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(STOCHASTIC) DIFFERENTIAL EQUATIONS

PHILIPPE CARMONA AND LAURE COUTIN

ABSTRACT. To approximate the fractionalintegral of order ain (0,1), we use an
integral representation based on exponential functions introduced in a previous
paper, and we present a scheme to approximate the whole family of associated
linear differential equations:

dy(x,t)/dt=u-xy(x,t), for any x positive real.

We show how to extend these results to the stochastic case u="white noise”,
the fractional integration of which is a fractional brownian motion.

RiEsuME. En vue d’approximer I'intégrale fractionnaire d’ordre a compris entre
0 et 1, nous utilisons une représentation intégrale 4 base d’exponentielles intro-
duite dans un précédent papier, et présentons un schéma numérique permet-
tant d’approximer simultanément la famille d’équations différentielles linéaires
associées:

dy(x,t)/dt=u-xy(x,t), pour tout x reel positif.

Ensuite, nous montrons comment étendre ces résultats au cadre stochas-
tique, u="bruit blanc”, pour lequel I'intégrale fractionnaire est un mouvement
brownien fractionnaire.

1. INTRODUCTION

Suppose that you want to compute the fractional integral

12 u(t) = ﬁ/o (t— )" lus)ds (0<a<l).

R ddbnshbd by eBPledienwhiaRyh EstsoRoAThip Wi, dieidisetetigntien SRS Iia 8rg/10.1051/proc: 1998013

unsuitable. But if we combine the identity

1 1 o0 1
- = a—1l,=2z g
o F(a)/o % e z (2>0,a>0),

with Fubini’s Theorem, we obtain, for ¢ = 1 — «, another representation of the
fractional integral:

1 o t
& - - -« —xz(t—s)
1§ 4 u(?) F(a)F(l—a)/O da x /0 e u(s) ds.

More generally, one can consider the convolution integral

Igy_l_u(t) :/0 h(t — s)u(s)ds

where & is the Laplace transform of a sigma-finite measure y
W) = [ alde) (5> 0)
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such that .
Vi > 0, / /|u(5)|e—x<t—s>ﬂ(dx) < foo,
0

(if g is a measure on R4 and wu is locally bounded, it is enough that [(1 A
271 p(dz) < +00). Then, we have the representation of Ig,+u as the mixture

I yut) = [ utde)ig
where y” is the solution of the ordinary (linear) differential equation
U =u—ay®, y°(0)=0. (1.1)

We are then naturally led to a two step approximation scheme.
The first step is the spatial approzimation. The measure p is approximated by a
finite linear combination of Dirac masses

ot = Zcxéx,
TET

where 7 is a finite subset. Thus,

I yult) = 17ule) = [ i (d) o = Y e
™

The second step is the time discretization. Each function y”, # € 7, is approximated
by a function (My” () depending on a partition A, of (0, 400).
This approach is successful when in the spatial aproximation we manage to keep
the dimension low, that is the cardinal of 7 small. Tt has been shown (see [2, 3]),
that even if we replace u by a very rough signal, u = B=" white noise”, which is
the case when we need to approximate fractional Brownian motion, then to obtain
a precision of the order ¢

>

h,
0

sup Igy_l_u(s) — 1 ;u(s) ~e,

0<s<t

one needed roughly |r(e)| ~ ﬁ log(%) points.

2. THE TIME DISCRETIZATION SCHEMES

In this communication we shall focus our interest on the time discretization step.
It is natural to use an Euler’s scheme:

Ay™(t) = y" (t + At) — y" (1) = (u(t) — zy" (1)) At.

Keeping in mind the example of u = B= “white noise”, we introduce the primitive
of u,

and we prefer to use the scheme
Ay™(t) = AU(t) — zy®(t) At.
To be more precise we consider a regular partition of the interval [0,7]: (tx =
Tk/n,0<k <n) and
Py (tr41) = Y (0) + (U (tigr) = Utr)) — @ "7 (1) (s — 1) -

A classical Gronwall’s type upper bound is (see, e.g. Bulirsch and Stoer [1], section
7.2)

xt

D) -y ()] <

3}

(14 z)sup{|U(r) =U(s)|,|r —s| < 1/n,0< r;s <t}

2|
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This may not be a very good upper bound. Indeed, in the case of fractional Brown-
ian motion, U is Brownian motion, and therefore locally Holder continuous of index
v € (0, %) The upper bound we obtain on the interval [0, 1] is, up to multiplicative
constants, e"n~7. We have to take into account that to obtain a precision of order
¢, one has to consider a partition m(€) with end point sup(m(e€)) ~ €~ ﬁ; therefore,

n should be, very roughly, n ~ exp((ﬁ) which is clearly inacceptable.
Hence, we have to build a scheme adapted to the approximation of the whole family
of linear differential equations (1.1). More precisely, we let h = T'/n and define

y (1) = e~ 27 (1), zx(t):/ofx(s)u(s) ds, y=(t) = e™=t M= (4),

0 otherwise.
fo(s) =™ ifty <x <tpp1, [(s)=¢€".
Our main result for deterministic u 1s the

THEOREM 2.1. Assume that for a p > 1, u is in every LP(0,t), t > 0. Then

sup sup (”)yx(t) — yx(t)‘ < C’(q,T)n_l/q,
r>0t<T

where q is the conjugate exponent of p, 1 = 1/p+ 1/q, and

1,
Clq,T) = (27/9)" T sup((q +1)~"/4, 3¢ Moo,y -

If we combine the spatial approximation for a geometric subdivision 7 = {rl}l of

[l/N, N] of geometric ratio 7 > 1, with a time discretizationof step 1/n, we get, for
fractional integration

COROLLARY 2.2. Assume that for a p > 1, u is in every LF(0,t), t > 0. Then,
I ) = I )] < el g (V07N D )=o)

The proof of Theorem 2.1 relies heavily on the upper bounds given in the

LEMMA 2.3.
o) e - eqxt_l 1/q
sup| = O], O < o () (2.)
(1) = O (O] < ll oy (2T /m)e T (gl + 1) VIV (22)

When U is not deterministic anymore, but a Brownian motion, this Lemma has a
stochastic analog. Let

¢
Yo(t) = e Z7(t), Zx(t):/fx(s)st,
o (2.3)
Wy = et Oz, Oz = [ e,
0
LEMMA 2.4.
ert_l %
sup(||sup (")Zx(s) ,lsup |27 (s)] )§2< 5 ) : (2.4)
sSt 9 sst 9 X
2 1
(n) yo(s) _ 7o 4 eT/n, -1 ot
su 7% (s 7z (s < xT'/n)e xTze. 2.5
w276 - 770 < Tty (25)
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We cannot obtain a uniform result, as in the deterministic case, because in a sto-
chastic framework, supremums don’t behave well. More precisely you can have two
random variables X; and X, such that ||X;||, < ¢, but ||sup(X1, X2)||, > ¢ (take
Bernoulli random variables Xz = 1 — X;). Therefore we have to loose something
in the process of obtaining good upper bounds on the Y’s based on upper bounds
on the Z’s.
Given a process (U(t);t > 0) and z > 0, we consider V (¢) = e~ *U(t),and the two
quantities

U*(t) = sup |U(s)], V*(t) = sup |V (s)].

s<t s<t

LEMMA 2.5. Assume that for a p € (1,400), and a constant C' > 0, we have
lU=@)]|, < Ce™. Then,

||V*(t)||p < C(1+ zt)e.
From Lemmae 2.4 and 2.5 we immediately deduce the

THEOREM 2.6. For the stochastic scheme (2.3), we have the upper bounds:

2
sup({[sup |y (s)][|| | |sup [ (s)] >s[<1+xt>. (2.6)
s<t 9 s<t 9 €T
(n) o T Ze wt/n -1
sup | VY (s) =Y (s)||| < —=(&T/n)e" "z (14 at). (2.7)
s<t 9 \/6
3. Proors

Proof of Lemma 2.5. Without loss in generality, we may assume x = 1. For every
integer n > 1, we have

VE@Oll, = |[ sup ( sup e7*[U(s)])
0<i<n it/n<s<(i+1)t/n »
< sup e *|U(s)]
OSZ»<nit/n§s§(i+1)t/n .
< sup e *|U(s)]
0<i<n it/n<s<(i+1)t/n »
< D TG+ /)l
0<i<n
< Z e—it/nce(i+1)t/n :Cnet/n
0<i<n
<e(l+1)C
by taking n =1+ [?]. O

Proof of Lemma 2.4. Since (Z%(t) ;¢ > 0) is a square integrable martingale, Doob’s
L? inequality implies that

ert_l %
s2||Zf<t>||2=2||ff||L2<o,t>=2< 2 )

sup |Z°(s)]
s<t 9
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Similarly,
sup |77 ()| <2 @ zm )], = 2 Ns00)
s<t 9 2
te1 At 2 e2l‘t _ 1 %
:2( /) &mda <21 ;.» :2( ).
Z LAt = L2(0,t) 9
and
2 2
sup | ™ 27(s) — 77 () H <d[ 22w - 70|
s<t 9 2
5 te1 At
:4||fx_fﬁ||L2(0,t):4Z/ (e — e"™)? ds
tr AT

Taking into account that for 0 < a < b, 0 < e® — e < (b— a)e®, we have

2
1
sup (n)Zx(g) — Z%(s) H < 4Z§(tk At —tri /\t)?’ezx(tk“”)xz
s<t 9
t+h
< (4/3)(1‘/1)2/ e* ds
0

S (4/6))(xh)262xhx—162xt )

Proof of Lemma 2.3. By Holder’s inequality,

|2%(1)] < ||u||LP(0,t)||fx||L‘1(0,t)

eqxt_l 1/q
=l (o)

Similarly,

@2 (0)] < ullge ol ooy

and

t te1 At
/ fi(s)?ds = Z/ etk ds
0 ¢

kNt
teq1At qrt _ 1
< Z/ e ds = .
tr At qr
Observe that, since if 0 < a < b, 0 <eb —e* < (b—a)e®, if zh < %, then
te1 At
¢
I = il =20 [ e =y ds
te1 At
< Z/ (5 _ tk)ql‘qequ"'l ds
tr At
1
< —— Y (tppi At —tp AT @ in
S (k41 kAt
< 1 Y exp(qe(t+ h)) —1

g+1 qr
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Therefore
(n)zx(t) -2 (t)| < ||U||Lp(o,t)||fﬁfx||Lq(o,t)
<Nllpoo,n(alg + 1)~ (wh)e e e

—1/gl 2 /g .x
< lullzeon(ale +1)) 1/q§<32(2T)1/q71 Hiert

O
Proof of Theorem 2.1. From Lemma 2.3 we obtain, if zh < %,
_1g) 1 _
02 0) = ()] < ol oo oo + 1)L D)0
And, if xh > %,
W2 (t) - Zx(t)‘ = 12" < lull oo, (q2) ™ < Hlull oo ) (27/9) M 001
O
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