
n→+∞

(fn + y∗n ◦ hn)(zn).

By using the epiconvergence of (fn + y∗n ◦ hn)n and (3.2) we obtain

(f + y∗ ◦ h)(x̄) ≤ (f + y∗ ◦ h)(x), ∀x ∈ X,

which yields
0 ∈ ∂(f + y∗ ◦ h)(x̄).

Now, it remains to check that 〈y∗, h(x̄)〉 = 0. As h(x̄) ∈ −Y+ and y∗ ∈ Y ∗
+ it follows that

〈y∗, h(x̄)〉 ≤ 0.

The epiconvergence of (fn + y∗n ◦ hn)n to (f + y∗ ◦ h) ensures that there exists some sequence (bn)n of X which
converges strongly to x̄ and satisfies

(3.3)





lim sup
n→+∞

(fn + y∗n ◦ hn)(bn) ≤ (f + y∗ ◦ h)(x̄)

(fn + y∗n ◦ hn)(xn) ≤ (fn + y∗n ◦ hn)(bn).

As 〈y∗n, hn(xn)〉 = 0, it follows from the epiconvergence of (fn)n to f and from (3.3) that

f(x̄) ≤ lim inf
n→+∞

fn(xn)

= lim inf
n→+∞

(fn + y∗n ◦ hn)(xn)

≤ lim sup
n→+∞

(fn + y∗n ◦ hn)(bn)

≤ (f + y∗ ◦ h)(x̄),
which yields 〈y∗, h(x̄)〉 ≥ 0 and hence 〈y∗, h(x̄)〉 = 0. This completes the proof. ¤

4. Continuity of inf-convolution.

In this section, we present an unified approach based on Theorem 2.6, dealing with the stability of the inf-
convolution and the level sum. Let us recall first that the notion of inf-convolution of two functions f, g : X →
R ∪ {+∞} has been defined by J. J. Moreau in [10] as follows

(f¤g)(x) := inf
u∈X

{f(x− u) + g(u)}, ∀x ∈ X
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and the level sum has been introduced in [16], [20] by

(f4g)(x) := inf
u∈X

max(f(x− u), g(u)), ∀x ∈ X.

These operations can be expressed as a composition of an operator and a function, i.e.

(f¤g)(x) := inf
u∈X

(S ◦H)(x, u), ∀x ∈ X,

and
(f4g)(x) := inf

u∈X
(S′ ◦H)(x, u), ∀x ∈ X,

where H, S and S′ are given by

H : X ×X −→ R2 ∪ {+∞}

(x, u) 7−→
{

(f(x− u), g(u)), if x− u ∈ dom f and u ∈ dom g
+∞ otherwise

S : R× R −→ R
(x, u) 7−→ x + u,

S′ : R× R −→ R
(x, u) 7−→ max(x, u).

In order to state the main result of this section, we will need the following lemma.

Lemma 4.1. Let {F, Fn : X × X → R, n ∈ N} be a sequence of proper and lower semicontinuous functions
and let {φ, φn : X → R, n ∈ N} be the associated marginal functions given by

φ(x) := inf
u∈X

F (x, u), φn(x) := inf
u∈X

Fn(x, u).

Let us assume that (Fn)n b-converges to F and the following conditions hold
(1) ∃s > 0, ∀x ∈ X, ∃u ∈ sBX : φ(x) = F (x, u),
(2) ∃N ∈ N, ∃t > 0, ∀n ≥ N, ∀x ∈ X, ∃un ∈ tBX : φn(x) = Fn(x, un).
Then (φn)n b-converges to φ.

Proof. By virtue of Proposition 1.2, proving the b-convergence of (φn)n to φ amounts to prove the following
inclusions: 



∀ρ > 0, ∀ε > 0, ∃N ∈ N : Epi φ ∩ ρBX×R ⊂ Epi φn + εBX×R, ∀n > N,

∀ρ > 0, ∀ε > 0, ∃N ∈ N : Epi φn ∩ ρBX×R ⊂ Epi φ + εBX×R, ∀n > N.

Let us fix any ρ > 0, ε > 0 and any (x, r) ∈ Epi φ ∩ ρBX×R. From assumption (1) there exists some u ∈ sBX

such that F (x, u) ≤ r, which means that (x, u, r) ∈ Epi F . Putting ρ′ := max(ρ, s), we get (x, u, r) ∈ ρ′BX2×R.
From the b-convergence of (Fn)n to F , there exists some N ∈ N such that for each n > N we have

Epi F ∩ ρBX2×R ⊂ Epi Fn + εBX2×R,

and therefore there exist some (x1
n, u1

n, r1
n) ∈ Epi Fn and (x2

n, u2
n, r2

n) ∈ BX2×R satisfying

(x, u, r) = (x1
n, u1

n, r1
n) + ε(x2

n, u2
n, r2

n),
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which ensures that (x1
n, r1

n) ∈ Epi φn and (x2
n, r2

n) ∈ BX×R, and thus (x, r) ∈ Epi φn + εBX×R, for any n > N .
Similarly, by using condition (2) we get in the same way as above the second inclusion. ¤
Proposition 4.2. Let {f, fn : X → R∪ {+∞}, n ∈ N} and {g, gn : X → R∪ {+∞}, n ∈ N} be two sequences
of proper, convex and lower semicontinuous functions. Assume that (fn)n b-converges to f , (gn)n b-converges
to g and assume also that the following conditions hold

(i) ∀ρ > 0, ∃ρ′ > 0 : f(ρBX ∩ dom f) ⊂ ρ′BR and g(ρBX ∩ dom g) ⊂ ρ′BR,
(ii) ∀ρ > 0, ∃N ∈ N, ∃ρ′ > 0 : fn(ρBX ∩ dom fn) ⊂ ρ′BR and gn(ρBX ∩ dom gn) ⊂ ρ′BR, ∀n ≥ N ,

(iii) ∃s > 0, ∀x ∈ X, ∃u ∈ sBX : (f¤g)(x) = f(x− u) + g(u),
(iv) ∃N ′ ∈ N, ∃t > 0, ∀n ≥ N ′, ∀x ∈ X, ∃un ∈ tBX : (fn¤gn)(x) = fn(x− un) + gn(un).
Then we have the b-convergence of (fn¤gn)n toward (f¤g).

Proof. Let us consider the following sequence of mappings

Hn : X ×X −→ R2 ∪ {+∞}

(x, u) 7−→
{

(fn(x− u), gn(u)), if x− u ∈ dom fn and u ∈ dom gn

+∞ otherwise

The expression (fn¤gn) can be written as

(fn¤gn)(x) := inf
u∈X

(S ◦Hn)(x, u), ∀x ∈ X.

First we prove that (Hn)n b-converges to H. Note that for every n ∈ N, Hn and H are proper, convex and
sequentially lower semicontinuous mappings. It is easy to see that

(x, y, α, β) ∈ Epi H ⇔ (x− y, α) ∈ Epi f and (y, β) ∈ Epi g.

Let us fix any ε > 0 and ρ > 0, from the b-convergence of (fn)n to f and the b-convergence of (gn)n to g, there
exists some N ∈ N such that for any n > N , we have

(4.1)





Epi f ∩ ρBX×R ⊂ Epi fn + ε
2BX×R,

Epi g ∩ ρBX×R ⊂ Epi gn + ε
2BX×R,

and by taking any (x, y, α, β) ∈ Epi H ∩ ρBX2×R2 , we get

(y, β) ∈ Epi g ∩ ρBX×R and (x− y, α) ∈ Epi f ∩ ρBX×R.

From (4.1) we have for any n > N





∃(y1
n, β1

n) ∈ Epi gn, ∃(y0
n, β0

n) ∈ BX×R such that (y, β) = (y1
n, β1

n) + ε
2 (y0

n, β0
n),

∃(z1
n, α1

n) ∈ Epi fn, ∃(z0
n, α0

n) ∈ BX×R such that (x− y, α) = (z1
n, α1

n) + ε
2 (z0

n, α0
n),

which yields
(x, y, α, β) = (z1

n + y1
n, y1

n, α1
n, β1

n) +
ε

2
(z0

n + y0
n, y0

n, α0
n, β0

n).

Since (z0
n, y0

n) ∈ BX2 and (α0
n, β0

n) ∈ BR2 , we have

ε

2
(z0

n + y0
n, y0

n, α0
n, β0

n) ∈ εBX2×R2
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and as
(z1

n + y1
n, y1

n, α1
n, β1

n) ∈ Epi Hn

we get (x, y, α, β) ∈ Epi Hn + εBX2×R2 , ∀n > N , i.e.

∀ε > 0, ∀ρ > 0, ∃N ∈ N, ∀n > N : Epi H ∩ ρBX2×R2 ⊂ Epi Hn + εBX2×R2 .

By applying the same reasoning as above we deduce that

∀ε > 0, ∀ρ > 0, ∃N ′ ∈ N, ∀n > N ′ : Epi Hn ∩ ρBX2×R2 ⊂ Epi H + εBX2×R2

and hence from Proposition 1.2 it follows that (Hn)n b-converges to H.
Let us note that S is a sublinear continuous and R2

+-nondecreasing function and it is easy to check that all
assumptions of Theorem 2.6 are fulfilled by translating conditions (i) and (ii) of the above proposition. Therefore
we can conclude that (S ◦Hn)n b-converges to (S ◦H).
In order to prove that ( inf

u∈X
(S ◦Hn)(., u))n b-converges to inf

u∈X
(S ◦H)(., u), it suffices to apply Lemma 4.1 by

observing that conditions (iii) and (iv) may be formulated as assumptions (1) and (2) of Lemma 4.1 and hence
it follows that (fn¤gn)n b-converges to (f¤g). ¤

Proposition 4.3. Let {f, fn : X → R∪ {+∞}, n ∈ N} and {g, gn : X → R∪ {+∞}, n ∈ N} be two sequences
of proper, convex and lower semicontinuous functions. Assume that (fn)n b-converges to f , (gn)n b-converges
to g and assume also that the following conditions hold

(i) ∀ρ > 0, ∃ρ′ > 0 : f(ρBX ∩ dom f) ⊂ ρ′BR and g(ρBX ∩ dom g) ⊂ ρ′BR,
(ii) ∀ρ > 0, ∃N ∈ N, ∃ρ′ > 0 : fn(ρBX ∩ dom fn) ⊂ ρ′BR and gn(ρBX ∩ dom gn) ⊂ ρ′BR, ∀n ≥ N ,

(iii) ∃s > 0, ∀x ∈ X, ∃u ∈ sBX : (f4g)(x) = max(f(x− u), g(u)),
(iv) ∃N ′ ∈ N, ∃t > 0, ∀n ≥ N ′, ∀x ∈ X, ∃un ∈ tBX : (fn4gn)(x) = max(fn(x− un), gn(un)).
Then we have the b-convergence of (fn4gn)n toward (f4g).

Proof. Let us observe that S′ is a sublinear continuous and R2
+-nondecreasing function, and by applying the

same reasoning of the previous proposition we get that (fn4gn)n b-converges toward (f4g). ¤
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