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A COMPARISON OF MODELS OF A FOLDED PLATE

JOHN E� LAGNESE

Abstract� Two mathematical models of the junction region between
two elastic plates will be compared� One of the models is due to H� Le
Dret and was derived in the spirit of the Ciarlet�Destuynder method of
asymptotic expansions� The other utilizes a classical Lagrangian formu�
lation and is based on a certain type of geometric modeling� It is shown
that in the case of a right�angle folded plate with �simple clamping��
the two approaches give rise to one and the same model�

Key words� Distributed parameter modeling� junction region� folded plate�
linked plates� plate network
Mathematics subject classi�cation� ��K��� ��C��� ��Q��

�� Introduction

The purpose of this paper is to compare mathematical models of the junc�
tion region between two elastic plates� More speci�cally� we wish to consider
a model due to H� Le Dret that was derived in the spirit of the Ciarlet�
Destuynder method of asymptotic expansions� and another described by
Lagnese� Leugering and Schmidt that utilizes the classical Lagrangian for�
mulation and is based on a certain type of geometric modeling� The main
point is that� at least in the case of a right�angle folded plate with �simple
clamping�� the two approaches give rise to one and the same model�

Work on modeling of a folded plate originated with Le Dret in a series of
papers ��	� �
	� ��	� ��	 see also the monograph ��	� A family of homogeneous�
isotropic� linearly elastic three�dimensional bodies� consisting of two identi�
cal square plates of thickness � attached perpendicularly to each other� is
considered� The Lam�e parameters ��� �� of each of the bodies are assumed
to satisfy ���� ��� � ������ ��� This assumption implies that the plates be�
come progressively sti�er in certain directions as �� �� The volume forces
are also assumed to be scaled in a certain manner with respect to � with
the precise scaling hypothesis depending on the assumed boundary condi�
tions �i�e�� either simple clamping � one of the two extreme edges is clamped
and the other is free� or double clamping � both of the extreme edges are
clamped�� The idea is to show that under such scalings one may pass to
the limit in the variational equations of the ��d bodies as � � �� The limit
model consists of a pair of ��d equations of Kirchho� type for the static equi�
librium or dynamic motion� as appropriate� of the transverse displacements
of the references surfaces of the two plates� the usual boundary conditions at
the outer edges� and certain coupling conditions along the edge line formed
by the intersection of the reference surfaces� The coupling conditions dif�
fer according to whether the con�guration is simply or doubly clamped but
in any case have reasonable geometric and mechanical interpretations� In
the case of double clamping the coupling conditions are all local� but in the
case of simple clamping some of the mechanical coupling conditions �balance
laws� are nonlocal� Also� in the case of double clamping� continuity of the
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displacement vectors of the reference surfaces along the junction region may
be lost in the limit�

Although Le Dret also considered more complicated con�gurations of
linked plates �for example� two square plates meeting at an arbitrary angle��
the approach described above� while very general and powerful� is suitable
for modeling only relatively simple con�gurations� In contrast� the mod�
eling approach introduced in ��	 and ��	 can be used to obtain models of
the dynamics of quite complicated con�gurations in a fairly straightforward
manner� In this approach� one begins by considering a two�dimensional net�
work in IR�� which is a subset of IR� formed by the union of a collection of
relatively open� connected ��d sets Pi� i � �� � � � � n� each having a Lipschitz
boundary consisting of a �nite number of smooth curves� such that

�i� Pi � Pj � �� �i �� j

�ii� �ni��P i is a connected set in IR�
�iii� Pi�Pj is either empty or is a �nite union of linear components� �i �� j�

We �x an orthonormal basis ai�� a
i
� in Pi and set ai� � ai�� a

i
�� The set Pi is

considered as the reference surface of a thin uniform plate whose reference
con�guration is

Bi � fPi � ��a
i
�� � � �� � �g�

where � is a positive constant not depending on i� A junction of the network
is a maximal� open line segment J such that J � Pi � Pj for some i �� j�
Without loss of generality� it may be assumed that the junctions are mutually
disjoint �see ��� Chapter VI� Section ���	�� The index set I�J� of a junction
J is by de�nition

I�J� � fi 	 ��� � � � � n	j J � �Pig�

Introduce Cartesian coordinates ���� ��� in Pi by writing

Pi � fpi� �
X
�

��a
i
� �� pi���� ���j ���� ��� 	 �ig�

where pi� 	 Pi denotes the origin of coordinates and �i � IR��

Remark �� Greek indices in a summation always take the values ���� while
Roman indices take values ����� unless otherwise explicitly indicated�

Each plate Bi is assumed to satisfy the basic kinematic hypothesis of
Reissner�Mindlin plate theory� the position vector to the displaced particle
originally at pi���� ��� � ��a

i
� is given by

Pi���� ��� � ��A
i
����� ���� ���� ��� 	 �i� � � �� � �� ���

where jAi
�j � �� Since we are interested in the dynamic deformation of

the network� the quantities Pi�Ai
� also depend on the time variable t� but

explicit reference to t will usually be suppressed� Set

Pi 
 pi ��Wi �
X
j

W i
ja

i
j � Ai

� 
 ai� ��Ui �
X
j

U i
ja

i
j �

wi �
X
�

W i
�a

i
�� ui �

X
�

U i
�a

i
��

The quantity Wi is clearly the displacement vector of the reference surface
Pi� while U

i is associated with rotation of ai�� Following ��	� a junction J is
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called rigid if the following conditions hold�

Wi �Wj on J� �i� j 	 I�J� ���

�i � �j on J� �i� j 	 I�J� ���

Pi
�� �P

i
�� � � on J� �i 	 I�J� ���

J undergoes rigid motion only� �
�

The geometric meanings of ��� and �
� are obvious� Condition ��� means
that the membrane strains vanish within the reference surface at the junc�
tion� In ���� �i is called the rotation vector associated with the deformation
of Pi and is a nonlinear constraint between the vectorsWi�Ui and Wj �Uj

�see Appendix�� It implies� in particular� that the angle between Pi and Pj

remains invariant under the deformation for all i� j 	 I�J�� The linearization
of ��� around the trivial equilibrium may be expressed as


 �� i � ui��i � ��i � ui�� i �
�

�

�
�
i �
�wi

��i

 �

i �
�wi

�� i

�
ai�

� 
�� j � uj��j � ��j � uj�� j �
�

�

�
�
j �

�wj

��j

 �

j �
�wj

�� j

�
a
j
�� ���

In this expression� �i denotes the unit outward pointing normal to �Pi and
�
i is a unit tangent vector oriented so that the triple �

i� � i� ai� forms a
right�handed orthonormal system� Equation ��� is the same as the pair of
equations

��i � ui� � 	ij��
j � uj�� ���


 �� i � ui��i �
�

�

�
�
i �
�wi

��i

 �

i �
�wi

�� i

�
ai�

� 
�� j � uj��j �
�

�

�
�
j �

�wj

��j

 �

j �
�wj

�� j

�
a
j
�� �i� j 	 I�J�� ���

where

	ij�J� �

�
� if � i � �

j on J


� if � i � 
� j on J�

The conditions ��� � �
� serve as �geometric� constraints on the deforma�
tion� along with any other geometric restrictions which may be introduced at
the outer edges of the network �for example� if parts of the outer edges of one
or more of the plates are clamped�� Mechanical coupling conditions at the
junction� together with the equations of motion and the mechanical bound�
ary conditions� are then obtained by means of Hamilton�s Principle� where
the variation is taken with respect to deformations satisfying the imposed
geometric constraints �rather� their linearizations�� utilizing a Hamiltonian
appropriate to a network of Reissner�Mindlin plates� Certain of the mechan�
ical coupling conditions at the junction turn out to be nonlocal and have
the �avor of those found by Le Dret in the situation of simple clamping
described above� All of the mechanical conditions have plausible physical
interpretations as balance laws� However� the two models �in the case of the
con�guration considered by Le Dret� are not directly comparable for two pri�
mary reasons� First� since the Le Dret approach is based on an assumption
of elastic isotropy� it leads to a system of coupled Kirchho� equations� while
the model based on the kinematic assumption ���� the ad hoc constraints ���
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� �
� and Hamilton�s Principle involves a system of coupled Reissner�Mindlin
equations� Second� in Le Dret�s model� due to the assumed scaling of the
Lam�e parameters ��� �� with respect to �� the membrane deformations in
the limit model turn out to amount to rigid motions� Such motion implies
��� and �
�� but is a much stronger constraint� Therefore� to e�ect a com�
parison between the two models� as a �rst step the constraints ��� and �
�
are replaced by the more restrictive assumption

the membrane displacements of the reference surfaces are rigid� ���

Upon application of Hamilton�s principle� this assumption� together with ����
���� ���� leads to a certain model based on Reissner�Mindlin plate theory�
It is then necessary to pass to the limit in this model as the shear moduli
tend to in�nity in order to enforce the Kirchho��Love hypothesis� When
one carries out the limiting process� one �nds that the resulting model is
exactly the one found by Le Dret�

The plan of the remainder of this paper is as follows� In the next section�
Hamilton�s Principle is used to derive equations of motion and mechanical
junction and boundary conditions for a ��d network consisting of n planar
regions which share a common joint J � under the kinematic assumption ���
and the geometric constraints ���� ���� ��� and ���� In order to compare
against the Le Dret model� it is assumed that all of the reference surfaces
are unit squares and that exactly one or them is clamped at an extreme edge
�the edge not adjacent to the junction� while all of the remaining outer edges
are free� However� we allow the plates to have di�ering material properties�
The limit model as the shear moduli tend to in�nity is derived in section
�� It is observed that when the limit model is specialized to the case of two
identical square plates which are orthogonal to each other� what is obtained
is exactly the model derived by Le Dret�

Remark 	� The junction conditions found by Le Dret �
	 in the case of
a doubly clamped pair of orthogonal plates do not correspond to a rigid
junction as de�ned above nor to any of the types of junctions de�ned in
��� Chapter VII� Section �	� In all cases� the approach of ��	 enforces the
continuity condition ��� while� as noted above� such is not the case in the
model obtained in �
	� where continuity of only the tangential components
of displacements at the junction is assured�

�� Derivation of the model

Let i� j�k denote the standard basis for IR� and �x�� x�� x�� denote the
Cartesian coordinates of a point in IR� with respect to that basis� We
consider a ��d network in IR� of consisting of planar regions Pi� i � �� � � � � n�
such that

�i� Pi is a unit square
�ii� Pi � Pj � f��� �� x��j jx�j � �
�g �� J � for all i �� j�

If n � � it is further assumed that P� and P� are not coplanar� Let �iJ
denote the exterior unit normal to �Pi along J and set � � k� One may
write

Pi � 
���
i
J � ��� 
 �
��� � � � �i � ��

This conforms to the notation of section � if we set ai� � 
� iJ � a
i
� � � � ai� �

ai� � ai�� and �i � f���� ���j � � �� � �� 
�
� � �� � �
�g� i � �� � � � � n� As
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there� the components of the displacement vectorWi and the vectorUi with
respect to the aij basis are denoted by W i

j and U i
j � respectively� j � �� �� ��

One plate of the network is assumed to be clamped at its extreme edge
we assume it to be P�� so that

W���� ��� � �� u���� ��� � �� � � �� � �� ����

Further� because of the way the bases were chosen� the continuity condition
��� takes the form

W i
���� ���a

i
� �W i

���� ���a
i
� � W

j
� ��� ���a

j
� �W

j
� ��� ���a

j
��

W i
���� ��� � W j

� ��� ���� � � �� � �� i� j � �� � � � � n�
����

while ��� is

U i
���� ��� � U j

���� ���� � � �� � �� i� j � �� � � � � n� ����

and ��� is�

U i

�a
i
� �

�

�

�
ai� �

�wi

���

 ai� �

�wi

���

�
ai�

�
��� ���

�

�

U j

�a
j
� �

�

�

�
a
j
� �

�wj

���

 aj� �

�wj

���

�
a
j
�

�
��� ����

� � �� � �� i� j � �� � � � � n� ����

Consider the constraint ���� It follows from it that the components of mem�
brane displacement wi���� ��� with respect to ai�� a

i
� are given by�

cos�i 
 � sin�i

 sin �i cos�i 
 �

��
��

�� 
 �
�

�
�

�
b�i
b�i

�
����

for some rotation angle �i and translation vector b�i a
i
� � b�ia

i
�� Since only

linear theory will be considered� ���� is replaced by its linearization

wi���� ��� � ��i��� 
 �
�� � b�i 	a
i
� � �
�i�� � b�i �a

i
�� ��
�

From ����� ����� ���� and ��
� we deduce that

�� � b�� � �� b�i � �� i � �� � � � � n� ����

that

W �
� ��� ���a

�
� � ��i��� 
 �
�� � bi	a

i
� � W i

���� ���a
i
�� i � �� � � � � n� ����

where bi �� b�i � and that

U�
� ��� ���a

�
� � U i

���� ���a
i
� � �ia

i
�� i � �� � � � � n� ����

The relation ���� is equivalent to

�i��� 
 �
�� � bi � �a�� � a
i
��W

�
� ��� ����

W i
���� ��� � �a�� � a

i
��W

�
� ��� ���� i � �� � � � � n�

����

If P� is coplanar with Pi for some index i  �� then a���a
i
� � � and a���a

i
� � 
�

so that �i � bi � � and W i
���� ��� � 
W �

� ��� ��� for that index� In order
to simplify the presentation� it is assumed that P� and Pi are not coplanar
for any i � �� � � � � n� �This assumption does not change what follows in any
essential way�� Then we may conclude from ���� that

�i � ki�� bi � kib� i � �� � � � � n�
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where � �� ��� b �� b� and

ki �
a�� � a

i
�

a�� � a
�
�

� �
sin �i
sin ��

�

with �i denoting the angle between P� and Pi� � � �i � � Furthermore�
we obtain

W i
���� ��� � k�i����� 
 �
�� � b	� i � �� � � � � n� ����

where

k�i �
a�� � a

i
�

a�� � a
�
�

�
cos�i
� sin ��

�

Similarly� using a�� � a
i
� � 
a�� � a

i
� and a�� � a

i
� � a�� � a

i
�� one �nds that ����

is equivalent to

U i
���� ��� � 
k�i�� i � �� � � � � n�

The constraints ����� ���� therefore reduce to

U i
���� ��� � U j

���� ���� U i
���� ��� � 
k�i�� i� j � �� � � � � n� ����

The state variables of the problem are W i
�� U

i
�� U

i
�� i � �� � � � � n and �� b�

These are constrained by ����� ���� and

W �
� ��� ��� � U�

� ��� ��� � U�
� ��� ��� � �� ����

Remark �� In the case where n � � and P� is orthogonal to P�� ����
reduces to

W �
� ��� ��� � ������ 
 �
�� � b	� W �

� ��� ��� � �� ����

and ���� becomes

U�
� ��� ��� � U�

� ��� ���� U�
� ��� ��� � ��� U�

� ��� ��� � �� ����

We now utilize Hamilton�s principle

�

Z T

�
�K�t�
 U�t� �W �t�	 dt � � ��
�

to derive the equations of motion and the mechanical junction conditions�
The Lagrangian employed is based on energy functionals appropriate to
Reissner�Mindlin plate theory� Let �i denote the mass density per unit of
reference volume of the i�th plate� and set mi � ��i� I�i � ���
����i� Let
� � ��� �	� ��� �	� d� � d��d��� The kinetic energy K�t� is de�ned by

�K�t� �
nX
i��

Z
�
�mij �W

ij� � I�i j �u
ij�� d�

�
nX
i��

Z
�
�mij �W

i
�j
� � I�i j �u

ij�� d�

�
nX
i��

mik
�
i

Z
�
�j ����� 
 �
�� � �bj� � ���

���	 d�

�
nX
i��

Z
�
�mij �W

i
�j
� � I�i j �u

ij�� d� �M

�



��
��� � �b�

�
�

where M �
Pn

i��mik
�
i and �� �
�t�
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Let S denote the set of all ��� symmetric matrices� For any e 	 S de�ne
Ci�e	 	 S by

Ci�e	 �
�i�

�

�
�e�

�i
��i � �i

trace �e�id	�

where id is the identity in S and �i� �i denote material parameters associated
with the i�th plate� The strain energy functional U�t� is given by

�U�t� �
nX
i��

Z
�
fCi�e�u

i�	 � e�ui� � Gi�ju
i �rW i

�j
�gd��

where

e�ui� �
�

�
�U i

��� � U i
����

and where A � B � traceATB� rW i
� �

P
�W

i
���a

i
�� and Gi is the shear

modulus of the i th plate�
Assume that the plates are subject to distributed loadings Fi �

P
j F

i
ja

i
j

only� In order to be consistent with ��� it is reasonable to assume that the
membrane forces in P� vanish � i�e�� F �

� � F �
� � �� The work done on the

plate network by these forces is

W �t� �
nX
i��

Z
�
�f i �Wi �Mi � ui� d��

where

f i���� ��� �

Z �

�
Fi���� ��� ��� d���

Mi���� ��� �

Z �

�
��� 
 �
��

X
�

F i
����� ��� ���a

i
� d���

Write f i �
P

j f
i
ja

i
j � The vanishing of membrane forces in P� implies that

M� � � and that f� � f��a
�
�� Then

W �t� �
nX
i��

Z
�
f i�W

i
� d�

�
nX
i��

Z
�

�
Mi � ui � kiff

i
������ 
 �
�� � b	
 f i����g

�
d��

We may now calculate ��
�� where the variation is taken with respect to
test functions satisfying ���� � ���� for � � t � T and vanishing at t � �
and t � T � In this calculation� use is made of the following Green�s formula
�see Ciarlet ��	�Z

�
Ci�e�u

i�	 � e� ui� d� � 


Z
�

 ui � divCi�e�u
i�	 d�

�

Z
��

 ui � �Ci�e�u
i�	�i� ds� ����

where � � ���� ��� is the unit outer normal to ��� � i �
P

� ��a
i
�� and

divCi�e�u
i�	 �

X
���

�

���
C��
i �e�ui�	ai�� Ci�e�u

i�	�i �
X
���

C��
i �e�ui�	��a

i
� �
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One obtains the following variational equation� which must hold for all su!�
ciently smooth test functions  W i

��  u
i and all real numbers  ��  b which satisfy

���� � �����

� � 
M

�



��
"� ��"b b

�
�

nX
i��

Z
�
f
mi

"W i
�
 W i
� 
 I�i "u

i �  ui �  ui � divCi�e�u
i�	


Gi� u
i � �ui �rW i

�� � Gi�  W
i
� div�u

i �rW i
��gd�



nX
i��

Z
��
f ui � �Ci�e�u

i�	�i� � Gi�  W
i
��

i � �ui �rW i
��gds

�
nX
i��

Z
�

�
Mi �  ui � kif�f

i
���� 
 �
��
 f i���	

 �� f i�
 bg

�
d�

�
nX
i��

Z
�
f i�

 W i
� d�� � � t � T� ����

Set

� � f��� ���j � � �� � �g� �� � f��� ���j � � �� � �g�

From ���� one obtains the equations of motion�	


mi

"W i
� 
Gi� div�ui �rW i

�� � f i��

I�i "u
i 
 divCi�e�u

i�	 �Gi��u
i �rW i

�� �Mi�
����

where M� � �� the boundary conditions�	


Ci�e�u

i�	�i � �� �
i � �ui �rW i

�� � � on ��n�� i � �� � � � � n�

C��e�u��	�� � �� �
� � �u� �rW �

� � � � on ��n�� � ����
����

together with the variational junction condition

M

�



��
"� ��"b b

�
� 


nX
i��

Z
�

f ui � �Ci�e�u
i�	�i��Gi�  W

i
��

i � �ui�rW i
��gd��

�
nX
i��

ki

Z
�
f�f i���� 
 �
��
 f i���	  �� f i�

 bgd�� ����

It remains to interpret ����� On �� ���� ��� � �
�� ��� hence

Ci�e�u
i�	�i � 


X
�

C���
i �e�ui�	ai�

� 

��

��

�
��i��i � �i�

��i � �i
U i
���a

i
� � �i�U

�
��� � U i

����a
i
�

�
�

�
i � �ui �rW i

�� � 
U i
� 
W i

��� � 
U�
� 
W i

����

where we have used ���� and ����� Further� on ��

 ui � �Ci�e�u
i�	�i� �

��

��

�


��i��i � �i�

��i � �i
U i
���

 U�
� � k�i�i�U

�
��� � U i

����
 �

�
�

 W i
��

i � �ui �rW i
�� � 
k�i�U

�
� �W i

�����  ���� 
 �
�� �  b	�
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Therefore� ���� is

M

�



��
"� �� "b b

�
�

nX
i��

�

Z
�

�
��

��

�
��i��i � �i�

��i � �i
U i
���

 U�
�


 k�i�i�U
�
��� � U i

����
 �

�
� k�iGi�U

�
� �W i

�����
 ���� 
 �
�� �  b	

�
d��

�
nX
i��

ki

Z
�
f�f i���� 
 �
��
 f i���	

 �� f i�
 bgd�� ����

It follows from ���� that the mechanical junction conditions are

nX
i��

�i��i � �i�

��i � �i
U i
������ ��� � �� ����

M



��
"� �

nX
i��

k�i�

Z
�

�


�i�

�

��
�U�

��� � U i
���� �Gi�U

�
� �W i

������� 
 �
��

�
d��

�
nX
i��

ki

Z
�
�f i���� 
 �
��
 f i���	 d�� ����

M"b �
nX
i��

k�iGi�

Z
�
�U�

� �W i
���� d���

nX
i��

ki

Z
�
f i� d�� ����

Remark 
� In the special case where n � � and P� is orthogonal to P��
one has k�� � ��� k�� � �� k� � �� If also the material parameters of the two
plates are identical� the last three equations reduce to

U�
������ ��� � 
U�

������ ���� ��
�




��
��� "� � �k��

Z
�

�


���

��
�U�

��� � U�
���� � G�U�

� �W �
������� 
 �
��

�
d��

�

Z
�
�f�� ��� 
 �
��
 f����	 d�� ����

���"b � k��G�

Z
�
�U�

� �W �
���� d�� �

Z
�
f�� d�� ����

The junction conditions ����� ����� ��
� � ���� may be considered as anal�
ogous to those found by Le Dret for a simply clamped folded plate� but
within the context of Reissner�Mindlin plate theory rather than Kirchho��
Love plate theory�

�� The limit model

In order to obtain a model appropriate for comparison with the model
derived by Le Dret� we consider the limit of the model derived above as the
shear moduli Gi � �� First� it is necessary to show the above model is
well�posed in an appropriate function space� To that end� we set� for scalar
functions �i�� �

i
�� �

i de�ned on � and real numbers �� b�

Ri �
X
�

�i�a
i
� � �iai� �� �

i � �iai�� R � �R�� � � � �Rn� �� b�
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and introduce the space

H � fR j�i�� �
i 	 L����� � � �� � i � �� � � � � n �� b 	 IRg

with norm de�ned by

kRk�H �
nX
i��

Z
�

�mij�
ij� � I�i j�

ij�� �



��
M j�j� �M jbj��

We further set

V � fR 	 H j�i�� �
i 	 H����� � � �� � i � �� � � � � ng

with norm de�ned by

kRk�V �
nX
i��

�X
�

k�i�k
�
H��� � k�ik�H���

�
� j�j� � jbj��

Introduce a continuous seminorm 	�R� on V by setting

�	�R��� �
nX
i��

Z
�
fCi�e��

i�	 � e��i� � Gi�j�
i �r�ij�gd��

De�ne a closed subspace V of V by

R 	 V ���	



R 	 V� R�j�� � ��

�ij� � k�i��� 
 �
���� b	�

�i�j� � �
j
�j� � �i�j� � 
k�i�� i� j � �� � � � � n�

����

Lemma �� For some k � ��

	�R�  kkRkV � �R 	 V �

Proof� It is su!cient to show that

R 	 V � 	�R� � � �� R � ��

Since R�j�� � � andZ
�
fCi�e��

i�	 � e��i� � Gi�j�
i � r�ij�gd� � �� i � �� � � � � n� ����

it follows from the standard Korn�s Lemma that R� � � in �� The junction
conditions ���� with i � � then show that

� � b � �� �j�j� � �� j � �� � � � � n�

Use of ���� again with i � �� � � � � n gives

�i�j� � �ij� � �� i � �� � � � � n�

Thus Rij� � �� i � �� � � � � n which� in conjunction with ���� and Korn�s
Lemma� implies that Ri � � in �� i � �� � � � � n� Q�E�D�

In view of the last lemma� 	��� de�nes a norm on V equivalent to that
induced by the topology of V � Let V be endowed with this norm and letH be
identi�ed with its dual space� The usual continuous and dense embeddings
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V � H � V � then hold� We denote the pairing between elements R 	 V �

and  R 	 V by hR�  RiV � Consider the variational equation

h "R�  RiV � 	�R�  R� �
nX
i��

Z
�
f i�

 �i d� �
nX
i��

Z
�
Mi �  �i d�

�
nX
i��

ki

Z
�
f�f i���� 
 �
��
 f i���	

 �� f i�
 bg d�� �  R 	 V � � � t � T� ����

Let initial data

R��� � R� 	 V � �R��� � R� 	 H ����

be given� Write

f i �
X
j

f ija
i
j � Mi �

X
�

M i
�a

i
�� i � �� � � � � n�

f� � f��a
�
�� M� � �� f � �f�� � � � � fn�� M � �M�� � � � �Mn��

and suppose that f ij �M
i
� 	 L��� � ��� T ��� Then

����
nX
i��

Z T

�

Z
�
�f i� �

i �Mi �  �i� d�dt

�
nX
i��

ki

Z T

�

Z
�

f�f i���� 
 �
��
 f i���	
 �� f i�

 bg d�dt

����
� Ck  RkL���T �H�� �  R 	 L���� T H�

for some constant C depending on f �M� It then follows from standard
variational theory that ����� ���� has a unique solution with regularity

R 	 C���� T 	V�� C����� T 	H�� C����� T 	V ���

Then the functions ui �� �
i�W i

� �� �i� i � �� � � � � n� comprise� by de�nition�
the unique solution of the model consisting of equations of motion �����
boundary conditions ���� and ����� junction conditions ����� ����� ���� �
����� and initial conditions �����

We now wish to pass to the limit in ����� ���� as the shear moduli Gi ���
In order to emphasize the dependence of the solution of ����� ���� on these
parameters� we denote that solution by RG� The space V and V � likewise
depend on G� so we now denote them by VG and V �G� respectively� Let AG

denote the Riesz isomorphism of VG onto V �G� so that

hAGR�  RiVG � 	�R�  R�� �R�  R 	 VG�

We de�ne a closed subspace H� of H by

H� � fR 	 H j �i 	 H����� �i � 
r�i� i � �� � � � � n� ��j�� � �g�

If R 	 H��

kRk�H� � kRk�H �
nX
i��

Z
�
�mij�

ij� � I�i jr�
ij�� d� �




��
M�� �Mb��
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We further introduce a closed subspace V� of VG by setting V� � VG�H��
This space is characterized by

R 	 V� ��

�	



�i 	 H����� �
i 	 H����� �

i � 
r�i�

��j�� � �� r��j�� � ��

�ij� � k�i��� 
 �
���� b	� �i��j� � �j��j� � i� j � �� � � � � n�

If R 	 V�� we have

kRk�V� �
nX
i��

Z
�
Ci�e�r�

i�	 � e�r�i� d��

Note that H� and V� are independent of Gi� If H� is identi�ed with its
dual space� we have V� � H� � V �� with dense and continuous embeddings�
Let A� denote the Riesz isomorphism of V� onto V ��� ForR 	 V�� A�R 	
V �� is the restriction of AGR to V�� that is

hA�R�  RiV� � hAGR�  RiVG� �  R 	 V��

Let G 	 L���� T H� be de�ned by

nX
i��

Z T

�

Z
�

�f i�
 �i�Mi �  �i� d��

nX
i��

ki

Z T

�

Z
�

f�f i����
�
��
f i���	
 ��f i�

 bgd�

� �G�  R�L���T �H�� �  R 	 L���� T H��

Equation ���� may be written

"R�AGR � G in V �G� � � t � T� ����

Write

G � G� �G�
�� G� 	 L��H��� G�

� 	 L��H�
���

where H�
� denotes the orthogonal complement of H� in H and where

L��H��� L��H�
�� stand in place of L���� T H��� L���� T H�

��� respec�
tively� We similarly write C�H��� L��V �� etc�� in place of C���� T 	H���
L���� T V �� etc� We shall also write G � � to mean that Gi � � for
i � �� � � � � n� The main result of this section is the following theorem�

Theorem �� Assume that

R� 	 V�� R� 	 H�� G 	 L���� T H�� ����

There is a function R 	 C�V�� with �R 	 C�H�� and "R 	 L��V ��� such

that as G���

RG � R weakly� in L��V � and strongly in L��H�

�RG � �R weakly� in L��H� and strongly in L��V ���

"RG � "R weakly in L��V ����

Moreover� R is the unique solution of

"R� A�R � G�� � � t � T� ����

R��� � R�� �R��� � R�� ��
�
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Proof� From ���� we deduce the energy identity

k �RG�t�k�H � kRG�t�k�VG � kR�k
�
H� � kR�k

�
V�

�

Z t

�
�G�s�� �RG�s��H ds�

from which it follows that

k �RGk�L�H� � kRGk�L�VG� � C�kR�k
�
H� � kR�k

�
V�

� kGk�L�H�� ����

for some constant C independent of G� Since the right side of ���� is inde�
pendent of G� as G�� we obtain

�RG is bounded in L��H�� ����

In addition� by using the de�nition of the VG norm� we may conclude from
���� that for � � �� � and i � �� � � � � n�

�i�G��� � �i�G��� is bounded in L��L������ ����p
Gij�

i�G �r�i�Gj is bounded in L��L������ ����

Our notation is as follows�

RG � �R��G� � � � �Rn�G� �G� bG��

Ri�G �
X
�

�i�G� ai� � �i�Gai� �� �
i�G � �i�Gai��

Since R��Gj�� � �� it follows from ���� and Korn�s lemma for ��dimen�
sional linear elasticity that

���G� is bounded in L��H������ � � �� �� �
��

Then� from ���� and �
�� we may conclude that

���G�� is bounded in L��L������ � � �� �� �
��

Statement ���� implies that t �� RG�t� � ��� T 	 �� H is equicontinuous in
G � �� Further� ���� and ���� imply that

RG is bounded in L��H��

so� in particular�

���G is bounded in L��L����� �
��

and

�G� bG are bounded in L��IR� �� L���� T  IR�� �
��

It follows from �
�� and �
�� that

���G is bounded in L��H������ �
��

We now use �
��� �
�� and �
��� together with the junction conditions �����
to conclude that

�i�Gj� � �
i�G
� j� are bounded in L��H�	������ i � �� � � � � n�

Then ���� and Korn�s lemma give

�i�G� is bounded in L��H������ � � �� � i � �� � � � � n� �

�

and then� as above� we may conclude that

�i�G is bounded in L��H������ i � �� � � � � n� �
��
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We may now conclude from �
��� �
�� � �
��� upon passing to the limit as
G�� through an appropriate subnet of G � �� that for some R 	 L��V ��

RG � R weakly� in L��V ��

�RG � �R weakly� in L��H��

�i�G� �r�i�G�� � � strongly in L��L������

Then� writing R � �R�� � � � �Rn� �� b�� Ri � �
i � �iai� as above� we have

�
i � 
r�i�

Therefore �i 	 L��H������ R 	 L��V��� �R 	 L��H��� Since RG is
uniformly bounded and equicontinuous from ��� T 	 into H � we also have

RG � R in C�H��

In particular� R��� � R��

Let  R 	 L��V�� and take the scalar product in L��H� of ���� with  R�
One obtainsZ T

�
h "RG

��
 RiV�dt �

Z T

�
�G��  R�H�dt


Z T

�
�RG�  R�VG dt� �
��

where "RG
� 	 V �� denotes the restriction of "RG to V�� Therefore����

Z T

�
h "RG

��
 RiV�dt

���� � C

�
kG�kL�H�� � kRGkL�VG�

�
k  RkL�V���

It follows that

"RG
� is bounded in L��V ����

Then

"RG
� � "R weakly in L��V ����

By the Arzela�Ascoli Theorem�

�RG
� � �R strongly in L��V ����

so that t �� �R�t� is strongly continuous into V �� and

�R��� � lim
G��

�RG
���� � R��

Upon passing to the limit in �
�� we obtain

Z T

�
�h "R�  RiV� � �R�  R�V� 	 dt �

Z T

�
�G��  R�H�dt� �  R 	 L��V���

which is just the variational form of ����� On the other hand� the problem
����� ��
� has a unique solution with R 	 C�V�� � C��H�� � C��V ����
Therefore� convergence of RG to this solution is through the entire net G �
��
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���� Interpretation of the model

Equation ���� is the same as the variational equation

h "R�  RiV� � �R�  R�V� � �G��  R�H� � �  R 	 V�� � � t � T� �
��

The function R has the form �R�� � � � �Rn� �� b�� where Ri � 
r�i � �iai��
Since R takes values in V�� the components of R must satisfy the boundary
conditions

����� ��� t� �
���

���
��� ��� t� � �� � � �� � �� �
��

and the geometric junction conditions

�i��� ��� t� � k�i���� 
 �
���� b	�

��i

���
��� ��� t� �

��j

���
��� ��� t�� � � �� � ��

����

Note that on � and ��� ��i
��� is the derivative of �i in the direction of the
normal vector �� up to a sign�

One has

�G��  R�H� �
nX
i��

Z
�
�f i�

 �i 
Mi � r �i� d�

�
nX
i��

ki

Z
�
f�f i���� 
 �
��
 f i���	  �� f i�

 bgd�

�
nX
i��

�Z
�

�f i� � divMi� �id� 


Z
��

 �i��i �Mi� ds

�

�
nX
i��

ki

Z
�
f�f i���� 
 �
��
 f i���	  �� f i�

 bgd�� ����

where M� � �� Moreover� at least formally�

h "R�  RiV� �
nX
i��

Z
�
�mi

"�i �i � I�ir
"�i � r �i� d��M

�



��
"� �� "b b

�

�
nX
i��

�Z
�
�mi

"�i 
 I�i#
"�i� �i d� �

Z
��
I�i

 �i��i � r"�i� ds

�

�M

�



��
"� �� "b b

�
� ����
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Also� from Green�s formula ����� we have

�R�  R�V� �
nX
i��

Z
�
Ci�e�r�

i�	 � e�r �i� d�

�
nX
i��

�Z
��

�r �i� � �Ci�e�r�
i�	�i� ds


Z
�

�r �i� � divCi�e�r�
i�	 d�

�

�
nX
i��

�Z
��
�r �i� � �Ci�e�r�

i�	�i� ds


Z
��

 �i
X
���

C��
i�� �e�r�

i�	�� ds

�

Z
�

 �i
X
���

C��
i����e�r�

i�	 d�

�
� ����

It follows from �
�� and ���� � ���� that the equation of motion of the i th
plate is

mi
"�i 
 I�i#

"�i �
X
���

C��
i����e�r�

i�	 � f i� � divMi� �M� � ��� ����

which is a version of the dynamic Kirchho� plate equation� In addition� one
obtains the boundary conditions

�	



X
���

C��
i �e�r�i�	���� � � on ��n�� i � �� � � � � n�

X
���

C��
� �e�r���	���� � � on ��n�� � ����

��
�

�	



I�i��
i � r"�i�


X
���

C��
i�� �e�r�

i�	�� 

�

��

X
���

C��
i �e�r�i�	����

� 
�i �Mi on ��n�� i � �� � � � � n�

I����
� � r"���


X
���

C��
����e�r�

��	�� 

�

��

X
���

C��
� �e�r���	����

� � on ��n�� � ����

����

where � � ���� ��� �� �
��� ��� and �
�� �
P

� ���
���� There is also the
variational junction condition

nX
i��

Z
�

�
fI�i�

i � r"�i 

X
���

C
��
i�� �e�r�

i�	��g �
i � �r �i� � �Ci�e�r�

i�	�i�

�
d��

�M

�



��
"� �� "b b

�
� 


nX
i��

Z
�

 �i��i �Mi� ds

�
nX
i��

ki

Z
�
f�f i���� 
 �
��
 f i���	  �� f i�

 bgd�� ����
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On � we have�	



 �i � k�i���� 
 �
�� �� b	�

�
i �Mi � 
M i

��

I�i�
i � r"�i 


X
���

C
��
i�� �e�r�

i�	�� � 
I�i
"�i�� �

X
�

C��
i���e�r�

i�	�

�r �i� � �Ci�e�r�
i�	��i �

X
�

C��
i �e�r�i�	 �i��

�  ����C
��
i �e�r�i�	
 k�i

 �C��
i �e�r�i�	�

����

It follows from ���� and ���� that the following mechanical junction condi�
tions must hold�

nX
i��

C��
i �e�r�i�	 � �� ����

M"b �
nX
i��

k�i

Z
�

�
I�i

"�i��

X
�

C��
i���e�r�

i�	�M i
�

�
d���

nX
i��

ki

Z
�
f i� d�� ����




��
M "� �

nX
i��

k�i

Z
�

�
��� 
 �
��

�
I�i

"�i�� 

X
�

C��
i���e�r�

i�	 �M i
�

�

� C��
i �e�r�i�	

�
d�� �

nX
i��

ki

Z
�

�f i���� 
 �
��
 f i���	 d�� ����

where M�
� � ��

Remark �� When n � � and P� is orthogonal to P�� the above junction
conditions reduce to

C��
� �e�r���	 � C��

� �e�r���	 � ��

���"b � k��

Z
�

�
I��

"���� 

X
�

C��
����e�r�

��	

�
d�� �

Z
�
f�� d��




��
��� "� � k��

Z
�

�
��� 
 �
��

�
I��

"���� 

X
�

C��
����e�r�

��	

�

� C��
� �e�r���	

�
d�� �

Z
�
�f�� ��� 
 �
��
 f����	 d�

where k�� � ��� If the material properties of the two plates are the same and
if one ignores the rotational inertia term �I�� � ��� these relations together
with ���� are the same as the junction conditions found by Le Dret �c�f� ���
p� �
�	��

�� Appendix

Consider a single Reissner�Mindlin plate with reference surface P and
orthonormal basis a�� a�� a� as described in section �� Let A� be the unit
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vector associated with the Reissner�Mindlin hypothesis� The vector rotation
angle associated with the deformation of P is a vector

� �
X
�

��a� � ��a��

where ��� ��� �� are certain rotation angles which are de�ned as follows� The
vector a� may be mapped to A� through successive rotations �� around
the a��axis and �� around the �rotated� a��axis� The angle �� �resp�� ���
measures combined bending and shearing in the a�a��plane �resp�� in the
a�a��plane�� If we choose the positive direction of rotation to be counter�
clockwise� these angles are related to the vector U � A� 
 a� �

P
j Ujaj

by

tan�� � 

U�

� � U�
� tan�� �

U�
� � U�

�

which obviously linearize to

�� � 
U�� �� � U�� ����

To de�ne ��� set

t� �
a� �W��

ja� �W��j
� n �

t� � t�

jt� � t�j
�

The vectors t� are tangent to the deformed reference surface at P���� ���
but are not necessarily orthogonal� Introduce t�� such that �t��� t

�
��n� is a

direct orthonormal system and

t�� � t� � t�� � t�� t�� � t� � ��

These conditions uniquely determine t��� t
�
�� Consider the orthogonal trans�

formation mapping a�� a�� a� to t��� t
�
�� n� consisting of three successive ro�

tations� a rotation �� around the a��axis followed by a rotation �� around
the �rotated� a��axis such that the two combined rotations maps a� to n�
followed by a rotation �� around n� The �rst two rotations map a�� a� onto
an orthonormal pair a��� a

�
� in the tangent plane at P���� ��� and �� maps

a��� a
�
� onto t��� t

�
�� The angle �� �resp�� ��� measures bending in the a�a��

plane �resp�� in the a�a��plane� the di�erences ��
�� are the shear angles�
The angle �� is related to twisting in the reference plane and satis�es ���
Chap� VII� Sect� ��
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�
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This linearizes to ��� Chap� VII� Sect� ���	
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�
a� � curlw� ����

It follows from ���� and ���� that the linearized vector rotation angle is

� � 
U�a� � U�a� �
�

�
�a� � curlw�a��

In terms of normal and tangential vectors� this is
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