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ABSTRACT. We present new theoretical results on the fractional Brownian mo-
tion, including different definitions (and their relationships) of the stochastic
integral with respect to this process, Girsanov theorem, Clark representation
formula, It6 formula and so on. Several applications (such as non-linear fil-
tering theory, queuing networks, mathematical finance) are given as applied
examples of these theoretical results.

REsuME. Nous présentons de nombreux et récents résultats théoriques concer-
nant le mouvement brownien fractionnaire. En particulier, nous rappelons ce
que sont le théoréme de Girsanov, la formule de représentation de Clark, la
formule d’It6, etc. Ces résultats sont appliqués dans de nombreux domaines
tels que la théorie du filtrage non-linéaire, les files d’attente, la finance.

1. INTRODUCTION

The theoretical study of the fractional Brownian motion was originally motivated
by new problems in mathematical finance and telecommunication networks. In
engineering applications of probability, stochastic processes are often used to model
the input of a system. For instance, the mathematical finance requires stochastic
models for the time evolution of assets and the queuing networks analysis is based
on models of the offered traffic. Hitherto, the stochastic processes used in these
fields are often supposed to be Markovian. However, recent studies [18] show that
real inputs exhibit long-range dependence : the behavior of a real process after a
given time ¢ does not only depend on the situation at time ¢ but also of the whole
history of the process up to time t. Moreover, it turns out that this property is far
from being negligible because of the effects it induces on the expected behavior of
the global system [26].

Another property that have the processes encountered in applications (at least in
communication networks) is the self-similarity (see [18]): their behavior is stochas-
tically the same, up to a space-scaling, whatever the time-scale is — that is to say
that the process { X, t € [0,1]} has the same law as the process {a® X;,t € [0,1]},
where H is called the Hurst parameter. For an historical account on the works of
Hurst, see [21]. Several estimations on real data tend to show that H often lies
between 0.7 and 0.8 whereas for instance, the usual Brownian motion has a Hurst
parameter equal to 0.5 but it is also clear that some real processes have a Hurst
parameter less than 0.5 — see [6]. There exists several stochastic processes which
are self-similar and exhibiting long-range dependence but the fractional Brownian
motion (fBm for short) seems to be one of the simplest.

DeFINITION 1.1. For any H in (0, 1), the fractional Brownian motion of index
(Hurst parameter) H, {W{; t € [0,1]} is the centered Gaussian process whose
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covariance kernel is given by
ef Vi
Rig(s.0) = B [WWH] S (2 4 20—y o)

where
def T'(2—2H)cos(nH)
nH(1—-2H)

H pu—
This paper aims to give a few aspects of the recent theory and applications

of the fractional Brownian motion. We begin by the construction of the process
for which recent theoretical advances simplify the computer simulation of sample—
paths. Section 4 is devoted to the problem of the definition of a stochastic integral
with respect to the fractional Brownian motion. In Section 5, we give several
applications in different fields : queuing networks, filtering theory, mathematical
finance. The appendix contains a very brief summary of the notion of deterministic
fractional calculus we repeatedly use here. Throughout this paper, we will try to
show how infinite—dimensional processes arise naturally when studying long-range
dependent processes. Figuratively, this amounts to say that we put the memory
into the state of the process.

2. CONSTRUCTION

We assume now that H is given and fixed. Note that in practical situations, the
first task is to determine H, there exists a large literature on this subject (see for
instance [23, 29] and references therein).

2.1. THEORETICAL APPROACH

Since Ry 1s a positive definite operator, the Bochner—-Minlos theorem ensures
that, for any value of H € [0, 1], there exits a unique probability measure on
Co([0,1]; R) such that the canonical process is a fractional Brownian motion. In
particular, for H = 0, W2 = Y where Y is a centered Gaussian random variable
with variance 1, for H = 1, W} = Y.t and for H = 1/2, W1/2 is the standard
Brownian motion.

Beyond this formal result of existence, there exist several explicit representa-
tions : in their pioneering work on the subject, Mandelbrot and Van Ness [21],
shown that if B is a standard Brownian motion on R, then for H > 1/2,

t 0
wH = / (t—s)*=1/%dB, +/ ((t—s)f=12 —|s|"=1/2) dB,
0 —o0
is a fBm(H). In a recent paper [11], the authors proved that given any probability
space on which lives a fBm(H), there exits a standard Brownian motion B such
that

t
WtH:/ Kp(t,s)dBs, (2.1)
0
where
ey = Ty L L (2.2)
A r)= ——m——m— - — — — — - — r). .
H, F(H—i—%) 9 ) 9’ 9’ r [0,t)

The Gauss hyper-geometric function F(a, 3,7, z) (see [24]) is the analytic contin-
uation on C x C x C\{—1,-2,...} x {z € C, Arg|l — z| < n} of the power series

i’f () (B)i i

!
= (Pkk!
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Here («)), denotes the Pochhammer symbol defined by
def T(a+ k)
['(a)
It is helpful for computations to note that for H < 1/2,
Kp(t,s) = Kg(t,s)sH Y2 — g)lH-1/2

(a)o =1 and (a)g =ala+1)...(a+k—-1).

and for H > 1/2,
Kp(t,s)= Kpg(t,s)s =12 (¢ — 5)=1H=1/2]

are positive, continuous with respect to (¢, s), functions — see figure 1. Moreover,
we will use later that for H > 1/2 and s fixed, the map ¢ — Kg(t,s) belongs to
IH—1/2,00~

F1GURE 1. Graph of Kg(1,.) and IZ’H(I, Jfor H=0.2, H=038.

Extending the ideas of Audounet and Montseny [22] to the stochastic situation,
Coutin, Carmona and Montseny [4] showed that for H < 1/2, W# can be written

WH = /_Oo X(€,1) d¢, (2.3)

where for any ¢,

t
X&) = 2<2w>1-2“|5|1‘2“( [ e,

F(emtmE 1)X0(§)),

with Xo(€) a centered gaussian process with covariance such that X(£,t) be
stationary (with respect to t).

2.2. SIMULATION OF SAMPLE—PATHS

The last two representations can be used for simulating sample-paths of the
fractional Brownian motion. Using (2.1), we have (see [10]) :

PROPOSITION 2.1. Let ©™ be an increasing sequence of partitions of [0, 1] such that
the mesh |7"™| of @ tends to 0 as n goes to infinily. The sequence of processes

{Wn, n >0} defined by
wr =Y _ /% Kp(t,s)ds (Wi —wh?
‘ trgnn Uiy — 4 Jer ’ fi i

converges to WH in LZ(Pl/z ® ds).

ESAIM: Proc., VoL. 5, 1998, 75-86



78 LAURENT DECREUSEFOND AND ALI SULEYMAN USTUNEL

For H > 1/2, one can consider the W = C([0, 1], R)—valued process

def

t
X, / Ky (., s)dB;,
0

which is related to W# by the identity X;(t) = W . Hence, expand Ky(.,s) on a
basis (e, n € N) of W, i.e. find (an(s), n € N) such that

Kg(. = lim E a;(s
n—>oo

and compute 2?20 fot a;(s) dBse;(t) to obtain an approximation of W/ . By mar-
tingale inequalities, the precision of this method is directly related to the bounds
we have on the approximation of K (., s).

Using (2.3), the principle is to draw a sample-path of X(&,¢) by solving the
stochastic differential equation it satisfies, then approximate the integral on the
real line by well-chosen Riemann sums. Precise development of this approach and
convergence results are given in [4].

FicUre 2. Typical sample-path for H = 0.2, H =05, H=10.8.

3. PROPERTIES

The sample-paths of WH are almost-surely Hélder continuous of any order
less than H, hence continuous but nowhere differentiable. The process WH has
stationary increments and is self-similar :

WH tef0, )Y (oTWH 1 0, 7T]).

The increments are independent only when H = %, for H > %, the increments are
positively correlated, and for H < % they are negatively correlated (see [21]). As a
consequence of the results in [1], we have

WH
Py (limsup —————= = /Vi) =
w0t ufly/loglogu=1!
For H < 1/2 the quadratic variation of W¥ is infinite whereas for H > 1/2 it is
null, hence in this latter case W is a Dirichlet process. Meanwhile, for any H, the
1/H variation is bounded, i.e.,

0<supE Z (Wiipo — We, VHI < 4oo.

a t,EM

For H < 1/2 there exists a bicontinuous local time (see [7]) and for H > 1/2, the
existence of a local time is ensured by the criterion of [15] but the joint continuity
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FRACTIONAL BROWNIAN MOTION: THEORY AND APPLICATIONS 79

is an open problem. Using the standard Brownian motion defined in representation
(2.1), one can easily show that

E[WH|F] = /0 Kpy(t,r)dBs. (3.1)

Since the o-fields generated respectively by W# and B are the same, the Clark—
Ocone holds (for a more general result, see [11]) :

PROPOSITION 3.1. For any F € L?, there exists v adapted and square integrable
such that

1
F:E[F]—i—/ us dB;.
0

The Reproducing Kernel Hilbert Space (or Cameron-Martin space) Xy of the
fractional Brownian motion is described as

Hy = {h:3h € L*([0,1]; R) such that h(t) = /t K (t, s)h(s) ds}

and the norm on Hy is given by ||h||lu, = ||h||L2 The last but not the least
standard result is the so—called Girsanov theorem :

THEOREM 3.2 (Girsanov theorem). Let u be a square integrable, adapted, process
such that E[AY] = 1, where

t t
AY o exp(/ us dBs — 1/2/ u? ds).
0 0
Let Q be the probability defined by

aQ
dP,

u

=N
F
The law of the process {WH — fot Kp(t,s)usds, t € [0,1]} under Q is the same as

the law of WH under Py. In other words, for any v adapted and square integrable,
the law of the process

¢ ¢
{/ Ky (t,s)vs dBs —/ Kp(t,s)usvsds, t €[0,1]} under Q
0 0

1s the same as the law of the process
t
{/ Kp(t, s)vs dBs, t € ]0,1]} under Py.
0

4. STOCHASTIC CALCULUS

To model systems governed by a fractional Brownian motion, one is tempted to
write

dX, = b(t, X;)dt + o(t, X, )dWH

or equivalently
t t
X, :X0+/ b(s,Xs)ds—i—/ b(s, X;) dWH.
0 0

However the meaning of the stochastic integral needs to be defined. Even more,
if such an integral could be defined, this definition should permit us to be able to
construct a stochastic calculus. If one mimics the It6 approach for the standard
Brownian motion, the natural definition is :

t
/ ugdWH = lim >, (WH - Wi, (4.1)
0

0
Iml=0 =
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80 LAURENT DECREUSEFOND AND ALI SULEYMAN USTUNEL

where 7 is a subdivision of [0,¢] and || is its mesh. This approach has been followed
by several authors with the restrictive assumption H > 1/2 :

e Since for H > 1/2 the fBm is a Dirichlet process, (4.1) can be given a sense
using the approach developed by Féllmer in [14].

e Since the fBm has 1/H bounded variation, one can use the work of Bertoin [3]
in which it is proved that (4.1) converges whenever u has 1/3-bounded varia-
tion with 4+ H > 1 and £ > 2. In the same vein, one can also cite the papers
[9, 19] which consider more specifically the case of the fractional Brownian
motion. Young (see [31]) and more recently Lyons [20] have extended these
results so that there are now applicable to the fractional Brownian motion of
Hurst parameter less than 1/2.

e Using the Holder continuity of the sample—paths of W  when H > 1/2, Feyel
and de la Pradelle [13] also prove that (4.1) converges when w is f-Holder
continuous with 4+ H > 1 (see [13]).

e One could also mention the works of Ciesielski and al. [5] and Zahle [32],
where a path wise stochastic integral is defined through the notion of Besov
space.

However, this approach is not really practical. As seen above, the class of pro-
cesses u such that (4.1) converges is far from being satisfactory. Constructing a
stochastic calculus with this class using the above definition is almost impossible.

For instance, for non—deterministic u, the expectation of fot usdWH, defined by
(4.1), is not computable. In fact, it is shown in [11] that

1 t
/ wy dWH = / K3 (') (5) dB, + trace(VE (i), (4.2)
0] 0]

where «’ is the derivative in the sense of distributions of u. Equation (4.2) means

that the expectation of fot us,dWH is strongly related to the expectation of the
Gross—Sobolev derivative of u and this is rarely known or even computable.

A second way of defining the stochastic integral may be the use of the Wiener
integral associated to the fBm which is a Gaussian process. For any H € (0, 1), the
Wiener integral with respect to the fractional Brownian motion is usually defined
as the linear extension from H g in Lz(PH) of the isometric map :

dw . RH(ti,.)i—)th.

Since Ky (L?*([0,1])) = H, one could also define a Wiener integral for deterministic
integrands belonging to L?([0, 1]) by considering the linear extension from L?([0, 1])
to L2(Py) of the isometry :

8w . [(H(ti, ) — th. (43)
When H = 1/2, Ky/5(t,.) = 1[o,;) hence we have :
am—1

Ou(h) = Hm > hipn(Wiig1)2-n — Wiz=n), (4.4)
1=0

n—+oo 4

for any continuous h. From (4.3), it is clear that (4.4) does not hold any more when
H # 1/2. On the one hand, for aq, ..., «; deterministic, we have

0w (D i K (tiyr, ) = Ku(ti, ) = Y aa(WH =)

and on the other hand, for the same «’s, we have
3w(2 @i(L[0,t:5:] — Lio,e,])) = Z ai(Bt, ., — Br.),
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FRACTIONAL BROWNIAN MOTION: THEORY AND APPLICATIONS 81

where B is still the standard Brownian linked to W# by (2.1). Consequently, to
obtain the intuitive Riemann sums as in (4.1), one has to choose the step functions
of the form
> ai(Ku(tiv, ) — Ku(ti, ).

Unfortunately, it seems rather difficult to express a given function as a limit of such
step functions since for n fixed, the family (Kg((i + 1)277,.) — Kg(i27",.),i =
0...2" — 1) is neither orthogonal nor simply orthogonalizable. The divergence, in
the sense of the calculus of variations (see [30] for an account on stochastic calculus
of variation), is an extension of the Wiener integral and this justifies our choice of
using it as a stochastic integral with respect to the fractional Brownian motion.
It is of no use for the purposes of this paper to go further into the depths of the
Malliavin calculus. At present, what is really needed is the notion of anticipating
(or Skohorod) integral with respect to the usual standard Brownian motion (see
the appendix for a brief introduction). We denote it by d,B. In what follows, u
denote an adapted and square integrable process. We define

1, 1
/ us dW :/ Kiu(s) dgWi(s)
0 0

where Ky = Kl_/lzKH. When H > 1/2, Ky is well defined since H g is included
in Hqo. For H < 1/2, Ky can be defined by density since #; /o is dense in Hpy.
When H > 1/2 we have the following identity provided that u is deterministic and
both sides exist :

1 0
/0 Us dWs = |71—17L1|H_1>0t7; ut:‘(Wt:‘_H — Wt:‘) (45)

When u € ]Dg{l (L%([0, 1])) and trace(VKpgKu) is well defined, we have :
1 [
/ ug dW, = | lilmo > Uiy (Win, | — Win) — trace(VEgKjru). (4.6)
0 al=0

All this theory can be used to prove an Ito formula for H > 1/2 and f twice
differentiable with bounded derivative.

¢
FW) = 1 (0) :HVH/O FWH)s2H=1 g

¢ 1
+ / st/it / w2 (= )T (W) du S W (s).
0

t t o
:HVH/ f”(Wf)szH—lds—i—/ FwEyawt . (47)
0 0

This formula shows that whichever definition we choose for the stochastic integral
with respect to the fractional Brownian motion, we will be forced to use anticipating
calculus.

5. APPLICATIONS
5.1. FILTERING THEORY

Assume that we are given the observation Y of a signal X corrupted by a frac-
tional Brownian motion noise. Assume furthermore that the original signal X,
satisfies an evolution equation involving an other fbm possibly with a different
Hurst index. The filtering problem consists of finding the conditional law of X
with respect to Y. The problem in its whole generality has been addressed in [8].
The usual strategy can be replicated here with some additional technical difficulties
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82 LAURENT DECREUSEFOND AND ALI SULEYMAN USTUNEL

due to the lack of martingale properties. In order to show the main ideas, we will
explicitly handle the following simple case :

Xt == th
t

\ :/ Ko (t, s)h(Xs) ds + W2,
0

where W' and W? are two independent fractional Brownian motion of respective
Hurst index H; and Ho. With W?, is associated a standard Brownian motion B’

by (2.1).
THEOREM b.1. Let Q be the probability measure defined by

Q

def not
Bl RO AL

T

where
t 1 t
AP = exp [/ h(X)dB? — 5/ h(Xs)st] .
0 0

Under Q, the processes :

t
Wh=w} and W2 =w2 - a/ Ks(t, s)h(X,)ds,
0

are two independent fractional Brownian motion of Hurst index Hi and Ho.

We give the proof to emphasize again the role of the infinite dimension.

Proof. For any (t1,...,t,) € [0,1]", consider the 2n dimensional P, martingale

zit = ([ K9 dBL [ (4.5 dB2)e,
0 0

and the bounded variation process

Afal"" S (0, / I(Hg (tj, 8) h(Xs) ds)jzlym n-
0
The classical Girsanov theorem stands that for any bounded f,

EQ I:f(Zﬁl,...,tn _ Af},...,tn)] = E I:f(Zﬁ1,,tn)):| .
Take r = sup, ¢; yields to

Bq [f0Vi, i=121<j<n)|=B[f0W i=121<j<n].

Hence the finite dimensional Q-laws of (Wl, VT/Z) coincide with those of (W1, W?)
under P,. O

The same reasoning shows that under Q, the couple (X,Y) has the same law as
(WL, W?). From here, it is classical to apply the Ito formula (provided that it
exists hence we need to assume here that H; > 1/2) to the product f(X;)A? and

then compute the conditional expectations to obtain the so—called unnormalized
not

filter o+(f) = Eq [f(Xt)Af |yt] . The moral of the part of this work is that all
the technical difficulties can be overcome but the final result is not satisfactory.
Actually, one finds (see [8]) that the equation satisfied by o.(f) is of the form :

doi(f) = o (f"0(Xy)) dt + o (f.1) dBZ,

where 1(X;)) is a measurable function of the whole sample-path of X up to time
t. This difficulty can be seen as a consequence of the long-range dependence of the
fractional Brownian motion W'. To overcome it, we filter the infinite dimensional

ESAIM: Proc., VoL. 5, 1998, 75-86



FRACTIONAL BROWNIAN MOTION: THEORY AND APPLICATIONS 83

process X. Using the It6 formula of Kuo [17] for Banach valued processes, for suffi-
ciently regular F': W — R where W = Cy([0, 1]; R), we find that the unnormalized

filter &4 (F) def Eq [F(Xt)Af |yt] solves the differential equation :

G (F) = F(xo) + /Ot &s(F.hop,)dB?

n %/Ot 5. (([(Hl(,,s))* DgF(.)(I(H,(.,s))) ds, (5.1)

where ps(z) = z(s) for any x € W and D2 F is the second order Fréchet dérivative
of I in the direction Z, ». As an example of the efficiency of this method, for h = Id,
choose F'(z) = exp(ifz(1)) where z(1) is the value at time 1 of the element z of W,
and set X(¢, 3) = &¢+(F'), we obtain the following linear partial stochastic differential
equation :

d}:(t,ﬁ) = —62[{}[(1,15)2%(15,6) dt — Zﬁ_x(taﬁ) dBtza

ap
.%:(0, ﬁ) = Xy.

It is then tricky but possible to find an explicit Gaussian solution of this equation
and thus to obtain the Kalman—Bucy filter of X with respect to Y (see [16] for a
related result in which W? is a standard Brownian motion).

5.2. QUEUING NETWORKS

The importance of fractional Brownian motion for dimensioning buffers in telecom-
munications networks has been first stressed by Norros in [25]. Since then, numerous
studies have been done on the subject (cf. [26, 12, 2]). Actually, the framework
is the following : consider a single—server queue with constant service rate (taken
to be ¢ unit of work per unit of time) fed by a process {X;, t > 0}, the workload
process is denoted by {W;, ¢ > 0} and W is the workload at stationary regime.
When X; = mt + /amWH | it is known from [25] that the buffer requirements, to
keep a fixed loss probability, increase dramatically when H is close to 1. Namely,
this is due to the fact that, for x large,

P(W > 1)~ exp(_%ﬁ—w), (5.2)

where k(H) = H¥(1 — H)'=H#. More generally, when X is the solution of the
following equation

n ¢ t
X, = Z/ KHl(t,s)bi(s,Xs)ds—i—/ Ky, (t,s)oi(s, X;)0u, B (5.3)

i=1 70 u
where (B, i€ 1,...,n) is a collection of independent standard Brownian motion,

a similar result holds with H = sup;«;«, Hi, namely we have :

1 2H

lim 2*=2In P(W > 2} = c

T—r00 Vg k(H)? (5.4)

5.3. MATHEMATICAL FINANCE

In mathematical finance, the main problem is the pricing of finance products.
By a call option of an asset .S and expiration time 7', it is meant a contract between
two partners A and B, by the virtue of which B can buy a share of S at price K at
time 7. If at time 7', the price of the asset 1s smaller than K then A losses money
whereas if the price of the asset is greater than K, B is not constrained to buy any
share (and in fact won’t buy any). The value of K is fixed by the market and thus
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84 LAURENT DECREUSEFOND AND ALI SULEYMAN USTUNEL

the problem is to determine the price C, B should pay now to A for this contract.
The celebrated Black—Scholes formula i1s based on the assumption that the asset
price satisfies the following time evolution :

dS; = pSydt + oSy dBy, 1.e., Sy = Syexp ut + 0By,

where p and o are constant. The question now is thus to know what happens
when B is replaced by an fBm(H). In fact, in this situation, Rogers [27] and more
recently Shirayev shown that there exists some arbitrage opportunity, i.e., one can
earn money from a null initial fortune. This represents a strong limitation for this
model, a possible workaround which remains to be examined in detail 1s to change
the kernel Ky (,s) into a kernel smoother with respect to s in the neighborhood
of s = 0.

APPENDIX A. DETERMINISTIC FRACTIONAL CALCULUS
For f € £1([0,1]), the left and right fractional integrals of f are defined by :

(18 ) (s / ) -1t e >,

(I f)(x é /f )t —2)* " dt & <b,

where o > 0 and [Y = Id. For any « > 0, any f € £P([0,1]) and ¢ € £4([0,1])
where p~! + ¢! < a, we have :

/ S Isa)(s) ds = [ (7 Nislal) s (A1)

not

The Besov space 154 (L?) = I, is usually equipped with the norm :

1 llza,s = IHos" fller-

We then have the following continuity results (see [13, 28]) :
ProprosiTiON A.1.

i If0<a<1,1<p<1/a,then Ig, is a bounded operator from LF([0,1]) into
L£2([0,1]) wzth q=p(l —ap)~h.

. Forany0 <a <1landanyp > 1,1, , is continuously embedded in Hol(a—1/p)
provided that o — 1/p > 0. Hol(v) denotes the space of Hoélder—continuous
functions, null at time 0, equipped with the usual norm.

i, For any 0 < oo < 3 < 1, Hol(B3) is compactly embedded in Ly o .

iv. Let 0 < a <1, ¢ € LP for some p>1 and p > —1 + 1/p. There exists ¢ € LP
such that

o+ (8" ) (1) = 1154 (0) (1) and ||g][er < cllpllcr-

By I, respectively I

3 (a3 3 (a3
0 we mean the inverse map of [, respectively [T

1— bl
APPENDIX B. ANTICIPATING STOCHASTIC CALCULUS

The definition of the so—called divergence and hence of our integral needs the
definition of the Gross—Sobolev derivative.

DerFINITION B.1. Let X be a separable Hilbert space. For an X valued smooth
cylindric functional F' of the form, F'(w) = f(Wf, cey Wt{{)x, where f belongs to
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FRACTIONAL BROWNIAN MOTION: THEORY AND APPLICATIONS 85

the Schwartz space on R”™ and z to X, the Gross-Sobolev derivative of F| denoted
by VF, is defined by :
—~ Of o H
VF(w) = %(th,...,th)RH(ti,.)(}bx.
i=1 '
For any p > 1 and any k > 0, the Sobolev space D), ; g (X) is the completion of
the set § of cylindric functionals with respect to the norm :
[y T P [\ A PRI P
where |.|gs stands for the Hilbert-Schmidt norm. For any k& < 0, D} 5 g (X) is
the strong dual of I, _x g (X). The space D (X) = Np>1 x>0 %1 (X) is the
space of test functions and the space D_o (X) = Up>1 k<ol k& (X) is the space of
distributions. It is well known that V can be extended as a continuous operator from
Dy kg into Dy x—1 5 (Hu), for any p > 1 and any k. By VF, we mean the inverse
image of VF by the map K. Moreover, for any once Gross—Sobolev differentiable
random variable ¢, for any ¢ € LY(Hp), we set :

de f
Vye = Ve, )y
We say that a process u belongs to Domy, d,; when there exists ¢ such that for any
F e Dp*,l,H :

[ELVE, whagl| < cllFllLesw)
and we define du by
E[(VF u)yy,] =E[F.dyu].

NOTATION 1. Here and hereafter, we denote by p* the conjugate of p, i.e., 1/p* +
1/p=1.

d, called the divergence operator, is a continuous operator from Dy x g (H )
into D, x—1 . Since a divergence has to be applied to an element of the Cameron—
Martin space and stochastic integral is usually defined for elements of L%([0, 1]), we
introduce the (probably misleading) notation dg W (s) in the equality :

S (Kpu) = / s S5 Wit (s)

where u belongs to L%([0, 1]) and is such that Kgu belongs to the domain of the
divergence. Tt turns out (this is Theorem 4.8 of [11]) that this integral coincides with
the stochastic integral with respect to a standard Brownian motion constructed on
the space where the fBm is defined, that is to say, for u adapted :

(SH([{HU) :/usst.
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