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On the existence of minimizing domains
for some shape optimization problems
Giuseppe Buttazzo 
Abstract





We describe some shape optimization problems of the form min (A) : A 2 A and we
show that, even if in general one could expect only relaxed solutions, in some particular cases
the minimizing domains exist.

1 Introduction
We can describe a shape optimization problem as a minimum problem of the form




min (A) : A 2 A

where  is a cost functional which has to be minimized over a class A of admissible domains.
Problems of this kind arise in various questions of mechanics and structural engineering,
where the shape optimization problem has the form of an optimal control problem, that is
the cost  is of the form
Z
(A) = '(x uA ) dx


being uA the solution of someRpartial dierential equation in A. Volume constraints like jAj 
k, or penalization terms like A j(x) dx seems also raisonable conditions to be considered.
In this paper we want to present a survey of some recent results obtained in the cases when
the partial dierential state equation is of elliptic type, with Dirichlet boundary conditions.
Other cases, with Neumann or transmission boundary conditions, have been widely studied
in the literature (we refer for instance to the papers by Kohn and Strang 54], and by Murat
and Tartar 61])  without any claim to be exhaustive we list in the references some of the
many papers appeared.
A section will be also devoted to the case of determination of the optimal distribution
density of material, with respect to the energy cost functional, when dealing with concentrated
loads  this could be seen as an optimal sizing problem, and one should expect that the optimal
density is, in some situations, a measure possibly not absolutely continuous with respect to
the Lebesgue measure. The question of how to write the energy of the system when the
material density may concentrate to a measure is then discussed.
The plan of the paper is the following.
1. Introduction
2. General formulation of an optimal control problem and its relaxation.
3. Shape optimization problems with Dirichlet boundary conditions.
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4. Existence of classical domains as minimizers under geometrical constraints.
5. Existence of classical domains as minimizers under monotonicity assumptions on the
cost functional.
6. Minimum problems for functions of eigenvalues.
7. Optimal distribution densities for concentrated loads.

2 General formulation of an optimal control problem
and its relaxation
A general formulation of an optimal control problem requires an abstract framework, large
enough to include cases, as the shape optimization one, when no topological structures on
the set of admissible controls are a priori given. We consider:
U the space of states, we assume it is a topological space 
A the set of controls, no topology on A is a priori considered 
J the cost function dened on A  U 
G a function dened on A  U which provides the state equation as a minimization
problem of the form
u 2 argminG(A ) 
we may call G the state functional. When for every control A the minimization of the
state functional provides a unique minimizer, we denote this minimizer by uA , to stress
its dependence on A.
Therefore, the optimal control problem can be written as




min J(A u) : A 2 A u 2 U u 2 argminG(A ) :

(1)

Note that here the cost function J may depend both on A and uA . Problems of this form are
very common in a lot of applications to structural engineering, where A can be the design of
a mechanical structure, u its displacement, and the cost J may take into account the weight
of the structure and some desired performances given in terms of the displacement u.
In several situations problem (1) does not admit any solution, and a \relaxed" problem
^ ^
^ A
^ )
min J(
A u) : A^ 2 A^ u 2 U u 2 argmin G(
is introduced, where A^ is the class of \relaxed" domains, J^ the \relaxed" cost functional,
and G^ the \relaxed" state functional, suitably dened. In order to achieve this goal, we make
the following assumptions:
the space U of states is a separable metric space 
for every A 2 A the function G(A ) is proper and lower semicontinuous on U 

(2)
(3)

there exists a lower semicontinuous function  : U ! R which is coercive, in the sense (4)
that for every t 2 R the sublevel set f  tg is compact in U, such that
G(A u)  (u)
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Under the assumptions above (see for instance Dal Maso 44], Chapter 10) the class S (U)
of all lower semicontinuous functions from U into R minorized by , is a compact metric
space once it is endowed by the ;-convergence topology  we denote by ; the associated
distance. Therefore, if we denote by G : A ! S (U) the mapping given by G (A) = G(A )
and we assume in addition
the mapping G is one-to-one,

(5)

setting

;



d(A B) = ; G (A) G (B) 
;

we get that d is a distance on A and G is an isometry between (A d) and S (U) ; . We
denote by  the convergence associated to the distance d  therefore
Ah ! A in the -convergence on A

() ; h!lim
G(Ah  ) = G(A ):
+1

Remark 2.1. Since the ;-convergence implies the convergence of minima and of minimum
points (see for instance Dal Maso 44]), the -convergence topologizes A in the most natural

way with respect to the minimum problem (1).

We are now in a position to introduce the relaxed controls and to dene the relaxed
problem associated to (1). We dene by (A^ d)^ the completion of the metric space (A d) and
by G^ : A^ ! R the unique isometry which extends G  more precisely we set
^ = ; lim G (Ah )
G^(A)
h!+1

^ In other words, if G^ : A^  U ! R
where fAh gh is any sequence converging to A^ in (A^ d).
^
^
^
^
is dened by G(A ) = G (A), we can extend the -convergence to all of A^ and we have
^ A^h  ) = G(
^ A
^ ):
A^h ! A^ in the -convergence on (A^ d)^ () ; lim G(
h!+1

The compactness of the ;-convergence on S (U) implies that (A^ d)^ is a compact metric
space. The elements of A^ are called relaxed controls and G^ is the relaxed state functional. In
order to identify the relaxed control problem associated to (1) we assume
^ A
^ ) on U is unique 
for every A^ 2 A^ the minimum point of G(

(6)

there exists a function  : A ! R bounded on d-bounded sets, and a function

(7)

! : U  U ! R with vlim
!u !(u v) = 0 for all u 2 U such that

jJ(A u) ; J(A v)j  (A)!(u v)

8A 2 A 8u v 2 U:

Theorem 2.2. (see Belloni, Buttazzo, Freddi 5]) Under assumptions (2)-(7) the relaxed
problem associated to (1) is given by

^ ^
^ A
^ )
min J(
A u) : A^ 2 A^ u 2 U u 2 argmin G(

(8)
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where J^ : A^  U ! R is the relaxed cost functional




^ A
^ u) = inf lim inf J(Ah  u) : Ah ! A^ in A^ :
J(
h!+1
Problem (8) admits always a solution, the minimizing sequences of (1)  -converge (up to
subsequences) to minimum points of (8), and the in mum of (1) coincides with the minimum
of (8).

Remark 2.3. When the cost functional J does not depend on the control variable A, we do
not need to perform any relaxation in the cost  indeed problem (8) has the simpler form

^ A
^ ):
min J(u) : A^ 2 A^ u 2 U u 2 argmin G(

3 Shape optimization problems with Dirichlet boundary
conditions
As an application of the general framework illustrated in the previous section we consider
here a class of shape optimization problems governed by an elliptic equation with Dirichlet
conditions on the free boundary, and we identify their relaxed formulation. In the following
 will be a given bounded open subset of Rn (n  2) with a Lipschitz boundary, and f will
be a given element of H ;1 (). For the sake of simplicity, as a model operator we shall take
the Laplace operator ;, but much could be extended to a more general class of second
order elliptic operators. With the notation of Section 2 we have
U is the space H01 () endowed with the strong L2() topology 
A is the class of all open subsets A of  
G is the state functional
(R
jDuj2 dx ; 2hf ui if u 2 H01 (A)
G(A u) = 
+1
otherwise
which provides, via minimization, the elliptic state equation
8
< ;u = f in A
:u = 0

on  n A 

J is an integral cost functional of the form
J(u) =

Z

j(x u) dx



(9)

in which there is no explicit dependence on the control variable A, or more generally
J(A u) =

Z

A

j(x u) dx

where j(x s) is a Caratheodory integrand satisfying

jj(x s)j  a(x) + bjsj2
for suitable a 2 L1 () and b  0.
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In this case the characterization of the space A^ of relaxed controls has been obtained by Dal
Maso and Mosco in 48], where it is proved that A^ coincides with the class M0 of all Borel
measures  : B() ! 0 +1] which vanish on all sets of capacity zero. Accordingly, the
relaxed cost G^ is then characterized as the functional given by
^ u) =
G(

Z



jDuj2 dx ; 2hf ui +

Z



u2 d

^ ) can be written as
so that the relaxed state equation u 2 argmin G(

;u + u = f
in 
u 2 H01 () \ L2 ():
In this framework we shall call the elements of M0 \relaxed domains".

(11)

Remark 3.1. SinceR u 2 H01(), the value u(x) is dened almost everywhere in capacity,

hence the integral  u2 d is well dened. Moreover, it is easy to see that the \classical
domains" A 2 A can be written as particolar measures of the class M0  indeed, if

cap(A n B) = 0
(B) = 1nA(B) = 0+1 ifotherwise,
^ ) = G(A ) and equation (11) reduces to the original equation
we have G(


;u = f in A

on  n A.

u=0

It remains to characterize the relaxed cost functional J.^ If J is of the form (9) without
any explicit dependence on A, then, as we already mentioned in Remark 2.3, we have J^ = J
and so the relaxed shape optimization problem reads
min

nZ

o



j(x u) dx :  2 M0  u 2 H01 (!) ;u + u = f :

When J is of the form (10) Buttazzo, Dal Maso, Garroni and Malusa 28] obtained the
following expression for J:^
^ u) =
J(

Z

A

j(x u) dx ;

Z

nA

j ; (x 0) dx

being, roughly speaking, A the set where  \is nite". More precisely, if for every  2 M0
we denote by w the solution of

;w + w = 1
w 2 H01() \ L2 ()
then A coincides with the set fw > 0g.

Remark 3.2. In a similar way (see 28]) we can treat cost functionals of the form
J(A u) =

Z

A

j(x u) d

(12)

where is a given nite measure of M0 and
j(x s) is an integrand such that
;
1
(i) for every u 2 H0 () the function j x u(x) belongs to L1 () 
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R

(ii) the map u 7!  j(x u) d is sequentially weakly continuous in H01().
In this case we get
Z
Z
^
J( u) = j(x u) d ;
j ; (x 0) d :
nA

A

The case when a constraint of the form jAj 2 T is present in the original shape optimization problem, can be also treated (see 28]), even if in a slightly more complicated
way  here
;
T is any subset of theinterval 0 jj] and j  j denotes the Lebesgue measure or the measure
if J is given by (12) . Then we obtain for a cost functional J of the form (9) the expression
R
jA j  sup T
^
J( u) = +1j(x u) dx ifotherwise,
and for a cost functional J of the form (10) the expression
^ u) =
J(

Z

A

j(x u) dx + inf

(Z

BnA

)

j(x 0) dx : A  B jB j 2 T :

The following argument, by Chipot and Dal Maso 41] shows that in some cases a relaxed
shape optimization problem with Dirichlet conditions on the free boundary can be reduced
to a minimization problem over a convex set, and therefore the uniqueness of the relaxed
solution can be obtained in several situations. Indeed, the relaxed equation

;u + u = f
in 
u 2 H01() \ L2 ()
in case of a nonnegative right hand side f, by the maximum principle, provides a nonnegative
solution u. Therefore, the set of all u 2 H01() such that there exists  2 M0 satisfying the
equation above, turns out to be equal to the closed convex subset of H01()


K = u 2 H01 () : u + f  0 :
Moreover, the mapping which associates to every measure  2 M0 the solution u of the
relaxed state equation is one-to-one because it can be shown that  can be deduced by u
through the equality
 = uu+ f
(13)
where it is intended that  = +1 when u = 0. In this way, the shape optimization problem


min J(u) : u 2 H01 ()  2 M0 ;u + u = f
(14)
becomes equivalent to the minimization problem


min J(u) : u 2 K :
Since K is closed and convex, if the cost functional J is strictly convex this last problem
has a unique solution uopt 2 K, and so the relaxed shape optimization (14) has the unique
solution
opt = (uopt + f)=uopt :

Example 3.3. Taking the admissible class A equal to the family of all subdomains of ,
it is possible to show (see 26]) that for a general choice of the data f and g the shape
optimization problem
min
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has no solutions, so that the relaxed problem
min

nZ



ju ; g(x)j2 dx : u 2 H01 ()  2 M0  ;u + u = f

o

must be considered. According to what said just above, if f  0 we are in the position to
write the relaxed problem in the form
min

nZ



ju ; g(x)j2 dx : u 2 K
;

o



and this problem Rhas a unique solution u and hence  by (13) , due to the strict convexity
of the functional  ju ; g(x)j2 dx.

4 Existence of classical domains as minimizers under
geometrical constraints
As we have seen in Example 3.3, in general one should expect only relaxed solutions for
a shape optimization problem. In order to \force" the existence of a classical nonrelaxed
minimizing domain, two approaches are possible:
(i) add more constraints on the class A of admissible domains 
(ii) consider more restricted classes of cost functionals.
In this section we consider the approach (i), which is more studied in the literature  for
instance, if we take the minimum on the class Ak of all domains which satisfy a Lipschitz
condition with a uniform constant k, then the existence of a domain solution in Ak can be
obtained for a large class of cost functionals. A condition weaker than the k-Lipschitz one
and which still implies the existence of a classical domain as a minimizer, is the so called
\exterior cone condition" which consists in assuming that the admissible domains A have,
for each point x at their boundary, a cone with uniform height and opening, centered at x
and exterior to A. We refer to the book of Pironneau 63] and to some papers by Chenais
38], 39], 40] for further details on the exterior cone conditions for elliptic equations.
More recently, a result due to Bucur and Zolesio 15], 16], 17] generalizes the results
above, and gives the -compactness of the class of admissible domains (hence the existence
of a classical domain as a minimizer) under a sole capacitary condition of the form:
there exist c > 0 and r0 > 0 such that
;

cap B(x
r) n A B(x 2r)
;

8x 2 @A 8r < r0
cap B(x r) B(x 2r)  c
or more generally

there exists a function w : (0 1)  (0 1)   ! R+ such that
i) w is lower semicontinuous in the third variable
ii) limr!0 w(r R x) = +1, locally uniformly on x
iii) for every x 2 @A and every 0 < r < R < 1
ZR

r

;



cap B(x
t) n A B(x 2t)
;

cap B(x t) B(x 2t)

dt  w(r R x):
t

Finally, still in the framework of the approach (i), we have to mention a result by Sverak
66] 67]: in the case of dimension n = 2 the topological condition on the admissible domains
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the number of connected components of  n A is less or equal to k

still implies the -compactness and by consequence the existence of a classical domain as a
minimizer.
The results above have been recently generalized to the nonlinear case by Bucur and
Trebeschi 14] who proved the following compactness result for shape optimization problems
governed by; the p-Laplace
operator ;p or more generally by a monotone operator of the

form ; div a(x Du) \which behaves" like ;p . Correspondingly, the p-capacity Cp and
the p -convergence are dened in a similar way.

Theorem 4.1. We have:

i) if p > n then the whole class of open subsets of  is p -compact, by the Sobolev embedding theorem
ii) if 1 < p  n then the class Aw of all open subsets A of  such that for all x 2 @A and
all 0 < r < R < 1
ZR

;



1
Cp B(x
t) n A B(x 2t)
p;1 dt
;

t  w(r R x)
Cp B(x t) B(x 2t)
r
is p -compact, provided w : (0 1)  (0 1)   ! R+ is a given function such that
(a) w is lower semicontinuous in the third variable,
(b) limr!0 w(r R x) = +1, locally uniformly on x.
Moreover, if n ; 1 < p  n a result similar to the Sverak one holds:
(c) the class of all open subsets of  such that the number of connected components of  n A
is less or equal to k is p -compact.

5 Existence of classical domains as minimizers under
monotonicity assumptions on the cost functional
The approach of considering more restricted classes of cost functionals by leaving the admissible domains of A without any geometrical constraint, is more recent: the following result
has been proved by Buttazzo and Dal Maso 27]. Here by  we denote a given bounded open
subset of Rn , and by A the class of all quasi open subsets of , that is of all sets A such
that for every " > 0 there exists an open subset A" of  with cap(A" A) < ", where  is
the symmetric dierence of sets.

Theorem 5.1. Let  : A ! R be a mapping satisfying the following assumptions:

(i)  is lower semicontinuous with respect to the  -convergence
(ii)  is decreasing with respect to the set inclusion, i.e., (A)  (B) whenever A  B .
Then for every c between 0 and jj the minimum




min (A) : A 2 A jAj = c

(15)

is achieved.

Remark 5.2. The lower semicontinuity assumption (i) in Theorem 5.1 above is quite
involved, but it is fullled in a large number of situations. For instance, if
(A) =
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(16)

59

where uA is the solution of



;u = f in A

(17)

on  n A,

u=0

it is easy to see that  is actually continuous with respect to the -convergence under a sole
growth condition on the integrand j. Analogously, it is possible to show (see Buttazzo and
Dal Maso 27], Example 2.1) that every continuous function of the eigenvalues of the Laplace
operator is -continuous  this kind of functions will be considered in more details in the
next section.
On the other hand, the monotonicity assumption (ii) is very severe, and must be considered
as the one which actually \forces" the existence of a classical domain as a minimum instead
of a general measure of M0. In the case of integral functionals of the form (16) and equation
(17) with right-hand side f  0, by the maximum principle we obtain that  is decreasing
with respect to the set inclusion whenever the integrand j(x s) is decreasing with respect to
s. For instance, in general the quadratic functional of Example 3.3 is not decreasing with
respect to the set inclusion, and in fact we have to expect in this case only a relaxed solution
 for the shape optimization problem.

Remark 5.3. Theorem 5.1 above shows that the monotonicity assumption on the cost 

rules out the possibility for the minimum point to be a measure, and the existence of an
optimal quasi open domain follows. An interesting question would be to study conditions on
the cost functional under which the optimal domains are actually open sets and the regularity
of their boundary.

6 Minimum problems for functions of eigenvalues
By Theorem 5.1, using the fact that the eigenvalues of the Laplace operator with Dirichlet
boundary conditions are decreasing with respect to the set inclusion, and taking into account
Remark 5.2, we obtain immediately that for every xed integer N and c 2 0 ] all minimum
problems of the form
 ;





min ' 1 (A) : : : N (A) : A 2 A jAj = c
(18)
have a classical domain solution provided A is the class of all quasi open subsets of , and
' is a continuous (or more generally lower semicontinuous) function which is increasing in
each variable.
However, in some cases the monotonicity assumption is not necessary for the existence
of a classical optimal domain, even if we do not know a general condition weaker than
monotonicity and which still imply the classical existence. We consider the case of a cost
functional depending on the rst two eigenvalues of the Laplace operator
;



(A) = ' 1 (A) 2 (A)
(19)
where ' is a continuous (or lower semicontinuous) nonnegative function, and the corresponding minimum problem


min (A) : A 2 Ac



(20)

being Ac the class of all quasi open subsets of  having Lebesgue measure equal to c. By
introducing the subset of R2


Ec = (x y) 2 R2 : x = 1 (A) y = 2 (A) for some A 2 Ac
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problem (20) can be written in the form


min '(x y) : (x y) 2 Ec :
(21)
It is therefore important to know if the set Ec is closed in R2, since this would immediately
imply an existence result for problem (20) under conditions much weaker than monotonicity
(for instance the assumption '(x y) ! +1 as j(x y)j ! +1 would su ce).
Some information about the set Ec are available:
- if (x y) 2 Ec then x  0, y  0, and y  x 
- if (x y) 2 Ec then x  1 (B) being B the ball of measure c 
- if (x y) 2 Ec then y  1 (A) being A the union of two disjoint ball of measure c=2 
- if (x y) 2 Ec then (tx ty) 2 Ec for all t  1 
- if (x y) 2 Ec then y 1 (B)  x 2 (B), by the result of Ashbaugh and Benguria 2].
The following result (see Bucur, Buttazzo and Figuereido 11]) concludes the analysis of the
set Ec .

Theorem 6.1. For every constant c 2 0 jj] the set Ec is closed.

7 Optimal distribution densities for concentrated loads
In this section we consider the optimization problem for a material density once the loads
are given and may possibly concentrate on sets of lower dimension. For simplicity we limit
ourselves to the case of scalar functions: the general theory of the calculus of variations with
respect to measures was recently introduced by Bouchitt!e, Buttazzo and Seppecher in 7], a
rst application to optimization will appear in 8], while the general framework suitable to
include problems from elasticity is still in preparation. To set correctly the problem, consider
a given signed measure f on Rn with nite total variation and zero average  in a stationary
heat conduction model it represents the heat sources density which may possibly concentrate
on sets of dimension lower than n. For every nonnegative measure  on Rn (in the heat
conduction model above it represents the conductivity density), we consider the total energy
associated to a given smooth distribution temperature u
Z
;

u 2 D(Rn )
E( u) = 12 jDuj2 d ; hf ui
and we denote by E () its inmum


E () = inf E( u) : u 2 D(Rn ) :
Of course, we may have E () = ;1 for some measures   this happens for instance when
the measure f concentrates on sets of dimension smaller that n ; 1 and  is the Lebesgue
measure. These measures will be unrelevant for us because we consider the optimization
problem


max E () :  nonnegative measure,

Z

d = m



(22)

where the total mass m is a constant a priori given. The following result holds (see 8]).

Theorem 7.1. The shape optimization problem (22) admits a solution 0 .
Without entering into the details of the proof, we want to illustrate here some links
between problem (22) and a kind of Monge-Kantorovich equation. One of the tools necessary
ESAIM: Proc., Vol. 3, 1998, 51{64
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to write rigorously this equation in the framework of measures as coe cients, is the notion
of tangent space to a measure T (x) and the related notion of tangential gradient D u. We
refer to the paper 7] for the precise denitions, by remarking that in the case of a smooth
manifold S of dimension k the related Hausdor measure Hk S provides the usual tangent
space and the usual tangential gradients. The Monge-Kantorovich equation is then written
as

;

; div D w = f
(23)
w 2 Lip1 (Rn) jD wj = 1 -a.e.
where Lip1 (Rn) is the class of all Lipschitz functions on Rn with constant 1. Note that both
w and  are unknown in equation (23).

Theorem 7.2. For every measure f on Rn with nite total variation and zero average
there exist a bounded nonnegative measure  and a function w 2 Lip1 (Rn) satisfying the
Monge-Kantorovich equation (23). Moreover, a measure  solves the optimization problem
(22) if and only if the rescaled measure jI(f)j=m solves the Monge-Kantorovich equation
(23), where I(f) is the quantity





I(f) = min ; hf i :  2 Lip1(Rn ) :
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