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Abstract. In this work, we consider the numerical approximation of the two-species Vlasov-
Poisson system using Eulerian methods. A family of exact non homogeneous stationary
solutions are constructed using elliptic functions. Then, specific numerical schemes are pro-
posed to compute solutions which remain close to a given stationary solution since standard
schemes fail to capture such a dynamics on coarse meshes. The strategy is based on a suitable
decomposition of the solution (in the spirit of § f approaches) which can be easily combined
with any classical Vlasov solvers. For unstable dynamics, a projection technique is proposed
in order to dynamically change the equilibrium. Finally, numerical tests are proposed to
illustrate the good behavior of the proposed strategy.

1. INTRODUCTION

The system considered in this work is the two species Vlasov-Poisson system which is a simple model
used to describe a collisionless plasma in one dimension in space and velocity. It reads
athr ‘|'1183cf+ _8a:¢6vf+ =0, (1)

atfi +Uazf7 +H8I¢a’uf7 :0,

where the potential ¢ := ¢(t, x) satisfies the Poisson equation
000 = [ (1~ ) ©)
R

where p > 0 is the mass ratio, f™ := f(¢,x,v) and f~ := f~(¢,2,v) denote the distribution functions
for the ions and electrons respectively, depending on time ¢ > 0, space x and velocity v. The system
(1) is supplemented with initial conditions

f+(0,33‘,1})= iﬁ(%”% f‘(O,x,v) :fi;(l‘,v),

on the domain z € [0, L], v € R where we assume periodic boundary conditions in x and vanishing
boundary conditions in v.
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Since the dynamics of the Vlasov-Poisson system may be very complicated, we will essentially focus
in this work on initial conditions which are a perturbation of a given non homogeneous equilibrium.
Note the large time analysis of the Vlasov-Poisson system around non homogeneous equilibrium is a
very active domain (see [8,9]). From a numerical perspective, the dynamics is quite challenging to
capture since various behaviors may happen (stability, unstability, filamentations, vortices, ... ). Even
if high order numerical schemes are required, standard schemes may fail to capture such behaviors
on coarse meshes and lead to unphysical instabilities. The goal of this work is therefore to construct
numerical schemes which improve the quality of the numerical solution when the initial functions is
chosen to be a perturbation of non homogeneous equilibrium. Let us note that in many physical
applications, the initial condition of Vlasov type models is taken as a perturbation of an equilibrium
(see [12,18,19]...). Restricting ourselves to this configuration, it is natural to design well-balanced
numerical schemes by using a suitable decomposition of the unknown, where the one part corresponds
to the equilibrium and the other part corresponds to the out of equilibrium part. This kind of micro-
macro decomposition has been introduced to derive asymptotic-preserving schemes [6,20] but also to
design well-balanced schemes in the presence of collisions [10,25], but also recently in the collisionless
case [11,19,24] to improve the accuracy of a Vlasov solver. Let us also mention [13,14] in the context
of collisional radiative transfer equation. In this latter case, the approach bears similarities with the
so-called ¢ f approach [3] developed for Particle-In-Cell methods.

In our case, we will consider the following decomposition of the solution f* = ng + g% where folL
is a given equilibrium and ¢g* can be seen as a perturbation of fgt, even if g% can be large when the
dynamics drives the solution far from the equilibrium fgt. The unknown of the reformulated problem
will thus be the perturbation ¢*. Then, the main motivation from this strategy is to design a numerical
scheme for the reformulated problem which

(i) preserves eractly the equilibrium foi,
(i) is able to capture the correct behavior of the solution (in some representative cases) for large
time even when coarse meshes are considered.

However, it is well known that computing analytically non homogeneous stationary states of (1)-
(2) is not that easy. In practice, periodic non homogeneous stationary states are usually considered
numerically, and the procedure can be quite tedious [11,12] since it involves a nonlinear elliptic equation
to solve. In this work we will construct a family of exact stationary non homogeneous solutions to
the system (1)-(2) (in one dimension in space and velocity). As a function of v?/2 £ ¢(z), these
solutions belong to the so-called BGK waves [2] whose stability have been widely studied in the past
decades whether analytically [15,16,21,22] or numerically [7,12,26]. However, to our knowledge, exact
non-homogeneous periodic BGK solutions have not yet been derived.

In summary, we propose a micro-macro decomposition based numerical scheme to explore the dy-
namics of (1)-(2) when the initial condition is a periodic perturbation of such an analytic stationary
state. As we shall see, this decomposition has a strong links with the so-called Jf method [3] and
can be combined with all classical numerical methods for Vlasov type models. Note that in this work,
high order Eulerian methods will be used. The numerical tests we have conducted show good behavior
compared to standard method when coarse meshes are considered.

The outlines of the paper is the following. In Section 2 we show how to derived exact periodic
non homogeneous stationary solutions to (1)-(2) using Jacobi elliptic functions. Then in Section 3, we
present the derivation of the well-balanced scheme. Finally, in Section 4, several numerical results are
shown to illustrate the good behavior of the proposed scheme.
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2. STATIONARY SOLUTIONS

2.1. Main idea

In this section we construct exact solutions to the system (1)-(2). To present the main idea we
search for stationary solutions to (1)-(2) under the following form

—a a »2 x T a w2 x
FHa,v) =/ S (re2 T el ), "
F(,0) = | S2 (s, 2 0@ 4 2 oliz—o(a))),

with a,71,51,72,52 € R, a < 0 (let recall that y is the mass ratio). Since f* are functions of % + ¢,
they belong to the so-called BGK waves [2] and it is possible to show that such functions are solutions
to (1) simply by inserting (3) in (1). The difficult part is to determine, if it exists, the potential ¢
associated with f* through (2). Usually, this is done numerically [11,12] by solving a nonlinear elliptic
problem. In the following, we shall give some exact solutions and show that the potential ¢ associated
with the solutions (3) can be expressed using Jacobi elliptic functions.

The construction of our solutions is based on the following equality

a€® 0,0 p = €90y, (e%?) — (0,€%9)2. (4)
To determine ¢ we proceed as follow. First we insert (3) in (2) to obtain
e = $16729% 4 50799 — 10 — 1299, (5)
Now, multiplying this equality by ae?*? and using (4) enable to get
€0, (€7?) — (0,%?)? = a(s1 + 52€"? — 19e39? — 1y ee?),
Finally, the change of variable u := e*® leads to
UOprtt — (Opu)? = a(sy + sou — rou® — r1u4). (6)

Therefore, if we find some solutions to (6), we obtain solutions to the Vlasov-Poisson equation (1).
Note however that since we are interested in real solutions one must have v > 0, moreover for the
solutions to be physically relevant we need f* >0 for all z,v € R in (3).

Remark 2.1. It is also possible to multiply (5) by —ae™%® and make the change of variable v = =%,

In this case, one obtains the following equation (instead of (6))

V040 — (0,0)? = —a(s10* + 590° — 190 — 17). (7)

If i =1, this is simply equivalent to exchange f* and f~.

2.2. Some solutions to (1)-(2)

The solutions constructed in this section are based on a general function w which satisfied the
following non linear differential equation

(0,w)? = aw? + Bw® + yw? + dw + €. (8)

It is well known that solutions to (8) can be constructed using elliptic functions [1,4,27,29]. For
example, if we consider the simple case of the Jacobi elliptic functions (see Appendix A), then (8) is
satisfied with § = § = 0 and some «, 7, ¢ € R. However, using directly such functions to solve (6) only
leads to solutions which are not physical. To obtain positive real solutions, one must change these
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functions with a suitable transformation. Here we simply add a constant b € R and consider instead
the functions w + b but more general transformations such as linear fractional transformation of the
form (cw + b)/(ew + d) could also be considered.

Lemma 2.2. Let w satisfies (8). Then the function z := w + b satisfies the following equality

302 )
2B ~3 +by)z+ (—2ab+ g)z?’+az4 9)

20,02 — (0,2)% = (— ab* +b*B — b*y + b6 — €) + (2ab® —

Proof. Since 0, (0,w)? = 20,wd,,w, one can deduced from (8) the equation satisfied by (9,w)? and
Ozzw. The rest of the proof is straightforward using the equality w = z — b and rearranging the
terms. 0

Consider a function z defined as in Lemma 2.2. As mentioned in Remark 2.1 we have two kinds of
solutions.

(1) The first solution is obtained with the change of variable u = €2®. Matching (6) and (9) one

gets
—a —f +4ab —ab* + 03B — b2y +b) — € 4ab® — 3b2B + 2by — 6
TIEm——, T m Y, 51— ) S2= ) (10)
a 2a a 2a
and the potential reads
1
o(x) = alog(w—i—b)7 (11)
(2) The second solution is obtained with the change of variable v = e~%¢. Matching (7) and (9)
gives
a—b*+ 3B -2y +b6—¢ 4ab® — 3623 +2by — § — —f +4ab
T = ;T2 = yS1=——, Sa=——( . (12)
a 2a a 2a
and the potential reads
1
o(x) = - log(w + b). (13)

Now we give some examples for the solutions. The following solutions are based on some Jacobi
elliptic functions which satisfy the non linear ordinary differential equation (27) and where the coef-
ficients are given in the Table 1. Note however that since we consider here functions under the form
cf(Ax, k), (27) must be rescaled accordingly. In the following the coefficients «, 53, , d, € and the func-
tion w are given explicitly together with a positivity condition. The solutions (3) can then be deduced
using the relations (10)-(11) or (12)-(13).

e Solution 1. The function considered is w = c¢dn (A(xz — ), k). For this function one has
A2 2 2 2 2\ 2
a=——, =0, y=N2-k), 0=0, e=-X(1—-Ek%)c". (14)

2’
and a sufficient condition to obtain positivity is
c>0, b>(1+vV2)e, 1>k>0.
e Solution 2. The function considered is w = e¢nd (A(z — ), k). For this function one has

a:w7 B=0, v=M(2-k?), 6§=0 e=-\). (15)

2
and a sufficient condition to obtain positivity is
(3 +2v/2)c2

¢>0, b>(1+V2), - 2k>0
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FIGURE 1. Some graphical illustrations of solutions 1 to 4 (from left to right) over
one spatial period. First line: f (z,v). Second line: f; (z,v).

o Solution 3. The function considered is w = ccn (A(x — o), k). For this function one has

__kB¥ =0 =\22k*2=1), 6=0 =\2(1 - k>
a__c_27 /B_a Y= ( _)) =y, e= (_ )C'

and a sufficient condition to obtain positivity is

N (1+V2+V7+4V2)c
2 )

c>0, b

1>k>\/ ((=2+ V2)b — 20)c? .
“V20b-c)b+ce)b—V2b+e)

The last example is based on the Weierstrass elliptic function p(z, g2, g3) which satisfies the non

linear ordinary differential equation (28).
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c

e Solution 4. The function considered is w = ) For this function one has

@(A(m—mo)y%gs

22 A2
a=-82 g=_BT 0, §=4c2 =0

c? c

To have a simple positivity condition we take go = 0. And a sufficient condition to obtain
positivity is then

4(7 +5v2)c?
C>0, b>07 gQZOa 932(+b73\f)c

On Figure 1, some graphical illustrations of these 4 solutions are given with the following coefficients

— solution 1: b=1++/2, k* = 0.97,

— solution 2: b=2(1++/2), k? =0.75,

— solution 3: b =3, k? = 0.97,

— solution 4: b= (4(7T+5v2))/3, g2 =0, g3 =1, k* = 0.9,

and for all the solutions a = -1, c=1, A=1, o = 0.

Note that the spatial periods are not the same for each solution. Indeed, solutions 1 and 2 are related
to the elliptic functions dn and nd which have spatial periods 2K (k) (where K (k) can be defined as
an elliptic integral see Appendix A). Since solutions 1 and 2 have different values for k, they also have
different spatial periods (see Figure 1). Solution 3 is related to the elliptic function cn and has period
4K (k) while solution 4 is related to the Weierstrass elliptic function and has a spatial period which is
also different from the three previous solutions.

Remark 2.3. Note that some parameters can be used to control the stability of the stationary solutions.
By stability, we mean that a perturbation of the stationary solution leads to a solution which mowves
away the stationary solution with a certain rate. If the rate is smaller, the solution is said to be "more
stable". For example increasing b or decreasing a (while the other coefficients are fized) makes the
solution more stable. Similarly, increasing k makes the solution more stable. Some examples are given
in Figures 2 in which the time evolution of (23) is plotted for different values of k and b (the initial
solution is chosen as a perturbation of amplitude 1072 of the equilibrium, similarly as in (25)). On
the left part of Figure 2, one can observe that when k increases, the solution remains close to the
equilibrium (k* = 0.99, purple curve) whereas for k = 0.9 (red curve), the solution moves quickly away
from the equilibrium. Similarly on the right part of Figure 2, the largest value of b (b = 1.2 + /2,
purple curve) leads to stable results whereas the smallest value of b (b = 1+ /2, red curve) leads to
unstable results. Of course, more investigations would be welcome but the stability of non homogeneous
stationary solutions is known to be a challenging problem that is not the main goal of this work and
we restrict ourselves to some numerical illustrations.

Remark 2.4 (Periodic and hyperbolic solutions). Solutions 1 to 3 are periodic for 0 < k < 1 and
hyperbolic when k =1 since the Jacobi elliptic functions degenerate towards hyperbolic functions when
k — 1 (see Appendiz A).

3. A WELL-BALANCED SCHEME

In this section we show how to derive a well-balanced scheme for the system (1)-(2). More precisely
we will focus in this section on a discretization of (1) based on a micro-macro decomposition [10,11,
17,20,23,25]. In the rest of this section, we will denote ¢ the potential associated with (f~ — fT)
according to

Dnny = /R ™ - 1o (16)
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— k=029 00025 1 —— p=1+v2
00051 k2=p.97 — b=1.1+V2

— k?=0.985 00020 4 — b=1.15+V2
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FIGURE 2. Left figure: time evolution of (23) for different values of k (the other
parameters are a = —1,A = b = 1,m = k? 2o = 0) ; right figure: time evolution
of (23) for different values of b (the other parameters are a = —1,\ = 1,m = k? =
0.97,29 = 0). For both figures, L = 4K (k).

3.1. Preserving one stationary state

The main goal of this section is to design a numerical scheme which is able to preserve a given
stationary state exactly. Indeed, it is known that standard schemes are not able to preserve a given
stationary state due to numerical errors. Numerical schemes which are not well-balanced may produce
spurious oscillations when approaching equilibria or near equilibrium solutions so that the numerical
solution may become wrong. The well-balanced scheme presented in this section bears some similarities
with the scheme introduced [11] for Vlasov-HMF and is able to preserve exactly one given stationary
state to the system (1)-(2). To derive the scheme we perform the following decomposition

fi(t,l‘,’l})=f$($,v)+gi(t,$,1}), (17)

where fi(x,v) does not depend on time and is a stationary solution to (1)-(2) associated with a
potential ¢ (x). Inserting (17) in (1) and using the notation Ty = vd, — 0,¢0,, one gets

athr +T¢f(f0+ +g+) = Oa (18)
=0.

g™ +T-pp,(fo +97)

Moreover since fi is a stationary solution to (1)-(2) one has by definition vd, fi™ = dybs,dyf and
00z fy = —102P5,0y fy . Therefore, we get

Ty, fo = (00r — D0 I,
= (020 £,00 — 0up50) [,
= —(0u0r — 0u5,) 00 [y
= 02040, fy

where ¢, := ¢ — ¢y, is the potential associated with g defined by 0,.¢g = fR(g* — g1)dv according
to (16). Similar calculations can be performed to get T4, f; = p0.$40,f; and finally (18) can
reformulated as

athr + T¢fg+ = 896515980][6.—7

_ _ _ (19)
atg +T—u¢fg :_M8w¢gavf0~
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The potentials ¢ and ¢, satisfy the following Poisson equations

Ouaty = (57 = 1o, 0naty = [ (47— g"io
R R
and the initial condition for g% is given by
g+(07.’L‘,U) = fii:(va) - f}j(l‘ﬂ)), g_(Ow%"U) = fi;(m7v) - f(;(w,v)

To solve numerically (19) we use a time splitting scheme where the term +0,$,0, fif is treated as a
source term. Equations (19) are then solved with three main steps (for simplicity we take p = 1)

(1) 8tgi = ia$¢ga1;f6t>
(2) 99T +vdgT =0, (20)
(3) Oyt F0.070,9% = 0.

Integrated with respect to v the step (1) one observes that fR gFdv is constant and so is ¢g. Therefore,
the step (1) can be solved exactly in time using an explicit Euler scheme since fR g dv is constant
along this stage. The steps (2) and (3) will be solved using semi-Lagrangian methods [5, 28] (for
the interpolation, cubic B-spline are used [24]). In the numerical tests since the equilibrium will be
obtained with the exact solutions derived in the previous section, the term 0, fgt on the right hand
side of (1) can be calculated analytically. It is also possible to calculate this term numerically provided
that a high order method is used (for example a fourth order centered finite difference approximation).

We consider the second order in time discretization given in [5] to solve (2) and (3) from ¢" to
t"t1. In the following, At denotes the time step, ¢” the semi-discretization in time of the unknown
g at t" := nAt and ¢*) intermediate steps between " and t"+!. For simplicity we drop the index +
but it is important to note that the steps of the procedure described below are computed at the same
time for g™ and g~. This is required to solve (16) when evaluating d,¢,. One obtains the following
algorithm

At
1. Solve step (1) of (20) over a half time step: g(¥) = g™ + ?8z¢gn Oy fo where 9y n is calculated
with (16),
: (2) ® At
2. Solve step (2) of (20) over a half time step: ¢'¥(z,v) = ¢""/(x — v77v),
3. Update the value of E?) := — 2 with (16) and @ = fo+ 4¢P,
4. Solve step (3) of (20) over a whole time step: ¢ (z,v) = ¢ (z,v — E@ At),

At
5. Solve step (2) of (20) over a half time step: ¢ (z,v) = ¢°(z — 117,1)).

At
6. Solve step (1) of (20) over a half time step: g®) =g¢W 4 781,%(4) Oy fo where 0,¢ 4 is calculated
with (16),
(21)
Proposition 3.1 (Well-balanced scheme). The scheme (21) is well-balanced for the stationary state
fo-

Proof. Tt is enough to notice that if f(0,z,v) = fo(z,v) then ¢g(0,z,v) = 0 and the splitting described
previously preserves the zero solution exactly. O
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3.2. Changing dynamically the equilibrium fOi

Even if the scheme described in Section 3.1 preserves one given stationary state, it is still possible
to change this equilibrium during the simulation. Since we focus in this work on an initial condition
which a perturbation of an equilibrium given in Section 2, it makes sense to consider these stationary
states. This family of solutions depends on some parameters a,b,c, \,zg,k € R and is therefore of
finite dimension. For example, one can minimize a given norm with respect to some of this parameters
and consider for example

min (|[f™F = fhllez, + 1" = follz ), (22)

T,v

where f™* denotes the numerical solution at time ¢” and eiq a family of exact solutions. The goal when
minimizing (22) is to get the smallest perturbation g*. The stationary state fét in the decomposition
(17) can then be replaced with the new stationary state obtained when solving (22).

Ideally one would like to project on all the stationary states of the form F (% + ¢(x)). However this
seems complicated in practice, see for example [11, Section 3.6] for an attempt at the order 0.

In our case it is important to notice that nothing guarantees that the quality of the numerical solution
is improved when minimizing (22). Therefore one has to choose the parameters of the optimization
carefully. In the numerical tests we will simply consider a translation, that is minimizing with respect
to xg, which seems to be a reasonable choice for our examples.

Remark 3.2. Here we have chosen to minimize the f™ — feq to get a small perturbation g but other
choices could be considered. For example one could try to minimize Oy f™ — Oy feq and Oy f™ — Oy feq to
get a smoother perturbation g.

4. NUMERICAL RESULTS

In this section, the well-balanced scheme is tested and compared with a standard scheme for which
the first step in (20) is simply omitted. More precisely the standard scheme consists simply in steps 2
to 5 of (21) which is a very classical discretization [5,28]. The numerical tests will consist of an initial
condition which is a perturbation of a given equilibrium. We shall study two different configurations

— In the first one the solution stays close to the equilibrium. The numerical test is said to be
stable.

— For the second case the solution diverges from the equilibrium. The numerical test is said to
be unstable.

To compare precisely the two schemes (classical and well-balanced), we will plot the following time
dependent quantity

|f[07L]XR VE(fH(t, 3, v) — f;z(x,v))dxdv
f[o,L] o V2 S (z, v)dadv

where el; is the initial equilibrium and we have arbitrarily chosen to represent the quantity (23) for

fr.

The space domain [0, L] is discretized by a uniform grid of N, points and periodic boundary con-
ditions are considered. In all the numerical tests we will take L = 4K (k) where K (k) is the elliptic
integral mentioned in Appendix A. In the velocity direction, we choose a truncated domain [—10, 10]
with a uniform grid of N, points. Finally, t" = nAt, n € N and At > 0 is the time step. For simplicity
we will take p = 1 in all the numerical tests. For the well-balanced scheme we choose initially fo = feq.
The Julia version of the code is available on GitHub:
https://juliavlasov.github.io/VlasovPoissonTwoSpecies.jl/dev/simu/

B (23)

4.1. A first stable numerical test

For this test we consider the initial equilibrium feiq described by the second solution (15) with A =1,
a=-2,b=2(1++2),c=1,m=k?=0.75, 1o = 0 and a final time 7" = 200. The initial function is


https://juliavlasov.github.io/VlasovPoissonTwoSpecies.jl/dev/simu/
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taken as the equilibrium with no perturbation

fi((),:zs,v) = f;‘fl(x,v). (24)

We compare two different approaches

— The standard scheme on a 64 x 64 mesh and At = 0.2.
— The well-balanced scheme from Section 3.1 on a 64 x 64 mesh and At = 0.2.

The results are displayed on Figure 3. Since the initial condition is simply a stationary solution no
reference solution is needed: the solution is supposed to stay at the equilibrium. It is well known that
classical schemes have no difficulties to preserve homogeneous equilibriums (¢(z) = 0). However, as
illustrated by Figure 3, this is not the case anymore when non homogeneous equilibrium are considered.
Indeed the Figure 3 shows that the well-balanced scheme capture exactly the stationary solution (24)
at all times which is not the case for the standard scheme.

FIGURE 3. Phase space representation of the function f* for the first stable numerical
test with no perturbation. From left to right: initial condition, well-balanced scheme
at T = 200, standard scheme at T = 200.

4.2. A second stable numerical test

For this test we consider the initial equilibrium fZ described by the first solution (14) with A = 1,
a=-2b=14++v2,c=1,m=~k> =097, 2o = 0 and a final time T = 200. The initial function is
chosen as a perturbation of the non homogeneous stationary solution eiq

) (25)

0, z,v) = g';(x,v)(lJrecos( i;r(‘%

NG

with € = 0.001 and we compare three different approaches

— The standard scheme on a 64 x 64 mesh and At = 0.2.

— The well-balanced scheme from Section 3.1 on a 64 x 64 mesh and At = 0.2.

— The reference solution is computed with the standard scheme on a 512 x 512 mesh and At =

0.025.

The results are displayed in Figure 4 where we plot the time history of the quantity defined in (23)
for the three numerical methods. The well-balanced scheme correctly captures the reference solution
(obtained by a refined mesh) which remains close to the stationary state while the solution obtained by
the standard scheme on a coarse mesh is less accurate and leads to an (unphysical) unstable solution.
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t
FIGURE 4. Second stable numerical test. Comparison between the well-balanced and

standard scheme. Time history of the quantity (23). The well-balanced line overlapped
the reference solution.

4.3. A first unstable numerical test

For this test we consider the initial equilibrium fej; described by the first solution (14) with A = 1,
a=-1,c=1m=£k%>=0.97 2o =0 and a final time T = 200. The initial function is then written

2rx

0, z,v) = fj;(x,v)(l + ECOS(4K(I<:)

+1),

with € = 0.001. Note that, compare to the previous example, we have translated the perturbation,
breaking the symmetry of the test and therefore making it unstable. As discussed in Remark 2.3, the
parameter b has a strong influence on the stability rate of the test (see also Figure 2). Indeed, increasing
the value of b from its smallest acceptable value (b = 141/2) makes the stationary solution more stable
and as such, it delays the merging time of the two vortices involved in the initial condition (see Figures
5 and 7). Indeed, for b = 1.12 + v/2, one can observe on Figure 5 that the two vortices get closer
and closer before separating (first at time ¢ = 110 and second at time ¢ = 130) and finally merging at
time ¢ = 200. On the contrary, for smaller b like b = 1 + /2 (which will be the next numerical test),
the merging time occurs at time ¢ = 75 (see Figure 7). Note that when the two vortices interact, the
quantity (23) presents peaks as illustrated in Figure 6 (three peaks can be observed, corresponding to
three interactions).
We compare the following cases

The standard scheme on a 64 x 64 mesh and At = 0.2.

The standard scheme on a 128 x 128 mesh and At = 0.1.

The well-balanced scheme from Section 3.1 on a 64 x 64 mesh and At = 0.2.

The well-balanced scheme from Section 3.1 on a 64 x 64 mesh, At = 0.2 with a projection every
25 iterations as described in Section 3.2. For the norm chosen in the projection we arbitrarily
choose the L? norm although other choices could be considered. The only parameter of the
optimization is xg.

The reference solution is computed with the standard scheme on a 512 x 512 mesh and At =
0.025.

In Figure 6, we compare the quantity (23) for the cases described previously. Note that three main
peaks appearing on the reference solution correspond to times where the holes interact, see Figure
5. Our goal is to approximate correctly these peaks illustrating that the dynamic of the solution is
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FIGURE 5. Phase space representation of the function f* at different times of the
simulation for the test case 4.3 for b = 1.12 + /2. From left to right: ¢ = 0, t = 110,
t = 130 and t = 199. At the end of the simulation the holes initially on the center
and on the right have merged.

correctly captured. If one looks on the left part of Figure 6, one can observe that the standard scheme
completely fails to recover a correct approximation of the reference solution on a 64 x 64 mesh (actually
the two holes do not even merge in this case). Considering a 128 x 128 mesh improves the numerical
solution, however the times corresponding to the peaks are still wrong. On the contrary, the right part
of Figure 6 shows that the well-balanced scheme is able to reproduce correctly the time of the first peak
using a coarse mesh (64 x 64) both with and without projection technique. On this numerical test,
the projection does not seem to improve a lot the quality of the numerical solution and it is therefore
enough to consider the well-balanced scheme with the initial stationary state only.

4.4. A second unstable numerical test

For this second unstable numerical test, we take the same parameters as before except that b =
1+ v/2. As mentioned before, since b is smaller, the solution will be more unstable compare to the
previous case for which b was larger (b = 1.12 + \/5) In particular, for this numerical test the holes
interact and see each other but do not merge. For example, the second peak now represents a second
time where two different holes interact, as illustrated in Figure 7. We compare the following cases

— The standard scheme on a 64 x 64 mesh and At = 0.2.

— The well-balanced scheme from Section 3.1 on a 64 x 64 mesh and At = 0.2.

The well-balanced scheme from Section 3.1 on a 64 x 64 mesh, At = 0.2 with a projection every

25 iterations as described in Section 3.2. For the norm chosen in the projection we arbitrarily

choose the L2 norm although other choices could be considered. The only parameter of the

optimization is xg.

— The reference solution is computed with the standard scheme on a 512 x 512 mesh and At =
0.025.

The results are displayed on Figure 8 where the quantity (23) is given for the cases described
previously. As noted before, the peaks which appear on Figure 8 show the times where the holes
interact, see Figure 7 for more details. Once again, our goal is therefore to get a good approximation
of the times when these peaks appear. On the left part of Figure 8, the standard and well-balanced
schemes are compared. We can observe that the well-balanced scheme correctly captured the first peak
which is not the case for the standard scheme. However, even if the first peak is correctly captured
by the well-balanced scheme, the second peak is not well captured (for the the reference solution, it
appears at time ¢ &~ 130 whereas for the well-balanced scheme, it appears later, around ¢ ~ 185). We
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FIGURE 6. Time history of the quantity (23) for b = 1.12++/2. Left: standard scheme
on a 64 x 64 and 128 x 128 meshes. Right: well-balanced scheme on a 64 x 64 with
and without a projection at ¢t = 115 (until ¢ = 115 the two schemes overlapped). The
well-balanced scheme gives better results even on coarse meshes.

also consider on the right part of Figure 8 the well-balanced scheme with projection. We observe that
the second peak obtains with the projection technique is closer to the reference solution.

5. CONCLUSION

In this work, the two-species Vlasov-Poisson system is studied. First, non homogeneous analyti-
cal stationary solutions are proposed using elliptic functions. Second, suitable numerical schemes are
proposed to improve the numerical simulation of the dynamics around these equilibrium solutions com-
pared to standard approaches. A first numerical scheme is able to capture exactly one given equilibrium
by using a micro-macro type decomposition whereas in a second numerical scheme, the equilibrium
associated to the decomposition is modified dynamically using an optimization step. Some numerical
results illustrate the capabilities of the new approach on both stable and unstable configurations. In
particular, the new methods are able to greatly improve the reliability of the numerical simulations
when coarse phase space meshes are considered. Possible extensions using Particle-In-Cell methods
might be interesting to investigate to reduce the noise, in the spirit of the ¢ f method but in the non
homogeneous case.
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FIGURE 7. Phase space representation of the function f* at different times of the
simulation for the test case 4.4 where b = 1 4+ v/2. From left to right: t = 0, t = 75,
t =100 and t = 130. The holes interact but do not merge.
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A. ELLIPTIC FUNCTIONS

In this appendix a very brief overview of the Jacobi elliptic functions and some of their main
properties are given, for more details on elliptic functions see for example [1,4,27,29]. We adopt here the
presentation from [27] and choose to introduce the Jacobi elliptic functions like the usual trigonometric
functions replacing the unit circle with the (normalized) ellipse which satisfied the equation (see Figure
9)

CP v =1, (26)

and define the modulus k as k = —“12_1 For k = 0 (that is @ = 1) we recover the equation of a circle
and when k£ — 1 (that is @ — 00) the ellipse became more and more stretched. Sometimes the notation
m = k? is used.

The three main Jacobi elliptic functions are denoted sn(u, k), en(u, k), dn(u, k) can then be defined
as follow

cn(u, k) = g, sn(u, k) =y, dn(u, k) = 27

where the argument of the elliptic functions associated with a point P is defined as u := fOP rdf, r is
the (non constant) radius satisfying 2% 4+ 4? = r and x = 7 cosf and y = rsin § are the standard polar
coordinates. The derivatives of the three main Jacobi elliptic functions satisfy

d
ecn=—sndn, —dn=—k%sncn.

du

d
—sn = cndn,

du du



ESAIM: PROCEEDINGS AND SURVEYS 281

— reference
0.0035

—— wb 64x64

—— standard 64x64
0.0030
0.0025
0.0020
0.0015
0.0010
0.0005
0.0000

T T T T T T T

— reference
—— wb 64x64
—— wb 64x64 project

o
N
o
o
o
~
o
=
S 4
S
-
o 4
o
=
o
o
-
=
o
N
o
=3

0.0035 4

0.0030 4

0.0025 4

0.0020 4

0.0015 4

0.0010 4

0.0005 4

0.0000 4

ll) 2‘5 SlO 7‘5 160 1;5 1_;:0 1;5 260
t
FIGURE 8. Time history of the quantity (23). Left: comparison of the standard

scheme and the well-balanced scheme on a 64 x 64 mesh. Right: comparison of the
well-balanced scheme with and without projection on a 64 x 64 mesh.

FIGURE 9. A representation of the ellipse given by equation (26).

For k = 0 one recovers the usual trigonometric functions associated to the circle and when k& — 1 the
elliptic functions degenerate toward hyperbolic functions
sn(u,0) =sinu, cn(u,0) =cosu, dn(u,0)=1,
1 1
coshu’

sn(u,1) = tanhwu, cn(u,l) =
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See Figure 10 for some graphical examples of the functions sn, cn and dn for different values of k.
Other elliptic functions can also be defined as ratio of the three previous functions
1 1 1 cn _dn sn

ns:=—, nc:=—, nd:=—, cs:=—, ds:=—, sc:=—, dc

dn sn cn
) =, — 4.
sn cn dn sn sn cn cn dn

sd : cd = I
Note that those functions are named by concatenation of the first letter from the numerator and
denominator. These functions are periodic: the period of sn and cn is 4K, and the period of dn is 2K,
where K := K (k) is the value of u at the top of the ellipse where (x,y) = (0,1). The function K (k)

can also be defined from an elliptic integral. An important property of the Jacobi elliptic functions

sn, cn and dn is that they satisfy the following nonlinear ordinary differential equation with respect to

u

(% sn)? = (1 —sn?)(1 — k?sn?),

(i en)? = (1 —cn?)(1 — k% 4 k% en?),

du
(— dn)? = (dn® —1)(1 — k% — dn?).

d
du

More generally, all the Jacobi elliptic functions satisfy a nonlinear ordinary differential equation of the
general form p
(=) =y’ +9° + e, (27)
where the coefficients o,y and € are given in the Table 1. This kind of equations has various physical
applications: they arise, for example, when studying solitons or the motion of a pendulum.

Finally we mention the Weierstrass function p which is another kind of elliptic function. The
function g is different but related to the Jacobi elliptic functions. In particular, it satisfies the following
nonlinear ordinary differential equation

@(ZagQag:ﬂ)IZ = 4@('2’92?93)3 - ng(Z,QQ,g?,) — 93, (28)

where ¢o, g3 are called invariant. The Weierstrass function can be defined from the Jacobi elliptic
functions. For more details see [4,29].

0.5

— ¢n(u, 0) sn(u, 0) dn(u, 0) —— c¢n(u, 0.75) sn(u, 0.75) dn(u, 0.75) —— ¢n(u, 0.99) sn(u, 0.99) dn(u, 0.99)

FiGURE 10. Representation of the three main Jacobi elliptic functions for different
values of k. From left to right: £k =0, k = 0.75, £ = 0.99.
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