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Abstract

The paper deals with the problem of recovering pressure from the given vorticity and velocity
elds. Both elds result from the stochastic vortex-blob simulation of the viscous incompressible
ow. The vorticity eld is a discontinuous function. The method is presented here to nd
pressure as a solution to the variational problem which forms the weak version of the momentum
equation. No explicit boundary condition for pressure are required and no derivatives of vorticity
have to be calculated in this approach.

1 Introduction
From the computational point of view the pressure eld forms a free parameter in momentum
equations. This free parameter is chosen in such a way that the continuity equation can be satised. The introduction of vorticity and the alternative formulations of the Navier-Stokes (i.e.
streamfunction-vorticity or velocity-vorticity) allow to decouple purely kinematical problem from
the pressure problem. In this way it is possible, as it is often claimed, to obtain the vorticity and
the velocity elds prior to any pressure calculations. The pressure eld is then recovered by solving suitable Poisson equation. However the choice of boundary conditions is a controversial point
since no a priori boundary conditions can be prescribed (at least at solid walls). Moreover the
use of Neumann boundary conditions leads to a numerically ill-posed problem. A large number of
publications are devoted to identify the proper approach 4, 5, 7, 8] and to generate such boundary
conditions from the momentum equation.
The other alternative is to use the variational approach 6, 9]. which has several advantages over
the approach to solve the Poisson equation directly. In the variational approach (i) no boundary
conditions are needed, (ii) the ill-posedness can be addressed directly and (iii) no derivatives of
vorticity have to be calculated.
The last property is especially attractive if the pressure is to be calculated from the vorticity
eld obtained by the stochastic vortex-blob method. In this case the vorticity eld consists of a
nite number of vorticity carriers (vortex-blobs) which move with the liquid and perform additional
random walk to simulate viscous diusion. The resulting global vorticity eld is piecewise constant.
The classical formulation of the pressure problem (via Poisson equation) will fail here since it
requires calculating rst derivatives of vorticity (or second derivatives of velocity).
The algorithm presented here takes full advantage of the variational approach and allows (as
it is shown numerically) to obtain continuous pressure eld from the discontinuous vorticity eld.
This variational problem is equivalent to the weak form of the Poisson equation with Neumann
boundary conditions.
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2 Basic equations
The Navier-Stokes equations written in primitive variables for incompressible uid are
@ u + (u )u = 1 grad p +  u + f

@t

 r

;



4

e

(1)

div u = 0
(2)
where u, p,  stand for velocity vector, pressure and density ( = 1). The kinematic viscosity
coecient is denoted by  and fe represents the external body force eld. In the above we regard
the velocity and its time derivative as known everywhere (the pressure eld remains unknown). We
can reduce (1) to a simple abstract problem 9]
grad q = F

where

(3)

2
q = u2 + p
u2 = u u
(4)
F = @@tu + u !  curl ! + fe
(5)
(q may be interpreted as the total pressure).
If q is found by solving (3) the pressure eld can be
2
u
calculated from the formula p = q 2 . However the solution does not always exist (for arbitrary


;



;

;

F). The necessary condition for the solution to exist is

curl F = 0
(6)
(it is obtained by applying curl to the both sides of (3)). Substituting the expression (5) into (6)
one obtains the particular form of the necessary condition

@! curl(u !)  ! = curl f
e
@t

(! = curl u)
which in 2D case reduces to the well known scalar Helmholtz equation:
;



;

4

@ + u    = curl f
e
@t
r

;

4

(7)
(8)

The last equation is directly simulated by the vortex-blob method and as a result (8) is satised by
the obtained vorticity and velocity elds. This assures that ideally F calculated from (5) will fulll
the condition (6). In reality however the numerical representation of F may violate this condition
and as a consequence this problem remains ill posed. Moreover the vorticity  is in our case not
smooth enough to allow for the proper evaluation of F. It is expected that the variational approach
will help to overcome this diculties.

3 The existence of solution in multiconnected domains
It was shown in the previous section that (6) forms the necessary condition for the existence of
solution of the pressure problem (3). This is however not a sucient condition if the domain is
multiconnected.
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To verify this consider x-periodic rectangle  = (x y) : 0 x L 0 y H which
forms the simplest multiconnected domain. By the x -periodicity of  we understand that every
continuous function on  has the property that (0 y) = (L y) (0 y H ). This x-periodic
rectangle is topologically equivalent to all annular domains (x has the meaning of the meridional
coordinates). Consider also the constant right-hand side F = 1 0]T which clearly satises the
necessary condition (6). The direct integration of (3) results in
f











g



q(x y) = x + c
which is not x-periodic since q(L y) q(0 y) = L > 0. As a consequence the pressure problem has
;

no solution in the class of continuous functions. The discontinuous pressure has in this context no
physical meaning (occasionally the pressure jump may be required and prescribed).
Consider now the general case of K-connected domain  (see Fig. 1). The velocity and the
vorticity elds are given everywhere on  and the resulting F satises condition (6).
If the value of q is known at one point A in  its value at the point B can be calculated by
integrating F along a line connecting A and B

qB = qA +

Z

AB

F d


and this value does not depend on the path of integration. In particular the integral above should
vanish if it is taken along the contour k
q]k =

Z

k

F d = 0

(9)



otherwise q would be multivalent, i.e. could be assigned more than one value at each point. The
value of the jump q]k (if it does not vanish) can be obtain by integration along any line surrounding
;k (and not surrounding any other part of the boundary). In the particular case of the incompressible 2D ow problem (4 - 5) the right hand side of the additional condition (9) can be expressed
as:
q]k =

Z

k
0

F d =


Z

k
;

0

@u + u  @ + f d
n
@t
@n e

(10)

;

where k stands for the length of k and , n denote respectively the tangent and the normal
versors to k . If instead of the normal and the tangential velocity components the streamfunction
is used we obtain


@
@
@
q]k =
 @ + @n  + @t + fe d:
0
This formula when written on the xed boundaries (with fe 0) results in
Z k
@ d
q]k = 
@n
0
Z

k

(11)

;



(12)

;

The corresponding no-jump condition can be interpreted as requirement that the net ux of vorticity
vanishes at every disjoint part of the boundary.
However neither of (10-12) can be used in the case of piecewise constant vorticity eld since
then @=@n is not well dened. To avoid this diculty consider now an arbitrary annular domain ~ k surrounding ;k but not surrounding any other ;1  : : :  ;K . Consider also the conformal
transformation of ~ k onto the periodic rectangle ~ = ( ) : 0  2 0  H . Such
f
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transformation always exists. In the new coordinate system ( ) the expression (11) takes the
following form
q]k =

Z
;

2
0

@  + @  d
 @@ + @
@t

(13)

where it is assumed now that the subintegral function is taken at some  = 0 = const and fe 0.
The result does not depend on the choice of 0 . In particular the integration of (13) along  will
result in


H q]k =


Z
;

;

H Z 2

0

@Z
@t 0

Z 2
@
 @ dd   (H )  (0 ) d
0
(H  ) (0  ) d:
;

0
2

(14)

;

(15)

;

The expression above can be calculated even for the piecewise constant vorticity distribution. It
must be stressed here that the conditions (10-15) have to be implemented (as additional constraint)
in the solution method that delivers velocity and vorticity elds. Without this constraint the
velocity and the vorticity elds satisfying the Helmholtz equation do not represent the solution of
the Navier-Stokes equation and the physically meaningful pressure eld cannot be recovered. In
other words the decoupling of the kinematic and the pressure problems is not complete in the case
of multiconnected domains.

4 Variational formulation
We will assume now that the ow domain (computational domain)  IRN is open, bounded and
connected its boundary ; is at least Lipschitz continuous 5]. The usual notation of Hilbert spaces
is adopted (i.e. L2 () denotes the space of square integrable functions on  and H 1 () the space
of functions with square integrable gradients).
The fundamental result concerning the orthogonal decomposition of a vector eld from the
space L2 ()]2 5] is now recalled ( IR2 )
Theorem 1. For each vector function F L2 ()]2 there exist scalar functions q,  H 1() such
that




2

2

F = grad q + curl 
n (F grad q) = 0
;

( n v has the meaning of the generalized normal component of v on ;). Moreover grad q and curl 
are orthogonal in H 1 (). The scalar eld q can be found as a solution of the following variational
problem:
Z


q

r

r

 d =

Z


F  d
r

 H 1 ():

8

2

(16)

The variational problem in concern has 5] a unique solution in H 1 ()=IR. (i.e the solution is unique
within an additive constant). This solution may be regarded as a least square solution of the ill
posed problem (3) in case that curl F = 0.
We restrict our consideration to the 2D hydrodynamic problem (3-5). The right hand side of
(16) reduces to the sum of the four integrals (! = 0 0  ])
6
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I1 =
I2 =
I3 =
I4 =

@u
@t
Z 

Z
;

;

(18)

fe  d

(20)

 d =

 r

Z
Z

 @@tu n d;
;
Z
@ d;
curl   d =
 @

Z ;
(u !)  d =  (  u) d
 r






Z

;

(17)



;

r





r

(19)



 r

where  denotes direction tangent to the boundary and  stands for the arbitrary test function
from H 1 (). In the above the boundary integrals were obtained 9] using the Green formula and
the continuity equation (2). The second boundary integral for I2 can be calculated only if  can
be assigned a boundary value.
r

5 Numerical algorithm
The variational problem (16) can be solved easily by means of nite element method using triangular
elements and standard piecewise linear basis functions. No explicit boundary conditions are required
for q, however the form of the right hand side suggests that the Neumann boundary conditions are
simulated. Even if curl F does not vanish (due to the numerical reasons) the solution of the
equation (16) exists. Such a solution may be regarded as a generalized solution of the original
ill-posed problem (3) - the variational formulation lters out the spurious component of the right
hand side.
Consider now the nite element discretization of (16) with Th denoting a suitable triangulation
of the original region  (h - stands for characteristic size of the discretization). The piecewise
linear approximation of the elds u and q is denoted by uh and qh. The scalar vorticity eld  is
not approximated in this manner but remains in its original form. Both uh and  are regarded as
known and each piecewise linear test function h has the property that it vanishes at all nodes of
triangular grid except for one point. All linear combinations of all such test functions form a nite
dimensional vector space Vh .
The following nite dimensional linear problem is obtained
Z



r

qh

 r

h d =
+

Z

;

Z
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u
h
h d; +
h @t n d; +   @
@
;
Z;
 ( h uh) d + fe h d


Z




r





 r

h Vh :

8

2

(21)

In the above, the time derivative is approximated by the central nite-dierence formula using the
information from the previous and the next time steps.
As it was mentioned earlier the vorticity eld consists of a nite (large) number of blobs, each
blob with constant vorticity distributed over the circle of typical diameter D. The global vorticity
eld is a piecewise constant function on  and the assumption that  H 1 () does not hold (this
property is necessary to evaluate I2 or its boundary equivalent). To avoid this diculty one may
use blobs with continuous vorticity distribution.
However, we are not interested here in the local variation of pressure in the scale of a single blob,
but rather in the global averaged behaviour of pressure on a coarser grid. Indeed in the vortex-blob
method the behaviour of the oweld in the microscale has no physical meaning (no matter how
2
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smooth is the vorticity distribution of the single blob). In particular the averaged information
should be sucient to evaluate the resulting integral parameters (the forces and the moments).
In other words the blob diameter D must remain smaller than the nite-element discretization
parameter h (as h 0). In this case we can calculate all integrals in (21) using piecewise continuous
vorticity distribution  . The somewhat ambiguous boundary derivative @h =@ has in this case
clear meaning since h is a piecewise linear function on the boundary. We do not know of a strict
justication of such procedure, nevertheless it may be interpreted as local averaging of discontinuous
vorticity eld in order to obtain smoother function on a coarser grid.
!

6 Numerical results
The test case consists of the 2D ow about the circular cylinder of radius R = 1. The speed at
innity (dependent on time ) is denoted by V1 (t) and is given by the formula
8
>
<

0 t<0
V1(t) = > t=t0 0 t t0
: 1
t > t0




The vorticity and the velocity elds, in the consecutive moments of times, are obtained by the
vortex-blob method similar to the original method of Chorin 3]. The main features of this method
are:
the vortex blobs have circular support and constant vorticity,
the viscous diusion is simulated in whole oweld through the random walk,
no vortex sheets are employed
at each time step new generation of vortex blobs is born at the solid walls,
the circulation of each new blob at the solid boundary is found by solving the linear integral
equation which guarantees that both components of velocity vanish at the boundary.
The last feature was introduced by Styczek 10] and Bla_zewicz and Styczek 2]. It was shown
by Szumbarski and Wald 12] that the method employed here guarantees that the pressure eld
obtained from the vorticity and the velocity elds remains single-valued (provided the pressure is
single-valued at the initial moment).
The vorticity and velocity elds used by the pressure program come from the vortex-blob
program written by Styczek and Wald 11].
In our calculations the Reynolds number of the ow was based on diameter of the cylinder
Re = V1 2R = 2
(V = 1 R = 1):
(22)





1

The characteristic diameter of the single vortex-blob was  = 0:034. The nite element grid
consisted of 160 50 2 triangles. The grid had a rectangular topology.
The advantage of the used vortex method is demonstrated as it is able to capture the wide
range of Reynolds numbers. In Fig. 2 we present a comparison of the calculated drag coecient
with the results of experiment 1]. In order to obtain cD versus Re plot a number of simulations
were carried out. The value of cD was evaluated by averaging in time. These results were obtained
for developed ow with the separated vortex structure in the rear part of the cylinder. Fig. 3 shows
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the time development of the drag and lift coecients for the ow with Re = 186000. The numerical
simulation was performed with the time step ! = 0:2.
The evaluation of the pressure distribution over the surface of cylinder was also carried out.
Fig. 4 shows the comparison of pressure distribution based on experimental measurements for
Re = 186000 with the calculated results. The plot presents pressure coecient averaged around
maximum lift and pressure coecient fully averaged through the whole period. There is a general
agreement with the experimental data with the exception of the separation region where calculated
pressure was higher than the one obtained from experiment.
We present also the time development of the pressure eld in the consecutive time steps (Figs.
5a{f). The evolution is shown staring at the nondimensional time tU1=R = 100 of the simulation
when the ow is fully developed. The reader may note that the zero lift case corresponds to an
almost symmetric wake in an immediate neighborhood of the cylinder (Fig. 5e).
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Figure 1: Typical multiconnected domain.

Figure 2: Comparison of the calculated drag coecient cD with the experimental results 1].
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Figure 3: Time history of drag coecient cD and lift coecient cL for Re = 186000.

Figure 4: Pressure distribution over a circular cylinder for Re = 186000, comparison with the
experimental results 1].
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Figure 5: The pressure coecient cp at the nondimensional time t, Re = 186000. The inner
boundary corresponds to the cylinder surface, the outer boundary is ctitious.
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