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AN ASYMPTOTIC FRACTIONAL DIFFERENTIAL MODEL OF

SPHERICAL FLAME

J� AUDOUNET AND J�M� ROQUEJOFFRE

Abstract� This paper is devoted to the analysis and numerical simulation
of a model of initiation of a small spherical �ame by a point source derived
by G� Joulin� This asymptotical model for large activation energies gives the
radius of the �ame as the solution of a nonlinear Abel integral equation of the
second type� The analysis �existence� uniqueness� qualitative comportement
and power threshold� and one step numerical simulation use both classical
integral equation tools and di�usive representation�

R�esum�e� Cet article est consacr�e �a l	analyse et �a l	approximation d	un mod�ele
asymptotique d	initiation de �amme sph�erique du �a G� Joulin� Ce mod�ele
asymptotique pour de grandes �energies d	activation d�etermine le rayon de la
�amme comme solution d	une �equationd	Abel non lin�eaire de deuxi�emeesp�ece�
L	�etude de ce mod�ele des points de vue existence� unicit�e� seuil d	�energie et la
simulation num�erique par m�ethode �a un pas utilisent l	approche classique de
ce type d	e probl�eme et une repr�esentationdi�usive de l	op�erateurnon lin�eaire�

�� The asymptotical model of spherical flame �����

The model under consideration deals with the initiation of a quasi�steady nearly
adiabatic spherical �ame in a mixture of reactive species by a ponctual source�

The mixture is assumed to be initially homogeneous at rest and the burning
process is modelled by a one reactant exothermic reaction of Arrhenius type slow
enough and isobaric�

The reduced mass density � is taken as a constant and using spherical coordinates
and adimensionalisationof the classical balance laws� the dimensionless temperature
change � and mass fraction y of the �light� reactant are solutions of��
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with � the dimensionless activation temperature taken as the large parameter of
the model� Le the Lewis number and W � W ��� the reduced chemical rate�

The reactive zone is considered as a thin sheet located atR�t� with jump relations
associated with matched expansions
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X ��i� yj�

�j
�

The dimensional source strength is denoted Eq�t�� q � O�t� �t the slow time scale��
Then W is taken � and the system is supplemented with the boundary condition


��x��x���t� �� � �Eq�t�� �	���
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Neglecting O� ��� � terms outside the reactive sheet� integration of 	�D Laplace equa�

tion associated with jump relations give for the quasi steady zone x � O�	� 


�R�� � ln�R�� �� �Eq�� �� � R�� �
K�� �� L�� ��� x �� �� �	���

K�L two constants of integration depending on time�
For X � x	� � O�	� �far��eld� expansions

�� � T �X� � � � O�		��� �
	� y

Le
� Y �� � � O�		��

give

�� �T� Y � � X���X �X��X �T� Y	Le��� �	���

Matching procedures and the hypothesis q switched on at � � � provides boundary
and initial conditions for this di�usion equation


XT � XY �
R�t�

Le
as X � � and T �X� �� � Y �X� �� � ��

Finally� a two terms matching of the solution of this di�usion problem� expressed
using the heat kernel� with that of the quasi�steady zone gives


K�t� � L�t� �
	�pLe
Le
p



Z t

�

R��s�p
t� s

ds�

which combined with �	��� de�nes the evolution equation for R


��R ln�R� �Eq� �
R�	�pLe�

Le
p



Z t

�

R�p
� � s

ds�

associated with the initial condition R��� � ��
The determination or the radius R reduces by a linear change in time to the

resolution of the non linear fractional di�erential equation


��R ln�R� � Eq� � R
	p



Z �

�

R�p
� � s

ds �RD���R� �	���

�� Local existence

With f the function de�ned over IR� � IR�� by


f�t� r� � ln�r� �
Eq�t�

r
� ���	�

the problem 	�� is equivalent thanks to the initial condition to the nonlinear singular
Abel equation


R�t� � I����f�s�R�s�� �
	p



Z t

�

f�s�R�s��dsp
t� s

� R��� � �� �����

associated with the constraint of positivity on its life interval�
The search for an ansatz to R in a neighbourhood of � gives two di�erent com�

portements following the values of � 


Proposition ��	� Assume q�t� � q�t
� as t� ��

Then the problem ����� admits a positive solution on a neighbourhood 
�� T�
 of
� i� � � 		��

In this case the solution is unique and C������� T�
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r
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p
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Proof� If � � 		� when R�t� � R�t
� is substituted in ������

R�t
� � Eq�t

�������

R�
p



Z t

�

ds

s���
p
	� s

and the positivity of R� is equivalent to � � 		��
The existence of a positive R under the form R�t

��������	���t�� is then proved
using the �xed point theorem in C� endowed with the weighted supremum norm

y � sup jy
t�j
t���

�
If � � 		�� the consideration of R�t� � R�t

� gives a negative righthandside for
����

�� Diffusive formulation� global existence� power�threshold

Obstructions to global existence of the solution initiated in Prop� ��	 are a priori
relevant of non lipschitz comportement of f�t� �� in neighbourhoods of � and �� In
fact non global solutions are the ones which tend to � in �nite time and then with
an in�nite negative slope�

That kind of result can be established either in the context of Volterra equations
or using the interpretation of its solution as the trace on x � � of a radiation�
di�usion problem on ����
 particularly well �tted to comparison theorems and
numerical simulations�

This problem� more conveniently formulated as a di�usion one with a �Dirac��
measure valued right�handside is closely related to the initial problem� itself of this
type�

Proposition ��	� The function R over 
�� T 
 is a solution of ����� in this interval
i� there exists u solution of the Cauchy problem in 
�� T 
�IR�

�tu� ��xu � �f��� u������� u��� �� � �� ���	�

Then R is given by R�t� � u�t� ���

Proof� One veri�es readily that any �necessarily continuous� solution of the Cauchy
problem is such that

u�t� �� �
	p



Z t

�

f�s� u��� s��dsp
t� s

ds�

Conversely� if R is solution of ����� the function u de�ned using the heat kernel as


u�t� x� �
	p
�


Z t

�

e�x
���
t�s��f�s�R�s��p

t� s
ds

is a solution of the Cauchy problem ���	��

The following proposition 
�� then gives existence and uniqueness results for
����� as consequences of analysis of the semi�linear Cauchy problem ���	� with
right�handside in L���� T � H���IR�� 
���
Proposition ���� Let q in C��IR�� be such that q�t� � � any t in ��� t�
 and
q�t� � � if t � t��

�i� If t� ��� then ���	� has a unique global solution positive on IR�� � Moreover
u��� �� is C� on IR�

� �
�ii� If t� is 
nite� then ���	� has a unique maximal solution de
ned on 
�� tmax


which is even� C� on ��� tmax
�IR�� and positive on ��� tmax
�
Moreover t � u�t� �� is C� on 
�� tmax
 and in the cases tmax � �� liminf

t�t�

u�t� � ��
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The more involved following theorem 
�� asserts the existence of a critical level
of excitation which separes comportements of developement and collapse or asymp�
totic extinction of the �ame following q is compactly supported or not� Its proof�
is based upon di�usive formulation and� in this context� on the non increase of the
number of zeros of solutions of ���	� �
	���

Theorem ���� Assume the function q to be positive on IR���
There exists an energy threshold Ecr�q� � � such that limt���RE�t� � ��� 	

or �� following E is greater� equal or less than Ecr�
Assume the function q to be positive on ��� t�
 and zero elsewhere�
Then there exists Ecr�q� � � such that� if E � Ecr�q�� then the preceding

conclusions hold and if E � Ecr�q�� the lifespan 
�� tmax
 of R� is bounded with
lim

t�tmax

R�t� � ��

This theorem is completed by the study of the asymptotic comportement of R
near in�nity in the cases of developement and extinction and near the quenching
time in the corresponding case�

Theorem ���� Let us assume E � Ecr�q�� Then there exists k � � such that
re�t� � k

p
t ln t as t� ���

Assume E � Ecr�q�� Then there exists k � � such that RE�t� � k
p
tmax � t as

t� tmax�
Assume E � Ecr�q�� Then there exists k � � such that RE�t� � 	 � kp

t
as

t� ���

�� Numerical simulation using diffusive representation

Approximation for ����� under consideration based upon time�discretization of
the Cauchy problem ���	� formulated either in the t� x or� using Fourier transfor�
mation� time�frequency variables may also be considered as a discrete time model
of the phenomenon�

Here two approaches may be considered�
	� Introduction of a cut�o��discretization of the spatial or frequency domain

leads to a �nite dimensional non hereditary recursive system 
��� 
	���
�� For semi�discretization of time�frequency formulation� by this particularly

�tted to computation� elimination of the implicit state variable u�n�� �� leads to a
discrete hereditary model which keeps the main features of the semi�discrete model�

With U the space�Fourier transform of the solution u of �	�� the solution R of
�	� is given by


����
���

R�t� � I�U �t�� �

Z
�

U �t� 
�d


�tU � �
�
�U � �f�t� I�U �t��� � �

	
ln �I�u�t��� �

Eq�t�

I �U �t��



�

���	�

The fully implicit Euler semi�discretisation with step � � � of ���	�


Un � Un��

�
� �
�
�Un � �

	
ln�I�Un�� �

Eq�t�

I�Un�



� U� � � �����

is �tted to the initial singularity while implicitation of the second order term needs
no supplementary computation�

Easy improvements correspond to the use of higher order approximation �e�g�
Runge�Kutta� method instead of Euler scheme�
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Proposition ��	� The sequence �Rn� � �un���� � I�Un� is recursively de
ned by��������
������

Rn � �n �
p
�gn� n � 	

�n �

Z
IR

Un��

	 � �
�
��
d
 �

p
�

n��X
k��

�n�k�� gk� U� � �

gn � ln��n �
p
�gn� �

Eq�n� �

�n �
p
�gn

� n � 	�

where �p�� �
�p� 	

�p
�p �

Cp
�p��

��p��
�� and �� � 	�

Remark� The Euler implicit scheme for the equivalent formulation�

�t�e
�����tU �t�� � �e��

���
t���f�t� I�u�t���� U ��� � �

leads to the recursive formula�

Un �
nX

k��

e���
���
n���k�� ��f�k�� I�Uk�� � Rn � I�Un� �

�p



nX
k��

f�k�� I�Uk��p
�n� 	�� � k�

�

i� e� to the right rectangle formula for �	��
The determination of the sequence �Rn� consists in successive resolutions of the

equation �����a� and actualisations �����b�
�����
����

��gn� � gn � ln��n �
p
�gn�� Eq�n� �

�n �
p
�gn

� � �a�

�n �
p
�

n��X
k��

�n���k gk� �b�
�����

As sgn���g�n�g�� � sgn���n �
p
�g� � �Eqn�� �n is concave on � � �np

�
� �Eq

n��np
�




and convex on ��Eq
n��np
�

��
 hence� except if Rn � �Eqn� a monotone convergence

of Newton iterations for initial values gn� � gn�� near from gn �� small enough��

Proposition ���� The equation �����a� admits

� no solution if qn � � and �n �
p
� �	� ln

p
� ��

� one maximal solution gn � supfg� �n�g� � �g in any other case�

Non maximal solutions g are such that �n �
p
�g � p

� independently of �n�

Proof� If Eqn � �� �n�g� � 	� as g � � or � �np
�
and the conclusion follows

monotonicity properties of �n�

If Eqn � �� the function �n is minimal with value 	� ln
p
� � �np

�
at 	� �np

�
�

The last assertion is a consequence of inequalities �n�
p
��	� �np

�
�� �n�

p
�gn� �

p
� � gn� the upper zero of ��n�

Non maximal solutions �if there�� obviously non intrinsic� are considered as par�
asite values and neglected in the sequel�

The occurence �n �
p
� �	� ln � �� when Eqn � �� delimits the life interval of the

�ame and de�nes the �eventual� discrete quenching time nq� �
The analysis of the sequence �Rn� is based upon evaluations related to the se�

quence ��n� and estimates related to the recursive equation �����a�� Such estimates
are mainly dependant on sign properties of this function


If Eqn � �
e
f�n�� ��� decreasing on ��� Eqn
 and increasing on �Eqn��
� is non

negative� Otherwise it admits � zeros ���Eqn� � ���Eqn� such that

� � ���Eqn� �
Eqn

� ln�Eqn�
� Eqn � ���Eq

n� � 	�
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We summarize


Proposition ���� The solution gn of equation �����a� satis
es�

� If Eqn � � and �n �
p
� �	� ln � �� 	� �np

�
� gn �

�n ln��n�

�n �
p
�

� If Eqn � 		e� gn � ln�Eqn� � 	

� If
p
�
� � Eqn � �

e �

� for �n � ���Eqn�� � � gn �
���Eqn�� �np

�
and �n � rn � ���Eqn��

� for ���Eqn� � �n � ���Eqn��
���Eqn�� �np

�
� gn � � and ���Eqn� � rn �

�n�

� for �n � ���Eq
n�� gn � ���Eqn�� �np

�
and rn � ���Eq

n��

Under the condition t����� � O�Eq�t��� g� � g��� � �
p
Eq�� �

����
as � tends to ��

Proof� The assertions follow the study of the sign of �n�gn� in the di�erent cases�
As a signi�cative exemple the last one is a consequence of� given c � ��

sgn

�
��

�
c
p
Eq�� �

����

��
� sgn��c � 		c�

p
Eq�� �

����
� ln

�
c
p
Eq�� �

����

�
� sgn�c� 		c�

for � small enough�

The discrete scheme enjoys the same consequences of comparison principles �on
which the proof of existence of a threshold was based� as the problem ���	�� These
properties are narrowly associated with the existence of a di�usive formulation


Proposition ���� The dependances of �un�� ��n� and �Rn� on �Eqn� are mono�
tone�

Proof� Let �uni �n�ni � i � 	� � the sequence associated with �Eiq
n
i � where E�q

n
� �

E�q
n
� any n�
Let wn � un� � un� and �n � supp wn

�� Then using wn
� as a test function in the

equation veri�ed by wn 


kwn
�k��

Z
�n

�wn��
� ��dx�

Z
�n

�wn
� � wn��

� ��dx���

Z
�n

j�xwn
�j�dx �

��

un� ���
�wn

�����
��

�	� ��

un� ���
�
�kwn

�k� �
Z
�n

�wn
� � wn��

� ��dx �
Z
�n

�wn��
� ��dx�

and� as long as un� ��� � �
p
� �see Proposition ����� wn

� � �� The other comparison
results derive from Rn � un���� and from the interpretation of �n as value at x � �
of the solution of

v � ��xv � un���

The dependance of estimates for the sequence �Rn� on estimates for �gn� may
be emphasized


Proposition ���� There exists two positive constants c� such that any pair �G�� G��
of C��positive functions such that G��n� � � gn � gn� � G��n� �� given n� � one
has� up to an O�� � term�

c�

Z n�

�

G��s�dsp
n� � s

� rn � c�

Z n�

�

G��s�dsp
n� � s

�
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Proof� From classical asymptotics� with C the Euler constant and � the Riemann
function


� ln�
p
n�� C

�
� ����

�
� o�	� � ln��n� � � ln�

p
n�� C

�
� o�	�

so that� any n
 c
�p
n
� �n �

c�p
n
and the conclusion follows


j�
nX

k��

G��k� �p
�n � 	�� � k�

�
Z n�

�

G��s�p
�n � 	�� � s

j � ���n� �� sup jG��j�

�� Generic evolutions and approximation

Keeping in mind the fact that� when supp q � IR�� any solution �Rn� is global�
we shall be only concerned with cases of compactly supported excitations Eq and
in fact by excitations such that� any n in the domain of �Rn�� gn� hence ��n� is
nonnegative� so that� any n� �n�� � �n �

�
�g

n�

Proposition ��	� If Eq is such that�
Eq�t� � 		e on 
T�� T���
Eq�t� is increasing and Eq�t� � 		e on 
�� T���
Eq�t� � At����� near ��
then gn � � for n� � T� and gn � Eqn for n� � T��

Proof� From equality ��

	p
Eq�

����



� � ln

�
����

p
Eq�

�
� �� �

�
��

���
p
Eq� so that

�� � ���Eq�� � ���Eq�� and g� � ��
Let us suppose � � �k � ���Eqk� hence gk � �� k� � � � � � � n� � T�� Then

�n

	
���Eqn� � �np

�



�

���Eqn� � �np
�

� � and � � gn �
���Eqn�� �np

�
� so

that

�n�� � �n �
	

�
p


����Eqn�� �n� � ���Eqn� � ���Eqn����

For T� � n� � T�� one gets gn � ln�Eqn� � 	 � ��

As ln�
p
�
p
Eq���

p
Eq�p
�

� �� �� �
p
�g� � ���Eq�� and � � g� �

���Eq��� ��p
�

�

so that

� � �� �
�� �Eq�

�
� Eq��

Let us suppose � � �k � ���Eqk� � Eqk � 		e� k � 	� ���� n�

Then � � gn � �
�


eqn���np
�

and

� � �n�� � ���Eqn� � ���Eqn���� gn�� � ���Eqn� � Eqn���

Generic evolutions correspond to �so called generic� excitations Eq with support

�� Te� such that


	� t����� � O�Eq�t�� as t� ��
�� Eq�t� � �

e on 
T�� T���
�� Eq is increasing on 
�� T���

��
X
k

ln�Eqk � 	p
ne � 	� k

� 	�
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Proposition ���� For generic evolutions� two su
cient conditions for �n�� � �n
�hence for Rn�� � Rn� are given by�p

� �ln�Eqn� � 	� � �n
�

if Eqn � 		e�

p
���n � �n ln�

��n
�

� � �Eqn

�
if Eqn �

p
�

�
�

Proof� For a non negative sequence �gn�� �n����n � ��n
�
�

p
�gn

�
and a su�cient

condition for �n�� � �n is� when Eqn �
p
�

�
�
�
p
���n
�

� ��n
�

ln

	
��n
�



� Eqn �

��

The asymptotic comportement of R� may be globalized


Proposition ���� For generic evolutions� there exists two positive constants C	
and t� such that� if n� � t��

C��n� ����
p
Eq�n� � � Rn � C��n� �

���
p
Eq�n� �

Proof� Let us suppose Cs���
p
Eq�s� � Eq�s� � 		e on 
�� t�� and �Proposition ����

for k � 	� ���� n 


�C�n� ����
p
Eq�k� � � Rk � C�n� ����

p
Eq�k� �� ���	�

Then� as under the last condition �Rkgk � ��

ln
�
�C �k� �

���p
Eq�k� �

�
�

p
Eq�k� �

C�k� ����
� gk � ln

�
�C�k� ����

p
Eq�k� �

�
�

�

p
Eq�k� �

��k� ����
�

The su�cient condition for ���	�� k � n 


�C�k� ����
p
Eq�k� � �p�f

�
n�� �C�k� ����

p
Eq�k� �

�
� �n �

� C�k� ����
p
Eq�k� ��p�f

�
n�� �C�k� ����

p
Eq�k� �

�
is then implied by

�

	
C��n� ���� �

p
�

�n� ����



� p

�
X

�n���k

s
Eq�k� �

Eq�n� �
�

�

	
C��n� ���� �

p
�

�n� ����



� p

�
X

�n���k

s
Eq�k� �

Eq�n� �
� ����C��

where ����C� �
	p

Eq�n� �

hp
� ln�C�n� ���� �

p
�
X

�n���k ln
�
C�k� ����

p
Eq�k� �

�i
�

which are ful�lled under conditions �C and � respectively large and small enough�

Proposition ���� Let us considere the generic excitation Eq with supp Eq �

�� Te� then discrete quenching occurs i� there exists n� � Te with �n � 	�

If any n such that n� � Te� �n � 	 � �� � � �� then the solution is global and
�n �� as n���

Proof� i� Under the hypothesis gn � � and �n � �� any n� n� � Te�
Let n � minfk� k� � Te� �k � 	g� If an � 	 � �� gn � � �n

�n�p� �� an�� �

an�
p
�
� � and as gn is increasing with respect to �n� by induction �n�k � �n�k

p
�	
� �

hence quenching occurs before n� ��np
�	
�
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ii� Here� any n � 
Te	� �


�n �
p
�

nX
k��Te�� �

�n���k ln�	 � �� �
p
�

nX
k��Te�� �

c� ln�	 � ��p
n� 	� k

�

Z n�

Te

c� ln�	 � ��dsp
n� � s

�

As direct consequences of Proposition ���


� For generic compactly supported excitations such that Eq � 		e� quenching
occurs �in �nite time��

� For standard excitations one has the decomposition


IR� � fE�nq ��g



fE� liminf
n�� �n � 	g



fE�Rn �� as n��g

where fE�nq � �g � 
�� E�
� fE�Rn � � as n � �g ��E���
� and
fE� liminf

n�� �n � 	g � fE����� 
� �g�

�� Error estimate for standard evolutions

The error estimate is derived from that of the semi�discretisation of the reaction�
di�usion problem ���	� and strongly dependant on monotonicity of the nonlinearity
in neighbourhoods of its singularities �mainly t � ��� Estimates on intervals where
the nonlinearity is Lipschitz are easily deduced and correspond only to a modi�ca�
tion of the coe�cient of ampli�cation� We considere here only estimates near the
origin�

Let f ��t� stand for the derivative of t� f�t� I�U �t��� and let �Un� be the solution
of the semi�discrete approximation of problem ���	�


Un � Un��

�
� �
�
�Un � �f�n�� I�Un��� U� � �� ���	�

The sequence �Wn� de�ned by Wn � U �n� �� Un satis�es


�	 � �
�
�� �Wn � Wn�� � ��n � �� �f�n�� I�U �n� ���� � f�n�� I�Un��� W � � �������

with ��n� the truncation error


�n �
	

�

Z n�


n����
�U ��s� � U ��n� ��ds� �����

Proposition ��	� There exists an even function � on IR

�

�� �
�	 � �
�
�

�

�� �
� � 	

�
� �

�� �
�	 � �
�
�

�

�� �
��

such that any n with Un� U �n� � � Eq�n� ��

I

	 jWnj�
�



� 	

�	� �	���
n�n��
I

	 jWn�j�
�



��

nX
k�n���

	

�	 � �	���
n���k�
I

	 j�kj�
	 � �
�
�



�

Proof� Under the hypothesis� because then f�n�� �� is decreasing� any positive �� �


I��� � �� � ��
�
� � ���jWnj�� � I

	 jWn��j�
�



� �I

	 j�nj�
�



�

The choice � � 	 � �
�
�� K � �	� �	��� gives


����� ��
�
���� � K

�
for � �

	

�
������
�
�� �

	
	�

r
	� �

�� �

�� � � �
�
��
��


�

so that


�
�� � � �
�
�

��� � ��
� 	

�
� �

�� � � �
�
�

��� � ��
�
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One gets now by induction


I

	 jWnj�
�



� 	

Kn�n� I
	 jWn�j�

�



� �

nX
k�n���

	

Kn���k I
	 j�kj�
	 � �
�
�



�

Error estimate is then a consequence of evaluation of the truncation error �j�nj��
Lemma ���� Let f be C� on 
t�� N� � and U denote the solution of

d

dt
u� �
�
�u � �f� u��� � ��

Then the semi�discretization error of truncature�

�n �
	

�

Z n�


n����
�U ��n� � � U ��s�� ds

satis
es the estimate�

j�nj � ��
e�


n�������

� �	 � ��	���
ju����j � ��

�
� ��n � 	�� � ��

	 � � ��n� 	�� � �� 	�
� 	

�
sup jf ����j
�	 � �� �

�

Proof� With � � �
�
� and f � the derivative of t� f�t� I�U �t���� the derivative U �

of U � as a solution on ��� T 
 of the equation ������ satis�es� any positive t�


U ��t� � e�

t���U ���� �
Z t

t�

e�

t�s�f ��s� ds�

It follows the decomposition of �n


�n �
	

�

Z n�


n����
�An

� �s� �An
� �s� �An

� �s�� ds�

jAn
� �s�j � �e�

s��� � e�

n��t���jU ��t��j�

jAn
� �s�j � �j

Z s

t�

e�

n���� � e�

s����f ���� d�j�

jAn
� �s�j � �j

Z n�

s

e�

n����f ���� d�j�
Direct integration of these functions give


j�nj � ��e�


n�����t��
	� e�
� � ��e�
�

��� ��
ju��t��j�

���
�� � 	 � e�
�

��� ��
sup jf ����j

and from inequalities for positive c


� � 	� e�c

c
� 	

	 � c	�
� � � e�c � c� 	

c�
� 	

	 � c
�

	� e�c � ce�c

c�
� 	

��	 � c	���
�

j�nj�
	 � �

� �
�

	 � �

��e��


n�������

� �	 � ��	���
jy����j��

�
���

	 � 


�	
� ��n� 	�� � ��

	 � � ��n � 	�� � �� 	�


�
� 	

�	
sup jf ����j
	 � ��


�
�
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Theorem ���� Let Eq a generic excitation�
Any positive t� � n� � T� one has the asymptotical majoration�

jR�n� �� Rnj� �
�
q

�
�

�
e
n�n��� I

�
jWn� j�

�

�
� ��

� I

	
��

	 � �
jU ��t��j�



� 	��n� n���� sup jf ����j�

�
�

Proof� The previous lemma furnishes


j�nj�
	 � �

� ����e��

n���n���

��	 � ���	 � ��	���
jU ��t��j� � ����

�	 � ���	 � �� ��
sup jf ����j� �

which� combined with Proposition ��	 gives the estimate

I

�
jWnj�
�

�
� 	

�	� �	���
n�n��
I

�
jWn� j�

�

�
�

�I

�
����

��	 � ���	 � ��	���
�

n�n���X
k��

	
e�
�

	� �	�


�k
jU ��t��j�

�
�

������
n���X
k��

	

�	� �	���k
sup jf ����j� I

	
	

	 � �



�

and up to a ���o�	� term�

I

�
jWnj�
�

�
�

� e
n�n���I

�
jWn� j�

�

�
� ��

� I

	
��

	 � �
jU ��t��j�



� 	��n� n��� �

� sup jf ����j� �

On the other hand�

jI �Wn�j� � I

�
jWnj�
�

�
I��� � ��� � ����

�
p
�

I

�
jWnj�
�

�
�

The subsequent simulations are related to the typical cases of generic evolutions


� q�t� � t�
��	 � t�� tmax � 	�� ��� steps� E � ��� �Fig� 	�
 quenching�
� q�t� � t�
��	 � t�� tmax � ��� 	��� steps� E � ��� �Fig� ��
 development�
� q�t� � t�
�� tmax � ��� 	��� steps� E � ��� �Fig� ���
� q�t� � t�
�� tmax � ��� 	��� steps� E � ��� �Fig� ���

It is worth to be noticed that� in these cases� the substitution of asymptotics to
the solution of the scheme during the very initiation �from two to six steps� of the
�ame does not perturb notably the subsequent evolution�
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