ESAIM: Proceedings, Vol. 1, 1996, pp. 401-414
http://www.emath.fr/proc/Vol.1/

Evolution of a Cylindrical and a
Spherical Vortex Sheet

Monika Nitsche
Institute for Mathematics and its Applications
University of Minnesota
Minneapolis, MN 55455, USA

Abstract

Point vortex and vortex blob computations are used to investigate the evolution of the planar
and the axisymmetric vortex sheet which initially induce flow past a cylinder and past a sphere
respectively. In both cases the sheet develops a singularity at two points in the symmetry plane
at a finite time. It rolls up at these points forming a vortex pair in the planar case and a vortex
ring in the axisymmetric case. The computations show differences in the shape of the sheet before
singularity formation as well as in the time and location at which the singularity appears. The
ensuing roll-up is faster, smaller and less symmetric in the axisymmetric case than in the planar
case. Furthermore, unlike the planar pair, the axisymmetric ring sheds approximately 25% of
the total vorticity into its wake which then in turn rolls up into a secondary ring. At large
times, irregular particle motion appears. This is believed to result from the onset of chaos in a
perturbed dynamical system, and to be caused by oscillations in the downstream motion of the
vortices.

1 Introduction

Consider the potential flow around and inside a circular cylinder which is immersed in uniform
parallel flow (Fig. 1a). This flow is induced by a cylindrical vortex sheet bound to the cylinder
walls. Equivalently, the potential flow around and inside a sphere immersed in uniform parallel
flow is induced by an axisymmetric vortex sheet bound to the sphere (Fig. 1b). This paper presents
a numerical study of the vortex sheet evolution if the initially cylindrical and spherical sheets are
allowed to evolve freely under their own influence. The goal is to determine differences between
the planar and the axisymmetric geometries given comparable initial conditions.

In a reference frame fixed at infinity, one may think of a cylinder and a sphere which have been
given an impulse in direction normal to their axes, and are immediately dissolved. The vortex sheet
remaining in the fluid moves in direction of the impulse. It evolves and develops a singularity at a
finite time at two points in the symmetry plane. After the singularity has formed, the sheet rolls
up at these points and forms a counterrotating pair of vortices in the planar case and a vortex ring
in the axisymmetric case.

We first investigate the behaviour before singularity formation and the structure of the singu-
larity using a discretization of the exact governing equations. Since the vortex sheet is unstable
to Kelvin-Helmholtz short wave growth, a Fourier filter [3] is used to prevent the amplification
of high wavenumbers introduced by roundoff error. In the planar case, the singularity formation
was studied numerically by Rottman and Stansby [9] and a similar problem was studied by Pugh
[7]. Their results show that the order of the planar singularity is the same as in the case of the
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singularity that forms in a periodic vortex sheet (Moore [5], Krasny [3], Shelley [11]). It is not clear
a priori that the axisymmetric case behaves similar to the planar case. The results presented here
show that the time and position at which the singularity appears are different.

Next, we investigate the long time behaviour of the flow past singularity formation. At these
times, a discretization of the exact equations does not converge and the governing equations need to
be regularized. We use the vortex blob method in which a smoothing parameter ¢ is introduced into
the governing equations and obtain information about the sheet in the limit as § — 0. Winckelmans
et al. [13] computed the roll-up of the initially spherical sheet as a test problem for a fully 3D vortex
method. Comparison of such fully 3D solutions with the axisymmetric computations presented here
can be used to distinguish axisymmetric from fully 3D effects and instabilities.

The paper is organized as follows. Section 2 presents the initial conditions and the discretization
of the governing equations. Section 3 presents results before and near singularity formation and
Section 4 presents aspects of the long time behaviour of the flow. The results are summarized in
Section 5.

2 Governing equations

2.1 Initial conditions

Let (z,y, z) be a Cartesian coordinate system such that the initial vortex sheets are centered at the
origin and the z-axis equals the axis of the cylinder. The flow is at rest at infinity and the impulsively
given initial velocity is (U, 0,0). By symmetry, both the planar and the axisymmetric sheets are
fully described by their crossection with the upper half of the symmetry plane, z = 0,y > 0. This
curve is (z(a,t),y(a,t)), where the Lagrangian parameter « is chosen to equal arclength at time
zero. The initial conditions are

1
z(a,0) =cosa , y(a,0)=sina , F(a):—i(cosawtl) , 0<a<m. (1)

Here, I' is the Lagrangian circulation about the portion of the sheet bounded by the foremost point

(2(0,1),y(0,t)) and (z(a,t),y(e,t)). The vortex sheet strength is V() = 4 sina. All variables
are nondimensionalized with respect to the initial radius and the total circulation in the upper
symmetry plane, £ = I'(r). With this nondimensionalization, the given velocity U is

Up=1/4 , Usp=1/3 (2)

where 2D and 3D refers to the planar and axisymmetric case respectively.

2.2 Numerical method up to singularity formation

The vortex sheet motion in the upper symmetry plane is governed by
s
u(z,y) = PV / u(z,y: 3, )T (@)da . 3)
0

Here z = z(«), y = y(a), T = z(@),y = y(a) and u(z,y;z,7) = (u,v) is the velocity at (z,y)
induced by a pair of point vortices at (Z,+%y) and a circular filament at (Z,7) in the planar and
axisymmetric case respectively. The velocities are given by derivatives of the respective stream-
functions

Uop = g vap = _W op(z,y; T,7) = 1 og (z =2+ (y—§)"
dy - dz ha -y
1 dy 1 dvp I 1 [?"y 4y cosf
uyp =——— , UVs3p=———> , 1/)3D(l"y;$,y): J— 7d9’
y dy y dz 41 Jo P
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where p? = (£ —7)%2 +y?+ 7> —2y 7 cos 0. The velocities are discontinuous across the vortex sheet.
The integrand in (3) is singular and the principal value effectively assigns to the sheet the average
of the velocities on either side of it.

To compute the vortex sheet motion the vortex sheets are discretized by a finite number of
(straight or circular) vortex filaments at (z;,y;) corresponding to c; = jm/N. The velocity (3) of
the filaments is approximated by

do: N du; N

G = 2wk Tl Aek+ 5 Tleg) Ay = 37w T'(ew) Ay + 05 T'(ej) Ay . (5)
k=0 k=0
k#j k#j

Here Ay, are the trapezoid weights, ujx = u(zj, yj; Tk, Yk), vjk = v(24, Yj; Tk, y) and uf, v approx-
imate the self-induced velocity of the vortex sheet segment corresponding to a;_1/3 < @ < ajy1/2.
The system (5) of ODE’s with initial conditions given by (1) is integrated using the 4th order
Runge Kutta method. To prevent the growth of small scales introduced by roundoff error, we
apply a Fourier filter in which all Fourier coefficients below a specified cutoff level are truncated
and set equal to zero at each timestep [3]. Krasny showed numerically that the filter does not
alter the spectrum above the cutoff level. Caflisch et al. [2] have recently shown that the filtered
computations converge as the filter level is reduced.

The self-induced velocities of a pair of planar vortex sheet segments and of an axisymmetric
vortex sheet segment are approximated by

1 [ b 1
c _ - | v / 12
Uj,3D = 27[' _F’ 02 2 Py (b( b 20, ab) + 2y] (63_,)
1 [T a 1
c - - re, 2 i
VD =~ T (a (a? — b?) + 2b b) (6b)
1[I o 1 1 167y,
Cop= — |= =+ =— (V/(a® —b*) —2d'ab [1 L1407 6
453D 2w [TV 2 + 2c ( (e aa ) + 4my; %8¢ Aay, + (6¢)
1 [T a 1 ab
Con=—— | — — — — (d(a? ! _ 6d
V53D o TV 2 24 (a (a® — b?) + 2b ab) I 7y, (6d)

where a = 0z/0a, b = Oy/da, c = a® + b?, o' = 8%x/0a?, V' = 0%y/0ca?, and all derivatives are
evaluated using a spectral method.

The discretization (5), (6) equals a discretization of the sheet by point vortex pairs (planar case)
and circular vortex filaments (axisymmetric case) in addition to a correction to better approximate
the velocity a vortex sheet segment induces on itself. In the planar case, this corrective term was
computed by van de Vooren [12], in the axisymmetric case, by de Bernadinis and Moore [1]. The
inclusion of these terms improves the rate of convergence before the singularity formation.

2.3 Numerical method past singularity formation

Past the time of singularity formation, a numerical solution to the exact equations does not converge
as the computational mesh is refined. To compute the vortex sheet motion at these times it is
necessary to regularize the vortex sheet. We use the vortex blob method in which the governing
equations are regularized by convolution with a smoothing function. The regularization depends
on a parameter ¢ and information about the vortex sheet is recovered in the limit § — 0 [4]. The
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regularized equations are
71'

w(a.y) = [ 0@,y 7 P (e)da 7
0

where u’(z,y; Z,7) is given by derivatives of the regularized streamfunction

1 (z—Z)2+ (y—7)* +0°

CE) = ——1
1/)2D(I,y,l',y) A7 0g ($_§)2+(y+g)2+52 ’

o 1 (2™ y 1y cos6
¢3D(xayaxay)_g/0 mda

The integrand in (7) is nonsingular and is evaluated using the trapezoid rule:

T Z ugk]:‘,(ak)Aak ; i = Z’ngrl(ak)AOzk (9)

As in 2.2, the system of ODE’s (9) with initial conditions (1) is integrated using the 4th order
Runge Kutta method. For large time computations, the computed vortex sheet roll-up is resolved
by inserting points such that the maximum distance between points and the angle consecutive
points make with the spiral center remains small.

3 Behaviour near singularity formation

Figure 2 shows the computed planar and axisymmetric solution at a sequence of times, using
N = 200. In both cases, the sheet moves to the right in direction of the impulse. The particles
near the front of the sheet cause the particles near the rear to reduce in radius, which in turn
causes these ones to move faster and the sheet deforms. In the axisymmetric case, the rear moves
faster relative to the front than in the planar case and the sheet becomes slightly more narrow. At
t=2 the rear of the sheet is almost flat. The curvature in the rear then changes sign and shortly
afterwards a cusp develops in the sheet at ¢ = tév . This is the last time shown in Fig. 2.

The time ¢ is determined to be the time at which one meshpoint first crosses a neighbouring
point from below to above. Figure 3 shows a closeup of the axisymmetric vortex sheet at t = ¢,
for various values of N. It can be seen that the sheet has lost regularity. To investigate the time
and position at which the singularity occurs we investigate the time and position of this cusp in the

limit N — oo. This limit ¢, = A}im Y defines the time before which the sheet is smooth to the eye
—00

and the numerical solution converges. Alternatively, Krasny suggests that the time of singularity
formation can be given by the limit ¢; = A}im tN. Here, tV is defined as the time at which the
— 00

minimum distance between any two points has reached a minimum, s

min*
Figures 4(a-c) show the behaviour of Y, ¥ and sY. as N — co. Figures 4(d-f) show the

position (zY,yY) and the Lagrangian coordinate ) at the cusp that has formed at ¢t = t%, for
various N. Each subplot also shows a least squares quadratic curve approximating the points. The
curve indicates that the values are well approximated by an expansion

" ~qo+q/N + q/N* + - -

We extrapolate the quadratic curve to obtain the limit g, = A}im ¢". The limiting values are
— 00

recorded in Table I. Notice that the limiting times ¢. and ¢, agree to within 1%.

ESAIM: Proceedings, Vol. 1, 1996, pp. 401-414



M. Nitsche — Ewvolution of a Cylindrical and a Spherical Vortex Sheet 405

Table I: Values of the indicated quantities in the limit N — co. The values are obtained
by quadratic extrapolation of the data in Fig. 4 to 1/N = 0.

te ts Smin Te Ye (0%
Planar 2.339 | 2.340 | 0.000016 | -0.245 | 0.453 | 0.750x
Axisymmetric | 2.222 | 2.222 | 00.000427 | 0.046 | 0.512 | 0.7207

We observe some differences between the axisymmetric and the planar case. The time ¢, is
slightly smaller in the axisymmetric case. The coordinates x.,y., @, of the point at which the
singular behaviour appears are different. The value of z. is larger in the axisymmetric case,
since the axisymmetric sheet travels faster. The singularity appears at a larger y-coordinate
and at a correspondingly lower value of the parameter «. in the axisymmetric case. We re-
mark that the values for N were chosen such that a meshpoint fell close to a. = 0.75m,0.727
respectively. If «, fell at equal distances in between 2 meshpoints, this was reflected in large
deviations in the measured quantities a-e, which unnecesarily clouded the picture. The val-
ues of N used were N = 24,32,48, 56,68, 84,100, 148, 200, 248,300,400 in the planar case, and
N = 25,32,43,50,57,68,82,100,150,200,250,300,400 in the axisymmetric case. While there are clear
differences in the time and position at which the planar and axisymmetric singularities occurs, pre-
liminary analysis of the Fourier coefficients indicates that the order of the singularity is the same
in both cases. The resolution of this issue is in preparation and will be presented elsewhere.

A view of what happens briefly after singularity formation is given in Fig. 5. The solution is
shown at t — t, = 0.634, computed with N = 1000 and § = 0.1. The sheet has rolled up near the
point of singularity formation.

4 Behaviour at large times

Figures 6-8 show the computed solution at large times past singularity formation. The computa-
tions are performed with 0 = 0.2. The planar case is shown in Fig. 6. The sheet rolls up near
a = o, into a double spiral and forms a vortex pair. At ¢ = 20, the outer turn of the sheet lags
behind the vortex core and forms a ‘tail’ at ¢t = 30,40. However, most of the particles in this tail
are entrained back into the fluid moving with the ring. At ¢ = 120, the parts of the sheet near
the axis that form a ‘tail’ carry almost no vorticity. This is shown in Fig. 7a. The figure shows
vorticity contours and streamlines of the planar sheet at ¢ = 120. A bubble of fluid moves with the
vortex pair, and there is essentially zero vorticity outside this bubble.

The axisymmetric case is shown in Fig. 8. The sheet rolls up and forms a vortex ring. The ring
travels faster and is noticeably smaller than the corresponding planar vortex pair. As in the planar
case, an outer turn is seen to lag behind the spiral rollup at £ = 10. At time ¢ = 20, the tail that has
formed is much larger than in the planar case. At later times, it is not entrained back into the ring,
but is left behind the primary ring. After approximately ¢ = 30 there is about 25% of vorticity in
this tail. This portion of the sheet rolls up and forms a secondary ring, which travels slower than
the first. In turn, this secondary ring has its own tail, which contains about 7% of the total vorticity
(or approximately 25% of the vorticity in the primary tail). Figure 7b shows vorticity contours
of the axisymmetric sheet at ¢ = 80, clearly showing two distinct regions of vorticity. Figure 7b
also shows the streamlines in a reference frame moving with an average velocity. The primary ring
velocity is close to the average velocity whereas the secondary ring moves slower and therefore this
reference frame does not show the bubble of fluid moving with the smaller ring.

Figure 9 shows the computed solution with decreasing values of the smoothing parameter § =
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0.2,0.1,0.05. The amount of vorticity shed in the axisymmetric case remains close to 25 %. The
figure shows that the essential features observed in Figs. 6 and 7 remain basically unchanged and
are not an artifact of the smoothing parameter.

Figure 9f shows small waves appearing on the inner portion of the tail of the axisymmetric
sheet. Here, the sheet does not stretch enough to counteract the growth of roundoff error and
the Kelvin-Helmholtz instability can be observed. This irregular particle behaviour is an effect of
finite machine precision and would decrease with higher precision. In Winckelmans et al.’s [13]
computations this axisymmetric instability is observed before the growth of unstable azimuthal
waves.

There is another kind of irregular particle motion which is not a numerical artifact and is shown
in Fig. 10. Figures 10(a-c) show the development of the irregular motion near the rear of the planar
sheet, at times ¢ = 90,100,110. This irregular motion is also observed in the axisymmetric sheet
in Fig. 7, at ¢ = 80. Figures 10(d-e) show a closeup of the core of the planar sheet, at times
t = 120,130, 140. Gaps are seen that develop between the spiral turns. These gaps grow in time as
they rotate with the flow around the core. This behaviour is documented in more detail in [6], for
a related case of vortex sheet roll-up from initially flat vortex sheets.

To explain the occurrence of the behaviour observed in Fig. 10, let us return to the streamlines
shown in Fig. 8. The streamlines show two hyperbolic stagnation points in the front and in the rear
of the bubble of fluid moving with the vortex. Rom-Kedar et al. [8] study the dynamics of a pair
of point vortices whose motion is perturbed by superposing a periodic strain-field. The streamlines
in that case look similar to the ones in Fig. 8. Rom-Kedar et al. show that the perturbation causes
the stable and unstable manifolds associated with the front and rear stagnation point to intersect
transversely. This in turn causes irregular entrainment and detrainment of fluid particles into and
out of the bubble of fluid. The perturbation also affects the region near the core. Here, invariant
circles in the Poincaré map of the original unperturbed flow break up into a finite number of
periodic orbits. Within and nearby these orbits the motion becomes chaotic and resonance bands
form. Similar observations were made by Shariff et al. [10], who studied the dynamics of elliptic
vortex rings which oscillate periodically in time. The irregular motion of particles near the rear
and near the core that we see in Fig. 10 thus reflects the dynamics of such a perturbed system.

To give some evidence for a quasi-periodic perturbation in our computed flow, Fig. 11 shows
the y-coordinate Y, and velocity Uy, of the vorticity maximum of the vortex pair and the vortex
ring vs. time. Both these quantities oscillate in time. These oscillations may be the origin for the
irregular particle motion in Fig. 10.

5 Summary of results

We presented a numerical study of the evolution of a cylindrical and a spherical vortex sheet. The
vortex sheets evolve and develop a singularity which was shown to occur earlier and with larger
y-coordinate in the axisymmetric case. Past the time of singularity formation the vortex sheets roll
up and form a vortex pair (planar case) and a vortex ring (axisymmetric case). The axisymmetric
roll-up is smaller and faster than the planar one. Furthermore, unlike the planar vortex pair,
the axisymmetric ring sheds a significant amount of vorticity into the rear, where it rolls up to
form a secondary ring. Irregular particle motion is obseved near the rear and near the core of the
vortices and is conjectured to represent the chaotic motion previously observed in slightly perturbed
dynamical systems.
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Figure 1: a) Potential flow past a circular cylinder. b) Potential flow past a sphere. The flow is
uniform and parallel at infinity and zero inside the closed streamlines.
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Figure 2: Computed vortex sheet at the indicated times, with N = 200 and § = 0.0. The last time
shown is t = t). a) Planar sheet. b) Axisymmetric sheet.
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0.7

N = 50 N = 100 N = 200 N = 400

0.3
-0.5 3.56-0.5 3.6 -0.5 3.5 -0.5 3.5

Figure 3: Closeup. Axisymmetric vortex sheet at the time ¢ = ¢ at which one point first crosses
from below to above another point. a) N = 50, 20 = 2.329, b) N = 100, t1°° = 2.277, ¢) N = 200,
290 = 2,250, d) N = 400, #100 = 2.234.
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Figure 4: Quantities describing singularity formation, vs. 1/N. A quadratic least squares curve is
fit to the data. a) tI¥, b) tV, ¢) sV, d) z) e) y¥ f) oY

min’ c
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1.4 — 0.56
c)
0.36
L —-0.19 0.05
0.63
d)
14 bl I 0.43
—-0.4 1.6 0.0 1.8 0.22 0.46

Figure 5: Computed vortex sheet after singularity formation, with 6 = 0.1, N = 1000. a,c) Planar
sheet at t = 3.0. b,d) Axisymmetric sheet at ¢ = 2.9. The times were chosen so that ¢ — ¢, =~ 0.7 is

approximately the same time in both cases.

2.0 | |1 | Il | I

4.3

Figure 6: Computed planar vortex sheet at the indicated times, with § = 0.2.
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3.0

-3.0
3.0

-3.0
2.0 < 14.0 2.0 %

Figure 7: Vorticity contours and streamlines for the computed solution with § = 0.2. a) Planar
sheet at t = 120. Axisymmetric sheet at ¢ = 80. The vorticity levels shown in both a) and b) are

w=2,1,1/2,1/4,1/8,1/16, 1/32.
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t= 0 t= 5 t =10 t = 20
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—-1.2 1.2 0.2 2.0 0.5 3.0 15 4.5
t = 30 t =40
\ || |
1.5 6.0 2.0 8.0
t = 80
\ |
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Figure 8: Computed axisymmetric vortex sheet at the indicated times, with 6 = 0.2.
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2.0 ™
d)
y L
1.5 —
e)
15 —
f)
—2.0 | 15 \ |
1.0 6.0 1.0 % 5.0

Figure 9: Planar sheet at t = 40, with a) § = 0.2, b) 6 = 0.1, ¢) § = 0.05. Axisymmetric sheet at
t =20, with d) § = 0.2, e) 6 = 0.1, £) § = 0.05.
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2.0
0.0 ‘
5.9 9.7 6.7 10.5 7.5 11.3
d)
1.4
0.3
9.9 111 10.8 12.0 117 12.9

Figure 10: Planar vortex sheet computed with § = 0.2, showing the onset of irregular behaviour
near the rear stagnation point and near the core. a) ¢ = 90, b) ¢ = 100 ¢) ¢ = 110 d) ¢ = 120, e)
t =130, f) t = 140.

a) b)
0.95 -

0.75

0.55

0.0 t 120. 0.0 t 80.

Figure 11: Characteristic distance Y and translation velocity U of the rolled-up vortex sheets. a)
Planar vortex pair. b) Axisymmetric vortex ring. Both the average values Y, U and the values at
the vorticity maximum Y,,, and U,, are shown.
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