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STABILITY ANALYSIS OF THE VECTORIAL LATTICE-BOLTZMANN
METHOD

KEVIN GUILLON! AND ROMANE HELIE, PHILIPPE HELLUY?

Abstract. We perform a stability analysis of the Vectorial Lattice-Boltzmann Method
(VLBM). The VLBM has been introduced in [1H3}|9/18]. It is a variant of the LBM
with extended stability features: it allows handling compressible flows with shock waves,
while the LBM is limited to low-Mach number regime. The stability analysis is based
on the Legendre transform theory. We also propose a new tool: the equivalent system
analysis, which we conjecture to contains both the stability and the consistency of the
VLBM.

Résumé. Nous effectuons une analyse de stabilité de la méthode lattice-Boltzmann
vectorielle (VLBM). La VLBM a été introduite dans [113)9,18]|. Il s’agit d’une variante de
la LBM avec des propriétés de stabilité étendues : elle permet de traiter les écoulements
compressibles avec des ondes de choc, tandis que la LBM est limitée au régime a faible
nombre de Mach. L’analyse de stabilité est basée sur la théorie de la transformée de
Legendre. Nous proposons également un nouvel outil : 'analyse par systéme équivalent,
qui prédit a la fois la stabilité et la consistance de la VLBM.

1. INTRODUCTION

The Vectorial Lattice-Boltzmann Method (VLBM) is a variation of the Lattice-Boltzmann
Method (LBM) proposed by several authors [1H3}[9}[14}/18] for solving systems of conservation
laws. Compared to the traditional LBM, which uses a scalar distribution function, the VLBM
utilizes a vectorial distribution function and offers several advantages. For instance, it allows for
a fully rigorous entropy stability analysis [3,/18], which ensures that the resulting schemes can
compute shock waves [2] while the standard LBM is only stable on low-Mach number flows.

Both the LBM and the VLBM are based on a kinetic representation of the system of conservation
laws, which consists of a set of transport equations coupled through a stiff relaxation term with
a small parameter €. Solving the transport and relaxation separately through a splitting method
results in simple and efficient schemes.

However, this methodology raises several natural questions, three of which are listed below:

(1) Is the kinetic representation stable as e — 07

(2) Is the kinetic representation consistent with the system of conservation laws as e — 07

(3) Is the splitting scheme consistent with the kinetic representation and/or the system of
conservation laws as € — 07

The first question can be answered by an entropy analysis, which has been explored in prior
work [3L/18]. However, the fully rigorous theory has not yet been achieved, especially for general
systems of conservation laws in high-dimensional spaces. This is related to challenging questions,
such as the mathematical theory of Navier-Stokes equations |33|, strange behavior of the general
solutions of conservation laws [12], and uncertainty quantification [21].

The second question regarding whether or not the kinetic model converges towards the ap-
proximated conservation laws can be fully answered in some specific cases. However, the general
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case is also difficult. There are some semi-heuristic arguments, based on the Chapman-Enskog
expansion [8], that provide explanations for the convergence of the stiff relaxation approximation.
Among many works in this direction, [13| presents one approach.

The third question is related to the fact that the stiff relaxation is never resolved in practice.
Instead, a time splitting scheme with over-relaxation is used. In most situations, this splitting
algorithm does not provide a good approximation of the relaxation model, but rather it approx-
imates the initial conservation laws directly, which is the ultimate objective. Theoretically, this
approach is justified with an equivalent equation analysis, performed directly on the time splitting
scheme without the relaxation intermediary. The analysis relies on a combination of Taylor and
Chapman-Enskog expansions |15] and generally provides relevant information on the consistency
of the LBM or VLBM method.

However, the stability of the equivalent equation is generally not sufficient to ensure the stability
of the VLBM |[5]. Thus, separate studies are necessary for both the stability and the consistency
of the method in practice.

In this work, we aim to provide a more comprehensive justification for the stability and con-
sistency of the VLBM method. We begin by reviewing the entropy stability of the VLBM, which
can be proven using the Legendre transform theory. We demonstrate that this approach can be
naturally extended to prove the stability of the VLBM when an over-relaxed splitting scheme is
used for time integration.

To analyze consistency, we propose a new algorithmic approach for constructing a system of
equivalent Partial Differential Equations (PDEs) that includes not only the conservative variables
but also the equilibrium deviation variables. In several examples, we show that the analysis of the
equivalent system and the entropy analysis yield the same stability condition.

We then utilize an additional Chapman-Enskog expansion to remove the equilibrium deviation
variables, under a smallness hypothesis. This enables us to recover the traditional equivalent
equation provided by other authors [104|17}22].

Finally, we present numerical experiments to verify that the equivalent system with deviation
variables provides more accurate information about the stability of the VLBM than the standard
equivalent equation.

2. HYPERBOLIC CONSERVATION LAW AND DUALITY

2.1. Hyperbolic systems of conservation laws

In this work, we consider the numerical resolution of a system of conservation laws

d
W+ 0,Q' (W) =0, (2.1)
i=1
where the unknown is a vector of m conserved quantities W(X,t) € R™, depending on a space

variable X € R? and a time variable t € R. Let N = (Ny,..., Ng) € R? be a space vector. The
flux of the system is defined by

d
Q(W,N) = Z Q' (W)N;.

We assume that the system of conservation laws admits a Lax entropy W +— s(W). Therefore,
there is an entropy flux > ¢*(W)N, such that

d
Os(W) + Zaigi(W) =0,
i=1

whenever W is a smooth solution of (2.1)). This imposes that

Dy s(W)Diw Q' (W) = Dig' (W), (2.2)
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where we have denoted by Dy g(W) the Jacobian of g(W). Let us recall that the Jacobian is the
transpose of the gradient

Thus Dy s(W) is a row vector, while Vi s(W) is a column vector.
In addition, we assume a convexity hypothesis of s on a closed convex cone K C R™:

s is strictly convex on K.

Finally, following a standard convex analysis convention, we extend s by an infinite value outside

K:
s(W) = +o00, W elK. (2.4)

Remark 1. For working in a fully practical framework, it is indeed necessary to consider cases
where IC # R™. However, this leads to mathematical questions that we have not yet investigated.
Therefore, in the following, the reader can suppose that = R™.

2.2. Entropy and symmetrization

According to the Mock theorem [30,31], the system ({2.1)) is symmetrizable and thus hyperbolic:
for all W € K and all N € R¢ the Jacobian of the flux

A(W,N) = DwQ(W, N)

is diagonalizable with real eigenvalues.
Let us recall how to prove this result, because it will be useful. For this we introduce the
conjugate of the entropy [25}26] defined by

sY(W™) = mwe/LX(W* W = s(W)), (2.5)
where we denote by - the usual dot product:
W*-W=W*TW = WTW*.
Thanks to we can also write

sY(W™) = ‘Ijlvlgﬁ(W* W — (W), (2.6)

The components of W* are called the dual variables, or entropy variables [6,11,[23]. The function
s* is called the conjugate or the dual entropy. The definition of the conjugate applies to
functions that are not necessarily smooth or convex. In the regular case, when s is smooth and
strictly convex on R™, for instance, s* is defined implicitly by the following two relations

W* = Vs(W(W*)), (2.7)

sHW™) = W* - W(W*) — s(W(W*)). (2.8)

The formula (2.7]) determines uniquely the map between the conservative variables W and the dual
variables W*. In the convex case, it can also be shown that s** = s. Thus, we have the reverse
relations:

W = Vs (W*(W)),
s(W)=W*W) - W — s*(W*(W)).
We can also define the dual entropy flux by the relation

P (W) = W* - Q' (W(W™)) — g"(W(W™)). (2.9)
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We do not use exactly the same symbol for the dual entropy (x) and the dual flux (), because the
definitions are slightly different. An important fact is that the knowledge of s*(W*) and P**(W*)
is sufficient to reconstruct the system of conservation laws (2.1). Indeed,

V=P (W*) = Q' (W(W*)) + W* - Dy Q" (W (W*)) Dy~ W (W*) — Dy g’ Dy« W (W*),
= Q' (W(W™)) + Dy s(W)DwQ (W (W?*)) Dy« W(W*) — Dy g' Dy« W(W*),

(because of and (2.2))
= Q' (W(W")) + Dwg" (W (W) Dy W (W) = Dywg" (W (W*)) Dy W (W*),
(because of (2.7)), and thus

V=P (W) = QYW (WH)). (2.10)

In short: the gradient of the dual entropy gives the conservative variables and the gradient of the
dual flux gives the flux.

Theorem 2. The change of variables W* — W (W™*) symmetrizes the system of conservation laws

.
Proof. Indeed
W+ 0,Q' (W) =0,

can be rewritten
OVw-s"(W*) + > 0;Vw-P"*(W*) =0,

thanks to the above remark (2.7) and (2.10)), or

Diyqy- 8" (W)W + 3 Dy PP (WO W* = 0, (2.11)

where the Hessian matrices D%,y s*(W*) and D%,. . P*(W*) are obviously symmetric and
D%, 1. s*(W*) is positive definite when s* is strictly convex. O

We have just proven the Mock theorem [31]. In the following sections, we shall often try to
guess directly a symmetrization of the system of conservation laws, rather than the full dual
entropy theory to obtain the stability conditions of the relaxation scheme.

Remark 3. In the following, the practical stability will derive from a convexity condition imposed
on s*. This may sound strange, because the conjugate of any function is always convex, according
to the standard definition . We need to be a little bit more subtle. Actually, it is possible to
define two different duality transformations. Let us denote by Fenchel transform the s* given by the
first formula . The Fenchel transform derives from an optimization problem. Let us denote by
Legendre transformation the s* given by formula and . The Legendre transform is thus
defined by purely algebraic relations. It is unambiguously defined, as soon as W — W* = V(W)
is an invertible map. In this algebraic definition, s* is not necessarily convex, but the convexity
of s* is equivalent to the convexity of s. The Legendre and Fenchel transform are different in the
general case. They coincide in the convex case.

Remark 4. In the most general case, the Legendre transform is a multivalued function. It has to be
defined from differential geometry tools. The interested reader can refer to [19] for an introduction
to this topic.



50 ESAIM: PROCEEDINGS AND SURVEYS

3. VECTORIAL KINETIC MODEL

3.1. Direct construction

In this section, we recall the entropy theory of the kinetic representation. This theory has a long
history, see for instance [6}/11}[16}23}/29,|311|32]. In our context it has been analyzed by Bouchut
in [3,/4]. The ideas have been rephrased with a systematic use of the Legendre transform in the
work of Dubois [18|. Let us now recall the theory.

We consider a formal vectorial kinetic representation of system

1
8tFk+Vk'VFk:g(F}§q_Fk‘)7 k=1...n,. (31)

The approximate conservative vector is the sum of the kinetic vectors
Ny
W=> F, (3.2)
k=1

and the kinetic equilibrium vectors (or Maxwellians) are functions of the conservative data
F4 = FA(W). (3.3)

The kinetic velocities Vj, are n, constant and given vectors of R?. In practice, it is interesting to
introduce a positive parameter \, whose purpose is to change the size of the kinetic velocities. So
we shall often take

Vi = AV, (3.4)

where the directions Vj, of the kinetic velocities are fixed. In this way, the kinetic velocities can be
dilated.

For practical reasons we also introduce the kinetic vectors F' and F'®?, which are column vectors
made of all the stacked kinetic data:

F=(FT,...,FT)T, F= ((F{)7,...,(Fs)")".
With the help of the following diagonal matrices (1,, is the identity matrix of size m x m)
Vil
Vi = . . )
Vilm
the kinetic system can also be written in the compact form
d 1
OF 9; (VIF) = =(F*9 - F).
i L+ ; ( ) 6( )

When ¢ — 0, we expect that
Fk ~ Flsq. (35)

If we assume that . .
W= FAW), QW)=Y ViF(W), (3.6)
then, summing on k and u];i:rig we formally obkt:dln
d
AW+ 0,Q" (W) ~0,
i=1

and we have obtained an approximation of the initial system of conservation laws.
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Remark 5. For being more rigorous, we should have made more explicit in and the
dependency of Fj, and W = ), Fj, with respect to . For instance, by using the notations F, ,EE)
and W), But we prefer to lighten the notations, and in the following the dependency with e will
be implicit. This means that from now on, W = %", Fj, is not an exact solution of but an
approximate one.

For the moment, instead of relating the equilibrium (3.3) to the conservation laws (2.1), we
assume that the equilibrium is obtained from an entropy optimization principle. For this we
introduce a microscopic entropy

o(F) = i:sk(Fk%
k=1

where the kinetic entropies s are strictly convex functions of the Fy on K. The macroscopic
entropy is obtained from the resolution of the following constrained optimization problem

s(W) = W:mzi:an o(F). (3.7)

In optimization theory, this operation is known as an inf-convolution operation [26]. The macro-
scopic entropy is the inf-convolution of the kinetic entropies. In many works, the inf-convolution
operator is denoted with a (1. We thus have:

s =s510sy...Osp,.

We denote by F;4(W) the (supposed to be unique) values of Fj, that achieve the minimum

If we introduce the Lagrangian

Ny

L(F,A) = si(Fi) + A- (W— i:Fk> .
k=1

k=1
The minimizer F°(W) and the Lagrange multiplier A(WW) are characterized by

ViskFp) =A, Y Fi=Ww (3.8)
k=1

These relations are simply obtained by deriving the Lagrangian with respect to Fj or A.
An essential property of the inf-convolution is that the Fenchel transform changes it into a sum.
We thus have

s (W*) = Z sE(W™). (3.9)
k=1

Taking the Legendre transform of (3.8)) we see that the couple (F;*(W), A(W)) is a solution to
FR = Vasp(AW)), Y Fi=Ww. (3.10)
k=1
Summing over k£ we also have the Lagrange multiplier in an easier way

D OF =) Vasp(AW)),
k=1 k=1

W=V siAmr)),
k=1
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= Vas™(A(W)),
and thus
AW) =W*(W) =Vs(W).
The Lagrange multiplier of the constrained optimization problem is simply the gradient of
the macroscopic entropy.
Let us now assume the additional property

PHW*) =Y Visp(W*). (3.11)
Then we have

V= PP W*) =Y ViV sp (W),
k=1

VPP (W*) =Y ViFRY(W),
k=1

(from (3.10))) and thus, from ([2.10)

Q'(W) =Y ViF(W). (3.12)
k=1
In the flux form, we can also write
QW,N) = (Vi - N)F(W).
k=1

We recover the relations (3.6) that impose the consistency of the kinetic model with the
system of conservation laws (2.1). But now the consistency derives from an entropy optimization
principle. We can sum up the direct construction of a kinetic model that is entropy consistent
with :

(1) Compute the Legendre transform s* of the entropy s by (2.7), (2.8).

(2) Compute the dual fluxes P** by (2.9).

(3) Find n, strictly convex functions s} satistying the consistency relations written in the dual

variables:

iu: sy = s", iu: Visy = P"*. (3.13)
k=1 k=1

(4) The equilibrium is given by
F* = Vs;j.

Remark 6. If n, > d + 1, there is generally at least one solution to the algebraic system (3.13)).
The difficulty is to ensure that the s} are convex. For this property to hold, the scaling (3.4) is
useful. It gives an additional degree of freedom for ensuring convexity.

Remark 7. The main advantage of constructing the kinetic entropy by the dual analysis is theoret-
ical. In the end the algebraic consistency relations given in (3.6]) are recovered. The dual analysis
ensures that the equilibrium kinetic vector F;,? corresponds to a minimum of the kinetic entropy.

3.2. Reverse construction

Now that we have recalled the entropy theory of the kinetic representation, we can proceed in
the reverse way. We choose the equilibrium F°? in such a way that the consistency relation is
satisfied. From the above theory, we expect that F,,"(W (W*)) is a gradient, when it is expressed
in the entropy variables W*. We can thus find dual kinetic entropies s} (W*) such that

FAW(W?)) = V= si (W)
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By Legendre transform, we can (in principle) compute the kinetic entropies si(F})) and this gives
us the microscopic entropy

Ny

o(F) = si(Fy).
k=1

The main point in the reverse construction is to ensure that the strict convexity is preserved.
In practice, we will see that the microscopic entropy is convex under a condition that A is large
enough. This will be the subcharacteristic condition.

4. SPLITTING AND OVER-RELAXATION

4.1. Splitting scheme

In this section we recall how to solve practically in time the kinetic system . Indeed, in
all the transport equations are coupled in a non-linear way. We introduce a splitting method
for separating the transport equations. In this numerical method, the approximation of the kinetic
data is computed at fixed times t,, = nAt, where At is the time step. The approximation is
not continuous at time ¢,, i.e. we distinguish between the values of Fj(X,¢,,) and of Fj(X,t}).
Suppose that we know the kinetic data Fj,(X, ¢ ;) at the end of time step n — 1. Computing the
next time step consists first in solving the homogenous transport equations

O F, + V- VF, =0,

for a duration of At, which defines Fy (X, ;). Indeed, using the characteristic method (and avoiding
for the moment difficulties arising from the boundaries), we get the explicit formula

Fk(X;tT_L) :Fk(X_AtVImti_l)- (41)

In this way, we obtain the new conservative data by

Ny

W(X,t,) =Y Fe(X,t,).
k=1

We then apply the following over-relaxation formula
Fo(X,t)) = wFA(W(X,t,)) + (1 — w) Fe (X, t,). (4.2)

Several choices can be made for the relaxation parameter w. The choice w = 1 corresponds to a
projection of the kinetic data on the equilibrium at the end of each time step. The choice w = 2
(over-relaxation) is interesting, because, in this case, it can be shown that the time integration is
second-order accurate (see for instance [9] and included references).

4.2. Operator notations

The splitting scheme is very simple to implement in a computer program and no additional
information is needed. However, we introduce here some additional mathematical notations that
will be useful for deriving the equivalent equation analysis.

The interesting output of the kinetic scheme is obviously the conservative variables vector of
size m, given by

Ty
W =>" F.
k=1
However, the kinetic representation introduces n, kinetic vectors F}, instead of one vector W. For
the analysis, it is necessary to supplement W with additional quantities. The equivalent equation

could be written in an arbitrary set of variables Y € R™". We have done a particular choice,
which helps the understanding, to our opinion.
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The first components of Y are made of the conservative variables W. The next components will
be made of the flux errors

> Vi(F-F)=> WK -Q, 1<i<d
k=1 k=1

If n, = d+ 1, we have enough variables. If n, > d + 1 we still have to supplement Y with
ne = (ny, — d — 1) independent linear combinations of the kinetic data

S B (R —F), 1<(<n,—d—1=n,.
k=1

It is convenient to choose the coefficients Bﬁ of the linear combinations in order to cancel the
contributions of F'*?

> BLF=0. (4.3)
k=1
Finally, Y is of the form
%4 0
Ek Vlek Zk Vlekeq
Y = S Vi, —| S VEF
> BeFr 0
S B Ry 0

While the m first components of Y are an approximate solution to (2.1
Ylmm _ m
we expect the next components to be small

Ym+1~~~mnv ~ 0.

In the following, we denote the sub-vector Y™ 1 "mnv a5 the flux error (even if the last components
of Y, as we have seen above, are not necessarily all related to fluxes).
We can write the Y representation in a matrix form

Ny

Y(F)=MF — CMF(W(F)), W(F)=>_ F. (4.4)
k=1

We call the matrix M the matrix of moments. It is supposed to be invertible. The matrix C' is the
diagonal matrix

OmnC

where we denote by 1, the diagonal identity matrix of size r x r and by 0, the null matrix of size
r X r. The nonlinear mapping F — Y can be inverted explicitly
FY)=M'Y + M 'CMFYW(Y)), W )=t .,Yy™T. (4.5)

The notations are tedious but simple. For making them clearer, let us consider three examples
that we will use below.
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4.2.1. D1Q2 case

In this case, the space dimension d = 1 and we take two kinetic velocities
Vl == —)\, V2 = )\
Because n, = d + 1 and from the consistency relation (3.12)), the equilibrium is necessarily given

by

FeI(W) = %W _ %Q(W)7 F59(W) = %W + iQ(VV)

2\
_ Im Im
v=( 5, )
4.2.2. D2Q3 case

In this case, the space dimension d = 2 and we take n, = 3 kinetic velocities

aa(8). wt(A): wt( )

Because of n, = d 4 1 the equilibrium is uniquely defined. It is given by

Then

w
Feq — M71 Ql ,

QQ
with
Im Im Im
M= A, —ii, =31,
3 3
Om %Alm *%)\lm
We find

w2 o
A /A .
Ty et (Q2>

4.2.3. D2Q/ case

In this case, the space dimension d = 2 and we take four kinetic velocities

1 () wea () mo(2). wes( )

Because n, > d + 1, we have one degree of freedom for the computation of the equilibrium. We
can take, by analogy with the D1Q2 model:

e 1 1 . 1 1
Fi(W) = JW £ 52 Q (W), F5h(W) = ;W + 52 Q*(W).

Then the matrix of moments is given by

1, 1, 1, 1,
AL, =2l O, O,
M= O, O, Al Al

A2, A1, =M1, =A%,

For the D2Q4 model, other choices are possible for the last row of the matrix of moments. We have
made the choice proposed in [20], but we could have replaced A\? by one, for instance. Actually,

we could have supplemented by any row that ensures that M is invertible, but then the condition
(4.3) is generally not satisfied.
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4.2.4. Transport operator in the Y wvariables

With these notations, we can rewrite the transport operator in the Y variables. Let us define
the 7 (At) shift operators, applied on an arbitrary function X — f(X) by

(e(ADF)(X) = F(X — AtVy).
The vectorial shift operator is then given by

T1 (At)].m 0
T(At) =
0 Ty (A) 1,

The initial data Y (-, ;) at the end of the time step n—1 are supposed to be known. The transport

’»¥n—1

map 7 (At) is the procedure that takes Y (-, ¢, ;) and produces Y (-, ;) before the relaxation step:
Y('7 t:L) = T(At)Y(7 t::fl)'

The procedure is as follows:
(1) Express the initial data Y in the kinetic variables thanks to (4.5))

F(,tt

n—1

)= F(Y (- ty 1))
(2) Apply the transport operator

F(,t;)) =71(AOF(-,t_ ).

n—1
(3) Go back to the Y variables thanks to (4.4)
Y(t,) =Y (F(.t,))

n

The transport is nonlinear functional operator, made of shift operators and nonlinear algebraic
operations. We do not give all the details.

4.2.5. Relaxation operator in the Y wvariables

The relaxation operator in the kinetic variables is given by . In vectorial form it reads
F(,th) =wF W (,t;) + (1 —w)F(-,t,). (4.6)
Using the fact that W = >, F), does not change during the relaxation, we simply obtain
V(1) = RuY (), (4.7)

where the relaxation operator R, is the diagonal operator

1 0
Ro = " .
( 0 (1 —w)lm(nv,l) >

In other words, the relaxation operator leaves the conservative variables unchanged:
(RWY) =Yi=W! 1<i<m,
and the other components of Y are multiplied by 1 — w:
(R.Y) = (1 —w)Y?, i>m.

When w ~ 2, 1 — w ~ —1 and thus, these components are numerically fluctuating around 0 at
each time iteration. There is no damping of the oscillations when w = 2. The frequency of the
fluctuations is 1/A¢ and tends to infinity when At tends to zero.
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4.2.6. Formal numerical scheme

Now that we have introduced the operator notation, we can give a more formal definition of the
split kinetic approximation. For solving (2.1)) with the initial data

W(X,0) = Wo(X),

we start with

Yy = ( WUO(X) ) :

Assume that we have reached Y, | at time step n — 1. Then the next value is given by

Y,F =S(AY)Y, "

n n—1°

where the split kinetic operator is
S(At) = Ry o T(AD). (4.8)

Then we extract the first m components of Y, and we expect to obtain an approximation of W
at time n:

we (")
Y (X) = : WX, ) = Wa(X).

As stated above, the relaxation operator generates time fluctuations with frequency 1/At. For
the analysis, it is convenient to suppress these non-relevant time fluctuations. This is done by
considering only an even number of time steps of for instance. Another point is that the split
operator is not symmetric in time. In order to remove the fast time oscillations and the lack
of symmetry, we can consider the modified split kinetic operator

S(At) =T<A4t> o R, oT(A;) o Re OT(AD. (4.9)

In the case w = 2, this modified operator is indeed time symmetric in the sense that
S(0) =15, S(A)™H=S(-At). (4.10)

This is this property that ensures that the split scheme is second order accurate when w = 2. We
refer, for instance to [9] and to the consistency analysis given below. The symmetric operator and
the non-symmetric operators sampled at the even time steps are similar. They differ in the initial
and final steps by a term of order At. This difference has in practice very few effect on the order
of the scheme on the conservative variables (see Section 6.1.1 in [9]).

5. APPLICATIONS

In this section, we apply the entropy theory to practical examples.

5.1. Application to the transport equation

We first consider the construction of the D1Q2 model for the one-dimensional transport equation
(9tW + c@mW = O,

where the velocity c¢ is supposed to be constant and X = z is the one-dimensional space variable.
In this case
QUV)=cW, Vi=—-)\ V=)

and we have no free choice for choosing the equilibrium kinetic data, which are given by

eq _ _ eq —
W) =5 =50 BIW) =+ 5.
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For this simple linear conservation law we can take the entropy associated to the L? norm

W2
W)= —.
SOV) = =
The dual entropy is simply
W*2
V) = =,

and the entropy variable is
W* =Vws(W)=W.
Thus
w*  cW*
- ——, FY(WW*)=
-G Eer)
From (3.10) we deduce the dual kinetic entropies

W n cW*
2 2)

AW W) =

SOV = 20— /W2, 537 = 11+ e/ AW,

They are strictly convex under the subcharacteristic condition

A>|c|. (5.1)
We can then compute the kinetic entropies
A A
F)= " F? )= -—"—F2
s1(F1) = 3= 17, s2() e
The microscopic entropy is then
A A
P, F)="—F+ —F;
o(F1, F3) A—c 1+)\+c 2

As expected, it is a diagonal quadratic form in the (F}, F») variables.
Let us express the microscopic entropy with respect to the Y = (W, y)T variables. We have

W:F1+F27
and

Y= —AF1 + A, — Q(W),
== —)\Fl + )\FQ - C(Fl + Fg)

After simple computations, we find that the microscopic entropy is also

_ W2 y2
o(Woy) = o(F1, 1) = =~ + 202 — )

(5.2)
It is a convex function of W and y under condition (5.1). As expected, it is minimal when the flux
error y vanishes. In addition, in the relaxation step, the entropy is exactly conserved when w = 2
because

c(W, (1 —w)y) =a(W,—y) =a(W,y). (5.3)
We are now in a position to prove the entropy stability of the over-relaxation scheme when
1<w<L?2.

Theorem 8. With periodic boundary conditions, or in an infinite domain, the over-relaxation
scheme s entropy stable under the sub-characteristic condition when 1 <w < 2.



ESAIM: PROCEEDINGS AND SURVEYS 59

Proof. 1t is sufficient to prove the decrease of the entropy

S(t) = /U(Fl(x, ), Fy(a, 1)) = /sl(Fl) + 5o(F),
for a single time step. In the transport step, one solves
0iFy + Vi, 0. F), = 0,

and thus the microscopic entropies
5u(t) = [ ().
x

are separately conserved
§k(t + Ati) = gk(tJr).
In the relaxation step, W is not changed and

y(z,t + AtT) = (1 —w)y(z, t + At7),

because |1 — w| < 1 we see from the expression (5.2)) of the entropy in the (W, y) variable that the
microscopic entropy decreases pointwise, at each x. Therefore,

S+ AtT) < S(t+ At7).

5.2. Application to the shallow water equations

In order to show that the approach still works for non-linear systems of conservation laws, we
try now to apply the above method to the shallow water model where the unknowns are the water
height h(z,t) and the velocity u(z,t). It reads

with

h hu
W= < hu )’ QW) = ( hu® + gh? /2 )
We define the primitive variables
o= ( h )
U

O + B(v)0,v =0,

B@):(Z Z)

Assume that the Lax entropy s(W) = H(v) is expressed in the primitive variables, and that the
entropy flux G(W) = R(v). Then we must have

For smooth solutions, we also have

with

D,H(v)B(v) = D,R(v).

Denoting the partial derivatives with indices we obtain

( Hn Hu)(“ h):(Rh R, ).

g u

We search H under the form )

H(h,u) = h% +e(h).
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Because
u?
Hy, = 5 +¢é'(h), H, = hu,
this gives
ud 3hu?
7+uel+9hU:Rh, + he' = R,.
We take s )
h
R:h%+ue+gu7.
Then ) ) )
3hu h 3hu ,
R, = 5 +e+97— 5 + he'.

e(h) is then solution of the differential equation
e —he' +gh*/2 =0.

A solution is

gh?
h) ==—.
e(h) = %2
In the end, we find
2 B2 3
dW)Z#%+g?W(%W):#%+UM?
This allows us to compute the entropy variables
u?
Wi =gh— = W5 = u, (5.4)
and the reverse change of variables
QW + W2
h = 71 + 2 5 u = Wz*.
29
The equilibrium kinetic vectors are given by
e W _QUN) W QW)

2 2X 2 2\

After some calculations, we can express this equilibrium in the entropy variables

F— [ (W32+2w; ) (A-W;) (W2 42w ) (—4Ws A5 W52 +2W)) }T
- 3

g\ T6gX

Feq:|: (W202W ) O+ W5) (W32 42W, ) (AW A+5 W 242w, ) }T
2 Igh T6gx ’

From the above theory, we know that
F]:q = VW*SZ,

for some dual kinetic entropies sj,. This is indeed the case and after more calculations we find

s wewi)” (v W)
2 169\ ’

A — W3) (W32 +2w7)?
169 ’

s] =

It is then possible to compute the Hessians of s} and express them in the (h,u) variables with

(5.4). We find
A—u —gh4+ u—u?
29X 29\

—gh+Au—u> (gh+u2)>\—3hug—u3 ’
29 29

*
DW*W* Sl =
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Au gh+)\u+u2
* 29\ 29\
Dww-s3 = ghtrutu?  (gh+u?)A+3hug+u’
29\ 29X

The two matrices are positive definite iff the first diagonal terms and the determinants are positive.
This is equivalent to
A > |,

A—u)?—gh>0, (A+u)?—gh>0,

A > |ul + \/gh.

This is the expected sub-characteristic condition. It is difficult to go farther because the Legendre
transforms s; and s of s and s5 cannot be computed explicitly. However, we can reproduce the
stability property of the linear case. The microscopic entropy is given by

which is again equivalent to

o(F1, F2) = s1(F1) + sa(F).
Using the relations
W =F + F,,
y=—AF + \F; — Q(Fy + F),
we deduce
R=- -2 2 R=" 4300 0
and the microscopic entropy can be expressed in function of W and y

a(W,y):sl(Zf—Q(W)—y)+sQ(V2V+Q§2/)+2yA).

For a fixed W the minimum is achieved for y = 0, therefore the macroscopic entropy is
s(W) = a(W,0),

and
V4o (W,0) = 0.

Then, with a Taylor expansion near to y = 0, we get
5(W,y) = 5(W, —y) + O(|y|").

The relation thus still holds but with a third-order term in y. This means that the relaxation
scheme with w = 2 is entropy preserving up to third order in y. In principle, it is also possible
to construct a scheme that preserves exactly the entropy in the non-linear case. It is sufficient to
choose the relaxation parameter w = w(W,y) in such way that

c(W, (1= w(W,y))y) =a(W,y). (5.5)
In practice, this would not be very interesting, one would get
w(W,y) =2

and w(W,y) would have to be computed numerically by first computing s; and senumerically and
then by solving also numerically.

What is interesting, however, is that the reasoning ensures the existence of a relaxation param-
eter w(W,y) ~ 2, such that the whole scheme is entropy preserving. And if the scheme is run with
a smaller relaxation parameter, it is ensured to be entropy stable. Similar ideas for controlling
entropy dissipation in the over-relaxation step have been developed by Karlin in the standard LBM
for Navier-Stokes. See 28] or [27] for a recent review article. See also [7].
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5.3. Application to isothermal Euler equations

Finally, we also apply the theory to the isothermal Euler model, which reads

oW + 0,Q(W) =0,

v-(£) ()

In primitive variables v = (p, u)T, the system reads

with

O + B(v)0,v =0,

with

First, let us find a Lax entropy H(v) and an entropy flux R(v). We must have

u p

(HmHu) < c? ) = (RmRu)'

= u
p

We search for H(v) in the form
2

u
H=p—+e(p).

2
Then
u? 5
R, = ?—f—e'(p)u—i—c u,
3u?
R, = Y +¢€'(p)p.

Integrating the first equation with respect to p we get

3
R= p% +e(p)u+ pc*u+ C(p),

(we can take C'(p) = 0). And deriving with respect to u we get

u? u? 9
e te (P)PZPT +e(p) + pc”.

Therefore e(p) is a solution of the differential equation

¢'(p)p = e(p) + pc’.

We can take
e(p) = p(lnp - 1).
Finally

S(W) = 9%+ ollnp =1, GOW) = u(s(W) + %)

The entropy variables are
2

Wl*:f%Jrczlnp, W3 = u.

The reverse change of variables is

QW + Wi2 2WT + W2*2>

p=W1=eXp< 5.2 ) pu:WSGXp( 5.2
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The equilibrium distribution is

Feq w Q( ) _ 1 Wl W2/>\
2 2) 2\ Wo— (W3/Wy +EWh)/X ) -
poa_ W W) _1 Wi+ Wa /A
2 2 2\ 2\ W+ (W3 /Wi +EWhi)/\ )°
In the dual variables we get

QW+ W52
exp (22 ) .
Vetm— > ) ( A= W; > ,

22 —W52 + A\W5 — ¢?

2W + W52
T P (™) A+ W3
BT o A\ wWsteaws 4 )
and finally
exp (2W1*+W§2) exp <2W1*+W2*2>
x 2c2 x « 2¢c2 %
=0y, = — ).

With similar calculations as for the shallow water system we find the following sub-characteristic
condition
A>c+|ul.

As for the shallow water system, it is difficult to compute explicitly s; and ss.

6. EQUIVALENT EQUATION ANALYSIS

The entropy analysis of the over-relaxation scheme ensures the stability of the scheme as soon
as the sub-characteristic condition is satisfied. However, for the moment it is not obvious that
the scheme provides an approximation of the system . Indeed, the consistency of the kinetic
approximation with the system of conservation laws is ensured, as soon as

F(X,t) ~ F9W(X,t)),

and the over-relaxation formula (4.6) enforces F' = F? at the end of the time step only when
w=1.

The objective of the equivalent system analysis is to provide a consistency theory in the case
1 < w < 2. This consistency analysis is based on two ingredients: a Taylor expansion followed by
a Chapman-Enskog analysis.

6.1. Taylor expansion: equivalent system in Y

The first ingredient is a Taylor expansion of

S(At) — S7H(AY)
2At

when At tends to zero. The Taylor expansion provides an equivalent system of Partial Differential
Equations (PDE) expressed on Y. This system involves the whole vector Y, which contains both
W and the flux error. We denote it by the equivalent system in the following. It takes the general
form

o, (Aa;)<ym+1 ) > AYw)aY — At Y BY(Y,w)d;,;Y =O0(At?).  (6.1)

1<i<d 1<4,5<d
In the case w = 2, the formula is simpler and we shall find that

r(2) =0, B“(Y,2) =0, (6.2)
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and that the matrices A’ are of the form
; DwQ' (W) 0
Al(Y,z):( w@ (W) O ) (6.3)
Om(n,—1) X

The Taylor expansion is thus sufficient to get the second-order time consistency of the split scheme
with the initial system of conservation law when w = 2. This consistency holds even when the
flux error is large. In addition, up to third order terms, the evolution of W is uncoupled from
the evolution of the flux error. This surprising result relies essentially on the symmetry property
(4.10)), which ensures that the stiff terms in A¢~! vanish in the Taylor expansion.

6.2. Asymptotic analysis: equivalent equation in W

In the case w # 2, the equivalent system contains stiff terms. And the evolution of W is no
more uncoupled from the evolution of the flux error. In order to remove this coupling, the second
step is to perform an additional asymptotic analysis (similar to the Hilbert or Chapman-Enskog
expansion), with the assumption that the flux error is of order O(At). From we can deduce
an algebraic relation between the flux error Y™ and the gradient of W

At .
YT = ST Y AZ(Y,w)ai( v ) +O0(A8), T = ( o om o Omln) )

r _ 1 _
1<i<d m(n,—1) m(n,—1)

Reinjecting this approximation in the first row of (6.1]) provides a simpler system involving only
W. We denote it by the equivalent equation in the following. It takes the form

oW+ Y 0iQ W) —At Y 0 (DY (W,w)d;W) = O(A?). (6.4)

1<i<d 1<i,5<d

6.3. Stability conditions

Once we have obtained the equivalent system (6.1) and the equivalent equation (6.4) we can
study their stability.

6.3.1. FEquivalent system

From the theory developed in Section , we have stability under the subcharacteristic con-
dition. This condition ensures dissipation of the kinetic entropy &(Y) = (W, ymtl mnv) —
>k Sk(Fr). We also know that

G(W,0) = s(W),
corresponds to the minimum of & with respect to the flux error Y™ +1m7 Tt is therefore expected
that the change of variables Y — Vy&(Y') symmetrizes the equivalent system , which is thus
hyperbolic. We have also seen that the computation of the kinetic entropies s; is not necessarily
easy. That is why in the following we try to find directly a symmetrization for the first order part
of the equivalent system, rather than computing the kinetic entropy. We introduce the following
definition.

Definition 9. We shall say that the equivalent system (6.1)) is hyperbolic iff we can find a matrix
P°(Y), 0 < i < d, such that P°(Y) is symmetric positive definite and P°(Y)A*(Y,w) is symmetric
for 1 <i<d.

Remark 10. Our definition of hyperbolicity is stronger than the usual one, which only states that
d
> NA(Y,w)
i=1

is diagonalizable with real eigenvalues for all directions N. We expect that

PYY) = V35(Y),
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at least in the case of the linear transport equation discussed in Section[5.1] But we don’t know if
the stability condition of Definition [0]is equivalent to the convexity of the dual kinetic entropies.
Maybe that it is true. For a discussion around these questions, we refer to [5].

6.3.2. Equivalent equation

For the equivalent equation, we already know that its first order part is hyperbolic. The stability
thus depends on the sign of the second-order terms. This gives another stability criterion. For
obtaining this criterion, we multiply on the left by Dy s(W) and we integrate by part the
second-order term. The entropy is dissipated if

> R sOWrDY oW > 0.
g,k

We thus introduce the quadratic form acting on a second-order tensor af:

a— gla) = Z 8,37@3(W)Di’j(VV, w)afozé.
ikl
Definition 11. The equivalent equation (6.4)) is dissipative iff the quadratic form ¢(«) is positive.

Remark 12. This definition amounts to checking that the Hessian matrix V2 ¢(a) is positive. This
(symmetric) matrix is of size md x md. In the scalar case m = 1, which we study below, the
condition is simpler. It simply states that the quadratic form

T~ E D" gx;
4,J

is positive.

7. APPLICATIONS TO THE TRANSPORT EQUATION

Now we apply the equivalent system analysis and the equivalent equation analysis to the simple
scalar transport equation (thus m = 1)

d
Oyw + Z Oi(viw) = 0,
i=1
where the velocity vector (v1,...,vq) is supposed to be constant. We consider the cases d = 1 or

d = 2 and the D1Q2, D2Q3 and D2Q4 models.
For each model, we compute the equivalent system. The expansion of

S(At) — S7HAY)
2At

Y('vt) - atY('7t) + O(At2)a

is performed with the Computer Algebra System (CAS) Maple. This is done by entering the
explicit definition of the symmetric operator given in Section step by step. Without a CAS,
the calculations would be extremely tedious...

7.1. D1Q2
For the D1Q2 model, we use the notations

Y:<w), v = .
Y
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The equivalent system reads

w w(w —2)(w? — 2w +2) <0) v " (u))
a - + —v UJ4— u}a w2— w 8(1:
t (y) 2At(w — 1) y (A2 =2y et —tetd) y
N —(w? = 6w + 6)(A\2 — v?) 3v(w? — 2w +2) (7.1)
(A2 —0?)(w? — 2w +2) —5v2w? — 3A%w? + 6v%w + 1022w — 6v% — 102

Atw(w — 2 w 2

2 2
with v, = %. We can check that when w = 2, we indeed obtain an equivalent system

with the simplification and . The stiff term vanishes and the evolution of w is uncoupled
from that of y at order 2. This means that the consistency is achieved even when the flux error y
is large.

For obtaining the equivalent equation we assume that we have y = O(At). Let us write y = Atg.
We obtain

ww—=2)w? —2w+2) (A —v?)(w—2)*(w? —2w+2)
2(w — 1)2 v 8(w—1)2

dyw + O(AL).

By simplifying, we have
(A2 —v?)(w —2)
4w

By reinjecting this expression of y in the first equation of equivalent system we obtain the
equivalent equation on w

Y= Atd,w + O(At?). (7.2)

(w—2)2(w? —2w+2) (A2 —v?)(w—2)

Ot v+ 8(w —1)2 T Atd,w
Atw(w — 2
a 32((,£—1)2)(WQ — 6w+ 6)(>\2 - UQ)awzw = O(Atz)’

which can be simplified in

1/1 1
atw —+ 'anw = 5 (w — 2) ()\2 - UQ)Atamw + O(AtQ) (73)

We can notice that we recover the equivalent equation given in [10}/17,/22].

Theorem 13. When 1 < w < 2, the sub-characteristic diffusive stability condition of the D1Q2
model is

[v] < A
Proof. The equivalent equation on w of the D1Q2 model ([7.3)) is stable if the diffusion term is

positive. As w € [1,2), the term (% — %) is positive. The positivity of the diffusion term is then
equivalent to

A2 =% >0,
which gives us the stability condition
[v] < A.
|

Remark 14. When w = 2, the diffusion term of the equivalent equation of the D1@Q2 model
disappears, which gives us

Ow + v, w = O(AtQ).

We obtain that the solution given by the D1Q2 model is an approximation of order 2 of the solution
of the initial equation.
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r=(0 )
el

symmetrizes the equivalent system of the D1Q2 model (7.1)), if the diffusive sub-characteristic
stability condition is satisfied. Consequently, the equivalent system (7.1) is hyperbolic if

Theorem 15. The matrix

[v] < A

Proof. We search a matrix P = (g ! g 2) such as PA is symmetric and P is symmetric positive
2 D3
definite. We have

PA— b1 P2 v §a!
(p2 p3) \(N =v¥)y —vye)”

_ (1 + (N = 0*)mpa ip1 — v2pe
vpg + (A2 —v¥)ps Yap2 — vyeps)
with v, = %, and v = wt%;&i";j;%“). As we want PA to be symmetric, we

need to satisfy the condition

Y1p1 — vy2p2 = vp2 + (A2 — 0*)y1ps,
which is equivalent to

S SR o O
O P T

Let us choose ps = 0 and p; = 1. We obtain

1 0
P = .
<O )\Ziv2>
1

As its eigenvalues are 1 and 3=, P is definite positive if
[v] < A

O

Remark 16. We obtain the same condition on v and A as for the diffusive stability condition given
in Proposition In this case, the diffusive analysis and the hyperbolicity analysis give the same
stability condition.

7.2. D2Q3
For the D2Q3, we use the notations
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The equivalent system of the D2Q3 model is

5 w wlw —2)(w? — 2w +2) 0
t (Y1 | — 2At(w — 1)2 Y1
Y2 Y2
a —2m 0 w
+ | 71R2a+N)(a—=A) v R2a—A) 0 |0 |wn (7.4)
11b(2a 4 X) 2by2 Yo Yo
b 0 —2m w
+ 71b(2a 4 A) 0 722a+A) )0 || =0(At,
Yi(aX 420 = X?)  y2A 202 Y2

: _ 1 (W2_2W+2)(W_2)2 _ 1 w?—4w?+6w? —4w+2
Wlth '71 = _EW and 72 =z (wfl)z .

For getting the equivalent equation, we assume that (y1,y2) = O(At). As above, we express the
flux error in function of the gradient of w up to order 2. This gives:

SRS

=At|——2
hn (w B)

5 ((a—)\) 81w+b82w) +O(At2),

and

2 \w 2

We reinject these expressions of y; and yo in the first equation of the equivalent system (|7.4)), we
obtain

A 1 1
- ( - > ((2ab + bA) dyw + (Aa + 26% — A2) dyw) + O(A?).

At (1 1
O + 0y (aw) + D (bw) = 5 (w - 2) V. (DsVuw) + O(AF), (7.5)
with the diffusion matrix
_(3(A+a)—a* —3b—ab
ST —3b—ab 3N —a)-b?)"

Theorem 17. The sub-characteristic stability condition of the D2Q3 model is

M —a? = b? — /(0% 4 02)2 + \(—2a3 + 6ab?) + N\2(a2 + b2) > 0. (7.6)

Remark 18. This condition has a geometric interpretation. It also states that the velocity vec-
tor (a,b) has to be inside the triangle formed by the kinetic velocities, which are here (A,0),
(=)\/2,\V/3/2) and (—\/2,—-AV/3/2). Tt is not easy to guess it from the inequality (7.6)), but it
becomes obvious if we plot numerically the stability region (see Figure .

Proof. Indeed, with a linear flux, we have

Ow + 01 (aw) + da(bw) = % <01J - ;) V - (D3sVw) + O(At?),

with the diffusion matrix

A 2 A
_(z(A+a)—a —5b—ab
Ds < —2b—ab  3(N—a)-b*)"

The eigenvalues of this diffusion matrix are

1
dio =5 (W —a? =82 & /(@ + 1P + A(2207 + 6al?) + N (@ + 7).

Finally, the model D2@3 is stable if D3 is positive definite, namely if d; > 0 and dy > 0. O
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Theorem 19. The matrix

2(a® = 2aX — 36 + A\?)(2a + \) 0 0
P = 0 —(aX +2b% — \?) b(2a + N)
0 b(2a + X) —(a—X)(2a + X)

symmetrizes the equivalent system of the D2Q3 model (7.4), if the diffusive sub-characteristic
stability condition is verified. Consequently, the equivalent system (7.4) is hyperbolic if

A2 —a? = b? — /(a2 4 b2)2 + \(—2a3 + 6ab?) + N\2(a2 + b2) > 0.

Proof.
b1 D2 DP3
We are searching for a matrix P = | p» ps ps | such as PA! and PA? are symmetric and
b3 D5 DPe

P is symmetric positive definite. When we compute the matrices PA' and PA2, the symmetry
imposes 6 equations on the unknown p1, ps, p3, P4, D5, P6- This gives us the matrix

% (a272a)\7b3b2+/\2)p5 0 0
_ (ax+2b%—2?)p
pP= 0 B TCTES YR (Pi) )
a=A)pPs
0 D5 - b

where ps must be chosen. We choose ps = b(2a + A). We obtain

2(a® = 2aX — 36 + \?)(2a + \) 0 0
P = 0 —(aX +2b% — \?) b(2a + N)
0 b(2a + X) —(a—X)(2a + \)

The eigenvalues of P are

A
ey = a(a2 — 2a\ — 3b% 4+ 2\ (2a + \),

ea = A2 —a? —b? + /(a% + b2)2 + \(—2a3 + 6ab?) + \2(a2 + b2),

and

e3 =A% —a% — 0% — /(a2 +b2)2 + \(—2a3 + 6ab?) + A2(a2 + b2).
By noticing that e; > e3 and ese3 = 2e1, we deduce that P is definite positive if e3 > 0. O
Remark 20. The hyperbolicity condition on a, b and A is the same as the diffusive stability condition

given in the Proposition [I7] Here again, the diffusive analysis and the hyperbolicity analysis are
equivalent.

7.3. D2Q4
For the D2Q4, we use the notations
w
Y1
Y = , vy1=a, vy=nb.
2 1 2
23

We can also compute the equivalent system on (w,y1,y2, 2z3) of the D2Q4 model. We obtain

w 0 a 2y 0 O w
o v | ww—2)(w? —2w+2) |y n (A% =2a%) —2ay2 0 v o |
e 2At(w —1)2 Y2 —2abyy —2byy 0 O 1 Yo
Z3 Z3 2X%2am, 222y 0 0 Z3 (.7
b 0 27 0 w
—2aby, 0 —2ays 0 Y1
+ 0 = O(At),
NA2=20%) 0 =20y, -7 | 7 |w (&%)
—2)\2b’}/1 0 —2/\2’}/2 0 z3
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FIGURE 7.1. Graphic representation of the diffusive stability and hyperbolicity
condition of the D2@3 model for A = 1. The stable region is the blue triangle,
whose vertices are the kinetic velocities.

(w—2)2%(w? —2w+2)

. w? — 4w +6w? —4w
with v = 16(0=1)2 and v = 4 4(::6_1)2 dwt2
With the same method as above, we derive the equivalent equation
At (1 1
0w + 01 (aw) + O (bw) = - (w - 2) V - (D4Vw) + O(At?),

with the diffusion matrix

Theorem 21. The D2Q4 model is stable if a? + b* < %2

Proof. We have

yw + D1 (aw) + B (bw) = % (i _ ;) V- (DsVw) + O(A), (7.8)

2 2
. ~—a —ab
with D1 = ( Mg

) . The model is stable if the diffusion matrix D, is positive. Its
2
eigenvalues are:

and

1
6125

</\2 —a®—b? — \/(/\2 —a? —b?2)? — M 4+ 2)2b2 4 2)2a2

1
e2 =13 <A2 —a® b+ \/(A2 — a2 —2)% — M+ 2)202 + 2)\2a2) :

As e; < eg, the eigenvalues are both positive if e; > 0, which means if

2
a2+b2<%.
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Theorem 22. The matrix

A2 (4a? — N2)(4b% — \2) 0 0 0
P 0 —2X2(4b% — \2) 0 2a(4b* — \2)
- 0 0 —2X\%(4a% — N%)  —2b(4a% - N%) |’
0 2a(4b6> — X?)  —2b(4a® — \?)  —2a% — 2b% + N2

symmetrizes the equivalent system of the D2Q4 model (7.7)), if
4max(a?,b?) < A% (7.9)

Consequently, under this condition, the equivalent system (7.7)) is hyperbolic.

Proof. We are searching for a matrix

b1 D2 P3 D4
p—|P2 P5 Ps Pp7
pP3s Ps P8 DP9
bs P7 P9 Pio

such as PA' and PA? are symmetric and P is symmetric positive definite. We can compute PA!
and PA%. As we want these matrices to be symmetric, we obtain conditions on the coefficients p;.
We deduce that

=A2(2a — X)(2a + A\)pr 0 0 0
0 —p7A?/a 0 pr
P = 0 0 _p7)\2(2a—)\)(2a+)\) _ bpr(2a—=N)(2a+N)
(a(26—N)(2b+N)) (a(26=2)(26+ X))
0 _ bpr(2a—X\)(2a+))  1(2a*+20°-2%)pr
b7 (a(Zb—2)(26+N)) 2(a(2b—X\)(2bFN))

By choosing p7 = 2a(2b — \)(2b 4+ \), we obtain

A2(4a2 — N2)(4b2 — \2) 0 0 0
B 0 —2X2(45% — \2) 0 2a(4b? — \2)
P= 0 0 C2)2(4a? — A2)  —2b(4a2 — A2) (7.10)
0 2a(4b0 — X?)  —2b(4a® — \?)  —2a% — 2b% + N2

As P is symmetric, according to the Sylvester’s criterion, P is positive definite if and only if all
the leading principal minors are positive, that is to say if the following conditions are satisfied

|P| = A2(4b% — \?)(4a® — >\2) > 0,
|Po| = —2X\%(4a® — \?)(4b? — ) > 0,
|P3| = 4)\%(4a® — 2\?2)2(4b% — X\2)2 > 0,
|Ps| = 4X4(4a? — N2)3(4b2 — X223 > 0.
This is equivalent to
40> < A2,
{ 4% < A2,

which can be rewritten
2max (|al, b)) < A
O

Remark 23. The hyperbolicity condition obtained is more restrictive than the diffusive stability
condition obtained in Proposition We can see in Figure [7.2] the values of a/A and b/\ for
which the diffusive stability condition is verified, the circle colored in yellow, are included in the
blue square, for which the hyperbolicity condition is checked. This is coherent with the review of
stability conditions given by Bouchut in [5].
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FIGURE 7.2. Graphic representation of the diffusive stability and hyperbolicity
condition of the D2Q4 model.

8. SOME NUMERICAL RESULTS

8.1. D1Q2: consistency error

Now that we have obtained the equivalent equations, we wish to quantify numerically how they
are close to the kinetic equations. We shall compute analytic solutions of the equivalent equations
and compare them with the solutions of the kinetic equation. We shall also compute the error
between the two solutions.

For the numerical experiments, we use particular solutions of the form

(Z’) (2,1) = (;”g) evteike (8.1)

8.1.1. Particular solution of the equivalent equation
If we inject this particular solution (8.1)) in the equivalent equation ([7.3) on w, we obtain

with £ € N and v € C.

. At (1 1
yw + ivkw = -5 (c_u — 5) k* (A —v?) w.

It gives us the value of v with respect to k and v

At(l 1

In order to deal with real solutions, we compute the real part of this particular solution, that we
denote weqeq and which is still a solution of (7.3))

Weqeq = R(w) = woe™ F (GO0 o5 (k(2 — v1)) .

To compute the equivalent equation, we assume that we have the relation between y and d,w given
by (7.2)
(A2 —v?)(w—2)

1o Aty w. (8.2)

’y:
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We denote Yoqeq the real part of y

Yeqeq = %(y)a
(A2 —v?)(w—2)

— _4—Atkw06_%(%_E)kz()‘z_vz)t sin (k(x — vt)).
w

8.1.2. Particular solution of the equivalent system

Now, we inject the expression of the particular solution (8.1)) in the equivalent system (7.1]). We
obtain

(m + L R(W) + iRAY W) + AR2B(Y, w)) @’) =0,

Al
with R(w) = (8 r&))

The previous system admits two solutions 7, (k) and 72(k) depending on k, which are the
eigenvalues of — 2 R(w) — ikA(Y,w) — Atk*B(Y,w). We have

1 16w?* — 64w® 4+ 96w? — 64w
At 32(w —1)2

(k) = +0(At?),

and
D(W,w)2(\2w? — 2) + 2)2
4w
One of the solutions, 71 (k), behaves as O(<;) when At — 0, and the real part of the other solution
v2(k) behaves as O(At) when At — 0. If we compute the particular solution with the
eigenvalue v in O(é), we observe that y decreases rapidly toward 0. If we consider instead, the
solution given by the second eigenvalue 79, y stays small and has slower variations. We choose to
keep this eigenvalue 5 for a relevant comparison with the expected behavior.
A particular solution of the equivalent system is then

(1;’) (z,t) = (ZS) et

To test, we compute the real part of w, that we denote wsyseq

(k) = —ikD(W,w) — KAt + O(A#2).

Wsyseq = éR(IU) = ’LU()@ER(’YZ)t COS (%(72)75 + kjl‘) s
and the real part of y, denoted by Ysyseq
Yoyseq = R(y) = "2 (R(yo) cos (S(72)t + k) — S(yo) sin (S(72)t + kx)) .

8.1.3. Numerical comparison of w

We take k = 2. We choose wy = 1, and we take y such as (wg, yo) belong to the kernel of the
matrix — 7 R(w) — ikA(Y,w) — Atk? B(Y,w).
We denote wy,p the solution given by the D1Q2 model with the initialization

(Zﬁ:) (2,0) = (ly”g) cos(kx).

We compute the relative L? error between the solution of the equivalent equation weqeq and the
solution given by the D1Q2 model wrp at the final time

Nz

2
} : i,Nt i,Nt
(wLB - weqeq)

=0

Nax ’

> (vi)

=0
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and the relative L? error between the solution of the equivalent system Wsyseq and Wi

Nz 9
i, Nt i Nt
2 :(wLB _wsyseq)
=0
Nx
iNE) 2
Wy
1=0

We compute the solution for different amounts of time steps Nt = 16, 32,64, 128,256,512, 1024

and 2048, which gives us different time steps At = %, with T = 7.

We obtain the relative errors of Figure [I] for different relaxation parameters w.

w=2 w=1.9 w=1.8

10 { —e— Equivalent Equation
Equivalent System
---- order 2

10 { —e— Equivalent Equation
Equivalent System
---- order 2

—e— Equivalent Equation
Equivalent System
order 2

Relative error on w
Relative error on w
5
Relative error on w

5

1072 1071 1072 1071 1072 1071

At At At
w=1.7 w=1.6 w=15

—s— Equivalent Equation
Equivalent System

10 { —*— Equivalent Equation
Equivalent System

1071 —s— Equivalent Equation
Equivalent System

s order 2 s 2] ---- order2 E 102 order 2
S 1= c c
o o o
s s .
=4 £ 10 £w
@ 10 ﬂl ﬂl
v v v
= S g 5w
B 15 o o
& & &
10
107
0%
0
102 107 102 107 102 10
At At At
w=14 w=13 w=12
B 10° ~
—s— Equivalent Equation 7 o 10° Lo
10 ' L 7 -
Equivalent System L 1070 A =
i ---- order 2 2 = i o
S w= . S 1w S
L = = 107
e 5 5
@ 107 5 10 5 e
10 -
@ @ 2
= H > g
=1 510 e =} 2
E 1074 E E 10 =
2 & —e— Equivalent Equation 2 —e— Equivalent Equation
10 10 Equivalent System - Equivalent System
---- order2 ---- order 2
00
0% 07 1072 1071 0% 10
At At At

TABLE 1. Relative L? error on w with respect to the time step At, for different
relaxation parameters w.

The equivalent equation and the equivalent system both converge at the order 2 toward the
solution given by the D1Q2 model. When w € [1.8,2], the equivalent equation and the equivalent
system give similar accuracy. When w € [1.5,1.8], the equivalent system is a better approximation
of the solution given by the D1@Q2 model, while when w < 1.4, the equivalent equation is more
accurate.

8.1.4. Numerical comparison of y

Now, we want to compute the error on the flux error y.
We can compute the relative L? errors between yrz and the flux error Yeqeq that we assume
to have in order to compute the equivalent equation and between y;p and the solution of the
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Nz

i,Nt
- yeqeq

We obtain the Figure[2]

> (win

=0

’

Nx

> (v

i=0

i,Nt
LB

X

Nz 2
i,Nt i, Nt
§ (yLB - ysyseq)
and =0
Nz 2
i, Nt
Z (yLB )

=0

(0]

We can observe that the flux error yeqeq given by the equivalent equation

converges at the order 1 toward the yrp given by the D1Q2 model, while the ysyseq given by the
equivalent system converges at the order 2.

relaxation parameters w.

w=2
107 107 w
> 107 . >0 > 107
5 5" 5
U 5 = o
; L2 ; 10 ; 102
g e i 102 .-~ —*— Equivalent Equation 2w -~ —— Equivalent Equation
2 w0 //” —e— Equivalent Equation & e g Equivalent System E /,/" Equivalent System
',/' Equivalent System L ---- order 1 L ---- order 1
0| === order 2 wef === order 2 R ---- order 2
10° 10 10° 10
At At
10 1071 107
> > >
& & &
5 10 5w 5 107
5 5 5
[} o [} @ 5 .
> 5 - > 10 “ > .
E o —— Equivalent Equation E i Equivalent Equation E i —s— Equivalent Equation
& - Equivalent System & prd Equivalent System 2 s Equivalent System
107 2l ---- order1 107 prd ---- order1 wr A ---- order1
- ---- order 2 4 ---- order 2 7 ---- order 2
102 10 102 10 10* 10
At At At
w=13 w=12
10° ~
e 1 { —— Equivalent Equation L
1070 Equivalent System &
> > 107 > — L
o z = 10 order 1 7
2w ° ° ---- order 2 2 .-
2 2 10 2 % -
g . o G 1
g o L ¢ g
2 .-~ —s— Equivalent Equation g Equivalent Equation o
g .. P Equivalent System g . Equivalent System g
/," ---- order 1 104 L --——- order1
Y ---- order 2 P ---- order 2 10
0%
102 107 102 101 102 101
At At At
. 2 . . .
TABLE 2. Relative L= error on y with respect to the time step At, for different

Remark 24. When w = 2, the error between the flux error y given by the equivalent equation and
the one given by the D1Q2 model is constant. This is due to the fact that yeqeq is given by (8.2)),
which is equal to 0 when w = 2. Indeed, when w = 2, w and y are independent, so we do not

have to assume the smallness hypothesis y = O(At) to deduce the equivalent equation from the

equivalent system.

8.2. D2Q4: numerical stability

As we can see in Figure for some choice of velocity (vi,v2) = (a,b) and norm of the kinetic

velocity A, the diffusive stability condition can be satisfied, but not the hyperbolicity condition.
We want to test numerically what happened when we are in this case.
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We consider a square geometry [0,1] x [0,1] with periodic boundary conditions. We consider
Nz = 200 space steps in both directions. We denote by Az = 1/Nz the grid step. We initialized
w with a Gaussian function centered in the middle of the square

w(,y,0) = ¢~ SOE—0.9+w-057)

Let us choose (a,b) = (1,0). The stability condition is satisfied if

A > \/2(a2 +02) = V2.

The hyperbolicity condition is satisfied if
A > 2max(|al, [b]) = 2.

We are going to compare the solution obtained with A = 1.6, that is when the diffusive stability
condition is satisfied, but not the hyperbolicity condition, and A = 2.2, namely when both the
diffusive stability and the hyperbolicity conditions are satisfied.

We draw the solutions w(z,y,T) at time T = 1, for different values of the relaxation parameter:
w=12 w=16and w=2.

As we are solving the transport step of time step % with a Lattice-Boltzmann method, we need
to have the relation between the time and space step

4Ax 4
At = —— = ——.
A ANz
Consequently, the number of time step is
T ANz
Nt=—= "=
At 4’

and which depends on the A chosen: we do Nt = 80 time steps when A = 1.6 and Nt = 110 steps
when A = 2.2

We obtained the solution w of the Table[3] When A = 2.2, that is to say when both the diffusive
stability and the hyperbolicity conditions are verified, we obtained a Gaussian centered in the
middle of the square, as expected. However, the closer the relaxation parameter w is to 1, the
more the Gaussian function dampens due to the relaxation step. When w = 2 or w = 1.6, the
solutions obtained with A = 1.6, namely when the diffusive stability condition is satisfied but not
the hyperbolicity condition, are not stable. Oscillations appear and grow over time. When w = 1.2
and A = 1.6, we obtained a solution close to the expected Gaussian function, but a little distorted.
Moreover, this solution is stable, we do not observe any oscillations.

9. CONCLUSION

In this work we have provided a general methodology for studying the stability and the con-
sistency of the Vectorial Lattice-Boltzmann Method (VLBM). We have first shown that the dual
entropy analysis of [3,/18] can be applied for a direct and rigorous proof of the stability of the
over-relaxed time splitting algorithm. It is not necessary to pass through the stiff relaxation inter-
mediary.

Secondly, we have proposed an automatic way to construct an equivalent system of PDE, con-
sistent with the VLBM. This equivalent system contains stiff terms in At. The classical equivalent
equation can be derived from the equivalent system by a Chapman-Enskog analysis when At is
small and the kinetic data close to equilibrium. It seems, but it is a conjecture, that the hyperbol-
icity condition of the equivalent system is exactly the entropy stability condition.

In future works, we plan to investigate this conjecture, perform additional numerical experi-
ments on truly non-linear systems, beyond the simple transport equation. Finally, an important
question is to extend the stability analysis for handling boundary conditions correctly (see [24] for
preliminary results).
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10 07
08 06
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(1]
2]

3]

[4

5

[6]

(7]

TABLE 3. Solutions w at time T' = 1 for different values of A and w.
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