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SOME EXISTENCE RESULTS FOR ADVANCED BACKWARD STOCHASTIC
DIFFERENTIAL EQUATIONS WITH A JUMP TIME *: **

MOoONIQUE JEANBLANC!, THOMAS LIM? AND NACIRA AGRAM?3

Abstract. In this paper, we are interested by advanced backward stochastic differential equations
(ABSDEs), in a probability space equipped with a Brownian motion and a single jump process, with a
jump at time 7. ABSDEs are BSDEs where the driver depends on the future paths of the solution. We
show, that under immersion hypothesis between the Brownian filtration and its progressive enlargement
with 7, assuming that the conditional law of 7 is equivalent to the unconditional law of 7, and a Lipschitz
condition on the driver, the ABSDE has a solution.

INTRODUCTION

In the traditional approach, Backward Stochastic Differential Equations (BSDEs) are studied for a driver
which depends in a Markovian way of the parameters; in particular, BSDEs with a single jump and driven by
a Brownian motion B have the form

—dY; = f(t,Y;, Z, Uy)dt — Z,dB, — U dH,

where H is the process H; = 1, <; associated with a given random time 7. In this paper, we are interested
by BSDEs in which the driver depends on the future of the solution, in such a way that the driver is adapted,
for example if the driver depends on conditional expectation of the future of the solution, e.g., —dY; = (aY; +
bEY (Yy11))dt — Z;dW; — UydHy, we use the notation E9[X] := E[X|G;], where G = (G;)¢>0 is the progressive
enlargement filtration of the filtration of B by H. More precisely, we focus on BSDEs written in one of the
following forms, called advanced backward stochastic differential equations (in short ABSDESs)

—dY,

£ (6, Y, B9 Yiys), (B [Yiys)o<s<s, Z, B9 [ Ziys), (B9 [ Ziys])o<s<s,
U, B9 [Uyys), (B9 [Upyo])o<sss)dt — ZydBy — UpdHy , 0<t < T,
Yrye= &, 0<t<4,

Zryt= Pryey, Urye = Qreliriicry, 0<t<46,

(0.1)
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and

—dY; = E9[f(t,Ys, Yivs, Yits)o<s<s, Zts Zivs, (Zits)o<s<s,

<s<
Ui, Uts, (Upts)o<s<s)dt — ZydBy — UpdHy , 0<t<T,
Yrpe= &, 0<t<4,

Zryt = Pryy, Urye = Qrydlyrgi<sy, 0<t<9.

The solution is the triplet (Y, Z,U), living in some spaces we shall define later on. In this equation, for a process
V, the notation (Vi4s)o<s<s means that we consider all the path of the process between ¢ and t + 6. The
terminal conditions &, P and () are given processes. We remark that the drivers f of these ABSDEs depend on
the values of the processes (Y, Z, U) for present time ¢ as well as for future time ¢ + ¢ and also of the trajectory
of the processes on the interval [¢,¢ + §]. The ABSDE (0.1) was introduced by Peng and Yang in [12] in a
Brownian case setting (roughly speaking, for 7 = 0). @ksendal et al. [11] have introduced ABSDEs of the form
(0.2) - in a simpler case where not all the path of the solution is involved - when dealing with optimal control
for delayed systems, taking into account a random Poisson measure, instead of a single jump process.

Using the methodology of BSDEs in an enlargement of filtration setting as in Kharroubi and Lim [8], we
give conditions such that there exists a unique solution of (0.1) and of (0.2) under immersion hypothesis and in
adequate spaces. This progressive enlargement is often considered as progressive adding of information given in
form of a random time 7 in a way which transforms 7 to a stopping time with respect to the filtration G. The
topic of enlargement of filtration was initiated by Jacod, Jeulin and Yor (see [6,7]). Naturally, the enlargement
of filtration appears in credit risk and it has also been related recently to stochastic optimal control by Pham [13]
and to mean-variance hedging by Kharroubi et al. [9] where the optimal strategy is described by non-standard
BSDEs driven by a Brownian motion and a jump martingale in the enlarged filtration.

There are, in the literature, two approaches of BSDEs with a single jump. One of them considers BSDEs
driven by martingales and is based on the predictable representation property (PRP), as in Dumitrescu et al. [3].
These authors consider a Brownian motion B and the martingale M associated to the jump process H. Under
some conditions, in particular that the Brownian motion is a Brownian motion in the filtration generated by the
pair (B, M) (which is a consequence of the assumed immersion property), they prove that the pair (B, M) enjoys
PRP and they solve BSDEs of the form —dY; = f(¢,Y:, Zt, Up)dt — Z:dW; — U;dM; using usual methodology.
Kharroubi and Lim’s method is different: they consider the case —dY; = g(t,Y:, Zy, Up)dt — ZdWy — UpdHy,
assuming immersion property, and they show that this BSDE is equivalent to a system of BSDE in the Brownian
filtration. In fact, assuming the more general hypothesis of existence of positive conditional density « (as in
Hypothesis 1.2 below), they can solve the problem without immersion property as follows: The change of
probability dP* = (a;(7)) 'dP is such that B is a P*-Brownian motion independent of H so that immersion
holds under P* and the solution of the BSDE is the same under P and P*. However, here, we can not use this
methodology, since a change of probability will affect the conditional expectation, and the Lipschitz condition
will be difficult to check. Nevertheless, working without immersion hypothesis is doable as we explain in the
Appendix of the paper.

(0.2)

1. FRAMEWORK

1.1. Classical results about progressive enlargement

Let (©2,G,P) be a complete probability space. We assume that this space is equipped with a one-dimensional
standard Brownian motion B and we denote by F := (F;);>o the right-continuous and complete filtration
generated by B. We consider on this space a random time 7 and we introduce the right-continuous process
H := 1{;<,. Since 7 is not supposed to be an F-stopping time, we use the standard approach of filtration
enlargement by considering the smallest right-continuous extension G of F that turns 7 into a G-stopping time.
More precisely, the filtration G := (G;);>0 is defined by

G = mGt+57

e>0
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for any ¢t > 0, where G, := F, V o(H, , u € [0, 5]), for any s > 0.
We denote by P(F) (resp. P(G)) the o-algebra of F (resp. G)-predictable subsets of 2 x R, i.e., the o-
algebra generated by the left-continuous F (resp. G)-adapted processes. We denote by O(F) (resp. O(G)) the
o-algebra of F (resp. G)-optional subsets of 2 x Ry, i.e., the o-algebra generated by the right-continuous F
(resp. G)-adapted processes.

We impose the following hypothesis introduced by Brémaud and Yor [2], which is classical in the filtration
enlargement theory and is called (H)-hypothesis or immersion property.

Hypothesis 1.1. The process B remains a G-Brownian motion.

We observe that, since the filtration F is generated by the Brownian motion B, Hypothesis 1.1 is equivalent
to all F-martingales are also G-martingales. In particular, the stochastic integral fg X,dByg is a well defined

G-local martingale for all P(G)-measurable processes X such that fot | Xs|%ds < 0o a.s., for all t > 0.

We also introduce another hypothesis, often called the Jacod equivalence hypothesis (see, e.g., [1, chapter
4]), that the conditional law of 7 is equivalent to the law of 7 and that 7 admits a density w.r.t. Lebesgue’s
measure, which will allow us to compute conditional expectations w.r.t. G in terms of conditional expectations
w.r.t. F.

Hypothesis 1.2. We assume that there exists a strictly positive P(F) ® B(R)-measurable function (w,t,u) —
ay(w, u) continuous in ¢ such that

a) for any 6 > 0, the process (o (6)):>0 is an F-martingale,
b) for any ¢ > 0, the measure ay(w, 8)d6 is a version of P(r € df|F;)(w), that is for any Borel function f such
that f(7) is integrable, one has

E[f(r)|F] = /Ooof(ﬂ)at(ﬂ)de, a.s.

In particular, the density of 7 is ay.

In all the paper, Hypotheses 1.1 and 1.2 are in force.
We now recall some standard results that will be important for our purpose and we refer to [4] for their proofs.

We introduce the F-supermartingale G (called Azéma’s supermartingale) defined as
oo
Gt = ]P)(T>t|]:t):/ at(9)d9, tZO
t

The supermartingale G is strictly positive, non-increasing and continuous. The process M defined by

tAT
M, = Ht—/ as(8) 4o 10,
0

G
is a G-martingale, with a single jump at time 7. The F-adapted process A defined by

(1)
AN o= ——= t> 1.1
t Gt ) - 0 ) ( )

is called the F-intensity of 7. Under Hypotheses 1.1 and 1.2, we have, from [4, equality (11)],

ar(0) = ap(d), Vt>0, (1.2)
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which implies

Gy = exp(—/ot /\Sds) , (1.3)

since, by definition of G and A and the fact that (1.2) holds, we have the following equalities,

oo t t t
Gy = / a(0)df =1 —/ a(0)do =1 —/ ap(0)do =1 —/ GoAgdf
t 0 0 0
and Gy = 1. Note that, from immersion

Gy = EF(Iysy), Vs>t. (1.4)

Hypothesis 1.3. We assume that the process A is upper bounded by a constant k.

Lemma 1.4. For any t € [0,T], the random variable Gy is lower bounded by e~ *t, and for any 6 € [0,T] we
have 0 < a(0) < k.

Proof. The bound on G is obvious from (1.3). Let 6 € [0, 77, then for any ¢ > 6, (1.1) and (1.2) lead to
ar(0) = () = MGy < k.
Moreover, since a(f) is a martingale, we get a;(6) < E7(ap(0)) < k for any t < 6. O
Furthermore, if Y € G is integrable, then we have

1
EY: [Y]l{t<'r}] = aﬂ{t<T}E}-t (Y]l{t<'r}) .

We recall a decomposition result for P(G)-measurable processes, proved in |7, Lemma 4.4] for bounded processes.
It can be easily extended to the case of unbounded processes.

Proposition 1.5. Any P(G)-measurable process X = (X;)i>0 can be represented as
Xe = X{lpycry + X2 (M) Lpsry

for all t > 0, where X is P(F)-measurable and X°(-) is P(F) ® B(R,)-measurable.

Here, the superscript b is for before 7 and a for after 7. In particular, a G-predictable process is equal to an
F-predictable process on the set {t < 7}.

Song [14] has extended the previous result to the class of optional processes under some hypotheses, which
are satisfied under equivalence Jacod’s hypothesis.

Proposition 1.6. Any O(G)-measurable process X = (X;);>0 can be represented as
Xy = Xt{)]l{t<7'} + Xta(T)]l{tZT} )

for all t > 0, where X° is O(F)-measurable and X°(-) is O(F) ® B(R, )-measurable.
If the process X is bounded by a constant K, then the process X is bounded by K and one can also choose
the process X(6) bounded by K for any 6 > 0. We remark that the uniqueness of X2 () is granted for 6 < t.

The process X* is uniquely determined on [0,7] by X = &-E7*[X;1 (<], this quantity will be called the
pre-default part.
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Lemma 1.7. Let Yr(7) be a bounded Fr ® o(7)-measurable random variable. Then, for any t < T, we have

EY [YT(T)] = }/tbﬂ{t<7.} + }/ta(T)IL{TSt} a.s.
where
EF [ [, d
yo _ B Vilwer(d (15)
Gy
Y(0) = E [Yr(0)] a.s. forany 6 <t

which can be rewritten under the form

Yo(r) = E7[Yr(0)] a.s. on T<t. (1.6)

lo=r

Proof. The proof of this lemma is an application of Proposition 1.6 and that

Y0 = Eft[ysf(ee))o@(w] ws.

and a4 (0) = ap(0) for any t > 0. O

Therefore, if Y7-(7) is bounded by a constant K then the processes Y and Y%(6) are bounded by K for any
0> 0.

We now give a decomposition result for some Stochastic Differential Equations (SDEs) in G in terms of SDEs
in IF.

Lemma 1.8. If the process X satisfies the following stochastic differential equation
dXt = /j/(taXtant>dt+U(thtant>dBt + L)O(t,thant)dHt )

where p, o are O(G) @ B(R) @ B(R)-measurable maps, ¢ is a P(G) ® B(R) ® B(R) measurable map and n is a
G-predictable process, then X® and X° satisfy
dX{(r) = p(t, 7, X{(7),nf (7))dt + o (t, 7, X{ (1), (7))dBy , T<t<T,
dXP = p*(t, X7, n0)dt + 0" (8, X, nf)dB, . 0<t<T,
X{(t) — X} = o(t, X7,n)), 0<t<T.

Proof. The proof of this lemma is an application of Proposition 1.6 and for the last equality, we have used that
if an F-predictable process K satisfies K, = 0, then Ky = 0 on {¢t < 7} (see [10, Lemma 3, Chapter 1]). O

1.2. Notations

To define solutions to ABSDEs, we introduce the following spaces, where s,t € Ry with s <t¢, and T < oo
is the terminal time and § is a strictly positive constant.
o S2[s,t] (resp. SE[s,t]) is the set of R-valued O(G) (resp. O(F))-measurable processes (Yy)ue(s,g such
that

2
Yllsopsy = El 31[1pt] Yu?] < oo.
ue|s,
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o L2[s,t] (resp. LZ[s,t]) is the set of R-valued P(G) (resp. P(F))-measurable processes (Zy)ue(s,y such
that

t
121 = E[ [ 1ZPdu] < oo

e L2(F;) is the set of R-valued square integrable F;-measurable random variables.
e L2 is the set of R-valued P(F)-measurable processes U such that U; = 0 for ¢t > 7 and

T
0|2, = E[/O U.Pds] < oo

e D[0,0] is the set of cad-lag R-valued maps defined on [0,6]. For Y € D[0,d], we denote |Y| :=
L[5 Y(s)lds.

1.3. Existence results for ABSDE in a Brownian filtration

We extend the results of Peng and Yang [12] to more general drivers since we assume in our case that the
driver depends on the trajectory of the processes on the interval [¢,¢ + 6]. The proofs are based on standard
methodologies, however they require some care to check the needed Lipschitz conditions. To simplify the writing
we introduce some new notations for each Proposition, and the same notation y € A is used in different meanings
which are clear from the context.

Proposition 1.9. Let A := R? x D[0,4] x R? x D[0, 6] and, for any ¥ = (y,9,V,2,%, Z) € A we define |¥| by
¥l = lyl+Hl+ Y+ |z + 2+ | 2],

where |Y| is defined in Section 1.2. Let f be a map from Q x [0,T] x A wvalued in R. Let p and q be given
bounded F-adapted processes.
The following ABSDE

—dY; = f(ta Y, EF [peysYigs), {E7 [Pt+sYits)to<s<s, Z, B quy 5 Zers), {ET [Qt+sZt+s]}0§s§5)dt
— ZdB,, 0<t<T,

Yrie= &rpe, 05t <6,

Zryt= Prygy, 0<t<9,

(1.7)

has a unique solution in S2[0,T + 6] x L2[0,T + ¢] if

a) the map f(-,¥) is optional for any y € A,

b) there exists C' > 0 such that, for any t € [0,T)], any ¥ € A, we have
f(t,9) - f6y)] < Cly-¥1,

T -
¢) E[fy |f(5,0)]*ds] < oo,
d) the terminal condition & belongs to S2[T,T + 6] and P belongs to L2[T, T + 6].
Proof. In the driver, the map J = (Vi(s) = E7t[p;1s Yits),0 < s < §) is a family of F;-measurable random

variables. Let us first introduce a norm in the Banach space E := S2[0,T + §] x L2[0,T + 4] for 8 > 0: for
Y, Z)eE

T+06
Izl = B[ [ e+ 2] .
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and define the mapping ® : E — F by ®((y,2)) = (Y, Z) where (Y, Z) is defined by

~dY; = f(t.9:)dt ~ ZdB,, 0<t<T,
YT+t:€T+t7 Ogtg(s’
ZT+t:PT+ta 0<t§67

where ¥ = (y1, 7 [pr1svi4s), {E7 [Pt+syt+s]}0§s§672t,Ef‘ [qe+52045), {ET [@t+s2t+s] Jo<s<s). We now prove
that ® is a contraction in E under the norm ||.||3. For two arbitrary elements (y, z) and (y’, z’), we denote their
difference by

(?Lz) = (y_y/az_z/) .
We can prove by using classical estimates that we have
g Bsa | 7o 2 g = ENE
B [ (3R 2)a] < SE[[ e - sl .
0 0
In the following inequalities, K is a constant which does not depend on § and may change from line to line.

By Lipschitz property of the map f, the fact that the square of a sum (resp. integral) is bounded by the sum
(resp. integral) of the square (up to a constant) and the boundedness of p and g, it follows that

2 8

By the change of variable u =t + s, we get

E[/()Teﬁt<5ﬁ2+23)dt} <K E[/OTeBt(gj?+z?+§?+5+2§+5+;/Oé(gaﬁz’fﬂ)ds)dt} . (18)

T _ - T+6 T t+5
E[/ eﬁt(éYf + Zf)dt} <K E[/ P (2 + 22)dt + 1/ eﬁt/ (2 + 22)du dt} . (19
0 2 B 0 3 Jo ¢

Fubini’s theorem leads to

1 T t+6 1 T46 u
7/ eﬁt/ (7 + Zo)dudt - < 7/ </ ef”dt) (T + Z2)du
0 Jo t 0 Jo u=o

A

< (1—6_65) /T+5 ﬁu("’Z_*_"Q)d
< e’ (y; + z5)du
pé 0
T+0
< / P (2 + Z2)du (1.10)

0
where we have used that 1 —e=#9 < 4.
Combining (1.10) with (1.9), we obtain for g > 2

E[/ (V22| < % E[/ (37 + 37) ]
0 0

Consequently, since Y=Z=0frt>T , we get

~ ~ K _
IV, 2)IlF < EH(yﬁ)llé,



SOME EXISTENCE RESULTS FOR ABSDE WITH A JUMP TIME 95

and ® is a contraction on SZ[0,T + 6] x L2[0,T + ] for B large enough to ensure that K/8 < 1, and
B > 2. As ® is a contraction, using general results on BSDE (as in [5]) there exists a unique solution (Y, Z) in
S2[0,T + 6] x L2[0,T + 4] to ABSDE (1.7). O

We now give an estimation of the solution of the ABSDE.

Proposition 1.10. Suppose f satisfies the hypotheses of Proposition 1.9. Then there exists a strictly positive
constant K that only depends on the Lipschitz constant C and on T such that for any ¢ € SE[T,T + 8] and
P € LA[T, T + 6], the solution (Y, Z) of the ABSDE (1.7) satisfies

T T+6 T .
Eft[ sup V2 + / Zfds} < KE [§%+ / (€2 + P2)ds + / f(s70)2ds} ,
t t

t<s<T T

for any t € [0,T7.
Proof. The proof is obtained with standard computations. For the sake of completeness, we give details in the

Appendix. O

Using the same methodology as in Proposition 1.9, one obtains the following result, where D(¢, [0, d]) is the
family of maps Y from [0, 0] to R such that Y(s) is Fi4s-measurable, for any s € [0, d].

Proposition 1.11. For anyt € [0,T), let A, = R x L*(F,15) x D(¢,[0,8]) x R x L2(Fy4s) x D(t,[0,6]) and for
any § = (4,C, Y, 7,0, Z) € Ay, we introduce [§] = |y| + |2 + B (IC] + nl + V| + |Z)). For a map f such that
f(w,t) : Ay = R, the following ABSDE

—dYy = f(t, Y4, Yiqs, Yits)o<s<s, Zts Ziys, (Ziys)o<s<s)dt — ZydBy, 0<t<T,
Yrie= &rpe, 0<t<9,
Zrys = Pryy, 0<t<9,

has a unique solution in SZ[0,T + 6] x L2[0,T + 6] if the map f satisfies:

a) fory, € Ay, f(t,¥:) is Fy-measurable,
b) there exists C' such that for any t € [0,T], any ¥,y in Ay, one has

f(t.¥) - ft¥) < Cly—y,

¢) E(fy |£(t,0)2dt) < oo,
d) the terminal condition & belongs to SE[T,T + 8] and P belongs to L2[T, T + 6].

Moreover, there exists a constant K such that we have

T T+s T .
R [ sup Y2 + / Zfds} < KE [E% + /T (€2 + P?)ds + / f(s, O)st} )
t t

t<s<T

for any t € [0,T).

Proof. We use similar arguments to the proofs of Proposition 1.9 and 1.10. O
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2. ABSDE WITH JUMP OF TYPE (0.1)

We assume that Hypotheses 1.1, 1.2 and 1.3 hold and that f(.,¥) is optional. We consider in this section an
ABSDE of the following form: find a triple (Y, Z,U) € S[0,T + 6] x LZ[0,T + 8] x L? satisfying
—dYs = f(t,Ye, B9 [Yirs), {E [YirslYo<s<sr Z6s B9 [Zors]s {E [Zer ] Yo<oss,
Up, B9 [Upys), {EY [Upss)to<s<s)dt — ZydBy —UpdHy, 0<t<T,
Yrii= &, 05t <0,
Zryt= Pryy, Ury = Qrelirpi<sy, 0<t<96.
From Propositions 1.5 and 1.6, all the involved processes can be decomposed in two parts, before and after 7.

In particular, since ¢ will be given as a G-optional process and P as a G-predictable process, we have for any
te[0,T)

F(Y) = 69 pery + (67 ) =y (optional decomposition) ,
and we have for any ¢t € [T, T + J]

& = §f]l{t<7} + &7 (T)14>-y (optional decomposition)
P = Ptb]l{tST} + P (1)1{;>7} (predictable decomposition) .

We work under the following hypotheses:
Hypotheses 2.1. Let A := R? x D[0, ] x R? x D[0, §] x R? x D[0,d] and, for any ¥ € A, we define |¥| by

Yl = Ml 19+ I+ =+ B+ 2]+ |ul + [a] + U] -

a) The terminal conditions satisfy £ € SA[T, T+ 6], P € LA[T,T + 4], Q € L2[T, T + 4], there exists a constant
K such that E[|¢2(0)|?] < K and E[|P%(0)|%] < K for any (6,u) € [0,T] x [T, T + §].

b) The driver f: Q x [0,7] x A — R of the ABSDE is Lipschitz, i.e., there exists a constant C' such that, for
any t € [0,T], any ¥ and ¥’ in A, we have

f(E.9) - f.¥) < Cly-¥1-
¢) For any ¥ € A, the process f(-,¥) is G-optional.
d) There exists a constant C’ such that |f(s,0)| < C".

From Propositions 1.5 and 1.6, we can write

= Ytb]l{KT} + Y (1)ly>-y (optional decomposition)
Zy = Zf]l{tST} + Z{ (1)1 {457y (predictable decomposition)

It follows, from Lemma 1.8, that

—dY(r) = [ (67 Y (), B9 Y5 ()] AR Vi (1) Yoss<s, Zi (1), B9 [ ZE,5(7)],

(B9 [Z8, (7)) }o<s<s,0,0,0)dt — Z2(1)dB,, TAT<t<T,
Y’J("l-i-t(T) = f%—&-t(T)v 0<t
t

<
Zy(t) = Pry(r), 0<

<9,
<4,



SOME EXISTENCE RESULTS FOR ABSDE WITH A JUMP TIME 97

and
—dYy = (.Y, B [Yigs] {E [Yig sl Yo<o<s, 20 BT [ Zogs], {B7 [ Zog o] bo<s<s,

YE(t) = Y2, BT [Upgs) {B" [Upssl}o<s<s)dt — Z)dBy, 0<t<T,
YIb’+t:fg“+ta 0<t<y,
Zg’+t:P7b’+ta U%+t:QT+ta 0<t<d.

On the right-hand side of this equation, we still have to make precise if Y;;s is part of the solution before T or
after 7, that is to separate the case t + 0 < 7 and the case t + 0 > 7. Furthermore, Uy = [(Y,*(t) = V) Ly<ry +

Qilirai<risy] Li<ry-

(2.2)

2.1. Study of the Equation (2.1)

Our aim is to write (2.1) as a family of ABSDEs in the filtration F. For that purpose, we note that, on the
set {t > 7}, we have from (1.6)

E9[Yis(r)] = B2V 5(0))o=r -
The same equality holds for the part involving f(t,¥) and Z{ 5(7). Therefore, we study the family of ABSDE
—dY;a(Q) = fa (t7 67 Y;fa(a)v E}—t[ t(}HS (9)]7 {E}—t [thfks (9)]}0SSS57 Zg(9)7 E}—t[ ta+6(9)]7

{E7*[Z{, ,(0)]}o<s<5,0,0,0)dt — Z}(0)dB;, 0<t<T,

Yﬁ-}-t(g) = féll“-;-t(e) , 0<t<9§,
Zy(0) = Pri(0), 0<t<od.

(2.3)

For any fixed 6 € [0,T), the map F := f(0) defined as F(t,¥) = f*(t,0,¥) inherits the Lipschitz conditions
of Proposition 1.9 from the one of f. Due to the boundedness of f(, 0), the map F(, 6) is also bounded, and
satisfies

T .
sup E[/ |fa(t,0,0)| dt] < o0,
0

0<0<T

and the existence of a solution follows from Proposition 1.9.
Using Proposition 1.10, there exists a constant K such that

T T+06
B (s (ROF+ [ (z0as) < KEF(GOF+ [ (€OF+@e)?)ds

+/tT(fa(s,9,6))2ds) . (2.4)

2.2. Study of the Equation (2.2)

Our aim is to write (2.2) as an ABSDE in the filtration F, that is to get rid of the quantities involving
processes after time 7 (as, e.g., Y15 on {t + ¢ > 7}) and working only with conditional expectation w.r.t. F.
Obviously, for any ¢t < u <t + J, we have

E9Y,] = E%[Y,l{ucr] +E9[Yul(usry] -

Furthermore, from (1.5), we have

1
E Yol pueryllpiary = B2V lpuerylpcr = a]Eft YPGulljiery (2.5)
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and

E9Yulpusrylipary = B9V Lz lii<r

1 u
= B / YO(0) o (0)d0| U gpery = J¥
Gt t

a

(u) . (2.6)

The same equalities hold for the part involving Z¢. Then, we introduce, relying on the uniqueness of pre-default
parts, the following BSDE which is a transformation of (2.2)

_dYtb = g(ta Ytbv Y;flz&-&v {Ytlzi-s}OSS§57 Zf’ Zf—i-é’ {Zf—&-s}OSSS(S)dt - Zdet , 0<t<T,
lez-i-t = be+t , 0<t<o, (2.7)
Zy.,= P, 0<t<g.
Here, due to the equalities (2.5) and (2.6), g is the map Q x [0,7] x R x L*(F 45) x D(+, [0,6]) x R x L3(F 45) x
D(+,[0,8]) — R defined, for y and z in R, ¢ and 1 in L?(F 15), and Y and Z in D(-, [0, d]), in terms of solution
of the equation (2.3) by, for ¥ = (y,(, Y, 2,1, Z)
o(t.y) = [0 I I

where, recalling that the quantities J are defined in (2.6)

- 1 a 1 a

L' = (v, aEE [(Giys] + I (t +6), {aEFt (Ve(8)Grys) + I (t+ ) }o<s<s) »
¢ ¢

I} = (z EEE MGiis) + JZ (¢ + ), {a]Eft (Zu(5)Gras) + JZ (t+ 5) bo<s<s)

t
B 1
P = (YAt —v, EEE Mis<ry (Vs +0) — O)Grys + Lpps>1y Qi 6Gras)
1

).

It is straightforward that g is F-optional. We now show that ¢ satisfies Lipschitz conditions recalled in Propo-
sition 1.9.
Since we have

& BT V(4 8) = V3D Cralipracry + QuesGrrsl o]}

0<s<é

Py = G%Eft[f(t,y'm{m}},

we obtain that, using the Lipschitz condition for f and that G is bounded, there exists a constant K such that

i, . K
9.9 - 9.3 < o ((y =1+ | = 2D E ()
+EP(C = L+ I = ']) GresLear)]
+E7 (VG — VG| + |26 - Z'G)Lu<n] ) -
Since, for X € F, and s > ¢, one has from (1.4)

E7[X1peny] = E7[XE™ (Licry)] = E7[XG] = GE[X],
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we deduce
969~ 9(t.5) < K(ly— 9+ 12— 2| + B = L+ n — )Gl
YEFYG — VG| + |26 — z/cn) .

Noting G is upper bounded by 1, the Lipschitz property of Proposition 1.9 for g holds.
We now check the integrability condition on |g(t,0)|?. We notice, using notation (2.6), we have

g(t,0) = f%to f’a+5){ u+g} ,Q4”u+6L{¥Yt+@} LY,

0<s<

0<s<$

1
G E7* [V 5(t+ 0)Graolyrrs<ry + QirsGiroslirissry,

1 a
{EEE Yt +8)Grislrecry + Qt+sGt+s]1{t+s>T}]}0SSS5> .

From Lipschitz property of f, since f(¢, 6) is bounded and Gy = E** (I{t<7}), we have

s < g (B0 +Cl9)1een) ) < G Clyl.

Using again that the square of a sum is bounded (up to a constant) by the sum of the squares, and using again
the fact that G is lower bounded, the integrability condition of |g(t,0)|? will follow from the boundedness of

the quantities
E</0 (Jt (t—|—5) ) (/ / (JY (t+s)) dsdt) (2.8)

and similar expressions with JZ, as well as

Jy (B (V2 (e + 0)) " at)

S ve mﬂ

fT+6 (Eft( t)) )

f [fo ( YV (t+s)? 1t+s<T+Qt+S]1t+s>T)ds]dt) )

& E B =

The quantities in (2.8) are bounded since « is bounded and

T+6 T
/0 a9 / Lgcocrssy B((V15(0)2)dt

is bounded since
T+5

sup B(swp YIO)) < K sup B(6H0)°+ [ (€07 + (Pr6)?)ds

0<O<T  0<s<T 0<6<T T

+/0T<fa<s,e,6))2ds)

and the assumed boundedness of P and . The other quantities are studied using the same methodology and
that Q € L2[T, T + 4.
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The existence of a unique solution (Y?, Z%) of the ABSDE (2.7) follows from Proposition 1.11. Moreover we
have

57 (s (07 [ 2ras) < KRR [ (€ (P
Jr/t (fb(s,ﬁ))st) . (2.9)

2.3. Integrability of the solutions
In this part we consider the integrability of the solutions (Y, Z,U) where

i = Yz-fb]l{t<'r} + Y;a(T)]l{tzT} )
Zy = Z{ly<ry + ZH0)1psay
Ui = (Y1) =Y <y -

From Subsections 2.1 and 2.2 we know (Y, Z,U) satisfy the ABSDE (0.1).
Proposition 2.2. The process U belongs to L?.

Proof. We have

]E{/O(TM)AT des} _ E[/OTAT(Y?(S) B Ysb)st} L [/(TM)AT dis}

TAT

T T T+6
< 21@[ / (an(s))zds} +2E[ / (Yj)ws] + [ Qids}
0 0 T
T T+6
< 2/ E[(Y;(s))?]dsmm[ sup (V?)2] +E[ dis]
0 0<t<T T
and the quantities on the right-hand side are finite. O

Proposition 2.3. There exists a strictly positive constant K such that the solution (Y, Z,U) of the ABSDE
(0.1) satisfies

T
Eg*{ sup Yf—i—/ ngs]
t<s<T t

T+6 T
< KEF[(€h)? + /T (€)% + (P))?)ds + /t (7"(s,0))7ds]
T+6 T
+ afﬂwﬁ[@%w))% /T ((62(6)) + (P2(9))%)ds + / (F*(5.0,0)%ds| | 1
T T+6 T
+ K [ [ {00+ [ qeor + proas+ [ (7,002 ds has]

for any t € [0,T].
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Proof. In the proof, the constant K can vary from line to line. We remark !

T
Eg‘[ sup Yf—i—/ Zfds}
¢

t<s<T

= Egt[ sup Yf—l—/tTM(Zg)st—i—/T (Z;‘(T))2ds}

t<s<T TAT

IA

T T
Egt[ sup Yf—f—/ (Zg)zds—i—/ (Zg(T))2ds} .
t<s<T t TAT

On the set {7 < t}, since A is bounded (Hypothesis 1.3), we use that
1
E%| sup ¥2| = E%| sup ()] = S| swp (v(0))%ar(0)]
t<s<T t<s<T G t<s<T

keMEZ ] sup (v2(0))2] < KB sup (v2(0))°]

t<s<T t<s<T

IN

On the set {t < 7}, we remark

B swp ¥2| < E7| s (V)| B9 swp (ve(r)?]
t<s<T t<s<T TAT<s<T

From E9 [supTATSSST(Y;‘(T))z] = ml(T)IEft [SUPTAegng(Ysa (9))%@(9)] and that « is bounded, we have

0=

B9 swp (ve(n)?] <

B sw (ve(0)?]
TAT<s<T

at(T) TAO<s<T o=r

We proceed in the same way for the part fTT/\T(Zg(T))st.
Using (2.4)-(2.9) we can conclude. O

2.4. Uniqueness of the solution

In this part we are concerned with the uniqueness of the solution of ABSDE (0.1). Suppose this AB-
SDE has two solutions (Y, Z,U) and (Y, Z,U). Each process admits a unique decomposition under the form
(Y, Zb UY)-(Y(r), Z%(7)) and (Y, Z%,U")-(Y*(7), Z%(7)). Moreover we know (Y, Z%) and (Y?, Z%) are so-
lution of ABSDE (2.2), thus by uniqueness of the solution of ABSDE (2.2) from Proposition 1.11 we get that
Y =Y’ and Z° = Z°. We have with the same arguments Y¢(7) = Y(r) and Z%(7) = Z%(7). Moreover we
have Uy = (Y/(t) — Y)1{1<,}, thus U = U. Finally we get the uniqueness of the solution of ABSDE (0.1).

3. ABSDE wiITH JuMP OF TYPE (0.2)

We assume that Hypotheses 1.1, 1.2 and 1.3 hold. We define, for any t € [0,T], A; = R x L?(Fyi5) x
D(t,[0,6]) x R x L?(Fy1s) x D(t,[0,6]) x R x L?(F;15) x D(¢,[0,6]). We consider in this section an ABSDE of
the following form: find a triple (Y, Z,U) € S2[0,T 4 6] x L4[0,T + §] x L? satisfying

—dY; = E9 [f(t, Y:,Yigs, {Yitsto<s<ss Zt, Zivss { Zits Jo<s<s: Ur, Urts,
{Uiss}o<s<s)|dt — Z¢dBy — UdH, , 0<t<T,

Yris= &rys, 0<s5<6

Zrys = Prys, Urys = Qrislirii<ry, 0<s<94,

(3.1)

lwith the convention f; ds=0ifb<a



102 M. JEANBLANC, T. LIM AND N. AGRAM

with the following hypotheses

Hypotheses 3.1. Suppose that

a) The terminal conditions satisfy £ € SZ[T,T+46], P € L&[T, T+6] and Q € LE[T, T+46], and supy<g<7 £°(0) €
SE[T,T + 6] and supg<g<p P*(0) € LT, T + 6].

b) The driver f : Q x [0,7] x A, — R is Lipschitz, that means there exists a constant C' such that for any
t €[0,T], for any ¥ and ' in A;, one has

If(&.9) = f6¥) < Cly -yl
¢) There exists a constant C’ such that | f(s,0)| < C.

Proceeding as before, we consider, on the set {7 < t}, the ABSDE

7dy;a(7_) = Egt [fa(t7 T, Y;Ea (T)7 tc-li-é (7_)7 {n(fi-s(T)}Ofsﬁtsv Zta(T)v Zta—&-zs(T)?
{Zngs(T)}OSSS(% 0,0, 0)]dt - Zz?(T)dBt , T<t<T,

a (3.2)
YT+S(T) = €%+S(T) b 0 S S S 6 )
Z%—&-s(T)z P';:'-‘,-S(T) ) 0<3S57
whereas, due to the uniqueness of pre-default parts we consider the ABSDE
—dYP = B9 [P, Y, Yiss, (Yirs Yo<s<o, 20y Zevss { Zevs Yo<s<o, UL Urs, {Usts bo<s<s)]dt
—Z{dB;, 0<t<T,
b b (3.3)
YT+s:§T+s7 OSSSé?
Z%+SZPT+S> U’?“+5:QT+S7 O<S§5
3.1. Study of the Equation (3.2)
Using the same arguments as in Subsection 2.1 we study the family of ABSDEs
—dY(0) = BT [f(,0,Y(0), Yis(0), {Y . (0)bossss, Z1(0), Z¢5(0),
{Zg+s(0)}0§SS5a 07 070)]dt - Zg(o)dBt ’ 0 S t S T )
Y7,(0) = &rp0(0), 0<t<d,
Zi(0)= Pp,(0), 0<t<o0.
This ABSDE can be written under the following form
—dY(0) = g(t,0,Y(0), Y 5(0),{Y5:(0) o<s<s, Z7(0), 21, 5(0),{ 2 o(0) Yo<s<s)dt
—ZM0)dB,, 0<t<T,
¢ (6)dB, (3.4)

Yip(0) = &r44(0), 0<t<4,
Z7.4(0) = Pry(0), 0<t<d,

which is on the form of Proposition 1.11, where g is given by

9(t,0,9,9,Y,2,2,Z) = E[f(t,0,9,9,Y,2,2 Z,0,0,0)] .
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The Lipschitz condition on g follows from the hypothesis on f. The square integrability of g(tﬁ) =
E*| f%(t,0,0)] follows as in Subsection 2.1 from the boundedness hypothesis of f(t,0). Thus from Propo-
sition 1.11 we get the existence of a unique solution to this ABSDE satisfying

T T+6
27 (s (O + [ (Z0Rs) < B (OF+ [ (€007 + (PO

t<s<T T

+ /t (.0, 0))%ds) (3.5)

3.2. Study of the Equation (3.3)

Using the same arguments as in Subsection 2.2, we are lead to consider

—dYyy = g(t,Y? aYt+5a{ t+s}0§s§5a Zy, t+57{ t+5}0§s§5)dt —7%dB,, 0<t<T
YTQ—&-S = §T+s ) 0 S S S o ) (36)
Zh, = P, 0<s<3,

where
1 t+6 IR,
9ty ¢V, 2n, 2) = a/ E7[f0(6 KK K aes(0)]d6
t
1 —
+EE}—1 [fb (t7ya vaa Zﬂ?»Za Kt4)] :
with
i} (4, Y 5(0), {Vslisaco + Y4 (0)Ligaz0 o<a<s)
$2 = (2, 205(0),{Z:Lys<o + 78 (0) L1550 o<s<s)
[?tg = (Y ( ) 0 {((}/;is( + S) - ys)llt+8<T + 62t"‘sILH_SZT)ILH_SSG}O<s 6)
K} = (YA =y, (Ves(t+0) = Olascry + Quislisssty)Gets s

{(()@ié(t +8) = Vo) ljprs<ry + Quisliprs>1y) Gt+s}o<q<a '

We show that the hypotheses of Proposition 1.11 are satisfied. First, we show that the driver is Lipschitz.
Using that f is Lipschitz we get

. S 1 o - S o
1P 9) = [P ¥) < e E7 [ [f(Y) = f(t,¥)[Lpen]| < ClF —¥] -
It follows that, setting

? = (y7 Yrtié (6>7 {ys]lt+s<0 + Y;f%rs (6>1t+529}0§5§57 Zy Z;lJré(e)’ {Zsllt+SS9 + ZgJFS (0>]lt+s>6}0§s§67
YE() ~ 9,0, { (VL4 3) = P Lsacr + Qurslirazr)isaco} ),
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there exists a constant C' such that
B[t Y )arrs (0)] - E7 (1 ¥ arrs(0)]
< C((y =¥/ +12 = #/DE™ (145(0)) + |Va(8) - Y'a(0)] + |Za(8) - Z'a(0)])
<Clly—y|+1z =2+ Y = V| +12 - Z)ar(0) ,

where we use that a(6) is a martingale. Hence, using that [~ oy (6) df = 1, we get

t+6
/ E7 (I Y) = (6, Y ) arss(0)]df < Clly—y/| +1z =2 [+ Y= V[+]2-2").
t

In the other hand, using the Lipschitz property of f°, that G is upper bounded and denoting
e(t.y) = E7[f°(t,¥)

for ¥ = (y,¢, Y, 2,0, 2, Y2 () —y, (Ys(t+0)—Olgqs<ry + QursLipyo>7))Gits, {((Kis(tJFS)*ys)]l{tJrng}+

Qt+s]l{t+5>T})Gt+5} there exists a constant K such that one has

ogsgé)
|50(ta}_;) _(p(t7§/)| < K|§_§l| :

It follows (using one more time that G is lower bounded) that there exists a constant K such that

|g(t7y)7g(tay'/)| S Kb_;*y’/‘

and the Lipschitz property holds.
There exists an unique solution of (3.3).

3.3. Integrability

The integrability condition of

. 1 t+6
o00) = o [ BP0V O VO obosas
0, 24 5(0),{ Z}" s ()11 >0 bo<s<s)
Y (), 0, {(Vi4 s (t + )L gpyscry + Quislirssry) Lirs<obo<s<s)arys(0)]d0

1
aEFt [f°(£,0,0,0,0,Y;(t), Y 5(t +6) Gryslippscry + Qres Grrslipyss1y)]

follows with the same arguments as in Section 2.2.
We also consider the integrability of the solutions (Y, Z,U) for ABSDE (3.1), where

Vi = Y1y + YA (T 1psay
Zy = Z{lgy<ry + 230 gsry
U = (V) =Ygy -

One can apply the same methodology than the one in the previous section, since Proposition 1.10 is valid in
the case of ABSDE (3.1) and we obtain similar results.
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4. PARTICULAR CASES

4.1. Moving average term

We consider the case

t+0
Y, = E9[f(t,Y;, / asYan(ds), Ze, U\t — ZedB, — UpdH, , 0<t<T,
t
Yrye= €pye, 0<t<9,
Zrye = Pryy,

Uryi = Qrelirii<sy 0<t<9,

where a is a bounded F-adapted process and 7 is a measure of the form 7(ds) = €(s)ds+ >, k; €5, (ds) where £ is
a bounded Borel function, e, the Dirac measure at a, and f(t,y, 7, z,u) is Lipschitz. Since f:+6 las||Ys|n(ds) <

K ( tt+5 Yilds + 3, ]1Sie[t’t+5]Ys,i), the driver satisfies the Lipschitz condition, and the above ABSDE has a

solution.

4.2. Linear ABSDE

In this part we give a closed formula for the solution of linear ABSDEs. That means the driver f is linear
w.r.t. Y, Z and U. We first give a result about the form of Y, part of the solution of a linear ABSDEs in the
Brownian case.

Proposition 4.1. Consider the following ABSDE
—dY, = | <&, Y;>+l|dt— ZdB,, 0<t<T,

Yy = Eppe, 0<t<4, (4.1)
Zryy= Pryy, 0<t<0,

where < -,- > is the scalar product, & and Y are defined by
a, = (ﬂt,ﬁt,ﬁtaatyo'it,gt) s

é §
o= (0B sVl B ([ pesYindu), 2B lgess Zess B ([ aeuZunad)
0 0

and where the processes i, i, jt,0,7,0 € LE[-6,T + 6] are assumed to be uniformly bounded and | € L2 [0,T].
Then, for any t € [0,T], the solution'Y is given by

T T+6
Y, = E7¢ [errgT + / s Xtds + / {ﬁs_5p3§3 +ES_5quS}X§_5ds
t T

T+ ro
+ / / {Hsiupsgs + Qs_uqus} X! du ds} ,
T 0
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106
where
s
AdX{ = | Xl + polis_sXi s +ps/ ny  Xe_ydu| ds
0
§
+ [0 X!+ qsTs s XL 5+ qs/ Oy o X! ,du|dBs, t<s<T+94,
0
X;=1,
X!=0, t—-6<s<t.

Proof. The proof of this result is similar to the proof of Theorem 2.1 in [12]. We give some details in Appendix
d

We now extend the previous result to the case of an ABSDE with jump.

Proposition 4.2. Consider the following ABSDE

—dY; = [<§t,?t>+lt]dt—thBt—Utht, 0<t<T,

Yroe= €rpe, 05t <0,

Zryt= Prit, Urye =Qrlirii<ry, 0<t<0,
where < -,- > is the scalar product, and a and Y are defined by
é’t = (,u'taﬁtaﬁt? O-tao—itv T4 ptvﬁtaﬁt) ’
—’ é
Y= (Yo E9(Yeys), B9 L[ Yipudul, Ze,E% (Zys 5], B9 [ Zusudu], Uy, B9 [Upys], E9 3 Uprudu]) -

We assume the functions p, i, p,0,7,0,p,p,p € LA[-6,T + 0] are assumed to be uniformly bounded and | €

L [0,T).
Then, for any t € [0,T)], the solution Y is given by Y; = Y 1o, + Y2(T)1s>, where Y° and Y(0), for any
0 €10,T], are defined by
. T T+3§
Vo) = B [xoe o)+ [ xeonodnss [ eomo)

t

T+
o_soxisons [ [ (@0, 0)+ Pt ) X, 0]

T+6
/ (Gsﬁgﬁ + G, P53 5) Xzf(;ds
T

+ P!
P = E7 [X;bg%+ / XYL ds +

T+6
/ / Gl + G PP ) Xt duds

with 5 5
L= lf+ﬁf.]tya(t+6)+glt’/ JY(t + w)du + a0 TE (t+5)+at/ JE(t + u)du
0

=b
+ plY(t) + %Eﬂ (GirsY s prs<ry + GirsQeasLirs>1y ]

ob 5
+ E;t E” [/ (Vo (4 u)gpu<ry + Qirul trusTy) Gt+udu} ;
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where X4%(0) is the solution of the following linear stochastic delayed differential equation (SDDE)

§
X (0) = | HEXT(0) + Fums(0)X0%5(0) + / X <9>X§fu<9>d4 ds
0 S—U
5
+ ag_é(e)Xﬁf"(e)+E§_5X§f5(9)+/ ot (0)X,(0)du| dBs, s€t,T+3],
0
X;0) =1
X?a(o) =0, seft—41,

and Xt? is the solution of the following linear SDDE

dXt’b _ ( b _ b) Xt,b + ﬁls)—(s _ ﬁl;—é ]l X
s Hs Ps s G57§ G575 {s<T}
Py b b
Hs—u Bs—u t,b
—|—/ — 1 s—u<T X ’_udu ds
0 (Gsu Gs—u { =T} ®
UZX;’b—i- i 5X“’5+/ g v X" du| dB,, se[t,T+10],
s § s—u
Xph=1,
Xt =10, sect—d1].

Proof. The result is an application of the results of Section 2 and Proposition 4.1. O

5. APPENDIX

5.1. Proof of Proposition 1.10
Applying Ito’s formula to e#*Y2, we obtain for any s € [0, T]]

T T T
STeL — Py = / eﬂ’s(BYf n Zf)ds - 2/ PV, f(s, Y )ds + 2/ PV, Z,dB,  (5.1)
t t t

where Ys = (Y—sa E}-S [Ps+5Ys+6L {E]:b [ps+uY;+u]}O§u§5a st ]E]:b [QS+5Z5+5]a {E]:S [qs+qu+u}}O§u§5) . By the
Lipschitz assumption on f, using similar estimations as in the previous proofs and the boundedness of p and gq,
we obtain there exists K such that

f&Y) < |f(t.Y) — f(t,0)] + f(t,0) (5.2)

>+f(t,6).

IN

5
K<|Yt|+|Zt|+IEE[|Yt+5+|Zt+5|]+Eff /(\Yt+u|+|Zt+u|)dU
0

Combining (5.1) and (5.2), and using several times that 2|ab| < “—62 + ¢b? for different positive constants c, as
for example

Y2
2V, [E” (|Yeps]) < §+c1(Eﬂ(Ys+5))2,
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we get after some computations

T T
K
PN+ 8- 2+ci+eateat+eat c5)K]/t Y 2ds + [1 — ?J/t P Z2ds

T T
- K
< ePTe2 2/ eP*Y, Z,dB, +2/ Y, f(s,0)ds + ;/ R (YR 5)ds

t 1Je
K K [T K
_|_7/ / E"(Y2.,) duds—i-f/ eBSJEJ:S(Zf.H)dS—!—f/ / EF(Z2,,)duds .
C2 Jt 0 Cq Jy Cs5 Jit 0

Taking conditional expectation w.r.t. F;, noting that from Fubini

T 4 T+0
/ 6ﬁ5/ Y2 duds < 5/ P Y 2ds
t 0 ¢

and that
T T+6
/ e’BSYfH;ds < / eP*Y2ds
¢ t

we obtain, after some simplifications, and using again 2|ab| < % + cb? (with a new constant cg!)

Bt 2 K oK F T Bsy 2
WP B2+t etestato)k - — - ——K-c]E( [ e*V]ds)
1 2 t
K K oK T
+1-—=—-=- —]Eft(/ e?*Z2ds)
C3 Cyq Cs t
L ’ ~ oK | K T+
< e'BTEf‘(f%)—k—]EE(/ e?*(f(s,0))ds) + [— ]Eff(/ €2ds)
Ce t C2 C1 T
K K T+9
+—+ —]Eft(/ PZds) .
Cs Cq T

It remains to choose the constants ¢; such that 8 = (2+¢1 + o+ 3+ ¢4 + ¢5)K —|— ot —K + ¢¢ and
% + % + %{ < 1 to obtain that there exists a constant K such that

T+6

Eff[/TZfds] < K]Eff{g%+/
t T

T
(€2 + P2)ds + / (f(s,0))%s] |
t

for any t € [0,T].
The proof for the term with the supremum on Y is obtained using the same methodology and Burkholder-
Davis-Gundy inequality.
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5.2. Proof of Proposition 4.1
Applying It6’s formula to XY and taking the conditional expectation we get

T T T
Xf}/t = E]:t {X%YT + ladeS + / Esxzps-ﬁ-&}/s-i-éds - / ﬁs_(;Xﬁ_(;pssts
t t t

T T
+ / ESX§QS+§Zs+5dS - / 5575X§75QSZSdS
t t

T é T 8
+/ NSXE/ ps+uYs+udu ds _/ PsYs/ /Lsqu;fudUdS
t 0 t 0
T 5 T 5
+/ ngz/ q5+qu+ududs—/ qSZS/ gsqu;ududs} .
t 0 t 0

This can be rewritten, by using X! = 0 for v < ¢, under the form

T T+6 T
Xt = B Xy + [ xds [ o X Vs [ s XL gpYads

t

T+6 T T+6
—|—/ G 6 X! 5qs7Zs ds—/ G 6 X! 5qsZs d8+/ / Xt _ubsYsduds

T+
/ X._ ungdud5+/ / X! L qsZsduds
/ / WXL asZ, duds] .

Since X} = 1, we conclude
T+5
§/t = ]E]:t [X%gT +/ l X ds +/ {/’I’s—ﬁpsgs +5576QSP5} Xﬁiéds

T+6 6
+ / / Hsiupsfs + stuqsps} Xﬁ,udu d8i| .
T 0

5.3. Without Immersion property

We present how to solve the study of ABSDE in a general setting, without immersion hypothesis and explain
that it will only require more attention and more complex computations.
A first method is to note that, under density Hypothesis 1.2, it is known that B is a G-semimartingale of the

form

tAT F t F t
B - B%/ d(B, G)" +/ A(B, a(w)ilu=r _ B%/ vuds
0 t 0

G- AT as(T)

where Gy = P(7 > t|F;) is now a supermartingale and B® is a G-Brownian motion. Therefore, the BSDE (0.1)
has the form

—aYy = ( f(t Y0 E*Yiss), (B VigsDososs: 20 B [Zuys), (B[ Ziss]ossss,

U B9 [Urs5], (B [Urs]Jo<oss) + Ztvt>dt ~ Z,dBS — U,dH, ,
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and where Y7 is given, and the same analysis can be done, under a square integrability assumption on v, which
can be justified in a financial meaning to avoid arbitrages in the enlarged filtration.

A second method? is based on the change of probability on the initial enlarged filtration suggested in the
Introduction, i.e.,

dP*|Fvory = GdP|Fvo(r)
has to be used on G; and is
dP*|g, = {dPlg, ,
where / is given by
_ G(t) 1
t, = E HG) =1er—2 + 1y ——
b= E(lr) G = e ) e

with G(t) = P(7 > t). Under P*, the random time 7 is independent of F7; and B is a P*-Brownian motion.
Under that probability, the ABSDE (0.1) has the form

—dY; = f(t, Yo, GBI [(Loys) " Vars), LB [(Cors) ™ Yars)o<s<ss Ze, GBI [(bris) ™ Zovs),

& (E*gt [(€t+s)7lzt+s])0§s§67 Ut; gtE*gt [(£t+5)71Ut+5] ) gt (E*gt [(€t+8)71Ut+SDOSSS5)dt
— Z,dB, — U,dH;

and where Y7 is given. The same methodology works, providing conditions on ¢ such that the required Lipschitz
conditions are satisfied.
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