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MEASURE SOLUTIONS TO THE CONSERVATIVE RENEWAL EQUATION *

PIERRE GABRIEL!

Abstract. We prove the existence and uniqueness of measure solutions to the conservative renewal
equation and analyze their long time behavior. The solutions are built by using a duality approach. This
construction is well suited to apply the Doeblin’s argument which ensures the exponential relaxation
of the solutions to the equilibrium.

INTRODUCTION

We are interested in the conservative renewal equation

%(b‘, a) + %(t, a) + B(a)n(t,a) =0, t,a >0,

n(t,0) = /oo Blayn(t,a)da, ¢ >0, (1)
0

n(0,a) = n'"(a), a > 0.

It is a standard model of population dynamics, sometimes referred to as the McKendrick-von Foerster model.
The population is structured by an age variable a > 0 which grows at the same speed as time and is reset to
zero according to the rate B(a). It is used for instance as a model of cell division, the age of the cells being the
time elapsed since the mitosis of their mother. Suppose we follow one cell in a cell line over time and whenever
a division occurs we continue to follow only one of the two daughter cells. Equation prescribes the time
evolution of the probability distribution n(t,a) of the cell to be at age a at time ¢, starting with an initial
probability distribution ni". Integrating (formally) the equation with respect to age we get the conservation
property

oo

@/ n(t,a)da =0

which ensures that, if n'™ is a probability distribution (i.e. [;°ni™ = 1), then n(t,-) is a probability distribution
for any time ¢ > 0. It is also worth noticing that Equation admits stationary solutions which are explicitly
given by

N(a) = N(0)e~ Jo Alwdu,
The problem of asymptotic behavior for Equation consists in investigating the convergence of any solution
to a stationary one when time goes to infinity.
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Age-structured models have been extendedly studied (existence of solutions and asymptotic behavior) for a
long time by many authors in a L! setting (see for instance among many others |10,12}/16.[19,21]). More recently
measure solutions to structured population models started to draw attention [1H4}7,9].

The goal of the mini-course is to define measure solutions to Equation , prove existence and uniqueness
of such solutions, and demonstrate their exponential convergence to the equilibrium. Considering measure
solutions instead of L' solutions (i.e. probability density functions) presents the crucial advantage to authorize
Dirac masses as initial data. This is very important for the biological problem since it corresponds to the case
when the age of the cell at the initial time is known with accuracy.

1. SOME RECALLS ABOUT MEASURE THEORY

We first recall some classical results about measure theory and more particularly about its functional point
of view. For more details and for proofs of the results we refer to [17].

We endow Ry = [0,+00) with its standard topology and the associated Borel o-algebra. We denote by
M(Ry) the set of finite signed Borel measures on R .

Theorem (Jordan decomposition). Any u € M(R,) admits a unique decomposition of the form pu = py — p_
where py and p— are finite positive Borel measures which are mutually singular. The positive measure |u| =
pt + p— is called the total variation measure of the measure pu. We call total variation of p the (finite) quantity

Il = [ul®) = pe (Re) + o (Ry).

We denote by Cp(R4) the vector space of bounded continuous functions on Ry . Endowed with the norm
[lflloo := sup,>g |f(z)] it is a Banach space. We also consider the closed subspace Co(RR ) of continuous functions
which tend to zero at infinity. To any p € M(R4) we can associate a continuous linear form 7T, € Cy(Ry)’
defined by

Ty:f— fdu.
Ry

The continuity is ensured by the inequality

T Fl < Mlpllrv 1 lloo-

The following theorem ensures that the application p — T}, is an isometry from M(R.) onto Co(R;)’, where
Co(R)" is endowed with the dual norm

1Tl coryy = | 6|‘up |Tf].

lfllee<

Theorem (Riesz representation). For any T € Co(Ry)" there exists a unique pn € M(Ry.) such that T =T,.
Additionally we have ||T | co®,y = l|lpllrv-

This theorem ensures that (M(Ry), | - [[rv) is a Banach space. It also ensures the existence of an isometric
inclusion Cyp(R1)" € Cp(R4)’. Notice that this inclusion is strict: there exist nontrivial continuous linear forms
on Cy(Ry) which are trivial on Cy(R4). Such a continuous linear form can be built for instance by using the
Hahn-Banach theorem to extend the application which associates, to continuous functions which have a finite
limit at infinity, the value of this limit.

More precisely the mapping ¥ : Cp(R4) — Co(Ry)" defined by ¥(T') = T is surjective (due to the Riesz
representation theorem). So Cy(R;)’ is isomorphic to Co(R+) /Kerw, i.e. for all T € Cy(R) there exists a
unique decomposition 7' = p+ L with p € Co(Ry) = M(R;) and L € Ker ¥. Additionally T' € Cy(R.)" if and
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only if for all f € Cp(R) we have Tf = lim,, oo T(f,,) where f, is defined for n € N by

f(z) if 0<z<n,
fal@)=< (n+1—-2a)f(x) if n<z<n+l, (2)
0 if z2n+1.

Abusing notations, we will now denote for f € Cy,(Ry) and pp € M(Ry)
pf=T,f=[ fdu
Ry

We end by recalling two notions of convergence in M (R, ) which are weaker than the convergence in norm.

Definition (Weak convergence). A sequence (pt")nen C M(Ry) converges narrowly (resp. weak*) to pn €
M(RS) asn — oo if

Jdim p"f = pf
for all f € Cy,(Ry) (resp. for all f € Co(R4)).
2. DEFINITION OF A MEASURE SOLUTION

Before giving the definition of a measure solution to Equation , we need to state the assumptions on the
division rate 3. We assume that g is a continuous function on R which satisfies

Ela*, ﬁminy ﬁmax > 07 va > O, ﬁmin ]l[a*,oo) (CL) < ﬁ(a) < 6max-

We explain now how we extend the classical sense of Equation (1) to measures. Assume that n(t,a) €
CHRy xRy )NC(Ry; LY (Ry)) satisfies (1) in the classical sense, and let f € C1(R,) the space of continuously
differentiable functions with compact support on R . Then we have after integration of multiplied by f

/R () () do = / @) das / / (o, (1@ 8@ @) + 5(0)(0) dads.

This motivates the definition of a measure solution to Equation . From now on we will denote by A the
operator defined on C} (Ry) = {f € C*(R4) | f, f € Cp(Ry)} by

Af(a) := f'(a) + B(a)(f(0) = f(a)).

Definition 1. A family (ui)i>0 C M(Ry) is called a measure solution to Equation with nitial data
it = uit € M(R,) if the mapping t — pu; is narrowly continuous and for all f € CL(Ry) and all t > 0,

t
jof = WS + /0 joAf ds, 3)

i.€.

A fla)dp(a) = A f(a)dui“(a)Jr/O ( A ['(a) = B(a) f(a) + B(a) £(0)] dus(a))d8~

Proposition 2. If t — p; is a solution to Equation in the sense of the definition above, then for all
[ € CH(RY) the function t — utf is of class C and satisfies

S(uf) = mAf, t=0
{d(ﬂ ll 2 (@)

fo = p'™.
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Reciprocally any solution to satisfies .

Proof. We start by checking that is also satisfied for f € C}(R4). Let f € Ci(R4),t>0and p € CY(R) a
nonincreasing function which satisfies p(a) = 1 for a < 0 and p(a) =0 for a > 1. For all n € N and a > 0 define
fn(a) = p(a —n)f(a). For all n € N, f,, € CL(R,) satisfies and it remains to check that we can pass to the
limit n — oco. By monotone convergence we have pf, — pu.f and p'®f, — p®f when n — oco. Additionally
A lloo < (10 oo + 2Bmax)|| flloo + ||/ lo SO by dominated convergence we have psAf, — ps Af when n — oo
for all s € [0,¢], and then fot s Afn ds — fot s Af ds.

For f € C{(Ry) we have Af € Cy(R4) so s — usAf is continuous and using we deduce that

. 1 t+h
Mhutf:ﬁ/ joAf ds = ppAf  when h— 0.
t

O

We give now another equivalent notion of weak solutions to Equation , which will be useful to prove
uniqueness. Compared to , it uses test functions which depend on both variables ¢ and a.

Proposition 3. A family (1t)i>0 C M(R4) is a solution to Equation in the sense of Definition [1] if and
only if the mapping t — u; is narrowly continuous and for all p € CL(R, x R,)

/OOO A [0p(t, a) + Bap(t, a) — Bla)e(t, a) + Bla)p(t, 0)] dpue(a) dt+/ ¢(0,a) du™(a) = 0. ()

Ry

This is also true by replacing p € CH(R4 x Ry) by ¢ € CH(Ry x Ry) with compact support in time.

Proof. Assume that (u):>0 satisfies Definition 1] I and let ¢ € C’b (R4 xRy ) compactly supported in time. As we
have seen in the proof of Prop051t10nl we can use 9y (t,-) € C}(R4) as a test function in (3). After integration
in time we get

/ o Orp(t,a)dpt(a)dt = / . dyp(t, a)dp™(a)dt
/ / - [0a0ip(t, a) — B(a)drp(t, a) + B(a)Dep(t, 0)] dps(a) ds dt
/ (/ Ot a)dt)d,um( )
/ /R+(/ [0:0ap(t, @) — B(G)atso(t,a)+ﬁ(a)8t<p(t,0)]dt>dus(a) ds
:‘/R+ (0, a)du™(a / / dap(s,a) — Bla)e(s,a) + Bla)e(s,0)] dpra(a)ds.

Reciprocally let T > 0, f € CL(R,), and assume that ¢ — g, is narrowly continuous and satisfies (5). We use
the function p defined in the proof of Proposition [2| to define for n € N and ¢ > 0, p,(t) = p(n(t — T)). It is a
decreasing sequence of decreasing C!(R,) functions which converges pointwise to Ljo,71(t), and p), (seen as an
element of M(Ry)) converges narrowly to —dp. Using ¢, (¢, a) = p,(t)f(a) as a test function in (5) we get

0 —/ /R+ pr(t)f (@) + pn(t)Af(a)]dpe(a) dt + s (@) du™(a)

[ee} T
=/ P (t) (pef) dt+/ pu(t) (neAS) At + ™ f —— —qu+/ e AS dt + i f
0 0 0
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3. THE DUAL RENEWAL EQUATION

To build a measure solution to Equation we use a duality approach. The idea is to start with the dual
problem: find a solution to the dual renewal equation

atf(taa) - 8af(tva') + ﬁ(a’)f(t7 a) = 6(a)f(t70)’ f(O, a) = fO(a)' (6)

As for the direct problem, we first give a definition of weak solutions for @ by using the method of characteristics.
Assume that f € C*(R; x R.) satisfies () in the classical sense. Then easy computations show that for all
a > 0 the function ¥ (t) = f(¢,a — t) is solution to the ordinary differential equation ¢'(t) + S(a — t)¥(t) = 0.
After integration we get that f satisfies

t
ft,a—1t) = fola)e Joplemmdu 4 / Bla—r)e 2Pl f(7, 0)dr
0
and the change of variable a < a 4 t leads to the following definition.
Definition 4. We say that f € C,(Ry x Ry) is a solution to (6) when, for allt,a >0,

t
F(ta) = folat t)e i Blatuau / o I3 et g (a4 1y f(t — 7,0)dr (1)
0

t+a
= fola+t)e™ Ju™ Pl / e~ ST AUMB() F(a +t — 7,0)dr. (8)

a

Formulations and are the same up to changes of variables, but both will be useful in the sequel.
Theorem 5. For all fo € Cp(Ry.), there exists a unique f € Cp(Ry x Ry) solution to @ Additionally

for-all £ =0, [[f(t;)lloc < [l folloe,
if fo =0 then for allt >0, f(t,-) >0,
if fo € CL(Ry) then for all T >0, f € CH([0,T] x R4).

Proof. To prove the existence and uniqueness of a solution we use the Banach fixed point theorem. For fy €
Cy(R4) we define the operator I' : Cp([0,T] x Ry) — Cp([0,T] x R4) by

t
Tf(t,a) = fot +a)e™ Jo Bletudu o / o I Blatwdug(q 2y f(t — 7,0) dr.
0

We easily have

ITf = Tglloe < TBllollf = glloos
so I' is a contraction if T < ||8]|cc and there is a unique fixed point in Cy([0,T] x Ry ). Additionally, since
[fllso < [[folloc implies

t
ITflle < ||f000(e— sty 1o S seting oy ) dr) — foll.

0

the closed ball of radius || fo||co is invariant under T' and the unique fixed point necessarily belongs to this ball.
TIterating on [T, 271, [2T,3T], ..., we obtain a unique global solution in Cy(R; x Ry ), and this solution satisfies
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IFllcc < |lfollco- Since T' preserves non-negativity if fo > 0, we get similarly that f is nonnegative when fy is
nonnegative.

If fo € CL(Ry) we can do the fixed point in C}([0,T] x R;) endowed with the norm

1fllci = I flloo + 1192 fllco + 110aflloo-

More precisely we do it in the closed and I'-invariant subset {f € CL([0,T] x Ry), f(0,-) = fo}. We have

t+a t+a T
Tf(t,a) = folt +a)e™ Ja " Bdu 4 / e~ JTAWAG(Y (¢ — 7 + a,0)dr

a

so by differentiation we get
OTf(t.a) = [f(t +a) = B(t +a) fo(t +a)e™ ™" 0

i t+a .
e Ja AW 4 a) o (0) + / o™ S PUIB(T)0, f(t — 7+ a,0) dr

t+a
= Afo(t + a)e™ Jo " Bldu 4 / e~ Ja B g()a, £(t — 7 + a,0) dr. (9)

a

and
0uTf(t,a) = [fi(t+a) + (Ba) — B(t + a)) folt + a)]e Ja " PIdu o= L7 Bldug(y o g) f1(0) — B(a) f(t,0)
b [ B I v 0)ar [ eI A1 7 4 a0)r
= [f5(t +a) + (B(a) — B(t + a)) (folt + a) — fo(0))]e™ Ja " Alwdu
+ / e S OB — B(@)Du (¢ — 7+ 0,0

Finally we get

ITf = Tglloy < TNBlo [I1f = gllee +2010:(f = 9)llo] < 2T Bl f = glley-

We conclude that if fo € C}(Ry) then the unique solution belongs to C} ([0, 7] x R4.) for all T > 0.

Lemma 6. Let fo,g0 € Cp(Ry) such that
JA >0, Ya € [0, 4], fo(a) = go(a)

and let f and g the solutions to Equation @ with initial distributions fy and gy respectively. Then for all
T € (0, A) we have
vVt €[0,T], Ya € [0,A — T, f(t,a) =g(t,a).

Proof. The closed subspace {f € Cy([0,T] x Ry), Vt € [0,T],Va € [0,A—T], f(t,a) = g(t,a)} is invariant
under T if fy satisfies Va € [0, 4], fo(a) = go(a). O

Proposition 7. The family of operators (My)i>o0 defined on Cyp(R4) by Myfo = f(t,-) is a semigroup, i.e.

Mof = f and Mt+sf = Mt<Msf)
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Additionally it is a positive and conservative contraction, i.e for all t > 0 we have

f20 = M, f>0,

Mtl == 17

Ve CoRy), [Miflloo <Iflloo-
Finally it satisfies, for all f € C}(Ry4) and all t > 0,

oM f =M Af =AM, f.
Proof. Let f € Cy(Ry), fix s > 0, and define g(t,a) = My (M f)(a) and h(t,a) = My f(a). We have ¢g(0,a) =
h(0,a) and
t
glt.a) = Mft-+a)er 00 g [F eI a7, 007

0
and

t
h(t,a) = f(t+s+a)e Jo  Blatudu | / e~ Jo Blatwdugq 4 H)h(t —7,0)dr
0

t+s

N / e~ Jo Blatwdugq L M, . f(0)dr

t

t
= f(t+s+a)e Jo Blatuydu 4 / e~ JoSlerwdug(q 4 r)h(t — 7,0)dr
0

n / o= f01—+t ﬁ(a‘*'“)d“ﬁ(a + T+ t)MS_Tf(O) dr

0

= [f(t +a+s)e” Jo Altatudu y / o~ Jo Bttt wdug(t 4 o+ 7) M £(0) dr e o latuidu
0

t
+ / e Jo Blatwdug (g 4 Tyh(t — 7,0) dr
0

t
— Msf(t + a)e— fJ Bla+u)du +/ o Ir B(a+u)duﬁ(a + T)h(t - 0) dr.
0

By uniqueness of the fixed point we deduce that g(t,a) = h(t,a) for all ¢ > 0.

The conservativeness M;1 = 1 is straightforward computations and the positivity and the contraction prop-
erty follow immediately from Theorem [5}

Now consider f € C}(R,). From @ we deduce that 9, M, f is the fixed point of " with initial data Af. By

uniqueness of the fixed point we deduce that 9;M,f = M;Af. But since f € C}(Ry), M, f satisfies @ in the
classical sense, i.e. OM,f(a) = AM,f(a), and the proof is complete. O

Remark. The semigroup (M;)i>o is not strongly continuous, i.e. we do not have lim;_o || M f — fllco = 0 for
all f € Cp(Ry). However the restriction of the semigroup to the invariant subspace of bounded and uniformly
continuous functions is strongly continuous.

4. EXISTENCE AND UNIQUENESS OF A MEASURE SOLUTION

We are now ready to prove the existence and uniqueness of a measure solution to Equation . We define
the dual semigroup (M;);>o on M(R1) = Co(Ry) by

MMt : f € CO(R+) — ,U/(Mtf) = e Mtf dM
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In other words we have by definition

Vf e Co(Ry), (M) f = p(Mef), i.e. . fd(uMy) = . M f dp.

The following lemma ensures that this identity is also satsified for f € C,(R4). From now on we will denote
without ambiguity the quantity (uMy)f = uw(Mf) by uM.f.

Lemma 8. For all f € Cy(Ry) we have (uMy) f = p(Mf).

Proof. The identity is true by definition for any f € Co(Ry). Let f € Cy(Ry) and f,, as defined in (2)). The
sequence (fy,)nen lies in Co(Ry) so (uMy) fr, = w(Myfy,) for all n € N. By monotone convergence we clearly have
(uMy) fro = (ubly) f. We will prove that u(M, f,) — w(Mf) by dominated convergence. First by positivity of M;
we have |M, fn(a)] < Mi|fnl(a) < M| fl(a) < ||f|leo- Additionally since fy,(a) = f(a) for all a € [0,n], we have
from Lemmal[6 that for all a € [0,n — t], M, f,(a) = M, f(a), so for all a > 0 we have M, f,(a) = M;f(a). O

Proposition 9. The left semigroup (My;);>0 s a positive and conservative contraction, i.e for allt > 0 we have

p=0 = uMy>0 and |[|uMlrv = ||plrv,

Vpe MRy),  [[uMllry < ||pllrv.

Proof. 1t is a consequence of Proposition m If u > 0, then for any f > 0 we have (uMy)f = p(Mf) > 0.
Additionnally ||uM||lTv = (uM:)1 = p(M:1) = pl = ||p|lrv. For p € M(R4) not necessarily positive, we have

lpMillry = sup [uMif| < sup |ugl = [[ullrv-.
11l <1 lglloe<

O

Remark. The left semigroup is not strongly continuous, i.e. we do not have limy_q ||uM¢ — p||l7v = 0 for all
w € M(Ry). This is due to the non continuity of the transport semigroup for the total variation distance: for
instance for a € R we have ||0q+t — 0q||7v = 2 for any t > 0. But the left semigroup is weak™ continuous. This is
an immediate consequence of the strong continuity of the right semigroup on the space of bounded and uniformly
continuous functions (which contains Co(Ry)). The left semigroup is even narrowly continuous as we will see
in the proof of the next theorem.

Theorem 10. For any u™ € M(R.), the orbit map t — p™ M, is the unique measure solution to Equation .

Proof. Eristence. In this part we use Proposition [7] at different places. Let u € M(R,). We start by checking
that ¢ — pM; is narrowly continuous. Let f € Cp(R4). Due to the semigroup property, it is sufficient to check
that limy_,o uMyf = pf. But from we have

t
M, f — pf| < ‘uf - . fla+t)e Jo Plarwduq gy 4 'u /0 e Jo Blrwdug( L M, £(0)dr|.
+

ﬁO by dominated convergence <llellzvBlloo l flloot :—0—)0
— £

Now we check that (uMy)i>o satisfies (B). Let f € C2(Ry). Using the identity 0,M,f = M;Af and the
Fubini’s theorem we have

(uM)f = p(Mf) = uf + o /0 O, M.fds = uf +u /0 M.Afds = uf + /0 (M) Af ds.
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Uniqueness. Because of Proposition we can prove uniqueness on formulation . By linearity we can
assume that ¢™ = 0 and we want to prove that the unique family (u;);>o which satisfies

/OOO/R [Oip(t, a) + Daip(t, a) — B(a)p(t, a) + B(a)p(t, 0)]du(a) dt = 0

for all ¢ € C}(R; x Ry) with compact support in time, is the trivial family. If we can prove that for all
Y € CH(R4 x Ry) there exists ¢ € Cf (R4 x Ry) compactly supported in time such that for all t,a >0

Orp(t, a) + Dap(t, a) — Bla)p(t, a) + Bla)p(t, 0) = (L, a), (10)

then we get the conclusion. Let 1 € C}(Ry x Ry) and let T > 0 such that supp+ C [0,T) x R,. Using the
same method as for (6)), we can prove the existence of a solution ¢ € C}([0,T] x R4) to with terminal
condition ¢(T,a) = 0. Since ¥ € CL([0,T) x R;) we easily check that the extension of ¢(t,a) by 0 for t > T
belongs to C (R4 x R.), is compactly supported in time, and satisfies .

O

5. EXPONENTIAL CONVERGENCE TO THE INVARIANT MEASURE

As noticed first by Sharpe and Lotka in [18] the asymptotic behavior of the renewal equation consists in a
convergence to a stationary distribution. This property has then been proved by many authors using various
methods for L' solutions [5}6}8}/11,[14},/15,/20]. The generalized entropy method has even been extended to
measure solutions in [9]. Here we use a different approach which is based on a coupling argument. More precisely
we prove a so-called Doeblin’s condition (see [13] for instance) which guarantees exponential convergence of any
measure solution to the stationnary distribution. Denote by P(R) the set of probability measures, namely the
positive measures with mass 1.

Theorem 11. Let (M;)i>0 be a conservative semigroup on M(RL) which satisfies the Doeblin’s condition
Jto>0,ce (0,1), v € P(Ry) such that Vp e P(Ry), puMy > cv.

Then for o = %Ol_c) > 0 we have for all p1, po € M(R4) such that 1 (Ry) = pe(Ry) and allt >0

—Oz(t—to

11 My — 2 M|y < e N — pallzv.

Proof. Let p1,p2 € M(Ry) such that pi(Ry) = p2(Ry), so that (u1 — p2)+(Ry) = (u2 — )+ (Ry) =
|l — pallrv. The measure p defined by

2

po= (1 — pt2)-
|11 — p2lrv

thus satifies p4, u— € P(R4) and the Doeblin’s condition ensures that
p+ My = cv.
Using the conservativeness of M, we deduce that
e Miy = cvlrv = (peMiy —cv)(Ry) =1 —c¢

and then
My ||l rv < ||pgs Miy — cvliry + |p— My — cv|lry = 2(1 —c¢)
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which gives
1
|11 My — pa My, [|rv = §||u1 — p2||7v |pMe, [|rv < (1 = ¢)|lpr — p2ll7v-

Now for t > 0 we define n = L%J and we get by induction

1 My — pa M|y < (1 — )™ My—nty — p2My— iy l7v < €579y — po|| 7y
This ends the proof since
nlog(l—c) < (% - 1) log(1 —c¢) = —a(t — to).
U
Proposition 12. The renewal semigroup (My);>o satisfies the Doeblin’s condition with to = a. + 1, ¢ =

1 Bumin € Pmex(@=+0) - and v the uniform probability measure on [0,m], for any choice of n > 0.
Proof. We prove the equivalent dual formulation of the Doeblin’s condition:

Jtp > 0,ce€ (0,1), v € P(Ry) such that Vf >0, Va>0, My f(a)=cf).
To do so we iterate once the Duhamel formula @ and we get for any f >0

t
f(t)a) - fO(t + a)e_ f(f Ba+u)du +/ e~ Iy ﬁ(a—!—u)duﬁ(a + T)f(t - 0) dr
0

t
— folt + a)e PRy [ on Sy S g ot — e KA G (> 0)
0

t
2/ e Jo Platwdug g 7y fo(t — 7)e” Joo7 Blwydu g p
0

t
- / e ST Bt g g 4t ) fo (re Je B g
0

Consider the probability measure v defined by vf = % fon f(a)da for some i > 0. Then for any ¢t > a. + 1 and
any a > 0 we have

t
flt,a) > / e~ Ji B(a+u)duﬂ(a ot =) fo(r)e Ji Blwdu g
0

n
> / e—ﬁmax(t—T)ﬁminfO(T)e—ﬁmaxT dr
0
=1 Bmin e P2t (v fo).

O

As we have already seen in the introduction, the conservative equation admits a unique invariant prob-
ability measure, i.e. there exists a unique probability measure pio, such that p.M; = e for all ¢ > 0. This
probability measure has a density with respect to the Lebesgue measure

dptee = N(a)da

where N is explicitly given by
N(a) = N(0) e Jo Plw)du
with N(0) such that [;° N(a)da = 1.
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Corollary 13. For all p € M(Ry) and all n > 0 we have

VE2 0,  [luMy— (pD)psllrv < em 0 — (1) pool| v,
where tg = a, + n, c= 776min e*ﬁmax(aﬁrn)’ and o = 71%5)176)'

Notice that in the case a. = 0 we obtain by passing to the limit  — 0

VE20,  [|pM; — (pD)psollry < e Pl — (u1) pos || v

The author is very thankful to Vincent Bansaye and Bertrand Cloez for having initiated him to the Doeblin’s method.
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