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SIMULTANEAOUS APPROXIMATION OF A FAMILY OF

�STOCHASTIC� DIFFERENTIAL EQUATIONS

PHILIPPE CARMONA AND LAURE COUTIN

Abstract� To approximate the fractional integral of order a in ������ we use an
integral representationbased on exponential functions introduced in a previous
paper� and we present a scheme to approximate the whole family of associated
linear di�erential equations�

dy�x�t��dt	u
xy�x�t�� for any x positive real�
We show how to extend these results to the stochastic case u	�white noise��

the fractional integration of which is a fractional brownian motion�

R�esum�e� En vue d
approximer l
int�egrale fractionnaire d
ordre a compris entre
� et �� nous utilisons une repr�esentation int�egrale �a base d
exponentielles intro

duite dans un pr�ec�edent papier� et pr�esentons un sch�ema num�erique permet

tant d
approximer simultan�ement la famille d
�equations di��erentielles lin�eaires
associ�ees�

dy�x�t��dt	u
xy�x�t�� pour tout x reel positif�
Ensuite� nous montrons comment �etendre ces r�esultats au cadre stochas


tique� u	�bruit blanc�� pour lequel l
int�egrale fractionnaire est un mouvement
brownien fractionnaire�

�� Introduction

Suppose that you want to compute the fractional integral

I����u�t� �
�

����

Z t

�

�t� s���� u�s� ds �� � � � ���

Since �t� s���� explodes when s gets near t� usual time discretization schemes are
unsuitable� But if we combine the identity

�

za
�

�

��a�

Z �

�

xa��e�zx dx �z � �� a � �� �

with Fubini	s Theorem� we obtain� for a � � � �� another representation of the
fractional integral


I����u�t� �
�

�������� ��

Z �

�

dxx��
Z t

�

e�x�t�s� u�s� ds �

More generally� one can consider the convolution integral

Ih���u�t� �

Z t

�

h�t� s�u�s� ds

where h is the Laplace transform of a sigma��nite measure �

h�s� �

Z
e�sx ��dx� �s � ���
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such that

�t � ��

Z t

�

Z
ju�s�je�x�t�s� ��dx� � 
� �

�if � is a measure on R� and u is locally bounded� it is enough that
R
�� �

x�����dx� � 
��� Then� we have the representation of Ih���u as the mixture

Ih���u�t� �

Z
��dx�yxt

where yx is the solution of the ordinary �linear� di�erential equation

�yx � u� xyx � yx��� � � � �����

We are then naturally led to a two step approximation scheme�
The �rst step is the spatial approximation� The measure � is approximated by a
�nite linear combination of Dirac masses

� � �� �
X
x��

cx�x �

where � is a �nite subset� Thus�

Ih���u�t� � Ih�����u�t� �

Z
���dx� yxt �

X
�

cxy
x
t �

The second step is the time discretization� Each function yx� x � �� is approximated
by a function �n�yx�t� depending on a partition �n of ���
���
This approach is successful when in the spatial aproximation we manage to keep
the dimension low� that is the cardinal of � small� It has been shown �see ��� ����
that even if we replace u by a very rough signal� u � �B�� white noise�� which is
the case when we need to approximate fractional Brownian motion� then to obtain
a precision of the order 	

sup
��s�t

���Ih���u�s� � Ih�����u�s�
��� � 	 �

one needed roughly j��	�j � �p
�
log� �p

�
� points�

�� The time discretization schemes

In this communication we shall focus our interest on the time discretization step�
It is natural to use an Euler	s scheme


�yx�t� � yx�t
�t�� yx�t� � �u�t� � xyx�t���t �

Keeping in mind the example of u � �B� �white noise�� we introduce the primitive
of u�

U �t� �

Z t

�

u�s� ds �

and we prefer to use the scheme

�yx�t� � �U �t�� xyx�t��t �

To be more precise we consider a regular partition of the interval ��� T �
 �tk �
Tk
n� � � k � n� and

�n�yx�tk��� �
�n�yx�tk� 
 �U �tk��� � U �tk��� x �n�yx�tk��tk�� � tk� �

A classical Gronwall	s type upper bound is �see� e�g� Bulirsch and Stoer ���� section
������� �n�yx�t� � yx�t�

��� � ext

xt
�� 
 x� sup fjU �r� � U �s�j� jr � sj � �
n� � � r� s � tg�
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This may not be a very good upper bound� Indeed� in the case of fractional Brown�
ian motion� U is Brownian motion� and therefore locally H�older continuous of index
� � ��� ���� The upper bound we obtain on the interval ��� �� is� up to multiplicative
constants� exn�� � We have to take into account that to obtain a precision of order

	� one has to consider a partition ��	� with end point sup���	�� � 	�
�

���� � therefore�

n should be� very roughly� n � exp�	�
�

���� � which is clearly inacceptable�
Hence� we have to build a scheme adapted to the approximation of the whole family
of linear di�erential equations ������ More precisely� we let h � T
n and de�ne

yx�t� � e�xt zx�t�� zx�t� �

Z t

�

fx�s�u�s� ds � �n�yx�t� � e�xt �n�zx�t��

�n�zx�t� �

�R t
� f

x
n �s�u�s� ds if xh � �

� �

� otherwise�

fxn�s� � extk if tk � x � tk��� fx�s� � exs�

Our main result for deterministic u is the

Theorem ���� Assume that for a p � �� u is in every Lp��� t�� t � �� Then

sup
x��

sup
t�T

��� �n�yx�t�� yx�t�
��� � C�q� T �n���q �

where q is the conjugate exponent of p� � � �
p
 �
q� and

C�q� T � � ��T
q���q sup��q 
 �����q�
�

�
e
�
� �kukLp���T � �

If we combine the spatial approximation for a geometric subdivision � �
�
ri
�
i
of

��
N�N � of geometric ratio r � �� with a time discretizationof step �
n� we get� for
fractional integration

Corollary ���� Assume that for a p � �� u is in every Lp��� t�� t � �� Then����Ih���u�t�� Ih���n��� u�t�
��� � ckukLp���t��N������
N��������q�
�r����
n���qN���� �

The proof of Theorem ��� relies heavily on the upper bounds given in the

Lemma ����

sup�
��� �n�zx�t����� jzx�t�j� � kukLp���t�

�
eqxt � �

qx

���q
�����

���zx�t�� �n�zx�t�
��� � kukLp���t��xT
n�exT�n�q�q 
 ������qx���q ext � �����

When U is not deterministic anymore� but a Brownian motion� this Lemma has a
stochastic analog� Let

Y x�t� � e�xtZx�t�� Zx�t� �

Z t

�

fx�s�dBs �

�n�
Y
x�t� � e�xt �n�

Z
x�t�� �n�

Z
x�t� �

Z t

�

fxn �s� dBs �

�����

Lemma ����

sup�

����sup
s�t

��� �n�Zx�s�
�������
�

�

����sup
s�t

jZx�s�j
����
�

� � �

�
e�xt � �

�x

��
�

� �����

����sup
s�t

��� �n�Zx�s� � Zx�s�
�������
�

� �p
�
�xT
n�exT�nx�

�
� ext � �����
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We cannot obtain a uniform result� as in the deterministic case� because in a sto�
chastic framework� supremums don	t behave well� More precisely you can have two
random variables X� and X� such that kXik� � c� but ksup�X�� X��k� � c �take
Bernoulli random variables X� � � � X��� Therefore we have to loose something
in the process of obtaining good upper bounds on the Y 	s based on upper bounds
on the Z	s�
Given a process �U �t� � t � � � and x � �� we consider V �t� � e�tU �t��and the two
quantities

U��t� � sup
s�t

jU �s�j � V ��t� � sup
s�t

jV �s�j �

Lemma ���� Assume that for a p � ���
��� and a constant C � �� we have

kU��t�kp � Cext� Then�

kV ��t�kp � C�� 
 xt�e �

From Lemmae ��� and ��� we immediately deduce the

Theorem ���� For the stochastic scheme ������ we have the upper bounds�

sup�

����sup
s�t

��� �n�Y x�s�
�������
�

�

����sup
s�t

jY x�s�j
����
�

� �
r

�

x
�� 
 xt� � �����

����sup
s�t

��� �n�Y x�s� � Y x�s�
���
����
�

� �ep
�
�xT
n�ext�nx�

�
� �� 
 xt� � �����

�� Proofs

Proof of Lemma ���� Without loss in generality� we may assume x � �� For every
integer n � �� we have

kV ��t�kp �
����� sup
��i�n

� sup
it�n�s��i���t�n

e�sjU �s�j�
�����
p

�
������
X
��i�n

sup
it�n�s��i���t�n

e�sjU �s�j
������
p

�
X
��i�n

����� sup
it�n�s��i���t�n

e�sjU �s�j
�����
p

�
X
��i�n

e�it�nkU���i 
 ��t
n�kp

�
X
��i�n

e�it�nCe�i���t�n � Cnet�n

� e�� 
 t�C

by taking n � � 
 btc�

Proof of Lemma ���� Since �Zx�t� � t � � � is a square integrable martingale� Doob	s
L� inequality implies that

����sup
s�t

jZx�s�j
����
�

� �kZx�t�k� � �kfxkL����t� � �

�
e�xt � �

�x

��
�

�
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Similarly�����sup
s�t

��� �n�Zx�s�
���
����
�

� �
��� �n�Zx�t�

���
�
� �kfxnkL����t�

� �

�XZ tk���t

tk�t
e�xtk ds

��
�

� �kfxkL����t� � �

�
e�xt � �

�x

� �
�

�

and����sup
s�t

��� �n�Zx�s� � Zx�s�
�������
�

�

� �
������ �n�Zx�t� � Zx�t�

�������
�

� �kfx � fxnk�L����t� � �
XZ tk���t

tk�t
�exs � extk�� ds

Taking into account that for � � a � b� � � eb � ea � �b� a�eb� we have����sup
s�t

��� �n�Zx�s� � Zx�s�
�������
�

�

� �
X �

�
�tk � t� tk�� � t�	e�x�tk���t�x�

� ��
���xh��
Z t�h

�

e�xs ds

� ��
����xh��e�xhx��e�xt �

Proof of Lemma ���� By H�older	s inequality�

jzx�t�j � kukLp���t�kfxkLq���t�

� kukLp���t�
�
eqxt � �

qx

���q
�

Similarly� ��� �n�zx�t���� � kukLp���t�kfxnkLq���t�
and Z t

�

fxn �s�
q ds �

XZ tk���t

tk�t
extk ds

�
XZ tk���t

tk�t
exs ds �

eqxt � �

qx
�

Observe that� since if � � a � b� � � eb � ea � �b� a�eb� if xh � �
� � then

kfx � fxnkqLq���t� �
XZ tk���t

tk�t
�exs � extk�q ds

�
XZ tk���t

tk�t
�s � tk�

qxqeqxtk�� ds

� �

q 
 �

X
�tk�� � t� tk � t�q��xqeqxtk��

� �

q 
 �
xqhq

exp�qx�t
 h��� �

qx
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Therefore��� �n�zx�t� � zx�t�
��� � kukLp���t�kfxnfxkLq���t�
� kukLp���t��q�q 
 ������q�xh�exhx���qext

� kukLp���t��q�q 
 ������q
�

�
e
�
� ��T ���qn���q ext �

Proof of Theorem ���� From Lemma ��� we obtain� if xh � �
� ���� �n�zx�t� � zx�t�

��� � kukLp���t��q�q 
 ������q
�

�
e
�
� ��T ���qn���q �

And� if xh � �
� ���� �n�zx�t� � zx�t�

��� � jzx�t�j � kukLp���t��qx����q � kukLp���t���T
q���qn���q
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