ESAIM: PROCEEDINGS, December 2008, Vol. 25, p. 114-129
E. Cances, S. Faure, B. Graille, Editors

ANALYSIS OF A KRYLOV SUBSPACE ENHANCED PARAREAL
ALGORITHM FOR LINEAR PROBLEMS

M. GANDER! AND M. PETCU?

Abstract. The parareal algorithm is a numerical method to integrate evolution prob-
lems on parallel computers. The performance of the algorithm is well understood for
diffusive problems, and it can have spectacular performance when applied to certain
non-linear problems. Its convergence properties are however less favorable for hyperbolic
problems. We present and analyze in this paper a variant of the parareal algorithm, re-
cently proposed in the PITA framework for systems of second order ordinary differential
equations.

1. INTRODUCTION

The parareal algorithm is a time parallel time integration method for evolution problems intro-
duced by Lions, Maday and Turinici in [6]. It can be used to compute in parallel an approximate
solution of systems of ordinary differential equations (ODEs). The method was introduced in or-
der to obtain a speed-up on parallel computers when solving evolution problems, which need to
be solved in real time, which explains its name. The advantage of this method, as shown in [6],
is that it approximates the solution later in time, before having fully accurate approximations at
earlier times, while the global accuracy of the iterative process after few iterations is comparable
to that given by a sequential method used on a fine discretization in time.

The method has received great attention over the last years, and it was used for different
applications in financial mathematics (see e.g. [1]) in robotics, biology and engineering (see [2]),
as well as in quantum chemistry (see [7]). The parareal algorithm was also written in different
forms: by Farhat and Chandesris (see [2]) as an algorithm called PITA (Parallel Implicit Time
Integrator), and by Gander and Vanderwalle (see [5]) as a multiple shooting method. Gander and
Vandewalle showed in [5] that the parareal algorithm is a multiple shooting method for initial value
problems with a coarse grid approximation for the Jacobian in Newtons method. They also proved
that when the method is applied to linear, diffusive problems, it converges linearly on long time
intervals and super-linearly on short time intervals. In [4], [1], [2], the authors showed that the
parareal algorithm produces a speed-up for first order ODEs, but the method does not have the
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same potential for second order ODEs, see also [5]. In [3], the authors proposed a method in order
to adapt the existing PITA algorithm to second order differential equations.

This paper is structured in two parts: in the first part we introduce the parareal algorithm as
a multiple shooting method and recall the existing convergence analysis for this method. In the
second part, we introduce the modified algorithm, explain the reason for which this method gives
better results for systems of linear ODEs, and prove convergence results similar to the ones for the
original method.

2. PARAREAL ALGORITHM AS A MULTIPLE SHOOTING METHOD

The parareal algorithm is a time parallel method to compute in parallel the solution of the
system of ODEs

u'(t) = f(u(t)), t € (0,T), u(0) = up, (2.1)

where f : R? —» R% and v : R — R%.

The parareal algorithm is described by Gander and Vandewalle [5] as a multiple shooting method
with the use of two propagation operators. The inexpensive coarse propagator G(T,,, Tj,—1,x) gives
a rough approximation to u(T},), where u is the solution of equation (2.1) having u(T,,—1) = =
as initial condition, while the expensive fine propagator F(T,,T,—1,2) gives a more accurate
approximation to the same u(T),). Partitioning the time domain (0,7") into N-time subdomains
Qn = (T, Th41), the algorithm works as follows:

e Step 0: The algorithm starts with an initial approximation U%, n = 0,..., N, which can

n

be found for example using the coarse propagator sequentially,
Upyy = G(Tns1,Tn, UY), UY = wo. (2.2)
e Step k£ + 1: We perform a correction step, using both the coarse and fine propagator,
Uptl = G(Toy1, T, USHY) + F(Tog, Ta, UY) = G(Tog1, T, U). (2:3)

We note that the initial step (2.2) of the algorithm is sequential, but not expensive, since we use the
coarse and cheap G-propagator. In the iteration (2.3), the approximations can potentially become
better since we improve the accuracy with the aid of the F-propagator. A significant advantage
of the method is that since we already know the values U, for all n, the expensive computations
for F(Ty41, T, UY) can be performed in parallel and (2.3) is reduced to a sequential computation
with cost comparable to G(Ty41, Tn, UFH).

We now recall a convergence result proved in [4], where it was assumed for simplicity that
the fine propagator F' is the exact solution of the problem, and equal time subdomains are used,
Thy1 — T, = AT. Furthermore, it was assumed that the difference between the approximate
solution given by the coarse propagator G and the exact solution satisfies the relation

F(Tp, Typ1,2) — G(Ty, Tr1, %) = cpy1 () ATPT! 4 cpro(a) ATPFZ 4L (2.4)

where the coefficients ¢; with j = p+1,p+2,... are continuously differentiable, and that G satisfies
the Lipschitz condition

[G(t+ AT t,x) = G(t + AT, t,y)|| < (1 + C2AT) ||z — y]|. (2.5)
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Theorem 2.1. Under the conditions above, the error u(T,,)—UF at step k of the parareal algorithm
satisfies the convergence estimate

ATerl k+1 . k )
) - Ul < & S cany [T )
=0 (2.6)
k+1
= Olm exp Oy (T, — Ty 1) ATPHHY,

where Cy is a constant depending on the coefficients in (2.4), and Cy is the constant in (2.5).

3. PITA ALGORITHM AND EQUIVALENCE TO THE PARAREAL ALGORITHM

We now present the PITA algorithm introduced by Farhat et al. in [2], and prove that for linear
problems the algorithm is equivalent to the multiple shooting method. We consider the linear
system of first order ODEs

u'(t) = Au(t) + b(t), (3.1)
with A € My(R) and b(-) € R4

The time interval [0, T is partitioned into N time subdomains 2, of constant size AT, obtaining
this way a coarse grid. Each time subdomain is then partitioned in turn into J subintervals of size
At, obtaining a fine grid. Then the PITA algorithm is given by

e Step 0: Provide an initial approximate solution U2, n = 0,..., N by applying a sequential
numerical method to problem (3.1) on the coarse grid.
e Step k+1:
— Using the available approximate solution U as initial condition for problem (3.1)
considered on each time slice, apply a sequential numerical method on the decomposed

fine grid,
up,)'(t) = Augi(t) +b(t), on Q, (52)
ufz (Tn) = Uﬁ : '
Note that the computations (3.2) can be done in parallel for each time slice.
— Evaluate the jumps
Sk=uk (T,)—-UF 1<n<N, (3.3)

on the coarse grid. If the jumps are small enough, the algorithm terminates.
— Solve, by the numerical method applied on the coarse grid, sequentially the correction
problem

() (t) = Acp(t),  c§(To) =0, cp(Tn) = ci_y(Tn) + Sy, (3.4)

n n—1

and compute the correction C¥ = ck_ (T;,).

— Update the approximate solution using the formula

Ul =uf_(T,) +CF=UF + SF 4+ CE, forall 1<n<N. (3.5)

n—1
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Proposition 3.1. For the linear problem (3.1), the PITA algorithm described above is equivalent
to the multiple shooting algorithm (2.2), (2.3).

Proof. We first note that the fine propagator of the multiple shooting method corresponds to
applying a sequential numerical method on the fine grid, while the coarse propagator corresponds
to applying a sequential numerical method on the coarse grid. Clearly the initial step is then the
same for both methods. Rewriting the PITA method using the propagators, we find that the jumps
are

S = F(T,, T,_1,UF_)) — UF.

Since we propagate the jumps on the coarse grid, the corrections are
Ck = G(Thi1,Tn,CE + S5 — G(Th41,T;, 0). (3.6)
Using the updating formula (3.5), we obtain
UMt =k (T,) + CF =UF 4 5% 4 CF,

which implies that

Skyck =yttt Uk (3.7)
Rewriting the updating formula (3.5) using the fine propagator, we find with the expression for
the correction (3.6), relation (3.7), and using linearity

Uffii = F(Tp41, T, UR) + CF 4
F( n+17Tn7U )+G( n+1;Tnvck+Sk) G(Tn+17Tn70)
= F(Tus1,Tn, Up) + G(Togr, T, U™t = Uy) = G(Ty1, T, 0)
F( n+1aTnaU )+G n—l—l;TnaU +1) G(Tn-l-laTnaU:)v
which coincides with the updating formula (2.3) of the multiple shooting algorithm. O

When the parareal algorithm is applied to the system of second order ODEs
Mq" + Dq' + Kq = f(t), ¢(To) = g0, ¢'(To) = gp, (3.8)

where M, D, K € M; i(R) represent respectively the mass, the damping and the stiffness matrices,
the algorithm does not perform well, because of a beating phenomenon, see [3]. In order to
understand this, we rewrite equation (3.8) in the homogeneous case as a system of first order
ODEs, assuming that the mass matrix is invertible, and obtain

v = Au, u(To) = ug, (3.9)
where the matrix A € Mg 4(R) is given by

~-M~'D —-M~'K
Id 0] ’

and uo = (g}, q0)’ € R?, with d = 2d. Now the exact solution of the problem can be expressed
as a superposition of harmonic functions, which are related to the natural frequencies of the
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system, i.e. the eigenvalues of matrix A, which are purely imaginary numbers. When we compute
the approximate solution using formula (2.3), we can have a beating phenomenon caused by the
interference of two modes not having the same frequencies,

F(Tyi1, Ty, ¢i) = €' ¢y,

with a; a constant depending on the eigenvalues of the matrix A and on the time-step AT, and ¢;
a natural mode of the problem. Suppose that o and 3 are two natural frequencies that appear in
Uk+1 and U*. Then, when we compute U**! — UF we find that this difference is characterized by
the frequencies («+3)/2 and (aw— 3)/2. If a and f are frequencies close to each other, the order of
the new frequency (« — 3)/2 becomes very small and the frequency (« + 3)/2 becomes very close
to the natural frequencies a and 8 and while computing G(Ty41, Ty, UFT) — G(T 11, T, UX) the
result might not be accurate unless AT is very small.

4. KRYLOV SUBSPACE ENHANCED PARAREAL ALGORITHM

In [1], [2] and [3], the authors showed that the parareal algorithm produces a speed-up for certain
first order ODEs, but the method does not have the same potential when applied to systems of
second order ODEs. It was also shown in [1], as well as in [8] that the parareal algorithm is not stable
for certain second order ODEs (in fact the method is unstable when the system presents purely
imaginary eigenvalues) or for most hyperbolic problems (since the situation of purely complex
eigenvalues or complex eigenvalues with large imaginary part appears). We propose and analyze
here a modified parareal algorithm, based on an idea presented in the PITA framework in [3] as
a remedy for a beating phenomenon when the algorithm is applied to a system of second order
ODEs. We consider the inhomogeneous linear system of first order ODEs

u'(t) = Au(t) + f(t), u(To) = uo, (4.1)
where A € My 4(R), f: R — R and u: R — R

4.1. Homogeneous case

We start by considering the homogeneous case; we will see later that the inhomogeneous case
can also be treated in a similar manner. In the correction step (2.3) of the original parareal
algorithm, the fine propagator is used for every time subdomain, and if the equation is linear
and homogeneous, one knows by linearity rapidly the evolution of the solution for a larger and
larger subspace of initial conditions. This information can be used to obtain a more accurate
approximation for the coarse propagator G when we compute G (T}, 41, T, UFH1 — UF) in (2.3) (we
used linearity), at no extra cost. The idea is to use the fine propagator F for the part of U1 —UF
in the subspace for which the evolution is already known from previous evaluations of the fine
propagator, and to only propagate the rest with the coarse propagator. More formally, we define
the space

Sk:span{Ufl; 0<I<Ek 0<n<N} (4.2)
and replace in (2.3) the coarse propagation G(Tyt1,Tn,Y) by K(Tht1,Th,Y), where the new
propagator K is defined by

K(Tny1,T0,Y) = F(Tyy1, Tny PFY) + G(Tyi1, Ty (I — PR)Y), (4.3)
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and P is the orthogonal projection onto the space S*,
PF = 8F(SHT, (4.4)
Introducing this into (2.3), we obtain by linearity after simplification the modified update
Ukt = F(Tyi1, Tn, PPUFY) + G(Thgr, T, (I — PRYUETY). (4.5)

Note that if we formally take k — oo in (4.5), we have that the projection Pj tends to the identity
and so UF*! tends to the approximate solution given by the fine propagator. A rigorous explanation
for the fact that Py tends to the identity when the algorithm converges can be found in Remark 4.2
where we show that we converge when the spaces {Sk}r do not increase anymore.
The modified parareal algorithm computes this update performing the following steps:
e Step 0: As for the original parareal algorithm, we start with the initial approximations U2
from (2.2), and the initial subspace S~! is empty, since we have done no evaluation of the
fine propagator F.
e Step k+1:
— Compute in parallel F(T},41, T}, UF).
— We enhance the subspace of known fine evolution by

S* = span(S* U {UF,n=0,...,N}), (4.6)

since now the fine evolution for all initial conditions UF is known. We also construct an
orthogonal basis for S*, whose columns we store in the matrix S*, and the associated
orthogonal projector P* using (4.4).

— We perform the sequential updating step (4.5) forn =0, ..., N, at no extra evaluation
of the fine propagator, since the fine evolution on the subspace S¥ is known.

4.2. Properties of the subspaces S¥
Initially, the matrix S° contains as columns the linearly independent vectors that generate
SY = span(U?2; 0 < n < N).
In the algorithm, the vectors U are found using the coarse propagator G,

U =G(T,, Tp-1,US_) = GUY_,, U = Uy,

n

where we use the same symbol G for the matrix that defines the coarse propagator G in the
homogeneous linear case under consideration. We therefore obtain that

8 = Kn41(Uo, G), (4.7)
where Kx11(Up, G) is a Krylov space. Therefore, the dimension of S is given by
p:=dimKy1(Up, G) = min(N + 1, grade(Up)), (4.8)

where grade(Up) is the degree of the minimal polynomial of G with respect to Up. It is then well
known that
8% = Kn+1(Uo, G) = K,,(Uo, G),
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and hence the matrix S° contains as columns the orthonormalized vectors Uy, UY, ..., U}_;.

Proposition 4.1. If the matric G has only simple eigenvalues, then the degree p of the matriz
G with respect to the vector Uy coincides with the number of natural modes excited by the initial
condition.

Proof. Let ¢;, i =1,..., N be the natural modes of the system (3.9), i.e. the eigenvectors of the
matrix A. One can easily see that the matrices A and G have the same eigenvectors. Let \; be
the eigenvalues of G corresponding to the eigenvectors ¢;, and suppose that the initial condition
can be written in the form

Up=p01¢1+ ...+ B¢, with 8; #0fori=1,2,...,L.

We know that the grade of G with respect to Uj is the smallest degree of a polynomial p such that
p(G)Uy = 0. Since

p(G)Uo = Bip(G)ér + ...+ Bin(G)py = Bip(A1)d1 + - .. + Bip(N)dr = 0, (4.9)

and taking into account the linear independence of the eigenvectors and the fact that all the
coefficients 3; are nonzero, we must have p(\;) =0 for all i = 1,...,l. Thus the smallest degree of
the polynomial is [, the number of natural modes excited by the initial condition Uy. (I

After this initial step, the algorithm enhances at each step the subspace S¥~1 with the vectors
obtained from the current step, U},...,UX. If the matrix S*~! is known from the previous
iteration, we can construct the new matrix S* for example by using modified Gram-Schmidt to
form the extended orthogonal basis, or QR factorization steps.

Remark 4.2. The structure of the space S is quite simple, as we have seen before. For k > 1 the
spaces S¥ are much more complicated. To see why, we just give a simple example: consider in what
follows that both the coarse and the fine propagators are obtained using the Euler method respec-
tively on a coarse and fine grid. Then, F' = (I + AtA)” and G = I + AT A. The approximations
at Step 0 are U = (1 4+ AT A)* and the space S is:

S = span{UQ,...,UY} = span{Uy, AUy, ..., ANUy}.

In order to find S', we need to first compute the approximations at Step 1. It can be easily
seen that U} = Uy and, since Uy € S°, we find Ul = F(Ty,To, P°U}) = (I + AtA)Uy and
Us = F(Tz, Ty, P°UL) + G(Ty, T1, (I — P°)U}). To further compute Us we need to know if U7 is
an element of S°. If so (case possible if for example J < dim(S°)) then Ui = (I + AtA)? Uy; if
not, we need to project Ui into the space SY, use the fine projector for the part P°U; and the
coarse projector for the remaining part. So, the approximations at Step k are linear combinations
of vectors of the form AUy, but [ will in general be from a non-contiguous subset of N, and thus
form a “broken” Krylov space, in contrast to the case at Step 0.

4.3. Inhomogeneous case

We now show how the inhomogeneous case can be treated with the enhanced subspace in the
same manner as the homogeneous one. To this end, we first note that the action of the fine
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propagator for a linear inhomogeneous problem can be decomposed by linearity into

F(Tpy1,Th,aX +8Y) = F/(aX + BY) + F(Tpy1,T,,0)
=aF'X + BF'Y 4+ F(T,11,T,0)
= a(F(Tyi1, T, X) — F(Ti1, T, 0))
+ B(F(Tot1,Tn,Y) = F(Tyy1, T, 0)) + F(Tyy1, T, 0),

where F is the matrix that defines the fine propagator. The affine computation for F/(T,,41, Ty, P UF*1),
and similarly for G(Ty41, T}, P,UF1), requires thus an additional preprocessing step, which leads
to the algorithm:

e Step-1: We start the algorithm by computing the quantities F(T, 41,75, 0) and G(Ty41, Ty, 0).
The utility of these terms is seen at Step k+ 1 when we need to update the approximation.
e Step 0: At this step we are doing the same computations as for the homogeneous case, in
order to obtain initial approximations U?. Also the initial subspace S~! is empty.
e Step (k+1):
— Compute in parallel F(T},41, T, UF).
— Enhance the subspace of known fine evolution by

S* = span(S* U {UF,n=0,...,N}),

as in the homogeneous case, and compute the matrix S* and the projector P*.
— Update the approximate solution using the formula

Ukt = F(Tyir, T, PUF™Y) + G(Thgr1, T, (I — PR)UFY) — G(Ti1, T, 0). (4.10)

Note here that if we formally take k — oo in (4.10), we find that P, tends to I and so U}{] tends
to the fine solution. The last term in (4.10) was zero for the homogeneous case, here it is not zero
but it is a term that was computed at Step —1.

We also note that at Step k + 1 the term F(Tyy1, Ty, PkU,’f‘H) can be computed at minimal
cost, since P,UF! is a linear combination of approximations for which the evolution is known.
In fact, F(Ty41, Ty, PeUF*Y) is computed as a linear combination of F(T},41,T,,0) computed at

Step —1 and of F(T,41, Ty, S),
F(Tn-i-laTna PkUj:Jrl) = [F(Tn-i-laTna Sk) - F(Tn-i-laTn; O)](Sk)TUerl + F(Tn-i-l; Tna 0);

where by F(T,11,T,,S*) we understand the matrix having as columns the evolution by the fine
propagator F of the column vectors of the matrix S*, and F(T,11,T,,0) is the matrix of the
same dimension as S¥, having as columns the vector F(T,,.1,Ty,0). The matrix F(T, 11, Ty, S*)
is known once we computed in parallel the evolution of U* using the fine propagator: if U is the
matrix of all the generators of S*, we compute (or update) the QR factorization of U (U = QR),
and we simply compute

F(Tn—l—l;TnaSk) = [F(Tn-i—l;Tna U) - F(Tn-l—l;Tn;O)] : Ril + F(Tn-l-laTnaO)-
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4.4. Modified PITA algorithm and equivalence with the Krylov enhanced parareal
algorithm

The idea of modifying the multiple shooting method in order to be effective for second order
ODEs came from [3], where the authors proposed a modified PITA algorithm. In what follows, we
describe the modified PITA algorithm and we show that the two methods are equivalent for linear
problems. We denote for the new PITA method the amplification matrices of a given sequential
numerical method associated with the coarse and fine time-grids by G and F respectively. Then,
the new PITA method works as follows:

e Step 0: Provide an initial approximate solution U with 0 < n < N by applying a numerical
method to problem (3.1) on the coarse grid.
e Step k£ + 1:
— Using the available approximate solution U¥, n = 0,..., N as initial condition for
problem (3.1) considered on each time slice, apply a sequential numerical method on
the decomposed fine grid:

(4.11)
We note that the computations (4.11) can be done in parallel for each time slice.
— Evaluate the jumps:
Sk=wk_(T)-UF 1<n<N, (4.12)

on the coarse grid. If the jumps are small enough, we terminate the algorithm.

— Construct the space S* and the corresponding projection P* (same definition as in
(4.2) and (4.4)).

— Compute the correction propagating the jump on both the coarse and fine time-grids:

ck=o,
k J pk k k k (4.13)
with 0 <n < N —1.
— Update the approximate solution:
UMt =uf (T)+CF=UF+8F+CF forall 1 <n<N. (4.14)

Proposition 4.3. For linear problems, the modified PITA algorithm described above is equivalent
to the modified multiple shooting algorithm proposed.

Proof. We first note that for the linear case, the fine propagator of the multiple shooting method
can be written in terms of the amplification matrix F,

F(Tp,Tn-1,Y) = F'Y + F(Tn, T-1,0),
and the coarse propagator can be written in terms of the amplification matrix G,

G(Ty, Tuo1,Y) = GY + G(T,, Tpr_1,0).
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The corrections can therefore be written in the form

ck=o,
Chy1 = (F7P* + G(I - PY))(C}y + 5y)
= F(Typs1, Ty, PH(CF + SF)) — F(T,, T—1,0)
+ G(Tyi1, T, (I — PF)(CF + 8F)) — G(T}0, Tu_1,0).

Since we know that Sk 4+ C* = Uk — UF | we find that the updated solution is

Uﬁi% :F(Tn-l-l;Tna Ur]f) + F(Tn-l-laTnaPk(Ur]f—i_l - U:)) - F(T’mT"—l’O)
+ G(Tps1, T, (I = PRYUN = UY)) = G(T, Tp-1,0)
:F(Tn+1;TnaPkU:+1) + G(Tn-l-laT’m (I - Pk)Uﬁ-i_l)a

where we used the fact that P*U* = UF. We thus obtained the same formula for updating the
approximate solution in the PITA algorithm as for the modified multiple shooting method. (I

5. MATHEMATICAL ANALYSIS

In [3], the authors have already shown for the modified PITA algorithm that when choosing two
p-th order sequential coarse and fine numerical methods, then the algorithm converges in a finite
number of steps and the algorithm preserves the accuracy of the fine numerical method. We present
now a refined convergence analysis for the new parareal algorithm. For simplicity, we consider the
homogeneous case only, the proofs for the inhomogeneous case follow the same ideas. In what
follows, we assume that the initial condition excites [-natural modes, i.e. Uy = B1¢1 + ... + Bi¢y,
where all the coefficients [3; are non-zero. We can then prove the following convergence result:

Theorem 5.1. The new parareal algorithm converges as soon as S*~1 = S*. Furthermore, we

have that S* C span(¢y, ..., ¢1) for all k.

Proof. The relation S*~1 = S*¥ means in fact that {U}}, C S*¥~1. Since U} belongs to S¥~1, the
projection of U¥ on S*~! is just the identity. Now, recalling the way we update the approximate
solution,

U::-‘,—l - F(TnJrlaTnkailUS) + G(TnJrlaTnv (I - Pkil)Ujf)
= F(Tn+1,Tn,U7]§),

we can see that {UF}, is exactly the solution given by a sequential computation using the fine
propagator. In other words, the moment S¥~1 = S*, we converged to the approximate solution
given by F(T,41, T, UF).

It remains to prove that S¥ C span(¢y, ..., ¢;). The argument is inductive: For k = 0 we know
that the space S° coincides with Ky (Up, G), where Kx (Uy, G) is the Krylov space associated with
Up and the matrix G of the coarse propagator. Since the matrices A, G and F have the same
eigenvectors, we obtain

SO C Span(d)la s a¢l)'
We now suppose that S* C span(¢,...,¢) and we want to show that S¥*1 C span(¢1,...,¢;),
which is equivalent to proving that U**! belongs to span(éi,...,¢), for all n.
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The proof is by induction, this time on the index n. For n = 0 the assumption holds since
Ué”l = Uy and the initial condition is in span(¢1, . . ., ¢;) by definition. If U¥*! € span(é1, ..., ¢),
then

PFUKL ¢ SF < span(éy, ..., ¢).

Taking into account that the matrices A, G and F' have the same eigenvectors, we find
Ujfjrr% = F(TnJrlanv PkU’rlf—i_l) + G(TnJrla Tna (I - Pk)U'r]f—i_l) S Span(d)la ey (bl)v
which concludes the proof. O

We now present a convergence estimate of the new method. In what follows, we denote by F the
exact solution of the equation and we assume that the coarse propagator G satisfies the property

F(Ty, Tr-1,2) — G(Tn, Tpo1, %) = cpr1 () ATPH 4 cpyo () ATPT2 4. (5.1)

The fine propagator acts on a subdivision of each subdomain 2,,, the size of the subdivision being
At =t, —t,,—1. We then assume that F' satisfies

Ftn, tn-1,2) = Ftn, tn-1,2) = ¢ 11 (@) AT 4 ¢ o (@) APF2 4 (5.2)

We also assume that both propagators satisfy the Lipschitz condition (2.5).

Theorem 5.2. Let || - || be the norm on RN . If the propagators F and G considered to solve the
linear homogeneous system of ODEs are of order p, then the hybrid propagator K is also of order

p.

Proof. We recall that the case considered here is the linear one. We evaluate the difference between
the exact solution and the approximation given by K. For an arbitrary vector Y from RY and a
time step AT small enough, we obtain

NF(Tog1, Tn,Y) = K(Tpg1, T, V)|
= |[F(Tns1,T0,Y) = F(Tny1, Tny PPY) = G(Tpy1, T, (I — PF)Y)|
< C||P*Y||A#T! + C||(I — PR)Y||ATP !
< CAPTE + ATPTY|Y ],

(5.3)

where C is a constant independent of the time-steps, related to the constants from (5.1) and
(5.2). O

Theorem 5.3. If F' and G are two propagators of order p, then the error of the new parareal
algorithm satisfies at iteration k the estimate

k+1

T
\[u(T,) — UF|| < clm exp Co(Ty — Thy1 ) ATPEHD 4 C5T,,e @2 AT AP, (5.4)

where C1, Ca, C3 are constants independent to the time-steps At and AT, but related to the
constants from (2.5), (5.1), (5.2).
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Proof. Let u(Ty,) = F(Ty,Tn_1,u(T,_1)) be the exact solution of the problem. We need to estimate
the error of the method at iteration k + 1,
Bt =u(Ty) - Uyt
= F(Tna Tn,l,u(Tn,l)) - F(Tannfla lei—l) - K(Tannfla U,’fti - U§—1>
= F(Tp, Trn—1,W(Tn-1) — UF_1) = K(Tp, Tn—1,u(Tn-1) — UF_)
+ F(TnaTn—la Urlf 1) - F(TnaTn—la Ur]f—l) + K(TnaTn—la U(Tn—l) - Urlfir%)a

(5.5)

where in the last relation of (5.5) we added and subtracted K (Ty, Tp—1,u(Tp—1))4+E (T, Tr1, UF_ ).
Using (5.1), (5.2) and the fact that the propagators F' and G satisfy the Lipschitz condition, we
find

IEZ < allu(Ta-1) = Up_all + (1 + CoAT)[[u(T1) — Uyt + CAPTY, (5.6)
with a = C(AtPT1 + ATPHL) given by relation (5.3). Initially, we have

|ERN| = [[u(T) = Ul = ||F (T, T, u(Tn-1)) = G(T, Tn1, US|
ST, Tp1, (1)) = G(T, Tne1, w(To1)) |
+|G(Tn, Tr—1, u(Th—1) — U3_1)||
< CATPT 4+ (14 CoAT) ||u(Ty—y) — UL _4]].

(5.7)

Comparing (5.6) and (5.7) with the results obtained by Gander and Hairer in [4] for the original
parareal algorithm, we see that the error of the new method satisfies a similar recurrence relation.
Following the approach in [4], we study the recurrence relation

entl = el | +Berti +6, € =v+pBe)_,, (5.8)

where a = C(AtPHL+ATPTY) B = 1+Co AT, § = CAtPT and v = CATPTL. We multiply relation
(5.8) by 2, and summing over n, we find that the generating function py(z) = Y, -, eFa™ satisfies
the recurrence relation B

x
prt1(x) = awpr(x) + Brprer (x) + 51 ;
—x
(5.9)
po(@) = Bapo(x) +yy—
Solving (5.9) by induction, we obtain
k+1 k
LT 1 x 1 ( L x )
= 1 l1—af———— 5.10
Pe+1(T) = ya 1_$(1_5$)k+1+ 1—z1—(a+pf)x @ (1— Bx)k)’ ( )
which we bound from above by
ko k41 1 1
pr+1 () < va'z + dx . (5.11)

Using the polynomial series expansion

1 T,
(1 — Bx)k+2 = Z(;ﬁlﬂ)ﬁ]x]’

Jj=20
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FIGURE 1. First few iterations of the original parareal algorithm for the model
problem u” = —u.

we find for the n-th coefficient eX of the function pj, the bound

ey <" BrE L) 00 (a+ B)
We thus obtain

BRI < CPP2(ATF 4 ATPTHM UL+ CoAT) 1 (1)
+ CAtP T In(1 4 CLAT)

(5.12)
Tk+1
< Oy 2 Tn=Tie) ATPE+D) o O eC2Tn AP
- (k+ 1) ’
which proves the theorem. O

Remark 5.4. From Theorem 5.3 we see that at each iteration the accuracy of the method improves,
but it is limited by the accuracy of the method given by the fine propagator F'. More precisely,
the error is bounded by

||EX|| < Cp max(ATHTDP A¢P).

6. NUMERICAL EXPERIMENTS

We first consider the simple model problem «” = —u with initial conditions u(0) = 1 and
u’(0) = 0. We transform the equation into a first order system with two components, and perform
the simulations on the time interval [0,20]. We choose for the coarse time step AT = 1, and for
the fine time step At = 1/6. In Figure 1, we show the first few iterations of the original parareal
algorithm, on the left for the first component, and on the right for the second component, together
with the fine grid solution. One can see that the algorithm is converging slowly, and that the
convergence early in the time interval is significantly better than later in the time interval. In
Figure 2, we show the initial guess and the first iteration of the modified parareal algorithm, which
converges with the first iteration. This illustrates our first convergence result, see Theorem 5.1,
since in this low dimensional problem, the fine solution is already contained in the subspace after
one iteration.
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FIGURE 2. Initial approximation and first iteration of the modified parareal algo-
rithm for the model problem u” = —u.
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FIGURE 3. The first component of the solution for u” + Ku = 0 after the first few
iterations of the original parareal algorithm and of the modified algorithm.

In Figure 3, we consider the model problem u” + Ku = 0 with K a random matrix of dimension
100, for the time interval [0,20]. We compare the first component of the solution obtained with the
classical parareal algorithm and with the modified algorithm. We notice again that the classical
parareal algorithm converges slowly, and the convergence is better for short time than for long
time. In contrast, the modified parareal algorithm converges very rapidly.

In Figure 4, we show the error between the solutions of this system on the time interval [0, 5],
obtained with the fine propagator and the parareal method, using first the original parareal algo-
rithm and then the modified one, for the first three iterations. We can see that the convergence is
significantly improved using the modified parareal algorithm.

We finally show a comparison for the case of the heat equation u; — u,, = 0 with homogeneous
Dirichlet conditions on the spatial domain [0, 1], and with a random initial condition. The time-
interval is [0, 1]. The modified parareal algorithm also converges faster, as one can see in Figure 5,
where we plotted the error measured in the L°°(0, T, L?)-norm between the fine solution and the
approximation produced by the two algorithms at each iteration.
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FIGURE 4. Error for the classical and the modified parareal algorithm for v + Ku = 0.
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FIGURE 5. Error for the classical and the modified parareal algorithm, applied to the
heat equation.
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