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PRELIMINARY RESULTS FOR THE STUDY OF THE GODUNOV SCHEME
APPLIED TO THE LINEAR WAVE EQUATION WITH POROSITY
AT LOW MACH NUMBER

STEPHANE DELLACHERIE', JONATHAN JUNG? AND PAScAL OMNES?

Abstract. We introduce continuous tools to study the low Mach number behavior of the Godunov
scheme applied to the linear wave equation with porosity on cartesian meshes. More precisely, we extend
the Hodge decomposition to a weighted L? space in the continuous case and we study the properties of
the modified equation associated to this Godunov scheme. This allows to partly explain the inaccuracy
of the Godunov scheme at low Mach number on cartesian meshes and to propose two corrections: a
first one named low Mach and a second one named all Mach. These results are preliminary since it
remains to prove them in the discrete case.

Résumé. Nous introduisons des outils au niveau continu pour étudier le comportement du schéma de
Godunov a bas nombre de Mach appliqué a I’équation des ondes avec porosité sur maillage cartésien.
Plus précisément, nous étendons la décomposition de Hodge & un espace L? avec poids et nous étudions
les propriétés de I’équation modifiée associée au schéma de Godunov. Cela permet de partiellement
expliquer la perte de précision du schéma de Godunov & bas nombre de Mach sur maillage cartésien et
de proposer deux corrections: une premiére dite bas Mach et une seconde dite tout Mach. Ces résultats
sont préliminaires puisqu’il reste a les étendre au niveau discret.

1. INTRODUCTION

In a nuclear reactor core, the flow has a low Mach number, which means that the flow speed is small with
respect to the sound speed. Then, it seems natural to use a low Mach model — that is incompressible when
we neglect the heat sources — and related numerical methods to compute this kind of flow [1,3]. However, in
some accidental cases, shock waves may appear in a nuclear reactor core, and thus one may wish to develop a
numerical method that could also treat these accidental cases. Since a low Mach (or incompressible) model does
not allow to consider shock waves, we consider a compressible model: the barotropic Euler equations. Finite
volume Godunov type schemes applied to the compressible Euler system allow to compute the entropic solution
of the compressible system [9,10] but are known to be inaccurate at low Mach number [12-14]. Indeed, these
schemes are too diffusive at low Mach number and they diffuse the numerical solution to a wrong stationary
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space [2] (except on triangular or tetrahedral meshes [7,11,16,18]). A low Mach correction is proposed in [2]
that is justified from a theoretical point of view in the linear case. In [8,17], an all Mach correction is proposed
that allows to obtain an accurate scheme at low Mach number and that exactly matches the Godunov scheme
when the Mach number is greater than one. In [5], this all Mach correction is justified from a theoretical point
of view in the linear case. However, these previous works do not take the porosity into account, while it is a
key ingredient to simulate the flow in a nuclear reactor core. Indeed, there is some section reduction (porosity)
in a nuclear reactor core. Moreover, the flow may be diphasic in the core and the volumic fraction of vapor (or
liquid) — that characterizes the diphasic state of the flow — may be considered as a porosity (from a mathematical
point of view).

In this work, we introduce the porosity in our model and we study the behaviour of the Godunov scheme at
low Mach number on a cartesian mesh by using the modified equation associated to the numerical scheme. It
turns out that the numerical problems that occur at low Mach number for the barotropic Euler system with
porosity are due to the fact that the kernel of the Godunov scheme applied to the linear wave equation with
porosity is different from the stationary space of the continuous equation because of the numerical diffusion. This
theoretical explanation is identical to the one proposed without porosity. Nevertheless, we have to introduce
some theoretical tools taking the porosity into account to obtain this result (e.g. generalization of the Hodge
decomposition to a weighted space where the weight is the porosity). This allows us to also propose and justify
a low Mach correction and an all Mach correction that restore the accuracy of the scheme at low Mach number
for the linear wave equation with porosity.

2. LINEAR WAVE EQUATION WITH POROSITY

The dimensionless barotropic Euler system with porosity may be written as

9 (ap) +V - (apu) =0,
N (1)

O (apu) + V- (apu@u) + Ve

Vp=0.

In (1), M is the Mach number that is supposed to be small and «(x) is the porosity, t > 0 and x € Q are
respectively the time and space variables. The quantities p, u and p(p) are respectively the density, the velocity
field and the pressure law of the fluid. We assume that the pressure law satisfies p’(p) > 0 and that a(x) is a
known function that takes its values in [@min, 1], where amin > 0 is a constant which does not depend on M.

When the geometry is 2D or 3D and the cells of the mesh are not triangular (in 2D) nor tetrahedral (in
3D), finite volume Godunov type schemes applied to (1) with periodic boundary conditions are known to be
inaccurate at low Mach number when Va = 0 [2,5,7], contrarily to staggered schemes on cartesian meshes [7,15].
To better understand this behavior when Va # 0 and to propose a low Mach correction (when it is necessary)
and an all Mach correction (when we want to recover the Godunov scheme for Mach numbers of order one) in
the spirit of what is done in [5], we introduce tools adapted to a linearization of (1) around (p = p.,u = 0)
when (2 is periodic and we extend to the 2D /3D case some 1D results proposed in [6]. For this purpose, we set
the reference sound speed to % (a2 = p(p.)) and we define r(t,x) such as

plt.x) = p. (14 2 r(0.3)) 2)

Gy
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where formally %7‘ < 1. By injecting (2) in (1), we obtain the system

dylar) + V - (arw) + 22V - (au) = 0,

o (o (L4300))
i a*(1+%r) Vr =0.

Oi(au) + (au- V)u +

By linearizing around (r,u) = (0,0), we obtain the linear wave equation with porosity

) + 52 =0 where g=( 1) and Lo =a. (V5 3)

where a, /M is the sound speed (a, is of order 1 and M <« 1 at low Mach number).

3. WEIGHTED SPACES &, AND &£+

We are interested in the properties of System (3) solved on a torus T C R4€{1,2,3} (that is to say with periodic
boundary conditions). For this, we assume that « is a periodic function on T and we define the weighted Hilbert
space

L2 (T)H .= {q = (r, u)T’/r2adx+/ |u|? adr < +oo}
T T

endowed with the scalar product

(q1,92)a :/rlrgader/ul-uQadz. (4)
T T

Of course, the space L2 must not be confused with the acoustic operator L,. We use the same notation to
define the spaces H!(T) and H2(T) that are generalizations of H*(T) and H?(T) to weighted spaces. We note
that since a(x) € [Otmin, 1] With amin > 0, the functions a and L are in L*°(T), and we have L2(T) = L*(T),
HL(T) = H(T) and H2(T) = H*(T). Nevertheless, we keep the index « to define these spaces to refer to the
scalar product (4). At last, we define the space

Eo = {q =(ruwl erl? (T)" ¢ Vr=0and V- (au) = O} = Ker L,.

When a =1, &, is named the incompressible space (see [2]). We have the following result:

Lemma 3.1. We have

gk {q = (r,w)” € L2 (T)"" ‘ /dex =0and3p e HL(T), u= ws}, (5)
&, @ EX=r12(M)'?. (6)

In other words, any q = (r,w)T € L? (T)'** can be decomposed into
g=q+q" (7)

where § = (7, )T € &, and ¢+ = (r+,ut)T € £, this decomposition is unique and orthogonal with respect to
the scalar product defined by (4).
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We call £& the acoustic space. This is a generalization of the Hodge decomposition to the weighted space
L? (T)"*%. The decomposition (7) defines the orthogonal projection

(M — & (8)

Proof. We firstly prove (5). We note A the space

A:{qzvaeme”d] /

rade =0 and 3¢ € HL (T), u= V¢}.
T

Firstly, we prove that A C €L and, secondly, we prove that £- C A. Let ¢1 = (r1,u1)T € A. For all o =
(r2,u2)T € &4, we have

(q1,92)0 = /rlrgader/ul~uQad:v:r2/r1adx+/V¢1~uQadac
T T T T

0+ d)l(allg) -ndo — / d)lv . (OZUQ)de = ¢1(OZUQ) ‘ndo =0
oT T oT

because go € &, and ¢;(auy) is periodic. This proves that A C L. Let ¢ = (ri,w)? € £, For all
g2 = (ro,u2)T € &,, we have

(01,2)a =0 = /7‘17”204dx+/u1~112ad9c=0 = rz/rladx—i—/ul-(auQ)dx:O.
T T T T

Then [;riadz =0 and [, u; - (oug)de =0 for all uy € L2 (T) such that V- (auy) = 0. Moreover, since o and
L are in L>(T), the last equality is equivalent to [y uy - Gedz = 0 for all G € € := {u € L*(T)4|V-u=0}.

Therefore, u; € £+ for the classical L2 ('JI‘)d scalar product. It is a classical result that
&t ={ueLl*(T)%3¢ € H(T),u=Vo}.

This implies that 3¢; € H} (T) such that u; = V¢;, which allows to write that £ C A. To conclude, we have
£X— A,

Now, we prove (6). Since the inclusion C is trivial, we just have to prove that &, & &+ > L2 (T)'*?. Let
¢ = (r,u)T € L2 (T)"™. We dissociate the construction of (7,r%) from that of (&, ur). For r, we can define
= m Jpradz since @ > oy > 0 implies that [, adx > 0. Moreover, a €]0, 1] implies that [ adx <

ol |T| < +o00 and with the Cauchy-Schwarz inequality, we obtain

1 1
2 2
/radx < (/ r2adx) </ adx) < Il el |T|* < +oo.
T T T «
/(r—f)ozdx = /Tadxff/adz:(),
T T T

we can write 7 = 7 + (r — ) with V#* =0 and [.(r — #)adz = 0 which gives the decomposition for r. For u, the
construction is slightly more difficult. We want to construct & and V¢ such that u = 4+ V¢ with V- (a1) = 0.

Then, since
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It is then sufficient to prove that there exists ¢ € H} (T) such that

V- (aVe) = V- (au),

/E¢adx =0

and to set 1 = u — V¢. We note H} ; (T) C H], (T) the subset of functions ¢ such that [ padz = 0. We write
(9) under variational form:

(9)

Find ¢ € HY o (T) such that V¢ € HLo(T): a(¢,v) = / (aVe) - Vipdx = / (au) - Vipdx =: L(1)).
T T

Moreover, L is a continuous linear functional on the Hilbert space H, é,o (T) because

L) =

/T Vau - avidx

< lullez [[VYllez < lallzz [[¢]my -

By using a similar argument, we also prove that a(-,-) is a symmetric bilinear form that is continuous on
H(llyo (T) . To prove the coercivity of a, we use a generalization of the Poincaré-Wirtinger inequality to the

probabilistic measure p := ﬁ on the convex space T (see Appendix). As p and i are in L*°(T), for
_ T
¢ € HL(T) and ¢ := ﬁ Jr padx, we have
) . 1
[/ 16 6 < 2ciam(T)? HH [ 1v62pax (10)
T Hlloo JT
- 1
where diam(T) := sup |z — y|, which is equivalent to / |p — p2adx < 2diam(T)? || HH / |V |>adx.
(z,y)€T? T Al JT

Thus, we can write that
CalD) [ 6= 6Padx < [ |VoPaix ()
T T

1
- 2diam(T)?[lal || ]|,

with Co(T) : > 0. For ¢ € H} ;(T), we have ¢ = 0 and we can write

a(¢, @)

1 1
/|V¢|2adx: 7/|V¢|2adx+f/\v¢|2adx
T 2 T 2 T

> 5 [ IVoPadx+ Ga(T) [1oPadx > Suin(1,c. (1) ol
2 T 2 T 2 @

which means that a(-,-) is coercive. Then, by applying the Lax-Milgram theorem, we obtain the existence of a
unique function ¢ in H}, ; (T) such that Vi) € H} , (T), a(¢,v) = L(¢) that is to say

Vip € Hy, o(T) : /T(anzS) -Vipdx = /(au) - Vpdx. (12)

T
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We note D(T) the set of functions C°°(T) with a compact support. For all ¢ in D(T), the function

~:w—w=w—AﬁMh
/11‘ adx

is in H‘iO (T). Then, ¥ satisfies (12). And since Vi = Vi), we have
vy € D(T) : /(av¢) - Vpdx = /(au) - Vipdx
T T

that is to say
Vipe D(T): (=V-(aVe),¥)p pr = (=V - (au),¥)p pr-
In other words, V- (aV¢) = V- (au) in the sense of distribution. By setting t = u— V¢, we obtain u = 4+ V¢
with V - (1) = 0. Thus L2 (T)' ™ c &, & £+ O
4. PROPERTIES OF THE LINEAR WAVE EQUATION WITH POROSITY

We now detail some properties of the linear wave equation with porosity. These properties will not be always
satisfied in the discrete case.

Lemma 4.1. Let q(t,x) be the solution of (3) on T C RYEIL23} with initial condition ¢°. Then:
1)Vq® €&y i q(t >0) €&,

2)Vq® € L q(t >0) € &L
Proof. The first point is a direct consequence of the expression of System (3) because £, = Ker L, and then

for all t > 0, q(t) = ¢°. Let ¢° = (ro,uO)T € &L We have aq(t) = aq® — —/ q)dr. Then, for all

. o1 .
<Q7Q>a = <q07q>a_M/0 ALQ(Q)'qudT

jg=(7F,u0)" € &,, we have

with
/TLa(q) Sgdx = a*/T (V- (au)i +aVr-ua)dx = fa*/T ((au) - V7 +rV - (am))dx

—Amhﬁﬂx=0

because § € £, = Ker Ly. Then, for all ¢ = (7,0)T € &4, (¢,4)a = (¢°,@)a = 0 which means that ¢ € £-. O

For all ¢ € L2(T)'*4, we now define the energy E, = (g,q). The following lemma is an extension of the
energy conservation property of the classical linear wave equation:

Lemma 4.2. Let q(t,z) be the solution of (3) on T C RIEIL23}E Then:

VE>0: Eu(t>0)=E,(t=0).
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Proof. For a solution ¢ = (r,u)? of System (3), we have

Lo, . 1d g L, B d B
o)+ 520 =0 = 3ilede+(1.32@) =0 > ZE)=0
because I
q La _ Ok o u. _ O . —
<0¢’ % (q)>a = ). (aV (ou) + 5 (aVr)) adx i mrT(OM) ndo = 0 (13)
by using the periodicity of T. O

5. GODUNOV SCHEME WITH POROSITY
We construct the Godunov scheme with porosity.

5.1. Finite volume scheme and Riemann problem

Let us suppose that the domain T C R*€{1.2:3} is discretized by N cells ©;. Let T';; be the common edge
(in 2D and common face in 3D) of the two neighboring cells ©; and Q; and n;; the unit vector normal to I';;
pointing from §; to Q;. We assume that the quantities (o, ar, au) are defined on the cells Q; by

_ 1
19| Jo,

1
% adx, (ar); = A radx (ou); = audx.

ol Jo,

After integration of (3) over each ;, the semi-discrete finite volume scheme applied to the resolution of the
linear wave equation with porosity is given by

d a, 1
%(O‘T)i + M*m Z |Fij| (au . n)ij =0,
T COQy (14)
d a, o
—(au)i + — |Fi‘|’l“i in;, = 0.
7OVt S 2 ulrmy
ij i

The Godunov approach consists in defining (rij, (qu - n) ) as the solution of a 1D Riemann problem on I';;

ij
in the n;; direction. A 1D study performed in [6] has shown that it is better to work with the (r,ou) set of
variables, and thus we propose to solve the following Riemann problem:

Ax 1
Mozij

6t7“5 + 85((0411)5) =0,

a
O ((au)e) + —avij Ore =0,
M (15)

(ri, (aw); - my;) if € <0,
(re. (aw)g) (£ = 0,6) =

(Tj7 (au)j : nij) otherwise

where ¢ is the coordinate in the n;; direction and «y; is a representative value of o on I';;. For example, since
a is a known function, we may choose its mean value on I';;; otherwise the mean value of o; and oy, i.e.
oy = LQQJ may also be used. Another point of view could be to consider « as an additional unknown of the
system, satisfying 0« = 0, and to solve the Riemann problem associated to this augmented system. However,
the study of this scheme is out of the scope of the present work.
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5.2. Solution of the Riemann problem

We explicit the solution of the Riemann problem (15). By a simple scaling argument, the solution of (15) is
a function only of ¢/t. We set U = (r,J)T where J = au and we write (15) under the form

Gy
0
0U+ A0:U =0, where A=| , i Mo
* O
M
System (15) is hyperbolic and the matrix A admits the two distinct eigenvalues A\ = —GM* < g = %. The

solution R(U;,U;,&/t) of (15) is under the form
Uz', if g/t < Al,
R(Ulanag/t): U*7 if)\1<§/t<)\2,

Uj, it £/t > Ao,

with

Ui := (r;, (ou), -n;) and Uj:= (rj, (o), - n;;)

and where we have to find U*. We use the Riemann invariants to explicit U* = (r*, J*)T. We can prove that
vi = (1, —a;;)T (vesp. va = (1,i;)T) is an eigenvector of A associated to A; (resp. A2) and that Ry = J + a7
is a 1-Riemann invariant and Ry = J — ay;r is a 2-Riemann invariant. As a Riemann invariant is constant
through a linearly degenerate wave, we obtain

’I"Z‘+’I’j 1

¥+ oyt = Ji 4 oy, T * 205 (i = J3),
J* —ayr* = Jj — ayry Jit+Jj o
J J 703 J*:TJ+7](i_Tj)'

5.3. The Godunov scheme
Finally, setting in (14) r;; = r* and (qu - n);; = J* given by (16), the Godunov scheme is given by

d a, 1
%(Oﬂ’)i + mm Z |F¢j| [((au)z + (Oéll)j) . nij + Q5 (7"7; — ’/’j):| = 0,
Ty con;
d Ay Oy F K B (17)
g(ozu)i—l-mmi| Z T4 Ti+rj+ajj((0‘u)i_(au)j)'nij n;; =0

Dy CosYy

where k = 1. We introduce the parameter x because this parameter will be important in the sequel.

6. KERNEL OF THE FIRST ORDER MODIFIED EQUATION ON A CARTESIAN MESH

To understand the behaviour of the Godunov scheme at low Mach number, a first step is to study the kernel
of the spatial operator associated to the modified equation related to the Godunov scheme. Indeed, we will see
that this kernel is strictly included in the kernel of the acoustic operator in (3) which is exactly equal to &,. As
a consequence, the Godunov scheme does not preserve some states in &,.
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6.1. First order modified equation on a cartesian mesh

We suppose for the sake of simplicity that the space dimension is 2. Assume that the mesh is cartesian with
the space step Az (resp. Ay) in the x (resp. y) direction. The subscript (4,j) defines the center of each cell of

the cartesian mesh, (z + %,j) and (i,j + %) defining the interfaces of the cell (4, j). The Godunov scheme (17)
can be written with

i(ow)‘ - Oy (Oéux)iJrLj - (auac)iij s (auy)i,j+1 - (O‘uy)i,j71
dt w0 M 2Ax M 2Ay
Ay
= M Az (aH%,j (ri1,g = 7ij) = @iy (rij — THJ))

Ay

2M Ay (O‘i=j+% (Fijer —7ig) — a1 (rij — m-,j_l)> ;

d a Tit1,j — Ti—1,j a 1
2 (0te)ij + M*Oém' : ;2sz L= HQM*AQ;O‘”' o ((Oéux)m,j - (a“x)i,j>
T

+3.j
1
—— ((auz)i)j - (Cwa:),»_l,]) )
i—3,]
d on Tij+1 — Tij—1 on 1
i i 2Ay DYV INTE Qi+l ((auy)ivj“ B (auy)ivﬂ')
1
_al o, ((O‘uy)w - (O‘uy)i,j_1)>
,j—3
with kK = 1. The first order modified equation associated to this scheme is given by
['m,a
O(ag) + — = (a) =0 (18)
where L, o = Lo — M B, o, with
a Az a Ay
Wam(a(?zr) + Way(aayr)
V- (au a, Az 1
L, (q) = ax ( a(Vr ) > and By (q) = Ra—or 0y (aax(aux))

a Ay 1
Ko Oy (aﬁy(auy)>
6.2. Kernel of the modified equation and energy relation

We study the kernel of the spatial operator associated to the modified equation (18). The structure of the
kernel depends on the value of k. The kernel for the Godunov scheme (x = 1) is different from the incompressible
space &, . Indeed:

Lemma 6.1. (1) If k > 0, we have
Ker Ly>0,0 = {q:= (r, w?|Vr =0 and 9, (au,) = 9,(au,) = 0} C &a. (19)

(2) If k =0, we have
KerLi—o0 = E&a-



114 ESAIM: PROCEEDINGS AND SURVEYS
Proof. If k = 0, we easily obtain that Ker £,,—0, = €. Let us now suppose that x > 0. By using (13), we can

write that r
q e o g
<a’ M (q)>a - <a’B”*°‘(q)>a'

Let us choose ¢ := (r,u)? € Ker £, . In that case, we deduce from the previous equality that

<%7 Bn,a(Q)> =0.

[0

On the other hand, we have

2 2
q a,Ax 9 ay Ay 9 a, Az || 0z (cuy) a, Ay || 0y (auy)
- 73B1<aa > = am 0 — —_ 20
(8 Bra@) = Gy 10urlfy + SrF N0l + g S50 |+ nSaf 25220 (20)
This allows to write that
By (auy) ||? 0 2
Jourlity = ouriy = || 2ee) |~ | 2demd]

that is to say Vr = 0 and 0, (au,) = 0y(au,) = 0. This proves that Ker £,; , C A with
A= {q:= (r,u)"|Vr =0 and 9, (au,) = 9y(au,) =0} .

Let us now suppose that ¢ € A. In that case, we have ¢ € &, = Ker L, and ¢ € Ker B, ,, that is to say
g € Ker (Lo, — M B, o) = Ker L,; . Thus, we have also A C Ker £,; . O

If the kernel depends on the value of x, System (18) is dissipative for all £ > 0. Indeed:
Lemma 6.2. Let q(t, ) be the solution of (18) on T C R2. If k > 0, System (18) is dissipative. That is to say:

vVt >0: iEa(t) <0 where E,(t):= ||q||iz .

dt
1d q Lax : q Lax q :
P " h -—F, = —( -, ; A —, ’ :_<*;Bno¢ > )
roof. We have 5 3 (t) <a i (q)>a nd since <a i (q)>a = Br, (q) e obtain by
using (20)
1d Ay 9 2 Oz (0uuz) g 9y (auy) ?
537 2e(0) =~z Aclurly + Auloyriy +nda | ZEH g | MO ) )
. . _ d
This equality allows to write that gEa(t) <0 for any x > 0. O

7. EXPLANATION OF THE INACCURACY OF THE GODUNOV SCHEME ON A CARTESIAN MESH
AT LOW MACH NUMBER BY USING THE MODIFIED EQUATION

We studied the kernel Ker £, o of the spatial operator associated to the Godunov scheme (x = 1). This
kernel is a subset of the incompressible space &,. As a consequence, the Godunov scheme does not preserve
any incompressible state ¢ € £,. However, if we delete the numerical diffusion of the Godunov scheme on the
velocity field by setting x = 0, the kernel of the modified equation is exactly the incompressible space &,. Thus,
all the incompressible states ¢ € £, will be preserved over time. Nevertheless, the knowledge of Ker £, ., gives
only partial informations on the time behaviour of the solution of (18). In the sequel, we give the definition of
an accurate scheme at low Mach number when its first order modified equation is (18) and we prove that the
Godunov scheme is not accurate at low Mach number when M < min(Az, Ay).
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7.1. Definition of an accurate scheme at low Mach number
We propose the following definition in order to clearly define an accurate scheme at low Mach number:

Definition 7.1. Scheme (17) is accurate at low Mach number if the solution q(t, ) of the modified equation
(18) related to this scheme satisfies

V(Cy,Ce) € (R:)z, 3Cs > 0 such that ||¢° — Paq®||l2 = C1M
s Ve [0,CoM], g — g2 (1) < oM. (22)

We underline that C3 does not depend on M and we recall that P, is the orthogonal projection on &, defined
by (8).

This definition is justified by the fact that the solution of the linear wave equation (3) satisfies (22) (see [5] for
an accurate justification of this definition).

7.2. Inaccuracy of the Godunov scheme at low Mach number

The following theorem — written in 2D for the sake of simplicity, the 3D case being similar — explains why
the Godunov scheme applied to the linear wave equation with porosity on a cartesian mesh is not accurate at
low Mach number:

Theorem 7.2. When

min(Az, Ay) < vV2diam(T), [ ||al| s - Ha (23)

‘ ’ 7
oo

for almost all initial conditions ¢° € L2(T)3, the solution q(t,x) of (18) with k = 1 verifies:

(Ca, C3) € (RY)? such that VC1 > 0, ||¢° = Paq®||r2 = C1M
= Vt>CoM, |q— IP’aqOHLg (t) > Csmin(Az, Ay) (24)
Cs . : »
for any M < o min(Az, Ay), Co and Cs being positive parameters that do not depend on M, Ax and Ay.
1

This result — which is a generalization of Point I of Theorem 4.1 in [5] obtained with a constant porosity — shows
that the Godunov scheme is not accurate at low Mach number when M < min(Ax, Ay) (for almost all initial
condition ¢") since it does not verify (22). Let us note that (23) is verified when min(Az, Ay) < v/2amindiam(T)

because
[a / 1
0 < amin L omax <1 = 0 < apin < vV ®max = 4/Omin < % = ”a”oo . HOCH
min 0o

and that min(Axz, Ay) < v/2amindiam(T) is easily satisfied (we underline that iy, is of order one in the sense
that M < cumin)-

7.3. Proof of Theorem 7.2

By linearity, the solution ¢(t,x) of (18) with the initial condition ¢° can be written as q(t,x) = q1(¢,x) +
q2(t,x), where ¢; is solution of

c
Or(agqr) + =2%(q1) = 0,
M (25)

q(t =0,%x) = (¢° = Paq®)(x)
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and ¢ is the solution of

‘We have
V>0, llg=Pad’llz2(t) = llan+ g2 —Pad®llrz(t) > llg2 — Paq®|z2 (t) — llqullz2 (2)
> g2 = Pag®llzz (t) = llarllz2 (0) = [lg2 = Pag®llz2 (t) — ll¢° — Pag®|| L2

because Equation (18) is dissipative when & > 0 (see Lemma 6.2). Then, if [|¢° — Pag°||z2 = C1M, we only
have to study the function ¢ — ||gz — PQQOHLg (t), where g2 is the solution of (26). The idea is to find a lower
bound for the function ¢ — /g2 — Paq®||z2 (t). To do this, we need some tools:
e a projection P,.—q o on Ker £,—1 o where KerP,—; , is invariant for Equation (18) (in the sense of (28)),
e we write
q2 — ]P)aqo = g2 — ]P)K:I,apaqo + Pn:l,a]}paqo - Pa‘]o,
we verify that Pe—1,a (¢2 — Pr=1,aPaq’) =0,
we use a Poincaré-Wirtinger inequality valid on Ker P.—; o for g2 — ]P’,{:LOLIP’D‘(]O7
we verify that g — IP’,{:LQIP’QQO is solution of (18),
we obtain the rate of dissipation of ||g2 — Pu—1 oPaq’| to zero by applying the Grénwall’s lemma.

Lemma 7.3. The function

L2(T)? — KerLyu—ia
1
_— dxd
Jp adzdy /Tra ray
b

1 /1
(T —_— ug(z, y)dz
7= ( u ) = a1 dy Ja,

ar a(zy)

1 b
T Uy (z,y)dy
(6% fb2 1 dy /112 Y

az a(z,y)

defines a projection Py—1 o. Moreover, if q(t, ) is the solution of (18) on T with initial condition q°:
vg® e KerPu—14: ¢q(t>0)€ KerPy—1 4. (28)

Proof. Recall that T = [a1, b1] X [ag,ba]. It is easy to prove that Py—1 o 0 Px=1,o = Pr=1. This proves that
P,.—1. is a projector. Moreover, we have ImP,.—1 o, C Ker £,,—1, because for all ¢ = (r, w)? e L2(T)H4,

1
_— dxd =0
V(hadxdy/qrraxy> ,

1 b 1 "
O ai/ Ug(z,y)de | = 0y 7/ ug(z,y)dz | = 0
b ’ b ’ ’

afznl a(;,y) dx @ fall a(:}:,y) dz “

1 b 1 "
Oy abi/ uy(z,y)dy | = 0y / uy(z,y)dy | = 0.

2 1 ) bz 1 Yy
afag a(z,y)dy a2 faz a(l"y)dy e
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Let (¢, x) be a solution of (18) on T with initial condition ¢° € Ker P,_ ,. By integrating the first equation of
system (18) on T, we obtain

d ay B a. Az a Ay d B
a/qrradxdy—i—ﬂ/qu-(au)dxdy—/T(Waz(aaxr)—l—WBy(aayr))da:dy = a/jrardxdy—o

by periodicity. Then, if fT ardzdy = 0, it is the case at any time. Moreover, since o does not depend on time,
we can write the second equation of (18) under the form

ay _aAx 1
Opug + Mazr =K Wi Oy <a(‘3m(aum)> .

By integrating on [a1,b1], we obtain

bl bl A
(’9,5/ Uy (x,y)dx + % Ogrdx = Ha;Mx

ay al ay

bl bl
Oy (i@m(aux)> dex = 8,5/ Ug(x,y)dx =0

ay

by periodicity. Then, if ffll ud(z,y)dz = 0, it is the case at any time. We apply the same technique for u, and
we obtain that (28) is satisfied. O

We now write a Poincaré-Wirtinger inequality for a function ¢ € Ker P,,—1 q:

Oy (auy)
o

dp(oug) ||
Q

L3

Lemma 7.4. For any q := (r,ug,uy)’ € KerPy—1 o such that (r,au,, au,)” € Hi(T)?, we have
lals < Kao(T)? (nwnig +]

2
> (29)
12
with Ko(T) = v2diam(T)/||a]oo - [|2]oc-

Proof. Let q = (r,uz,uy)’ € Ker Py—y o. Since [,radrzdy = 0, by using the weighted Poincaré-Wirtinger
inequality (11) on r, we obtain
1

rlre < ———
)l 2 o

IVrlze (30)

1

where 1/Cy(T) = 1/K,(T). Moreover, since for all y € [ag, bs], we have 0 = fabl Ug (2, y)da = f;l (qug)(x,y)—dz,
1 1 6]

by applying the weighted Poincaré-Wirtinger inequality (10) to the function x — (au,)(x,y) with the weight

@ = —, we obtain
o

[ e e < i [ ool La
. aug)(x,y ax_Ca(T) . (g ) (x,y am

that is to say

6w(au$)($7 y) ?

b b
1 1 1
2
Uy (2, y)|"ade < / adx.
/al iz (@, )] Co(T) Jo, o
Thus, by integrating over [ag, bs], we find
1 O (o) ||?
el 0 < oo |22 (31)
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1
We apply the same analysis for u, such that 0 = f;; uy(z,y)dy = ff; (ouy)(z, y)—dy, which gives
«

2

(t)- (32)

L3

9y (auy)

(07

ey |22 (8) <

1
Ca(T) ‘

We obtain (29) with (30), (31) and (32). O
To prove inequality (24), we firstly have to prove the following lemma:

Lemma 7.5. There exists a constant K,(T) > 0 depending on T and o such that

(33)

V20, a2~ PactaPad”| s () < (1= Pacia) 0 Pag”|| 5 exp (—“*mm(M’Ay)t)

2M Ko (T)2

Proof. Let us define § = g2 —Pr—1.oPag’ =: (#,1)T. The idea is to apply the inequality of Lemma 7.4 combined
with the equality (21) in the proof of Lemma 6.2. For this, we firstly prove that ¢ satisfies (18). Since g2
satisfies (18), ¢ satisfies (18) if and only if Py—; oPaq® satisfies (18). Since Im P—1 o C Ker L;_1 4, we have
Li=1a (]P’,{:LQIP’aqO) =0 and then P,_; ,P,q° satisfies (18). Then, § is solution of (18) and by using (21), we

obtain
1d a O (atiy) || d,(aiy)||?
= % an2 _ 9= 112 ~112 T T Yy Yy
5 g 14llzz () Wi (AxllazrllL3+Ay8yrlng (t) + wAz || === . (t)MAy‘ .. (ﬂ)
O s 2112 0z (vily) ? 9y (avity) ?
< —gpmin(an,ag) (1971 () + |22+ | 2R (39)

since £ = 1. Since Pr—1,4G(t = 0) = Pr—1,0 (¢ — Puz1,aPaq’) = Puz1,0 0 Paq® — Pr—1,4 0 Pag® = 0 and since
Ker Py.—1, is invariant for Equation (18) (in the sense of (28)), we have §(¢t > 0) € Ker P,—1,. Thus, we can
apply Lemma 7.4 to ¢ and we obtain from (34)

1d . a, min(Az, Ay) o
S dlR, () < — RS ST a2, (1),

By applying the Gronwall’s lemma, we obtain (33) because §(t = 0) = (1 — Pu—1 o) o Poq°. O
Now, we are able to prove Theorem 7.2. By applying Lemma 7.5, we have for all ¢ > 0 :

HQQ - ]P)oquHL(z1 (t) > H]P)(xqo - PH:LQPQ(]OHL?} - HQ2 - Pm:l,apaquLi (t)

a, min(Azx, Ay)
||(1 —Pr=14)0 PaQOHLg (1 - Xp (WKQ(T)Qt)> .

By noting that 1 — exp (—z/2) > x/3 for x € [0, 1], we have

v

vt < t.

MK, (T)? - ay, min(Ax, Ay) S @ min(Az, Ay)
@, min(Az, Ay) P OSMKL(T)2 ') =  3MK.(T)2

Thus, we have also

vVt

MK, (T)  MK,(T)? ] e (_a* min(Az, Ay) ) _ min(Az, Ay)

ay  a,min(Az, Ay) 2M K, (T)? 3K, (T)
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when min(Ax, Ay) < K, (T). Moreover, we have

2 .
MK, (T) 1 ex (_a* mln(Ax,Ay)t> S 1

>_ el . —
vtz a, min(Azx, Ay) 2M K, (T)? Ve

Then, if min(Az, Ay) < K,(T), we have

MK, (T) a, min(Az, Ay) . (min(Az, Ay) 1 min(Az, Ay)
e A2 B A S R i S b 2 | =y
iz — P ( OME,(T)z ) =™ 3K (T)

3KL(T) 7 Ve

because 3 <1 — ﬁ Then, if min(Az, Ay) < K,(T), we have
min(Az, Ay)

¥t > CoM : [lg2 —Pad®[| , (1) 3K, (T) (35)

v

0B ) e
> Cmin(Az, Ay)

. K, (T) (1 = Pr=1,a) 0 Pag’| 2
th Cy = dC = . &
T 3K o (T
which is the case for all function ¢° € L2(T)? such that P,q° ¢ Ker £,—1 . Moreover, since Equation (18) is
dissipative when k > 0 (see Lemma 6.2), we can write that

. In the sequel, we suppose that C is strictly positive,

M = llatll gz (©) = s (8).
Let us now suppose that C1 M < C'min(Axz, Ay). Then, by using (27) and (35), we find

VE>CoM ;|- paquLg ) > ||a— paqOHLi (t) = laillzz (t) > Cmin(Az, Ay) — C1M > 0.
. . c .
Let us now suppose that C1 M < C3 min(Ax, Ay) with C3 = 7 This gives

Yt > CoM : Hq - IP’aqOHL2 (t) > Csmin(Az, Ay)

C
for any M < 63 min(Az, Ay). This concludes the proof of Theorem 7.2.
1

8. Low MACH AND ALL MACH CORRECTIONS FOR THE GODUNOV SCHEME TO BE
ACCURATE AT LOW MACH NUMBER ON A CARTESIAN MESH

Theorem 7.2 shows that the Godunov scheme is not accurate (in the sense of Definition 7.1) at low Mach
number when M <« min(Az, Ay). We now prove that the Godunov scheme is accurate when max(Ax, Ay) is of
the order of M. Of course, this condition on the mesh is too expensive for practical applications. To overcome
this difficulty, we propose a low Mach correction which allows to recover the accuracy when M < min(Ax, Ay).
At last, we propose an all Mach correction which allows to recover the accuracy at low Mach number when
M < min(Az,Ay) and the Godunov scheme when the Mach number is of order one (when the porosity is
constant, we show in [5] that this all Mach correction may be more robust than the low Mach correction when
it is applied in the linear case with linear convection and in the non-linear case (1)). These three points are
detailed in the following theorem:

Theorem 8.1. Let q(t, ) be the solution of (18) with the initial condition ¢°. We have:
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1) The Godunov scheme — obtained with k =1 in (17) — is accurate at low Mach number when
max(Az, Ay) = O(M).
More precisely:
Ax < CyM,
Y(Cy, C1,Co) € (RF)?, 3C5 > 0 such that { Ay < CoM,

le° = Pag’l| 5 = 1M

= vt e [OaC2M]a Hq _]PaqOHLZ (t) < CBM (36)

where C3 does not depend on M, Az and Ay.

2) The low Mach Godunov scheme — obtained with k = 0 in (17) — is accurate at low Mach number. More
precisely:

VO e R, ||¢° —Pad®|| . =C1M = Vt2>0, ||¢ —Pad’||,. (t) < C1M. (37)

3) The all Mach Godunov scheme — obtained with k = min(1, M) in (17) — is accurate at low Mach number.
More precisely:

Y(Cy,Cy) € (RF)?, 3C3 > 0 such that qu —PQQOHLQ =M
=Vt €[0,CoM], ||qg — IP’aqOHLi (t) < CsM  (38)

where Cs does not depend on M.

Proof. By linearity, the solution g(t,x) of (18) with the initial condition ¢° can be written as
Q(ta X) =q (tv X) +q (ta X)

where ¢; is the solution of (25) and ¢ is the solution of (26). We have

V20, [la—Pad®ll O = [a+a2—Padll. () < llarllze () +[laz = Pad®|| o (1)
(39)

IN

l4° = Pag®|| L + llaz = Pad®l| .o (1)

because Equation (18) is dissipative when £ > 0 (see Lemma 6.2). Then, if qu - IP’aqOHL2 = C1 M, we just
have to study the function ¢ — ||q2 — ]I”oéqOHL2 (t), where g is the solution of (26). Since P,q° € &, = Ker Ly,
we have L, (Poq°) = 0 and
L,
8t(aIP’aq0) + M(Paqo) = 0,

which implies, by using (26), that

L,
O (g2 = Pag”)) + 77 (42 = Pad”) = Br.a(t2 = Paq”) + Br,a(Pag”). (40)
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By multiplying (40) with (g2 — P,q°), by integrating over T and by using (13), we obtain
P, — Pog’ — Pog’
<q2 1 7at (Q(Q2 - ]P)aq ))> +0 = <q2 1 »Bn,a(qQ - ]P)ozqo)> + <q2 1 aBn,a(PaqO)>
@ [0 [e3 [e3%
. . g2 —Pag® 0 .
Since (20) allows to write that { —————, B o(q2 —Paq”) ) <0, we obtain
« «
1d 0112 qz — Paqo 0 Bn,a(Paqo) 0
ra a0 < (27EL g @) < [P e 0
that is to say
d 0 Bli,oz(]P)OéqO)
Gl = ol 0 < |PoBeD| (41)
Since V (Por?) = 0, we deduce from (20) that
0 0 0, (aPyul
H Bm,a(Paq ) < max ( Ha*Ax : HG*Ay ’) . ‘ 9, (az(aﬂpauz)) + 8y y(Ot uy)
«a L2 2M 2M @ L2 ‘ Q@ L

Thus, by using the fact that qu - PaQOHLQ (0) = 0, we obtain by using (41)

aAx ayA
vt € [0, CyM], ||q2 - PaqOHLi (t) < C3M max < K 2*M K SMy )Ca(]P’aqo)
P, u° 0y (aPqul
where Cy(Pnq®) := ‘QE (W) + 1|0y (y(aaauy)> . Thus, when [|¢° — Poq®|z2 = C1 M,
Li L2
by using (39), we obtain

vt € [0, CaM], Hq — IP’aqOHLg t) <M (C’l + C’g/@;—]\} max (Az, Ay) Ca(PaqO)) ) (42)

Let us now suppose that x = 1. In that case, Inequality (42) becomes

vt e [0,CoM], |lg— PGQOHLg (t) <M (01 + C’QCQ(PaqO);—A} max(Azx, Ay))

which allows to obtain (36) with C3 = C; + C'QCO,(IP’aqO)%CO when Az < CgM and Ay < CoM. We now
assume that x = M. In this case, (42) can be written as

Vi € [O, C2M]a Hq - PaqOHLg (t) <M (Cl + CZCQ(PQQO)%* maX(A% Ay))

which allows to obtain (38) with C5 = Cy + C3C, (Paqo)% max(Az, Ay). When k = 0, we have

=0.

H Bn:O,a(PaqO)
L2

(07
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Then, we deduce from (41) that
d
dt ||Q2 - PaQOHLi (t)=0

which implies that Hq2 — ]P’OlqOHL2 (t) = 0 for any non-negative time since HQQ — ]P’Olq()”L2 (0) = 0. As a conse-
quence, we deduce from (39) that

W20, flo-Pad’ll 3 0 <l — Pud®]l -
which gives (37) since [|¢° — Pag°||2 = C1 M. O

9. NUMERICAL RESULTS

We illustrate Theorem 7.2 and Theorem 8.1 with an initial condition ¢°. We choose an initial condition ¢°

such that ¢° = Mq? + ¢3 where ¢f € £, |q?HL2 =1 and ¢§ € &,. The function ¢¥ := (,ud)T is given by
q? = # with
AP
sin(27x) cos(2m 1 1
Mz, y) = ( a(,)my)( y)a alz,y) = 3 + 1 sin(mz) sin(27y),
where
a) = Vo ¢(z,y) = sin(27x) cos(2my).
The functions «, r; and ¢ are defined at the cell center. The function ¢§ := (r9,u9)7 is given by
=1, )
. VX where (z,y) = - sin? (7zx) sin’(7y).
UQ == a 3

By construction, we have ¢f € £+ with ||q?||L§ =1 and g2 € £,. Moreover, we choose the parameters a, =1
and M = 1072, Concerning the time discretization, we use an explicit scheme with a time step At based on
the acoustic CFL condition and given by At = CFL x M%ﬁ‘y) with CFL=0.4 (we recall that a,/M is the
sound speed). This time step is of the order of the acoustic time scale which allows to minimize the effect of the
time discretization and, thus, allows to remain close to the semi-discrete (time continuous) scheme (the time
discretization is not the object of our study although it is also an important question). We compare the results
obtained with the Godunov scheme (k = 1), the low Mach Godunov scheme (k = 0) and the all Mach Godunov
scheme (k = M).

In Figure 1, Figure 2 and Figure 3, we plot the norm of au in each cell at the initial time and at the final time
tinal = M = 1072, On a 30 x 30 cartesian mesh, the solution given by the Godunov scheme (k = 1) is very
diffused over time while the solution on a 300 x 300 cartesian mesh seems to be close to the initial condition (see
Figure 1 and Figure 2). These numerical results illustrate the inaccuracy of the Godunov scheme (k = 1) at low
Mach number when M < min(Az, Ay) (see Theorem 7.2) and its good behaviour if we use a very fine mesh (i.e.
such that min(Az, Ay) = O(M): see Point 1 of Theorem 8.1). Moreover, the low Mach Godunov scheme and
the all Mach Godunov scheme allow to keep the accuracy at low Mach number even when M < min(Az, Ay)
(see Points 2 and 3 of Theorem 8.1) since the numerical solutions given by these schemes are near the initial
condition (see Figure 1 and Figure 3).
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FI1GURE 1. Norm of the velocity au at initial time.
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FIGURE 2. Norm of the velocity au at final time tg,a = M = 1072 with the Godunov scheme
(k =1) on a 30 x 30 cartesian mesh (left picture) and on a 300 x 300 cartesian mesh (right
picture). On the coarse mesh, the velocity field is very diffused over time while it seems to be
close to the initial condition (see Figure 1) for a fine mesh. These numerical results illustrate the
inaccuracy of the Godunov scheme (x = 1) at low Mach number when M < min(Ax, Ay) (see
Theorem 7.2) and its good behaviour if we use a very fine mesh 4.e. such that max(Az, Ay) =

O(M) (see Point 1 of Theorem 8.1).

FI1GURE 3. Norm of the velocity cu at final time tg,) = M = 10~2 with the low Mach Godunov
scheme (left picture, k = 0) and the all Mach Godunov scheme (right picture, Kk = M) on a
30 x 30 cartesian mesh. The low Mach Godunov scheme (k = 0) and the all Mach Godunov
scheme (k = M) allow to keep the accuracy at low Mach number even when M < min(Ax, Ay)
(see Points 2 and 3 of Theorem 8.1) since the numerical solutions given by these schemes are
near the initial condition (see Figure 1).
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10. CONCLUSION

We proposed a low Mach correction and an all Mach correction for the Godunov scheme applied on a
cartesian mesh to the linear wave equation with porosity. These corrections have been justified by studying the
time behaviour of a solution of the first order modified equations associated to these schemes. It remains to
justify these corrections in the discrete cartesian case. The triangular case is also important since we know that
the Godunov scheme with a constant porosity is accurate at low Mach number on a triangular (or tetrahedral)
mesh [7,11,16,18]. These two points are studied in [4].
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Appendix

POINCARE-WIRTINGER INEQUALITY FOR WEIGHTED SPACE

Proposition. Assume that Q is an open convex bounded space in RY€1:23} and that p is a probabilistic measure

1
on Q such that p and M are in L>°(QY). Then, we have:

e @: [ [o(o) - 6Pu(w)de < 2diom(®) ||u||ooHH [ o (43)

where ¢ := / o(x)u(x)de and diam(Q)) := sup |xz—y|.
(z,y)€Q?

Proof. The proof is done for d € {1,2,3}. We have for all (x,y) € Q2
o(x) — oly) = /0 Vo((1 —t)x+1ty) - (x —y)dt = ¢(x) — ¢ = / / Vo((1—t)x+ty) - (x —y)dtu(y)dy
— (o(x) )" < /Q /0 Vo (1 D+ ty) - (x—y)) dip(y)dy
2 1 2
= 00— < [ [ [To(—nx+ )| lx—yPauty)ay

with a Jensen inequality (with the function squared) and a Cauchy-Schwartz inequality. By multiplying by p(x)
and by integrating on €2, we find

/Q (6(x) — 3)° p(x)dx < / / / Vo ((1— t)x + ty)[*[x — yPdtu(y)dyp(x)dx

which implies that

B 1
| (06 =) utxyix < diam(@? [ [ [ ]96(1 = 0 +13) Pt ayeax

We split the integral by integrating on [O, %} and on [%, 1]. This gives
/(sb( )~ )° p(x)dx < diam(Q //(/ IVo((1 - t)x + ty)|dt
Q
-|-/1 |Vo((1—t)x+ty) |2dt> w(y)dypu(x)dx

< diamm)?nunm( L[ 19600 = 0x - ty) Pataxuty)ay

+//[1|V¢((1t)x+ty)|2dtdyu(x)dx)
:diam(Q)2||u||oo</Q/O%/w(t Vo (2 |—dtu dy+// /tx IV (2) |2‘det )
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where w(t,x) and w(t,y) are included in Q. Thus, by replacing w(t,x) and w(t,y) with Q, and since - > 1
when t € [O, %] and % >1whente [%, 1], we can write

1-t

IN

[0 -7 e < dsam@ e [ (900 Pas( [ [* 1 %uay+ [ J 4 a)

(@l [ (906 Paa( [ utyiy+ [ utxiax)

IN

which finally gives

We

(1]
(2]
(3]

(4]

[10]
[11]
[12]
[13]
[14]
[15]
[16]

[17]
18]

[ (06 )" i < 2 i@ el [ [V6 () s
Q Q

obtain (43) by using the previous inequality and by noting that for all z € , we have 1 < H%H w(z). O
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