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COMBINED USE OF
IMPORTANCE WEIGHTS AND RESAMPLING WEIGHTS
IN SEQUENTIAL MONTE CARLO METHODS * **

Francois LE GLAND!

Abstract. A particle approximation of Feynman—Kac distributions is presented here, that combines
SIS and SIR algorithms in the sense that only a fraction of the importance weights is used for re-
sampling, and two different approaches are proposed to analyze its performance. The first approach
is based on a representation in terms of path—space distributions, and could be used to analyze the
joint particle approximation of distributions for a reference model and for several alternate models at
the same time. The second approach, which is of independent interest and seems very promising, is
based on a representation in terms of a multiplicative functional, and could be used to analyze particle
approximation with adaptive resampling schemes.

(Updated version from 18 December 2007)

INTRODUCTION

Consider the unnormalized and normalized Feynman—Kac distributions defined on the set E by

) = Elo(X) Tan(00] and () = 2250
k=0 > 1)
respectively, where { Xy, k= 0,1,--- ,n} is a Markov chain taking values in E and characterized by
e its initial probability distribution ngy(dx),
e and its transition probabilities Qy(z,dz’), for any k =1,--- | n,
and where g (x) is a bounded nonnegative function for any k = 0,1,--- ,n, and more generally

() = [+ [ dea) raldzo) T] Riorrodon)
E E k=1

which includes the previous case, with
Yo(dz) = go(z) mo(dz)  and  Ry(z,dz’) = Qk(z,dz’) gi(z’) ,
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for any kK = 1,--- ,n. Associated with this probabilistic (or more generally, integral) representation is the
recurrence relation v, = yx—1 Ry, for any k = 1,--- ;n. In full generality, it is always possible to decompose the
nonnegative measure
Yo(dx) = Wo(z) po(dz) , (1)

in terms of a nonnegative function and a normalized probability distribution, and to decompose the nonnegative
kernel

Ri(z,dx’) = Wy (z,2") Pp(x,dx’) | (2)
in terms of a nonnegative function and a normalized Markov kernel, for any k =1,--- ,n.

Assuming a further factorization of the nonnegative functions

Wo(a) = Wg™ (@) Wl (z)  and  Wi(z,2') = W™ (z,2") Wi (a,a") | (3)

for any k =1,--- ,n, the following decompositions hold
Yo(dz) = Wy ™ (2) Wi (2) po(dz)  and  Ry(z,da’) = W™ (z,2') Wi (2,2") Pu(z,d2’) ,  (4)
for any £ = 1,--- ,n, and the main contribution of this paper is to exploit this decomposition to design and

study particle approximations of the form

N N N
ukN:E up, Wy, 044 with E wp, =1 and E up wy, =1,

: 3 : :

i=1 i=1 i=1

which combine SIS and SIR algorithms [10, Section 3.4.4], with two species of nonnegative weights

e the weights (w}, - ,wi) are used for resampling,
e the importance weights (u}, -+ ,ul) are used for weighting.

One possible motivation is the joint particle approximation of Feynman-Kac distributions associated with
reference and alternate models, under the following absolute continuity assumptions

Vo(d.lﬁ) = T0($) ’YOO(dx) and Rk(.f,dII) = Tk($,$l) Rg(ac,dx') ) (5)
for any k = 1,--- ,n. In this case indeed, assuming a decomposition of the reference nonnegative measure
70 (dz) = W (z) g (de)

in terms of a nonnegative function and a normalized probability distribution, and assuming a decomposition of
the reference nonnegative kernel

RY(z,dz’) = WQ(x,2") PP (x,d2’) ,
in terms of a nonnegative function and a normalized Markov kernel, for any k = 1,--- ,n, the following decom-
positions hold

Yoldz) = ro(z) W (z) p§(dx) and Ry (z,dx’) = ri(z, 2" ) WP (z,2") P (x,dx’) , (6)
for any k = 1,--- ,n, which clearly are of the form (4), and it is possible to design particle approximations of
the form

N = ul w80, with wy' =1 and z:u}c wy' =1
2 3 . -
1= =1 =1
where
. o 0,1 0,N . . 0,1 0,N
e the particle positions (§,"",--- ,§," ) and the resampling weights (w",--- ,w,’" ) depend on the refer-

ence model only,
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e the importance weights (uj, - ,u{cv) depend on both the reference and alternate models.

Clearly, the two point of views are mathematically equivalent, upon suitable substitution of the different
nonnegative measures and nonnegative functions, and to decide which point of view to adopt usually depends
on the application.

The paper is organized as follows : An original particle approximation is presented in Section 1, that com-
bines importance weights and resampling weights. To analyze its performance, and in particular to derive a
central limit theorem as the number N of particles goes to infinity, with an explicit expression for the asymptotic
variance, two different approaches are proposed. A first representation is introduced in Section 2, in terms of
path—space distributions and a path—particle approximation is presented in Section 3, with a central limit theo-
rem stated in Theorem 3.2 and with an explicit expression for the asymptotic variance given in Proposition 3.5.
A second representation is introduced in Section 4, in terms of the multiplicative functional of a Markov chain
and an extended particle approximation is presented in Section 5, where importance weights are treated as
particles, with a central limit theorem stated in Theorem 5.2 and with an explicit expression for the asymptotic
variance given in Proposition 5.5. It is checked that all three particle approximations actually correspond to
the same algorithm, and that the two expressions obtained for the asymptotic variance are actually equal. The
respective merits of the two different approaches are discussed in the Conclusion.

The following abuse of notation Wy(z,z') = Wy(z'), W™ (z,2) = W™ (') and Wged(z,2") = WEed(z)
will be used throughout the paper.

1. PARTICLE APPROXIMATION WITH COMBINED WEIGHTING AND RESAMPLING

Recall that the unnormalized distributions satisfy the following recurrence relation

Ve = Ye—1 Re = po—1 R (ye—1,1) ,

for any k =1,--- ,n. Recall also the decomposition (1), and introducing a particle approximation of the form
N N N
N i : i i
pE Ry = up, Wy, 04 with wy, =1 and up wy, =1,

and using the decomposition (2), yields

N
MkN—l Ry (da') = Zuiq Wi (&1, 2") wi_y Py(&h,da’)

i=1 . .
1 wi (') mi(da')

which can be interpreted as the marginal nonnegative measure on F associated with a nonnegative measure on
the product set {1,---, N} x E. Using the auxiliary variable approach [11], the resulting ASIR algorithm can
be described by

N N . .
]. . ]_ T'L T’L .
N _ i . N _ k k 7 . N
Y = N ;:1 Wo (&) 658 and Yk N E Upyq Wk(fk_pfk) 552 (Yie151)

i=1
where (&}, &) are ii.d. random variables taking values in E and with common probability distribu-
tion po(dz), and where ((1},&1), -+, (7Y,£Y)) are ii.d. random variables taking values in the product set

{1,--- N} x E and with common probability distribution (m}(dz’), - ,m¥ (dz')), or equivalently

. i Ti
o~ (whog, wiy)  and &~ P(§R L dal) |
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independently for any ¢ = 1,--- , N. Using the further factorization (3) results in the following approximations

Zwlmp SO Wred(go) 51 N
' = =5 =D _upwh dg:
S Wit

=1

and

Zu ernp Ek 175]@) red(fk 1751.9) 5&'1’2 N
M = = >l o .
ZU lmp fk 15 k) red(fk 15 k) =

for the normalized distrlbutlons, which defines implicitly the resampling weights

; red(&o) ’ed(ék 1 ;;)

(A
Wy = " and wy, = ,

red red j)
k 1Sk

and the importance weights

i
Tik imp ;
i lmp(fl) i uty Wy (§k i Izc)
Uy = —TF/—" — and Uy, =
0~ N k™ N )

Zwo W™ Zwk uh, WP, )

forany i=1,---,N.

Remark 1.1. If the substitution W;™ « 1o, W3 «— W and py « pJ is made, and if the substitution
W,imp — Tk, I/Vr8d — WP and P, «— P is made for any k = 1,--- ,n, with the notations of (6), then clearly
the particle positions («fi, e ,«f,iv) and the resampling weights (wi, e ,w,év) depend on the reference model
only, whereas the importance weights (u,lg, e ,u{cv ) depend on both the reference and alternate models. If in
addition the derivatives in (5) are continuous or differentiable w.r.t. some parameter of the model, then the
importance weights will automatically inherit the same property, as suggested in [8]. This idea has been used
in Monte Carlo maximum likelihood estimation [1,7] or in smooth particle approximation of Feynman-Kac
distributions [3,4,6,9]. Using a single particle system for the reference value, with different importance weights
corresponding to different values, makes the resulting approximation regular, but also poorly accurate for values
too far from the reference. In opposition, using a different particle system for each different value, would make
the resulting approximation very irregular, but also uniformly accurate for all values.

To derive a central limit theorem for the proposed particle approximation, no direct approach seems possible.
However, as pointed out by Eric Moulines during the Oxford workshop, a particle approximation in path—space
could be used for this purpose. Alternatively, as suggested by Pierre Del Moral on another occasion, an
extended particle approximation, where importance weights are treated as particles, could also be used for
the same purpose. These two different approaches are explored in Sections 2 and 3, and in Sections 4 and 5,
respectively, and their merits are discussed in the Conclusion.



ESAIM: PROCEEDINGS 89

2. REPRESENTATION IN PATH-SPACE

Using the decompositions (4) yields

n

(Yn, @ / /<Z>30n Yo(dxo) H e(@r—1,dxr)

n
/ /éxn W™ (a0) W5 (0) po(daro) H W™ (w1, ) Wi (@1, 1) Pe(ap—1, day)
n

_ H 1mp Xk 17Xk H red Xk—l;Xk)] ,
k=0 k=0

where {X}, k=0,1,--- ,n} is a Markov chain taking values in E and characterized by
e its initial probability distribution po(dx),
e and its transition probabilities Py(x,dz’), for any k =1,---,n
Consider the unormalized and normalized Feynman—Kac distributions defined on the path—space Ey., = E X
- x E by
(2> fn)
(v, 1)
respectively, where {X7, k =0,1,--- ,n} is a path-space valued Markov chain defined by X, = (X, -, Xy) =
Xo.x for any £k =0,1,--- ,n and characterized by

(v fu) = Elfa(X2) TTo2(XD] and  (u], fu) =

e its initial probability distribution n8(dzo) = po(dzo),

e and its transition probabilities Qp, (zo:k—1, dx(.) = 0zg.—1 (d20.—1) Pr(2)_q,day,), forany k=1, | n,
and where gf(zo.x) = Wied(zp_1,21) for any k = 0,1,--- ,n. Associated with this path-space probabilistic
representation is the recurrence relation v; = vp_; R, with

R (wo:k-1,dxgy,) = QR (zok—1,dxo.s) 9r(To.) = Oxg.p 1 (A1) Pr(@h_y, dal,) Wred(xk 15 Th)
for any k =1,--- ,n. In particular for any function of the form

n

Fa(@om) = F(xn, [ [ W™ (2x-1,24)) ,

k=0
defined on path—space, it holds
(va fu) = EIF (X, [] Wi (Xior, X0)) T] Wi (X1, X0
k=0 k=0
and for instance, for the function
n
T ¢(z0.0) = H Wi (41, 2 then clearly (o, T @) = (Y, @) (7)

or in other words v, = 5, T, in terms of a transformed distribution, and for the function

n

TE ¢(x0:n) = ¢O(In) | H Wlimp(xk—lvxk)F it holds <7;w TE ¢> = <757 ¢> )
k=0
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with the unnormalized and normalized Feynman—Kac distributions defined on the set E by

n . n 0
(10 0) =E[p(Xn) | [J W™ (X, Xi) [P [ WA (X1, X)) and (), 0) = 21—5
k=0 k=0 n

respectively.

3. PARTICLE APPROXIMATION IN PATH-SPACE

Recall that the unnormalized distributions satisfy the recurrence relation

Ve = Ve B = gk (i1 QF) (-1, 1)

for any k =1,--- ,n. Introducing a weighted particle approximation of the form

N N
:z:w}€ (55.71- with szzl ,
i=1 k i=1

where §,:’i = (§ x>~ k) Is a path-space particle with terminal position &}, = & ;. for any i = 1,---, N,
yields

M;ﬁ Qr(dwg,) = Zwk 15501 (da.g—1) Pr(wpy, dal,) .

i=1

The corresponding SIR algorithm can be described by

N N
o N 1 °.i o N 1 °,i o N
s I o s 6 . and s J— [ ] 5 5 oi 77 71 :
W =5 ;90(50 ) Oge.i wh=5 ;gk(fk ) Bees (30 1)

where ({5’1, e ,§5’N) are i.i.d. random variables on the set F with common probability distribution pg(dxo),
and where g§(£3") = Wied(&l o) for any i = 1,--- , N, and where (], - ,E0N) are i.i.d. random variables on
the path-space Fo.p = E X --- X E with common probability distribution M;,Nl Q1 (dxf.,.), or equivalently

T ™~ (wi—lv T ’wliv_l) and (fé,kv s ;511_1,1@) = (50,1%_1, s 7§kﬁ1,k_1) and fi,k ~ Pk(flzc—l,kvd:c;c) )

independently for any i = 1,---, N, and where g} (£5") = W&y o Cig) = Wmd(fk Lk_1:6h ) for any
i =1,---,N. This results in the following approximations

Z W &gt N Z Wisd(¢ k 15 1)55-,1' N
MBN i=1 :Zwé 55071' and H;N i=1 :z:uﬁC (5&:71-,

: 0 :
Z d i=1 Z d i=1
re re k 1,6 )
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for the normalized distributions, in terms of the terminal positions of the path—space particles, which defines
implicitly the resampling weights as

] Vy/red (gi ] erd , i
w6 — ~ 0 (é‘()) and w;{: _ k (é-k 1 k) ,
> W) Z AGEINGH)
j=1
for any ¢ =1,--- , N. In particular for the function
k
Tk ¢(zo:k) = (k) H ng;mp(xp—hxp) )
p=0

defined on path-space and already introduced in (7), it holds

k
Ti p(E1") = ¢(§Iic,k) H Wlmp( p—1 k?g;;,k) )

p=0

hence
N
(o, To ) = Z 0N Th (&) = ZW”d #(&)
where ) )
vh = W™ (&)

forany i =1,--- , N, and

=

™, T g) = Z (&) Teo(&") (70.1) = Z WE(EE 6 vk 3(ED) (1)

where

.

Uy = HWlmp p—1k Epk)

k—1

o 1np 3
= W™ (& &hr) [T WA (G ik o)

p=0

k—1

o imp
= W) <£k e ) T Wime ek 175,7,@ )
p=0

i
iN T
= Wlmp(gk 1:&k) ng ]

for any ¢ = 1,--- , N. Notice the underlying recursive structure, in the form of a multiplicative functional of a
Markov chain up to resampling. In view of the interpretation v,, = v 15, in terms of a transformed distribution,
this results in the following approximations

Z md ’fé and Z md k 1a‘fk)Uk 5€ <71:A§a1>7
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for the unnormalized distributions, hence

Z red 50 UO 51 v Z red k 15 ) ’U;-g (55;c N
- S upsg e Sy
. ) ) =1 . 1
Zvvoed@é)vé ‘ Z LA GEN AT

j=1

for the normalized distributions, which defines implicitly the importance weights as

i
Uk

N
J oo
Evkw

Jj=1

U;c = with ’Uf) lmp(fo) and ’Ullic = Wlmp(fk pfk) ’Uk 1

foranyt=1,---,N.

Remark 3.1. Tt is clear that the particle positions (defined as the terminal positions of the path—space particles)
and resampling weights defined here are the same as the particle positions and resampling weights defined in
Section 1, and it is easy to check by induction that the importance weights defined here are the same as the
importance weights defined in Section 1.

For this algorithm, the following central limit theorem holds [5, Chapter 9], [2, Chapter 9].
Theorem 3.2.

o N _ e
\/N W _— N(O,Vn.(fn)) ’

in distribution as N T oo, with asymptotic variance

n

Var(glz Rl:—i—l:n f”’ 771:)

o varlel Bo fund)
Virlfn) = T2 T g R 1)

(.98 R, 1) £

)
=1

where np = pup_, Qf for any k=1,--- ,n, and where
Rz+1:n Jn(zok) = Rloc+1 c Ry fu(zor) = Elfn (X)) H g;(X;) | Xp = zox]
p=k+1
for any k =0,1,--- ,n, with R} 1., fn(T0:n) = fu(To:n) by convention.

Remark 3.3 (CLT for normalizing constants). It follows from the identity

<771LV — Tn, 1> _ <7;w 1> <7;L’N — Yy In 1)
{yns 1) {yns 1) (yn: 1) ’

and from Theorem 3.2 that

VN %77”” — NV (22 )

in distribution as N T occ.

Remark 3.4 (CLT for normalized distributions). It follows from the decomposition

1) (ms T 1)
(Y 1) (v T, 1)

Q76— ()

N —_ e
<Mn Hns ¢> <7n7 1)
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from Theorem 3.2 and from the Slutsky lemma, that

VI {1 = s 8) = NO (T 10— ()

in distribution as N T occ.

As a consequence, it is worth finding an explicit expression, in terms of Feynman-Kac distributions defined
on the set F, of the asymptotic variance V,,(f,,) for functions of the form f,, = T, ¢ defined on the path-space
Eyn=F x---x FE. Let

Rk—i—l:n ¢>(33) = Rk—i—l te Rn ¢($) = H W p 1, p) | Xk = m] ;
p=k+1

for any k =0,1,--- ,n, with Ry, 41., ¢(2) = ¢(x) by convention. Then

. e (s 1) .
var(gg RY., Tn( Yy 1) ¢),15) ~ var(Wo Ri. ¢, p0)

<7757 95 RIn 1>2 N <p05 WO Rl:n 1>2 ’

and

o e {(1n,1)
BY 1 a2 6),1 .
varlgh i Tl 3y D10 08 1) (g1, 1) var(Wa (Risin ) o m, i, @ P)

9 By 1 1) (e 1)? (-1, R 1)?

<7}EL1; 1> (’71:717 1) <,UEf17 Ri.n ¢>2 _ (Mk—la Rin ¢>2
(Yr—1,1)2 (-1, Ren 1)%2 (ptk—1, Riwn 1)

+1

],
forany k=1,---.n
Proposition 3.5. In particular for the normalizing constant

\/N <'7n Yns — N(0,V},) |
1) (0 V)

in distribution as N T oo, with asymptotic variance

var(Wo Ri.n ¢, po) zn: (V1 1) (1. 1) var(Wy (Riqam 1) o7, pi © P)

V, =
(po, Wo R1:n 1)2 (Yre—1,1)2 (Wk—1, Ri:n 1)2

k=1

N z": Yien D) (o) (g B 1)® N
— (Vk—1,1)? (=1, Ri:n 1)?
Remark 3.6. In the extreme case where only resampling weights are used, i.e. if W ! = W}, and VVlrnp =

for any k =0,1,--- ,n, then the last sum cancels out, and

Y

_ var(Wo Run <Z>,po N Z": var(W, Rk+1 m1)om, g1 ® Py)
" <p05 WO Rl.n —1 /J/k—lv Rk:n 1>2

as expected.
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4. REPRESENTATION IN TERMS OF A MULTIPLICATIVE FUNCTIONAL
Starting rather from the absolute continuity assumptions
Yo(dz) = W™ (2)73(dz)  and  Ry(z,da’) = WP (x,2") RY(z, dz’) (8)
which define implicitly, in view of the decompositions (4)
Y9(dx) = WEed(x) po(de) and RY(z,dx’") = Wi*d(x, 2') Py (z, dx’) , 9)

for any k = 1,--- ,n, consider the unnormalized and normalized Feynman—Kac distributions defined on the
product set E x [0, 00) by

n

oy I
(v F / / xn, Wlmp(xk 1, 2x)) 70 (do) H k(Th—1,dzy) and (ue, F) = <<7;7 1>> 7
k=1 o,

respectively. In particular

n

(Ve @ eg) = / / d(xn) 7 (dxo) H (Th—1,dz) = (7}, B) ,

where eg(v) = 1 by definition, and using the absolute continuity assumptions (8)

n n
(V.o @e) / /¢=’En WP ( H W™ (w1, 1) 70 (dao) H (Tr—1,dwk)

k=1

n

/ /(bzn '70 dZ() H I'k ladxk) <7ka¢>7

where e(v) = v by definition. Associated with these two integral representations are the two recurence relations
fy,g =_; Rg and v = Y1 Ry respectively, for any k = 1,--- ,n. Finally

n

n
('Yz;¢®€ / /¢$n |W01mp Io H lmp xk 1,$k| 70 da:o H xk_l,dxk)

k=1 k=1

n

/ /«zmn 2Sdwo) T] R (w1, dux) = (47, 6)

k=1

where
10 (dx) = [Wo™(2)* 0(dz)  and  RP(x,da') = W, (z,2")]* R} (x,da’)
for any k =1,--- ,n. In particular for ¢(x) = 1, it holds

<’Y;§a1>: <7]§a1®60>: <’7](c)a1> and <’Y§a1®€>: <7ka1> )
for the normalizing constants, and

<7k7¢®60> o (727¢> _ 7.0
</~‘ka¢®e > <7ka1> - <7271> - <Mk7¢> ’ (10)
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o®e) (w9 (1)

Wino@e) = =0y = hey L) e (1D
and
<7k7¢®e>_<75a¢>_<7571> O
L i L

for the normalized Feynman-Kac distributions. In other words, the extended unnormalized Feynman—Kac
distribution encodes all the different Feynman—Kac distributions, normalized or unnormalized, for the reference
and alternate models, and in particular

<77ew ¢0 ®eo + ¢ ® €> = <727 ¢0> + <7n7 ¢> :
It follows from the definition that
Y&(dx, dv) = A9 (dx) 6W1mp( )(dv) ,
and introducing the extended nonnegative kernel

RS (x,v,da’,dv') = RY(x,dx’) § (dv')

o WP (2, 2)

defined on the product set E x [0,00), for any k = 1,--- ,n, it is easily seen that

n n
(Vn, F) = / "'/F(ImHWémp(Ik—hxk 70 (dzo) H k(Th—1,dzk)
E E i paie

=0

/E/E { /OOO . ../000 F(n,vn) 6W0h“p(x0)(dvo) ﬁ 5%—1 Wlicmp(xk_l,mk)(d'l)k‘) }

k=1

O(diﬂo)

// // (@n, vn) 75 (dxo, dvg) H (Tp—1, Vk—1,dx), dvg) |

R%(xk 1, dlEk)

HE:

which justifies the interpretation of this nonnegative measure as an unnormalized Feynman—Kac distribution.
Associated with this integral representation is the recurrence relation v; = v;_; Ry, for any k = 1,--- | n.
Furthermore, using the decompositions (9) yields

n n
(1 F / /Fxn H W (g1, 1)) 8 (do) H r(Th_1,dzy)
n X n
// F(an, [T Wi (wr-1, 2x)) H Wit (2p—1, 2k) poldzo) H (Tg—1,dxy)
E E —

n
= E[F(Xn, [ W™ (Xk-1, Xx)) H Wied(Xp_1, X1) ]
k=0

where { Xy, k=0,1,--- ,n} is a Markov chain taking values in E and characterized by
e its initial probability distribution po(dx),
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e and its transition probabilities Py (x,dz’), for any k =1,---,n
Introducing
My=W™(Xp) and My = W™ (Xp_1, Xp) My_1 ,
forany k = 1,--- ,n, defines a multiplicative functional { My, k = 0,1,--- ,n} associated with the Markov chain
{Xk, k=0,1,--- ,n}, and yields yet another representation as

<’7fu F> = E[F(Xna Mn) H nged(kala Xk)] with M, = H W]imp(kalek) »
k=0 k=0

where jointly {(Xx, M), k=0,1,--- ,n} form another Markov chain taking values in the product set E x [0, 00),
characterized by

e its initial probability distribution pg(dz, dv) = po(dx) 5Wimp (@) (dv),
0

e and its transition probabilities Pg(x,v,dx", dv") = Py(x,dz’) & (dv'), for any k=1,--- ,n

v WP (z, 2
Finally, let W§(z,v) = Wged(z) and WE(z,v,2',v") = Wied(z,2’) for any k =1,--- ,n
5. PARTICLE APPROXIMATION USING A MULTIPLICATIVE FUNCTIONAL
Recall that the unnormalized distributions satisfy the recurrence relation
Ve = Ve B = pi B (i1, 1)
for any k =1,--- ,n. Using the decompositions (9), notice that

76 (dz, dv) = Wi (z) po(dx) & = Wy (z,v) py(da, dv) ,

e g ()
and

RS (x,v,dz’, dv") = Wiz, 2") Py(z,da’) (dv') = W§(z,v,2' ") P (z,v,da’, dv’) |

v WP (2, 1)

and introducing a weighted particle approximation of the form

N
Zwk G with ;wizl,

£
ZZ

I

yields

N RS (da! | dv') wred( o) wh o Pe(EE_,dx’) 8 imp i dv')
1. Z (&1, 2") wi_y Pr(&hy ) vi W p(’fkfpfl)( )

m (da', dv’)
which can be interpreted as the marginal nonnegative measure on the product set E x [0, 00) associated with

a nonnegative measure defined on the product set {1,---, N} x E x [0,00). Using the auxiliary variable
approach [11], the resulting ASIR algorithm can be described by

Z md 507 o) and Z md k 1 ) (5 U)Wk 1,1>,



ESAIM: PROCEEDINGS 97

where ((€8,08),-++, (&Y,v{Y)) are i.i.d. random variables taking values in the product set E x [0, 00) and with
common probability distribution p§(dx, dv), or equivalently

&6 ~ po(d) and vy = lmp(fo) )
independently for any i = 1,---, N, and where (7, &4, v}), -, (7, &N, vlY)) are i.i.d. random variables taking

values in the product set {1, , N} x E x [0, 00) and with common probability distribution (mj,(dz’,dv’), - - -
N(da',dv")), or equivalently

Y

i 3 Ti im ]
Tli ~ (wliflv T awljcvfl) and flzc ~ Pk(fkﬁpdfcl) and vk - vk 1 W p(gk 175]@) )

independently for any ¢ = 1,--- , N. In view of the relation (10), this results in the following approximations

Z red z N | Z red k 17§k) € N .
B S g ~Sutog
St Z Witk g

Jj=1

for the normalized distributions under the reference model, which defines implicitly the resampling weights as

i Wéed(&’i) i Wéed(ék 1 ;;)

wy = —————— and wy, = ,
Z Wred Z Wred k . k)
for any ¢ =1,--- , N. Similarly, in view of the relation (11), this results in the following approximations
Z Wred 5;6 Z Wred k 17 ) zk 5&2 N
N _ _ i, _ N _ P05
Ho = Zuo Wo 5§](€M and My = = Zuk W 55129 ’

d 1=1 d 1 1=1
z W z W, ) o]

for the normalized distributions under the alternate model, which defines implicitly the importance weights as

o i .
U6 — Wolmp (gé) and U}Lg _ —1 Wlmp (gk 1 k)
N

Zwé Wémp(fg) Zwk Ukk1 Wlmp(gk 1 k)
j=1

forany i=1,---,N.

Remark 5.1. It is clear that the particle positions, resampling weights and importance weights defined here
are the same as the particle positions, resampling weights and importance weights defined in Sections 1 and 3.

For this algorithm, the following central limit theorem holds [5, Chapter 9], [2, Chapter 9].
Theorem 5.2.

/o W — N(0, Vo(F))
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in distribution as N T oo, with asymptotic variance

var(W§ RS. nF po N z": var(Wg (R§ ., F) o, pg)

Vn(F): e e
(pG, Wg R, 1 pka (RkJrln 1)om)?

k=1
where py = pi_, ® P for any k =1,--- ,n, and where

Rerl:n F(:c,v) - RiJrl o sz F(:c,v) - E[F(XnaMn) H Wred( p—1, p) | Xk =z, My = U] )
p=k+1

for any k =0,1,--- ,n, with R}, ., F(x,v) = F(x,v) by convention.

Remark 5.3 (CLT for normalizing constants). It follows from the identity

(5N —49,1) (AN =y 1) e N e (40, 1) e
Yo T A T = R A gy 29

and from Theorem 5.2 that

(N —15,1) (Y =, 1) (79,1)
VN [Xo o) +A D) ]:m\r(o,vn(AOM(%1> (1®e))),

in distribution as N T occ.

Remark 5.4 (CLT for normalized distributions). It follows from the decomposition

(U™ = 1, do) + () — tin, 0)

e,N _ e e 0
= (e TRl g (g0 @+ O D)

<7$”1> ’ (fy , > (7%,N,1®e> <')/n71> (¢_ <Mn7¢>) ®e> ,

from Theorem 5.2 and from the Slutsky lemma, that

0
VN [0 = 10 d0) + (1Y — pin, 8)] = N(O, Vu (0 — (1, d0)) ® eq + (7, 1)

m (QS* <Mna¢>) ®6)) )

in distribution as N T occ.

As a consequence, it is worth finding an explicit expression, in terms of Feynman—Kac distributions defined
on the set E, of the asymptotic variance V,,(F)) for functions of the form F' = ¢y ® eg + ¢ ® e defined on the
product set E x [0,00). Let

R2+1:n ¢0($) = Rngl T Rroz ¢0($) and Rk+1:n ¢($) = Rk+1 T Rn ¢(I),

for any k=0,1,-- ,n, with RY ., ¢o(z) = ¢o(z) and Ry1.n #(z) = ¢(z) by convention. Then

(1)

(’Ym 1)
(p(eﬁvv(? Rl:n >

var(W§ RS, (¢o @ eq + P ®e),py)

Var(wred R?n ¢07p0) COV(Wred R?n ¢Oa WO Rl:n ¢ap0) Var(WO Rl:n ¢ap0)
(po, Wged RY,, 1)2 (po, Wged RV 1) (po, Wo Ri:n 1) (po, Wo R1:n, 1)2
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and

{(7n> 1)
{(Yn, 1)
<MZ—1 ® P/?’ Wls (RZ—i-l:n ]‘) om >2

var(Wy (Ry, 1., (¢0 ® eo + p®e))om g @ Py)

Var(leed (Rg—i-l:n ¢O) o, ,U/g_l ® Pk)
<lu’2717 Rgn 1 >2
) cov(Wred (RY 1., d0) o 1, Wi (Rig1:n @) 0 T, i1 @ Pr)
</L2_1, Rz:n 1 > <Nk71; Rk:n 1 >
(Mk—l’ Rzn ¢0> B </J/(13717 R(l;n ¢O >
<M(Iz—1’ Rg:n 1 >
<Py]|€:|71’ 1> <72—1’ 1> Va‘r(Wk‘ (Rk‘+1:n ¢) o, lLLE*l ® Pk)
(Yr—1,1)2 (tk—1, Ri:n 1)2

4 [ <’}/;€D,1, 1> <72717 1> <,LL571, Ry ¢>2 _ (Mk—la Rin ¢>2 ]
(Yr—1,1)2 (r—1, Ren 1)? (pk—1, Rpn 1)2 7

+2

+

forany k=1,--- ,n.

Proposition 5.5. In particular for the normalizing constant

\/N <'7n VTns — N(0,V},) |
1) 0. ¥)

in distribution as N T oo, with asymptotic variance

Vi =

var(Wo Ri.n &, po) zn: (V1) (1. 1) var(Wy (Riqam 1) o7, piy © P)

(po, Wo R1:n1)> = (yp-1,1)? (k-1 Ry:n 1)?

O O
+i[ <’yk}71’1> (727171> <luk‘717Rk:n 1>2 . 1]
= (Ye-1,1)2 (Hk—1, Ri:n 1)?
Remark 5.6. It is clear that the expression for the asymptotic variance given here is the same as the expression
given in Proposition 3.5.

6. CONCLUSION

Even though the two different approaches used here to obtain a central limit theorem for the proposed particle
approximation do actually provide the same explicit expression for the asymptotic variance, they differ in the
following aspects.

In the first approach, based on a representation in path—space, the importance weight functions appear
only in the test function, and it is therefore easy to analyze the joint particle approximation of unnormalized
distributions (and normalizing constants and normalized distributions, as a by—product) for the reference model
and for several alternate models at the same time, just by choosing the appropriate test function in the central
limit theorem. In view of (7), the idea is simply to use one test function per alternate model, i.e.

(Yo =48 9a) (1) (N =8 TE da)

(e, 1) (e, 1) (1o, 1) ’
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hence

Yo — s ba Yoo 1
3 O — o g e,
acA acA
in distribution as N T oo, with a correlation structure reflected in the asymptotic covariance matrix, easily ob-
tained by polarization. In other words, this first approach seems appropriate to analyze particle approximations
in statistical models depending on some parameter, in sensitivity analysis, etc.

In the second approach, based on a representation in terms of a multiplicative functional, the importance
weight functions appear in the extended Markov model, and it would be necessary to change the Markov model
to analyze the joint particle approximation of unnormalized distributions for the reference model and several
alternate models at the same time. On the other hand, it would be easy with this Markov interpretation to
analyze particle approximation with adaptive resampling schemes, where the decision to use resampling weights
only vs. importance weights only is made dependent on an empirical criterion (effective number of particles,
entropy of the sample, etc.) evaluated using the current particle approximation. The idea would be simply,
as a generalization of (3), to introduce a factorization depending on the current normalized or unnormalized
distribution on the product set E x [0,00) : this would result in a representation in terms of a McKean model,
and the associated particle approximation could be easily analyzed [5].

REFERENCES

[1] Olivier Cappé, Randal Douc, Eric Moulines, and Christian P. Robert. On the convergence of the Monte Carlo maximum
likelihood method for latent variable models. Scandinavian Journal of Statistics, 29(4):615-635, December 2002.

[2] Olivier Cappé, Eric Moulines, and Tobias Rydén. Inference in Hidden Markov Models. Springer Series in Statistics. Springer—
Verlag, New York, 2005.

[3] Natacha Caylus, Arnaud Guyader, Francois Le Gland, and Nadia Oudjane. Application du filtrage particulaire & l'inférence
statistique des HMM. In Actes des 36émes Journées de Statistique, Montpellier. SFdS, May 2004.

[4] Frédéric Cérou, Francois Le Gland, and Nigel J. Newton. Stochastic particle methods for linear tangent filtering equations.
In José-Luis Menaldi, Edmundo Rofman, and Agnes Sulem, editors, Optimal Control and Partial Differential Equations. In
honour of professor Alain Bensoussan’s 60th birthday, pages 231-240. I0OS Press, Amsterdam, 2001.

[5] Pierre Del Moral. Feynman—Kac Formulae. Genealogical and Interacting Particle Systems with Applications. Probability and
its Applications. Springer—Verlag, New York, 2004.

[6] Arnaud Doucet and Vladislav B. Tadi¢. Parameter estimation in general state-space models using particle methods. Annals
of the Institute of Statistical Mathematics, 55(2):409-422, June 2003.

[7] Charles J. Geyer. On the convergence of Monte Carlo maximum likelihood calculations. Journal of the Royal Statistical Society,
Series B, 56(1):261-274, 1994.

[8] Charles J. Geyer. Estimation and optimization of functions. In Walter R. Gilks, Sylvia Richardson, and David J. Spiegelhalter,
editors, Markov Chain Monte Carlo in Practice, chapter 14, pages 241-258. Chapman & Hall, London, 1996.

[9] Arnaud Guyader, Frangois Le Gland, and Nadia Oudjane. A particle implementation of the recursive MLE for partially
observed diffusions. In Proceedings of the 13th Symposium on System Identification (SYSID), Rotterdam, pages 1305-1310.
IFAC / IFORS, August 2003.

[10] Jun S. Liu. Monte Carlo Strategies in Scientific Computing. Springer Series in Statistics. Springer—Verlag, New York, 2001.
[11] Michael K. Pitt and Neil Shephard. Filtering via simulations : auxiliary particle filter. Journal of the American Statistical
Assoctation, 94(446):590-599, June 1999.



