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Abstract

For distributed controls we get a local exact controllability for the
2-D Boussinesq equations in the case where the fluid is incompressible
and slips on the boundary in agreement with the Navier slip boundary
conditions.
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Introduction

This paper is devoted to a proof of the local exact controllability of the 2-D
Boussinesq system with Navier slip boundary conditions, defined in a bounded
domain Ω ⊂ R2 when the control function is distributed on an arbitrary fixed
subdomain ω ⊂ Ω. The precise statement of the investigated problems and for-
mulations on the main results are placed in section 1. Here we restrict ourselves
only by description of one typical particular case.
Let (v̂(x), θ̂(x),∇p̂(x)), x ∈ Ω ⊂ R2 be a steady-state solution of the 2-D

Boussinesq system:

−∆v̂ + (v̂,∇) v̂ + ~eθ̂ +∇p̂ = f(x), div v̂ = 0, (v̂, ν)|∂Ω = 0, rot v̂ + σ(v̂, τ) = 0,
(1)

−∆θ̂ + (v̂,∇θ̂) + (v̂, ~e) = h(x), θ̂|∂Ω = 0. (2)

We consider the nonstationary Boussinesq system

∂tv(t, x)−∆v(t, x) + (v,∇) v + ~eθ +∇p = f(x) + u
′(t, x), div v = 0, (3)

∂tθ −∆θ + (v,∇θ) + (v,~e) = h(t, x) + u3(t, x), (4)

with boundary conditions

(v, ν)|∂Ω = 0, (rot v + σ(v, τ))|∂Ω = 0, θ|∂Ω = 0 (5)

and initial conditions

v |t=0 = v0(x), θ |t=0 = θ0(x), (6)

which is sufficiently closed to a given steady-state solution

‖v0 − v̂‖(W 2
2 (Ω))

2 + ‖θ0 − θ̂‖W 1
2 (Ω)

≤ ε, ( parameter ε is sufficiently small).

One has to find a locally distributed control

suppu ⊂ ω, (6)

such that the solution (v(t, x), θ(t, x)) of boundary value problem (3)- (7) at

the prescribed instant T coincides with (v̂, θ̂) : (v(T, x), θ(T, x)) ≡ (v̂(x), θ̂(x)).
Such control is constructed in this work.
To make this result more clear let us assume, that (v̂, θ̂) satisfies (1), (2)

and (v̂, θ̂) is an unstable singular point of the dynamical system generated by
equation (3), (4) in the phase space of solenoidal vector fields with the Navier slip
conditions on ∂Ω. Let (v0, θ0) be an initial condition from the neighborhood

of (v̂, θ̂) such that the trajectory of the dynamical system going out (v0, θ0)
does not converge to (v0, θ0) as t → ∞ . As we show in this work one can
construct boundary control, such that the corresponding trajectory going out
(v0, θ0) reaches v̂, θ̂ during a finite time. In other words, one can suppress a
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turbulence rise by means of the boundary control. This result makes more clear
the question on connections between turbulence and controllability [17].
The global approximate controllability of the Navier-Stokes equations with

the slip boundary conditions was obtained by J.-M. Coron [3]. The proof is
based on ideas which were succesfully applied in [2], [4] to solve exact control-
lability problem for the Euler equation. Unfortunately, expect the case σ = 0
approximate controllability is proved in the sence of weak norm. So here we
can not combine this result with the local exact controllability one as it was
made in [5]. Works of A.V.Fursikov, O.Yu. Imanuvilov [7]-[12] , A.V. Fursikov
[6] precedes to this paper. In [8] the local exact controllability for the Burg-
ers equation was studied. The case of the 2-D and 3-D Navier-Stokes system
with control on the hole boundary and v̂ = 0 was investigated in [7] and [6]
respectively. Papers [11], [12] are concerned on local exact controllability of the
Boussinesq system. The controllability of 2-D Navier-Stokes equations with slip
boundary conditions for the case σ(x) ≡ 0 was studied in [9].

1 Statement of the problem and formulation of

the main results.

1.1. In a bounded simply connected domain Ω ⊂ R2 with boundary ∂Ω ∈ C∞

we consider the Boussinesq system

∂tv(t, x)−∆v(t, x) + (v,∇) v + ~eθ +∇p(t, x) = f(t, x) + u
′(t, x), (1.1)

∂tθ −∆θ + (v,∇θ) + (v,~e) = h(t, x) + u3(t, x), (1.2)

div v = ∂x1v1 + ∂x2v2 = 0, suppu ⊂ ω, (1.3)

where (t, x) ∈ Q ≡ (0, T ) × Ω, v(t, x) = (v1(t, x), v2(t, x)) is a velocity of the
fluid, θ(t, x) is a temperature of the fluid, ∇p(t, x) is a pressure gradient, ∂t =
∂
∂t
, ∂xj =

∂
∂xj

, (v,∇)v =
∑2
j=1 vj∂xjv, ∆ is the Laplace operator, f = (f1, f2)

is a density of external forces, h(t, x) is a density of external heat sources, ~e is
the vector of gravity force direction, ω ⊂ Ω is an arbitrary fixed subdomain and
u(t, x) = (u′, u3) = (u1(t, x), u2(t, x), u3(t, x)) is a control function. We assume
that

v(t, x)|t=0 = v0(x), θ(t, x)|t=0 = θ0(x), (1.4)

where v0(x) = (v01(x), v02(x)), θ0(x) is a given initial conditions.
We set on Σ = (0, T )× ∂Ω the Navier slip boundary conditions

(rot v + σ(v, τ)) |Σ = 0, (v, ν) |Σ = 0, (1.5)

and the Dirichlet zero boundary condition for temperature

θ|∂Ω = 0, (1.6)
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where ν = (ν1, ν2) is the vector field of outward unit normals to ∂Ω, τ = (τ1, τ2)
is the unit tangent vector field on ∂Ω, σ(x) ∈ C∞(∂Ω) defined by

σ(x) =
2(1− σ)k(x) − σ

1− σ
,

where k is the curvature of ∂Ω defined through the relation ∂n∂τ = kτ . We recall
that (v, ν) = v1ν1 + v2ν2, rot v = ∂x1v2 − ∂x2v1.
To set the problem and formulate the main results we have to introduce the

functional spaces. Recall, that W k
p (Ω), k ≥ 0, 1 ≤ p <∞ is the Sobolev space

of functions with finite norm

‖u‖Wk
p (Ω)

= (
∑
|α|≤k

∫
Ω

∣∣∣∂|α|u(x) /∂xα11 ∂xα22 ∣∣∣p dx)1/p,
where α = (α1, α2) , |α| = α1 + α2.
We set

V k(Ω) = {v(x) = (v1, v2) ∈ (W
k
2 (Ω))

2 : div v = 0}, (1.7)

W 1,2(k)(Q) = {v ∈ L2(0, T ;W
k+2
2 (Ω)) : ∂tv ∈ L2(0, T ;W

k
2 (Ω))}, (1.8)

V 1,2(k)(Q) = {v(t, x) ∈ (W 1,2(k)(Q)) : div v = 0}. (1.9)

Since ∇p can be determined easily from (1.1) by f , v, θ, below keeping in
mind solutions of system (1.1)-(1.3) we write (v, θ) instead of (v, θ,∇p).
Now we set the exact controllability problem. Let a solution (v̂, θ̂) ∈ V 1,2(1)(Q)×
W 1,2(0)(Q) of equation (1.1), (1.2), (1.5), (1.6) as well as an initial condition

(v0, θ0) ∈ V 2(Ω) × W 1
2 (Ω) be given. We suppose that v̂, v0, θ̂, θ0 satisfy the

inequality

‖v̂(0, ·)− v0‖
2
V 2(Ω) +

∥∥∥θ̂(0, ·)− θ0∥∥∥2
W 1
2 (Ω)

< ε, (1.10)

where ε > 0 is sufficiently small. Assume also that the initial datum (v0, θ0)
satisfies the compatibility conditions

(rot v0 + σ(v0, τ))|∂Ω = 0, (v0, ν)|∂Ω = 0, θ0|∂Ω = 0. (1.11)

The local exact controllability problem is to find a control u ∈ (L2(Q))3,
such that the solution (v, θ) ∈ V 1,2(1)(Q)×W 1,2(0)(Q) of (1.1)-(1.6) satisfies at
t = T the equation

v(t, x)|t=T = v̂(T, x) θ(t, x)|t=T = θ̂(T, x). (1.12)

For ω ⊂ Ω we set Qω = (0, T )× ω.
Theorem 1.1 Let ∂Ω be connected, (v̂(t, x), θ̂(t, x)) ∈ V 1,2(1)(Q)×W 1,2(0)(Q)
be a given solution of (1.1), (1.2), (1.4)-(1.6) and (v0(x), θ0(x)) ∈ V 2(Ω) ×
W 1
2 (Ω) satisfies (1.10) (1.11) with sufficiently small ε > 0. Then there exists a
local distributed control u(t, x) ∈ (L2(Q))3, suppu ⊂ Qω, such that the solution
(v(t, x), θ(t, x)) ∈ V 1,2(1)(Q) × W 1,2(0)(Q) of problem (1.1)- (1.6) exists and
satisfies (1.12).
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2 Reduction to a linear controllability problem

2.1. To get rid of pressure we transform the Navier-Stokes system to the equa-
tion for the stream function ψ which is connected with velocity field v(t, x) =
(v1, v2) by equations

∂x1ψ = −v2, ∂x2ψ = v1. (2.1)

Application the operator ∂x2 to the first of equations (1.1) and ∂x1 to the second
one, adding this two new equations yields the equation for the stream function:

∂t(−∆ψ(t, x))+∆
2ψ+∂x2((∂x1ψ)∆ψ)−∂x1((∂x2ψ)∆ψ)+e2∂x1θ−e1∂x2θ = u1+g.

(2.2)
We substituted u1(t, x) + g(t, x), instead of rot f in the right-hand-side of (2.2)
taking into account that g = rot f and u1 is a control. Just this form of right-
hand-side we use below. Using the stream function one can rewrite the equation
(1.2) as follows

∂tθ−∆θ+ ∂x2ψ∂x1θ − ∂x1ψ∂x2θ+ ∂x2ψe1 − ∂x1ψe2 = h(t, x) + u2(t, x). (2.3)

The first boundary condition from (1.5) by virtue of (2.1) can be rewritten as
follows: (

−∆ψ + σ
∂ψ

∂ν

)∣∣∣∣
Σ

= 0, Σ = (0, T )× ∂Ω. (2.4)

The second one is transformed to the equation

∂τψ|Σ = 0 (2.5)

where τ = (τ1, τ2) = (−ν2, ν1) is the vector tangential to the ∂Ω. By this equality

ψ|∂Ω = const,

and since ∂Ω is a connected set, 1 function ψ can be determined by (2.1) up to
constant arbitrariness. We can assume that

θ|Σ = ψ|Σ = 0 (2.6)

without the loosing of generality. By virtue of (2.1), (1.5) instead of initial
condition (1.4) we have

ψ(t, x)|t=0 = ψ0(x), θ(t, x)|t=0 = θ0(x), (2.7)

where ψ0 can be determined by the equalities

∂x1ψ0 = −v02, ∂x2ψ0 = v01.

According to (1.11), (2.5) the following compatibility conditions should be ful-
filled:

ψ0|∂Ω = 0,

(
−∆ψ0 + σ

∂ψ0

∂ν

)∣∣∣∣
∂Ω

= 0 θ0|∂Ω = 0. (2.8)

1Only here,deducing condition (2.6) we use connectedness of ∂Ω. Therefore below control-
lability problem for stream function is studied without assumption of ∂Ω connectedness.
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Let us assume similarly to section 1 that a solution (ψ̂(t, x), θ̂(t, x))∈ W 1,2(2)(Q)×
W 1,2(0)(Q) of equation (2.2), (2.3) with u(t, x) ≡ 0 and right side (g, h) ∈
(L2(Q))

2 is given. Moreover, the function (ψ̂(t, x), θ̂(t, x)) satisfies boundary
conditions (2.4), (2.6) and the inequality∥∥∥ψ̂(0, ·)− ψ0(·)∥∥∥2

W 3
2 (Ω)
+
∥∥∥θ̂(0, ·)− θ0(·)∥∥∥2

W 1
2 (Ω)

< ε, (2.9)

holds where ε > 0 is sufficiently small.
The local exact controllability problem consists in constructing of such con-

trol u(t, x) ∈ (L2(Q))2 , suppu ⊂ Qω, that the solution (ψ(t, x), θ(t, x)) of
boundary value problem (2.2),(2.3),(2.4),(2.6),(2.7) satisfies the condition

ψ(t, x)|t=T = ψ̂(t, x)|t=T , θ(t, x)|t=T = θ̂(t, x)|t=T . (2.10)

We are looking for the solution (ψ(t, x), θ(t, x)) in the following form

ψ(t, x) = w(t, x) + ψ̂(t, x), θ(t, x) = m(t, x) + θ̂(t, x), (2.11)

where w,m are new unknown functions. Substitution of (2.11) into (2.2) - (2.7)
yields the equation for the function w and m :

∂t(−∆w(t, x)) + ∆
2w +B(ψ̂ + w,w) +B(w, ψ̂) + e2∂x1θ − e1∂x2θ = u1(t, x),

(2.12)
where

B(ψ, ϕ) = ∂x2((∂x1ψ)∆ϕ)− ∂x1((∂x2ψ)∆ϕ). (2.13)

∂tm−∆m+ (v̂,∇m) + (∇
⊥w,∇m+ ~e) + ∂x2w∂x1 θ̂ − ∂x1w∂x2 θ̂ = u2. (2.14)

(Here we set ∇⊥w = (∂x2w,−∂x1w).) This also gives boundary and initial
conditions (

−∆w + σ
∂w

∂ν

)∣∣∣∣
Σ

= 0, m|Σ = w|Σ = 0, (2.15)

w(t, x)|t=0 = w0, m(t, x)|t=0 = m0. (2.16)

Here w0(x) = ψ0(x) − ψ̂(0, x),m0(x) = θ0(x) − θ̂(0, x). By virtue of (2.11),
(2.7), (2.8), (2.9) we have

m0|∂Ω = w0|∂Ω =

(
−∆w0 + σ

∂w0

∂ν

)∣∣∣∣
∂Ω

= 0, ‖w0‖
2
W 3
2 (Ω)
+‖m0‖

2
W 1
2 (Ω)

< ε.

(2.17)
In Sections 2-4 the following assertion will be proved:

Theorem 2.1. Suppose that ψ̂ ∈ W 1,2(2)(Q), θ̂ ∈ W 1,2(0)(Q) satisfies (2.2),
(2.3) with u ≡ 0, (2.4), (2.6), and initial condition (w0,m0) ∈W 3

2 (Ω)×W
1
2 (Ω)

satisfies (2.17) with sufficiently small ε > 0. Then one can find such control
u ∈ (L2(Q))2, suppu ⊂ (0, T ) × ω, that the corresponding solution (w,m) ∈
W 1,2(2)(Q)×W 1,2(0)(Q) of problem (2.12) -(2.16) exists and satisfies equality

w(t, x)|t=T = 0 m(t, x)|t=T = 0. (2.18)
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2.2. To prove Theorem 2.1 we use the following right inverse operator the-
orem:
Theorem 2.2. Let X, Z be Banach spaces and

A : X → Z (2.19)

be a continuously differentiated mapping. Assume that for some x0 ∈ X, and
z0 ∈ Z equality

A(x0) = z0 (2.20)

holds, and the derivative
A′(x0) : X → Z (2.21)

of A at x0 is an surjective operator. Then for a sufficiently small ε > 0 there
exists a mapping M(z) : Bε(z0)→ X defined on the ball

Bε(z0) = {z ∈ Z : ‖z − z0‖Z < ε}

which satisfies conditions

A(M(z)) = z, z ∈ Bε(z0), (2.22)

‖M(z)− x0‖X ≤ k ‖A(x0)− z‖Z for all z ∈ Bε(z0), (2.23)

where k > 0 is a certain constant.
The Theorem 2.2 is a simple corollary of generalization of the Implicit func-

tion theorem proved in [1].
In our case the space X consists of pairs (w,m, u), and operator A(x) is

defined by formulas (2.12), (2.14):

A(x) = (−∂t∆w +∆
2w +B(ψ̂ + w,w) +B(w, ψ̂)− u1,

∂tm−∆m+ (v̂ +∇
⊥w,∇m) + ∂x2ψ∂x1 θ̂ − ∂x1ψ∂x2 θ̂ + ∂x2we1 − ∂x1we2 − u2,

w|t=0 , m|t=0) (2.24)

( the condition w|t=T = 0, m|t=T = 0 and boundary conditions for w,m will
be included to the space X definition. ) The space Z will be determined by
set of pairs from (2.24). Set x0 = (0, 0), z0 = (0, 0). Evidently, equality (2.20) is
fulfilled.
To check the epimorphism condition of operator (2.21) we write out the

equation
A′(x0)x = z.

In our case this equation is as follows:

L(w,m)−u ≡ ∂t(−∆w)+∆
2w+B(ψ̂, w)+B(w, ψ̂)+e2∂x1m−e1∂x2m−u1 = f,

(2.25)

N(w,m)− u ≡ ∂tm−∆m+ (v̂,∇m) + (∇
⊥w,∇θ̂ + ~e)− u2 = h, (2.26)
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where u = χωu, χω is the characteristic function of the set ω (χω(x) = 1 for x ∈
ω; χω(x) = 0 for x ∈ Ω \ ω),

m|Σ = w|Σ =

(
−∆w + σ

∂w

∂ν

)∣∣∣∣
Σ

= 0, (2.27)

m|t=0 = m0, w|t=0 = w0, m|t=T = w|t=T = 0. (2.28)

We start from the following lemma:
Lemma 2.1 Let ω0 ⊂⊂ ω be an arbitrary fixed subdomain of Ω. Then there

exists a function β ∈ C2(Ω) such that

β(x) > 0 ∀x ∈ Ω, β|∂Ω = 0, |∇β(x)| > 0 ∀x ∈ Ω \ ω0. (2.29)

For the proof of this lemma see [15].
Set

η(t, x) ≡ ηλ(t, x) = (eλ
2‖β‖C(Ω̄) − eλβ(x))/((T − t)`(t))3,

η(t) = min
x∈Ω

η(t, x) = (eλ
2‖β‖C(Ω) − eλmaxx∈Ω β)/((T − t)`(t))3, (2.30)

where λ > 1 is a parameter (magnitude of λ will be fixed below), function β(x)
defined in Lemma 2.1 and function `(t) ∈ C∞[0, T ] satisfies conditions

`(t) > 0, ∀t ∈ [0, T ], `(t) = t ∀ t ∈ [T/2, T ].

Let us assume that λ > 1 such that

49min
x∈Ω

η(t, x) ≥ 48max
x∈Ω

η(t, x) = (eλ
2‖β‖C(Ω̄) − 1)/((T − t)`(t))3. (2.31)

Obviously inequality (2.31) holds true for all λ sufficiently large. Finally we
define the parameter λ in Lemma 3.1. Set

L2(Q, ρ) =


u(t, x), (t, x) ∈ Q : ‖u‖2L2(Q,ρ) ≡

∫
Q

ρ2(t, x)u2(t, x)dxdt <∞


 .

(2.32)
The weight functions ρ used below are constructed by means of functions (2.30).
One of such weight functions is defined by the formula

κ(t, x) =

{
esη x ∈ Ω \ ω
1 x ∈ ω,

(2.33)

where parameter s > 0 will be defined in Lemma 4.3. We introduce the space

Y (Q) ≡

{
(y(t, x), z(t, x)) ∈ (W 1,2(2)(Q)×W 1,2(0)(Q)) :

y|Σ = z|Σ =

(
−∆y + σ

∂y

∂ν

)∣∣∣∣
Σ

= 0,
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‖(y, z)‖2Y (Q) ≡
∥∥∥∂t(−∆y) + ∆2y +B(ψ̂, y) +B(y, ψ̂) + e2∂x1z − e1∂x2z∥∥∥2

L2(Q,κ)

+
∥∥∥∂tz −∆z + (v̂,∇z) + ∂x2y∂x1 θ̂ − ∂x1y∂x2 θ̂ + ∂x2ye1 − ∂x1ye2∥∥∥2

L2(Q,κ)

+
∥∥∥e 98100 sηy∥∥∥2

W 1,2(2)(Q)
+
∥∥∥e 98100 sηz∥∥∥2

W 1,2(0)(Q)
<∞

}
, (2.34)

where functions κ, η are defined in (2.33), (2.30) and parameter s from
(2.33). Define also

Uω(Q) =

{
u(t, x) ∈ (L2(Q))

2 : suppu ⊂ Qω
}
, (2.35)

where, remind, Qω = (0, T )× ω.

To apply the Theorem 2.2 in order to establish solvability of (2.12), (2.14),
(2.15), (2.16), (2.18) we define spaces X , Z as follows:

X =
{
(y, z, u) ∈ Y (Q)× Uω(Q) :

‖(y, z, u)‖2X = ‖(y, z)‖
2
Y (Q) + ‖u‖

2
Uω(Q)

<∞
}
, (2.36)

Z = (L2(Q, κ))
2 × Ŵ 3

2 (Ω)×
◦

W 1
2 (Ω), (2.37)

where

Ŵ 3
2 (Ω) =

{
v(x) ∈ W 3

2 (Ω) : v|∂Ω =

(
−∆v + σ

∂v

∂ν

)∣∣∣∣
∂Ω

= 0

}
.

◦

W 1
2 (Ω) = {v(x) ∈W

1
2 (Ω), v|∂Ω = 0}.

We have

Proposition 2.1 Let the spaces X, Y , Z be defined in (2.34), (2.36) ,
(2.37) operator A(x) be defined by (2.24). Then mapping (2.19) is continuously
differentiated for any point x0 ∈ X.

Evidently, equality (2.20) holds if A is mapping (2.24), x0 = (w
0, u0) =

0, z0 = 0. So, to apply Theorem 2.2 we have to establish only that image
of operator (2.21) coincides with Z. This is reduced to the proof of problem
(2.25)-(2.28) solvability for any (f, h, w0, θ0) ∈ Z. Sections 3-4 are devoted to
achievement of this aim.
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3 Carleman estimate for the heat equation.

This section is devoted to solve observability problem for the operator (L∗, N∗).
We start from Carleman estimate for the inverse heat equation. Of course Car-
leman estimates for such equation is well know in the case of function with
compact support [16] or for the heat equation with zero Dirichlet or Neumann
boundary conditions [13]-[15]. But here we do not introduce boundary condi-
tions on Σ. We set

ϕ(t, x) = eλβ(x)/(t(T − t))3, (3.1)

α(t, x) = (eλβ − eλ
2||β||C(Ω))/(t(T − t))3 (3.2)

where λ > 1 satisfies (2.31) and function β from Lemma 2.1.
In the cylinder Q we consider the heat equation:

Gz = ∂tz +∆z = f(t, x) in Q, (3.3)

Let ω0 ⊂⊂ ω1 ⊂⊂ ω. We have
Lemma 3.1 There exists a number λ̂ > 0 such that for an arbitrary λ > λ̂

there exists s0(λ) > 0 that for any s > s0 the solution z(t, x) of (3.3) satisfies
the Carleman estimate:

∫
Q


(sϕ)−1 ∣∣∣∣∂z∂t

∣∣∣∣
2

+ sϕ

n∑
j=1

∣∣∣∣ ∂z∂xi
∣∣∣∣
2

+ s3ϕ3z2


 e2sα(t,x) dx dt

≤ c

(∫
Q

f2(t, x)e2sα dx dt

+

∫
Σ

(∣∣∣∣∂z∂t ∂z∂ν
∣∣∣∣+ s2ϕ2|∇z||z|

)
e2sαdΣ+

∫
Qω1

s3ϕ3z2e2sαdxdt

)
, (3.4)

where the functions ϕ(t, x), α(t, x) are defined in (3.1), (3.2), and c > 0 does
not depend on s.
Let us consider the Dirichlet boundary value problem for the Laplace oper-

ator
∆ψ = z in Ω, ψ|∂Ω = 0. (3.5)

We have
Lemma 3.2 There exists a number λ̂ > 0 such that for an arbitrary λ > λ̂

there exists s0(λ) such that for each s ≥ s0(λ) the solutions of problem (3.5)
satisfy the following inequality

∫
Ω

(
1

sϕ

(
n∑

i,j=1

∣∣∣∣ ∂2ψ

∂xi∂xj

∣∣∣∣
2
)
+ sϕ|∇ψ|2 + s3ϕ3ψ2

)
e2sαdx+

∫
Σ

sϕ

(
∂ψ

∂ν

)2
e2sαdΣ

≤ c1
( ∫
Ω

|z|2e2sαdx+

∫
ω1

s3ϕ3ψ2e2sαdxdt
)
. (3.6)

The proof of this Lemma see for example in [14], [10].
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Now we consider the parabolic equation

L∗(p, q) ≡ ∂t(∆p(t, x)) + ∆
2p+B∗2 (ψ, p) +B

∗
1 (p, ψ)− ∂x2((∂x1 θ̂ + e1)q)+

∂x1((∂x2 θ̂ + e2)q) = f, (3.7)

N∗(p, q) ≡ −∂tq −∆q + (v̂,∇q)− ∂x1(e2p) + ∂x2(e1p) = h, (3.8)

q|Σ = p|Σ =

(
−∆p+ σ

∂p

∂ν

)∣∣∣∣
Σ

= 0, (3.9)

p(T, ·) = p0, q(T, ·) = q0, (3.10)

where B∗1(·, ψ), B
∗
2(ψ, ·) are operators adjoint formally to the linear operators

B(·, ψ), B(ψ, ·) respectively. By definition (2.13) of the operator B(ψ, ϕ) we
have

B∗1(h, ψ) = ∂x1(∆ψ∂x2h)− ∂x2(∆ψ∂x1h), B
∗
2(ψ, h) = ∆(∂x1h∂x2ψ− ∂x2h∂x1ψ).

(3.11)
The following Lemma can be easily proved by the standard energy methods.

Lemma 3.3 Let f, h ∈ L2(Q), p0 ∈ Ŵ 3
2 (Ω) and q0 ∈

◦

W 1
2 (Ω). Then there

exists the unique solution of problem (3.7)-(3.10) which satisfies the estimate

‖(p, q)‖W 1,2(2)(Q)×W 1,2(0)(Q) ≤ c(‖f‖L2(Q) + ‖q‖L2(Q) + ‖p0‖W 3
2 (Ω)
+ ‖q0‖W 1

2 (Ω)
).

(3.12)

We have
Lemma3.4 There exists s > 0 such that the solutions of the problem (3.7)-

(3.10) satisfy the estimate∫
Q

(
1

((T − t)t)3
(|∇∆p|2 + |∇q|2) +

1

((T − t)t)9
(|∆p|2 + q2)+

1

((T − t)t)12
|∇p|2 +

1

((T − t)t)18
|p|2
)
e2sαdxdt ≤ C(s)(

∫
Q

(f2 + h2)e2sαdxdt

+

∫
Qω
(

1

((T − t)t)21
p2 +

1

((T − t)t)21
q2)e2sαdxdt. (3.13)

Proof. Applying the Carleman estimates (3.4), (3.6) to equation (3.7) for all
s sufficiently large we obtain

∫
Q

( 1
sϕ

(∣∣∣∣∂∆p∂t
∣∣∣∣
2

+ |∆2p|2
)
+sϕ|∇∆p|2+s3ϕ3|∆p|2+s4ϕ4|∇p|2+s6ϕ6p2

)
e2sαdxdt+

∫
Σ

( ∣∣∣∣∂pt∂ν
∣∣∣∣
2

+ s4ϕ4
∣∣∣∣∂p∂ν

∣∣∣∣
2)

e2sαdΣ ≤ C

(∫
Qω
(s3ϕ3|∆p|2 + s6ϕ6|p|2)e2sαdxdt

+

∫
Q

f2s e
2sαdxdt+

∫
Σ

(∣∣∣∣∂∆p∂t ∂∆p

∂ν

∣∣∣∣+ s2ϕ2|∇∆p|
∣∣∣∣∂p∂ν

∣∣∣∣
)
e2sαdΣ

)
, (3.14)
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where fs = ∂x2((∂x1 θ̂ + e1)q)− ∂x1((∂x2 θ̂ + e2)q). Note, that by (3.9)

∂∆p

∂t
|Σ = σ

∂2p

∂t∂ν
|Σ.

Then, applying the Cauchy-Bynyakovskii inequality to the last integral in the
right hand side of (3.14) we have

∫
Q

(
1

sϕ

(∣∣∣∣∂∆p∂t
∣∣∣∣
2

+ |∆p|2
)
+ sϕ|∇∆p|2 + s3ϕ3|∆p|2 + s4ϕ4|∇p|2+

s6ϕ6p2
)
e2sαdxdt

≤ C(

∫
Qω1
(s3ϕ3|∆p|2 + s6ϕ6|p|2)e2sαdxdt +

∫
Σ

(∣∣∣∣ ∂2p∂t∂ν

∣∣∣∣
2

+ |∇∆p|2
)
e2sαdΣ+

∫
Q

f2s e
2sαdxdt). (3.15)

Let x0 ∈ ∂Ω. Set α(t) = α(x0, t), g(t, x) = esα(t)p(t, x), r(t, x) = esα(t)fs(t, x).
The function g(t, x) satisfies equations

∂t(∆g(t, x))− l1∆g +∆
2g +B∗2(ψ, g) +B

∗
1(g, ψ) = r, (3.16)

g|Σ =

(
−∆g + σ

∂g

∂ν

)∣∣∣∣
Σ

= 0, (3.17)

g(0, ·) = g(T, ·) = 0, (3.18)

where l1 = s ∂∂tα. By Lemma 3.3 the solution of problem (3.16)-(3.18) satisfies
the estimate

‖g‖W 1,2(2)(Q) ≤ c(‖r‖L2(Q) + ‖l1∆g‖L2(Q)). (3.19)

From (3.19) by (3.15) and the Sobolev imbedding theorem we have

‖∆g‖L2(0,T :W 1
2 (∂Ω))

+

∥∥∥∥ ∂2g∂ν∂t

∥∥∥∥
L2(Σ)

≤ c(‖sϕ
4
3∆g‖L2(Q) + ‖r‖L2(Q)). (3.20)

The inequalities (3.15) and (3.20) yield:

I =

∫
Q

(
1

sϕ

∣∣∣∣∂∆p∂t
∣∣∣∣
2

+ sϕ|∇∆p|2 + s3ϕ3|∆p|2 + s4ϕ4|∇p|2 + s6ϕ6p2
)
e2sαdxdt

≤ C(

∫
Qω1
(s3ϕ3|∆p|2 + s6ϕ6|p|2)e2sαdxdt + s

∫
Q

f2s e
2sαdxdt). (3.21)
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Let ρ(x) ∈ C∞0 (ω), ρ|ω1 ≡ 1. Note that∫
Qω1

s3ϕ3|∆p|2dxdt ≤ C

∫
Qω

s3
1

((T − t)t)9
ρ|∆p|2dxdt =

C

∫
Qω

s3
1

((T − t)t)9
(ρp∆2p+ 2p(∇(ρp),∇∆p) + p∆ρ∆p)dxdt

≤ C1(ε)

∫
Qω

s7

((T − t)t)21
p2dxdt+ ε

∫
Qω
(
((T − t)t)3

s
|∆2p|2+

s

((T − t)t)3
|∇∆p|2 +

s3

((T − t)t)9
|∆p|2)dxdt. (3.22)

From (3.21), (3.22) we obtain

I ≤ C(

∫
Qω1

s7ϕ7|p|2e2sαdxdt+ s

∫
Q

f2s e
2sαdxdt). (3.23)

Applying to (3.8) the carleman estimate (1.6) proved in [10] for all s sufficiently
large we have∫
Q

(sϕ|∇q|2+s3ϕ3q2)e2sαdxdt ≤ C(

∫
Qω1

s3ϕ3q3dxdt+

∫
Q

(h2+|∇p|2)e2sαdxdt).

(3.24)
Thus the statement of the our Lemma follows from (3.23), (3.24) and esti-

mate (3.12).2

4 Exact controllability of the linearized Boussi-
nesq system

In this section we will prove an existence theorem for the exact controllability
problem (2.25)-(2.28). In the previous section we proved estimate (3.13) which
solves observability problem for the operator (3.7), (3.8). The following Lemma
converts observability result into controllability one.
Lemma 4.1 Let ψ̂ ∈ W 1,2(2)(Q), θ̂ ∈ W 1,2(0)(Q), f, h ∈ L2(Q, esη) ,w0 ∈

Ŵ 3
2 (Ω), m0 ∈

◦

W 1
2 (Ω). Then there exists solution of problem (2.25)-(2.28)

(w,m) ∈ (W 1,2(0)
2 (Q) ∩ L2(Q, esη/(T − t)5))2, u ∈ (L2(Q, esη))2, suppu ⊂ Qω0

which satisfies the estimate

‖(w,m, u)‖
(W

1,2(0)
2 (Q)∩L2(Q,esη/(T−t)5))2×(L2(Q,e2sη))2

≤ c(‖w0‖W 1
2 (Ω)
+ ‖m0‖W 1

2 (Ω)
+ ‖h‖L2(Q,esη) + ‖f‖L2(Q,esη)). (4.1)

The proof of Lemma 4.1 similar to the proof of Theorem 2.1 from [9].
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Let us consider the initial boundary value problem for the linearized Boussi-
nesq system with the slip boundary conditions

L(w,m) = f, N(w,m) = h in Q, (4.2)

m|∂Ω = w|∂Ω =

(
−∆w + σ

∂w

∂ν

)∣∣∣∣
∂Ω

= 0, (4.3)

w(0, ·) = w0, m(0, ·) = m0. (4.4)

We have

Lemma 4.2 Let ψ̂ ∈W 1,2(2)(Q), θ̂ ∈W 1,2(0)(Q), w0 ∈ Ŵ 3
2 (Ω),m0 ∈

◦

W 1
2 (Ω).

Then for an arbitrary h, f ∈ L2(Q) there exists the unique solution (w,m) ∈
W 1,2(2)(Q)×W 1,2(0)(Q) of the problem (4.2)- (4.4) which satisfies the estimate

‖(w,m)‖W 1,2(2)(Q)×W 1,2(0)(Q) ≤ c(‖w0‖W 3
2 (Ω)
+‖m0‖W 1

2 (Ω)
+‖f‖L2(Q)+‖h‖L2(Q)).

(4.5)

This lemma can be easily proved by standard energy method.
The main result of this section is the following lemma.
Lemma 4.3 Let ψ̂ ∈ W 1,2(2)(Q), θ̂ ∈ W 1,2(0)(Q), h, f ∈ L2(Q, κ), w0 ∈

Ŵ 3
2 (Ω),m0 ∈

◦

W 1
2 (Ω) . Then there exists solution of problem (2.25)-(2.28)

(w,m) ∈ Y (Q) ∩ (L2(Q, esη/(T − t)5))2, u ∈ Uω which satisfies the estimate

‖(w,m, u)‖Y (Q)×L2(Q) ≤ c(‖w0‖W 3
2 (Ω)
+ ‖m0‖W 1

2 (Ω)
+ ‖f‖L2(Q,κ) + ‖h‖L2(Q,κ)).

(4.6)

Proof. Note, that without the loosing of generality we can assume that
(w0,m0) ≡ 0. Indeed, let (w0,m0) 6= 0. For this case we are looking for solution
of problem (2.25)-(2.28) in the form

w(t, x) = w(t, x) + `2(t)w̃(t, x), m(t, x) = m(t, x) + `2(t)m̃(t, x),

where (w̃(t, x), m̃(t, x)) is a solution of the boundary value problem (4.2)-(4.4)
with initial datum w0,m0, h ≡ f ≡ 0, and `2(t) is a function which has the
following property:

`2(t) = 1 ∀ t ∈ [0, T/4], `2(t) = 0 ∀ t ∈ [3T/4, T ]. (4.7)

The function (w,m) is a solution of exact controllability problem

L(w,m) = L(`2w̃, `2m̃) + f + u1, N(w,m) = N(`2w̃, `2m̃) + h+ u2 in Q,

m|∂Ω = w|∂Ω =

(
−∆w + σ

∂w

∂ν

)∣∣∣∣
∂Ω

= 0,

w(0, ·) = 0, m(0, ·) = 0, w(T, ·) = 0, m(T, ·) = 0.
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From Lemma 4.2 we get (L(`2w̃, `2m̃), N(`2w̃, `2m̃)) ∈ (L2(Q))2. By virtue of
(4.7) (L(`2w̃, `2m̃), N(`2w̃, `2m̃)) ∈ (L2(Q, κ))2. Hence we reduced the our orig-
inal problem to problem (2.25)-(2.28) with initial datum m0 ≡ w0 ≡ 0, h, f ∈
L2(Q, κ).
Now let us assume that h, f ∈ L2(Q, esη). By virtue of Lemma 4.1 there

exists solution of the problem (2.25)-(2.28) (w,m, u) which satisfies the estimate
(4.1). Denote q(t, x) = esη(t)w(t, x), z(t, x) = esη(t)m(t, x), where η(t) is defined
in (2.30). Then the pair (q, z) satisfies the system of equations

L(q, z) = −sηt∆q + (u1 + f)e
sη, N(q, z) = sηtz + (u2 + h)e

sη in Q, (4.8)

z|∂Ω = q|∂Ω =

(
−∆q + σ

∂q

∂ν

)∣∣∣∣
∂Ω

= 0, (4.9)

q(0, ·) = 0, z(0, ·) = 0. (4.10)

Multiplying equation (4.8) by (q, z) scalarly in (L2(Ω))2 and integrating by parts
we obtain

1

2

d

dt
(‖∇q‖2L2(Ω)+‖z‖

2
L2(Ω))+‖∆q‖

2
L2(Ω)+‖∇z‖

2
L2(Ω) ≤

1

2
‖∆q‖2L2(Ω)+

1

2
‖∇z‖2L2(Ω)

+c(‖∇q‖2L2(Ω) + ‖z‖
2
L2(Ω) + ‖(u+ (f, h))e

sη‖2L2(Ω) + ‖sηtq‖
2
L2(Ω) + ‖sηtz‖

2
L2(Ω)).
(4.11)

Then (4.1), (4.11), (4.5) and Gronwall’s inequality imply

‖z‖L2(0,T ;W 1
2 (Ω))∩C(0,T ;L

2(Ω)) + ‖q‖C(0,T ;W 1
2 (Ω))∩L

2(0,T ;W 2
2 (Ω))

≤ c. (4.12)

Denote q̃(t, x) = we
99sη
100 , z̃(t, x) = ze

99sη
100 , f̃(t, x) = fe

99sη
100 , h̃(t, x) = he

99sη
100 ,

ũ(t, x) = ue
99sη
100 . By (4.2)-(4.4) the pair (q̃, z̃) satisfies the system of equations

L(q̃, z̃) = −s
99

100
ηt∆q̃ + ũ1 + f̃ , N(q̃, z̃) = s

99

100
ηtz̃ + ũ2 + h̃ in Q, (4.13)

z̃|∂Ω = q̃|∂Ω =

(
−∆q̃ + σ

∂q̃

∂ν

)∣∣∣∣
∂Ω

= 0, (4.14)

q̃(0, ·) = 0, z̃(0, ·) = 0, (4.15)

where ũ ∈ (L2(Q))2, supp ũ ⊂ Qω. Then by virtue of Lemma 4.2

(q̃, z̃) ∈W 1,2(2)(Q)×W 1,2(0)(Q). (4.16)

Now let h(t, x), f(t, x) ∈ L2(Q, κ) be an arbitrary functions. We can write
it in the form

f(t, x) = χωf(t, x) + (1− χω)f(t, x), h(t, x) = χωh(t, x) + (1− χω)h(t, x).

By definition of the space L2(Q, κ) the functions (1 − χω)f, (1 − χω)h belong
to L2(Q, esη). Hence there exists a solution (w,m, u) ∈ Y (Q) × Uω(Q) of
problem (2.25)-(2.28) for initial data (w0,m0, (1− χω)f, (1− χω)h). Obviously
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the pair (w,m, u + (χωf, χωh)) is the solution of (2.25)-(2.28) for initial date
(w0,m0, f, h). 2
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