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Asymptotic behavior of coupled
Euler-Bernoulli beams with dissipative joint

Kais Ammari *

Abstract

We consider an example of coupled Euler-Bernoulli beams with dissipative
joint. We show that the exponential decay property holds for any position of
the joint.

1 Introduction

In this paper we discuss the exponential stability of coupled Euler-Bernoulli beams
with pointwise dissipation at the common end.

The equations considered in this paper are:

a§u+A2u+atu(§,t)5§—agtu(g,t)‘i—‘if_o in Q, (1)
u=Au=0 onX, (2)
u(z,0) = u(x), 0 u(z,0) = u'(z) inQ, (3)

where Q = Q x (0,00),Q2 = (0,1),% :{0, 1} x (0,+00), A = 92 and & is the Dirac
mass at the point £ € €.

Equation (1) governs vibrations of coupled Euler-Bernoulli beams with a dissipative
joint. The dissipation acts via the bending moments (i.e A «) which is proportional
to the angular velocity 02, u(¢,t) at the point & and by the shear force d2u(¢,t)
which is proportional to the velocity 9, u(¢,t) at the joint .

As far as we known this type of problem was not studied, in the case of feedbacks
acting simultaneously in bending moments and in shear forces. In the case of only
one feedback the problem was studied in [8].

Our main result is the exponential stability of the above system for any position
¢ of the joint. To do so, we use a method similar to the one in [7],[8] and [6], by
proving that the resolvent remains bounded on the imaginary axis. To show this
result, we shall verify, following [8], that the transfer function (see [12]), which relates
the input to the output, is bounded on the imaginary axis and on the other hand,
that our system is stable and detectable.
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A different method for proving this result is used in [1] where the variable coeffi-
cients case is also tackled.

Now if we write a variational formulation of the problem (1)-(3), we notice that
(1)-(3) can be reformulated in the following form:

Ofu+A*u=0 inQy, (4)
u=Au=0 onX, (5)

[ul¢ = [0 ule =0 in (0,00), (6)

(07 ule = 07, u(&,1) 0 (0,00), (7)

(07 ule = = dru(&,1) in (0,00), (8)
u(z,0) = u®(x), 0 u(z,0) = ul(z) inQ, 9)

where Q¢ = (2 \ §) x (0,00) and [f]e = f(§F) — f(£7).
In order to prove existence and uniqueness of solutions of (1) — (3), it is enough
to apply standard semigroup techniques (see [2]). The following holds:

Proposition 1.1 Let
(W®,u') € (H?(Q) N HL(Q)) x L2().
Then the equations (1) — (3) admit a unique solution
u € C([0,00), H*(2) N H () N CH([0,00), L*()).
Furthermore, if
(u”,ul) € (HY(Q\ &) N (H*(Q) N Hy () x (H*(2) N Hy(Q)),

then (1) — (3) admit a unique solution

u € C([0,00), HY(Q\ ) N (H*(2) N Hy(2))) N C([0,00), H*(2) N Hy()),

where

HY(Q\ €) :{u such that u|¢) € HY0,¢), u|e,1) € H(€, 1)}

2 Exponential stability

Before stating the exponential stability result of our system, we prove a strong
stability result of solutions of (1) — (3). More precisely, the following proposition
holds:

Proposition 2.1 For any ¢ € Q, (u°,ul) € (H?(Q)N HE(Q)) x L?(Q) the solutions

of (1) — (3) satisfy:
tlgglo E(t,u) =0,

where

E(t,u) = /Q{(Au)2+(8t w?} do.

2 ESAIM: Proc., VoL. 8, 2000, 1-12



Proof. As the imbedding of the domain of the infinitesimal generator of the evo-
lution equation in the energy space [H?(2) N HE(Q)] x L?(9) is obviously compact
, the strong stability estimate can be obtained by a simple application of Lasalle’s
invariance principale. This is why we skip here the proof and we refer, for instance,
to [3].

Next, we state and prove the main result of the present paper.

Theorem 2.1 For any & € §Q, there exist C,vy > 0 such that for any solution u of
(4) — (9) in C(]0,00), H2(2) N HE(Q)) N C([0,00), L3()), we have:

E(t,u) < C e "E(0,u), t > 0. (10)

The proof of this theorem is based on crucial arguments given by Rebarber in [§]
and also by [4],[10] and [11].

Proof. Let the space X be defined by:
[H*(Q) N Hg ()]
X = X ,
L*(Q)

and equipped with the norm:

o)l =( [ {(aw?+ o} ar) ™

Let the operator Ay be defined on X by:

0 I
AO = )
—A%2 0

N HYQ\O N Q)
D(Ao):{ ( )E X ,u=v=Au=0 ondf,
! H2()

with

3

d d
(£ = 22(¢) =0},
note that the spectrum of Ag is on the imaginary axis.

We also need to introduce the operator A; defined on X by:

0 I
Al_(—A2 O>7x7é§

with

on 99, [$4)e = —v(€), [S4]e = £(9)}.
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Let By, By € L(IR, (D(A*))’) be two feedback operators given by:

Blz< 0 )and32: ( 0"(. =€) =d"(. =€) )
3¢ 0

where A* is the adjoint of A and (D(A*))" is the dual of D(A*) obtained by means
of inner product in L?(£2).

Since Ap is anti-adjoint then for any (u,v) € D(A§) = D(Ao) we have:

U U 2u 2u
B; ( ) = —u(8), B3 ( ) = Taeh) - T(E).

v v

Now we shall introduce the controlled and the observed systems. The controlled
system is given by:

Ofu+A*u=0 inQy, (11)
u=Au=0 on, (12)
[ue = [0z ule =0 in (0, 00), (13)
wi(t) = [0, ule, wa(t) = Ryu(§,1). (14)
The observed system is the system defined by:
Ou+A*u=0 inQy, (15)
u=Au=0 on, (16)
[ul¢ = [0r ule =0 in (0,00), (17)
Vi(t) = C1U(t) = —0uu(€, 1), Va(t) = CoU(t) = (07 ule, (18)

C . . .
where Cy = ! ) is the observation operator, By = (Bj, Bs) is the control

Co
U:(Z,).

We also introduce the controlled-observed system (C, A, B) given by:
U/(t) = A()U(t) + Blwl(t) + ngg(t),
VA(t) = CLU(8), Va(t) = CoU (1),

operator and

This system is given by the following schem:

[Uxxxlg 5 c - Ue(g,t)
u tx (Evt) Bl2 A CZ [ uXX]E

Figure 1 : The controlled-observed system
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Theorem 2.2 Assume that the system (C, A, B) is regular, (A, B) is stable and
(C,A) is detectable. Then if G(\), the transfert function related to the system
(C, A, B), is bounded on Ci, R(\, A) is bounded on C . This implies that the semi-
group generated by A is exponentially stable.

Proof. We refer to [9] for the proof.

Theorem 2.1 is a consequence of the above theorem: since R(A, A;) is bounded
on Cff :{z € C, Re(z) > O}, then following [6], inequality (10) holds.

Remark 2.1 Theorem 2.2. is used to prove that R()\, A1) is bounded on Cy :{z €

C, Re(z) > 0}. Since operator Ay is dissipative then it is enough to show that
R(\, A1) is bounded on the imaginary axis.

Before proving that the assumptions in Theorem 2.2 hold for our system we recall
some basic definitions concerning regular systems, stable systems, detectable systems
and transfer functions.

Definition 2.1 We say that the system (Co, Ao, By) is reqular if:
(1) (B;) are bounded operators from IR into X_1 and satisfy the following condition:
there exist t1,a > 0 such that for any w; € L*((0,t1),IR), we have:

t1
| [ st =nBan(r) drllx < alwillzaonm fori =12

(B;) are then called admissible control operators;
(2) (C;) are bounded operators from D(Ag) into IR satisfying the following:
there exist t1, > 0 such that for any x € D(Ap), we have:

|C:S@®)z[ 2 (0,4)R) < llz]lx, i =1,2.

(C;) are called admissible observation operators;
(3) the range of R(\, Ag)By belongs to D(CL) for some X € p(Ap);
(4) Cor. R(\, Ag) By is bounded in the half plane

Ccr :{z € C, Re(z) > a},

for some o € IR,
where S(t) = 0 and Coy, is the Lebesgue extension of Cy

1 T
C()L.%‘ = lir% - C()S(t)x dt
0

T—0T

for x € X where the limit exists in X,
X _1 the closure of X in the norm ||.||x_, = ||(BI — Ao)~'.||x for B in the resolvent
(the definition of the space X_1 is independent of 3, see Weiss [13]).

Definition 2.2 G = (Gij)1<ij<2 is called the transfer function of the system
(Ci, Ao, Bj)i<ij<2 if it is given by the following equation:

Vi) = GL(N@; (), i, = 1,2
where ” denotes the Laplace transform.
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Definition 2.3 The system (Ao, By) is stable if there exists F' = (Fy, Fy) such that
(1) the system (F, Ao, Bo) is regular;
(2) (I — GF) is invertible in HY ;
where G is the transfert function related to the system (F, Ao, Bo), HS® is the space
of anlytical functions bounded on CI (this is a Hilbert space equipped with the norm
L) and

H(o)g = UaEIRHgO;

(3) Ao + BoF is the generator of an exponentially stable semigroup of X.

Definition 2.4 The system (Cy, Ag) is detectable if there exists H = (Hy, Hy) such
that

(1) (Co, Ao, H) is regular;

(2) (I — Gpg) is invertible in H;

where G is the transfert function related to the system (Co, Ao, H),

(8)Ag + HCyy, is the generator of an exponentially stable semigroup of X exponen-
tiellement stable.

To verify that our system satisfies the assumptions of Theorem 2.2 we need the
following technical result:

Lemma 2.1 (1) Let G' be the transfert function of the following system:

P u+ A%u=0 in Q¢, 19

(19)
u=Au=0 onX, (20)
[ule = [0z ule =0 in (0,00), (21)
(105 ule + Opu(€, 1), [07 ule — Dyu(8, 1) = (a1(t), q2(1)) = Q(1), (22)
CoU (t) = (—8yul(€, 1), 05 ule)- (23)
Then
lim G'(\) =0, Ae R

A—00
(2) Ay = Ay — B1B}, — BB}, .

Before proving this lemma we decompose By on a basis of eigenvectors of Ay.
Let (®y)w be a basis of eigenvectors of Ag in X,

where
b ()] & iw?
P wl\T) = 0152 )
() ( bu() )

with . v ) )
C, :/0 {(—2) —i—qﬁw}dx.

w

If we decompose the operator B we arrive at:
B = (D by®y, ) b5PL),
w w
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where
b bqlu b B} (5) Bik(I):l:w
w — y O+w — +w =
b2, 0 Bidy

®;, = O (bu(@)/ £ iw?, pu(z)).

Therefore, we can represent the operator By by the following vector of X x X:

and

IZAS

wr rw

To compute the coefficients b,, we need the following lemma.

Lemma 2.2 The eigenvalues and eigenvectors of the operator Ag are given by:
(1) A =0 is an eigenvalue of Ay with mutiplicity 1 and its associated eigenvector is

(¢0,0)

where
¢o(x) = 23 + (36* — 66 + 2)z, x € [0,),

o(x) = (z —1)° + (3" — 1)(x — 1), x € (& 1];

(2) If € satisfies cosnmé = 0 for some n € Z then \ = +i(nm)? are the eigenvalues
of Ag, which are with multiplicity 1 and their associated eigenvectors are given by:

o (2)/ +i(nm)?
o= (2

on(z) = sin(nmzx), x € [0, 1];

where

(3) Let w be a positive real such that

g9(w) = th(wg) — tg(w€) — thw(§ — V)] +tglw(§ - 1)] = 0. (24)

Then \ = +iw? are the eigenvalues of Ao, which are with multiplicity 1 and their
associated eigenvectors are given by:

+igy ()
1/2
| »{é(Gmn — ate) + €~ D (@mmtre) — wemaa) )
@iw(x) = ,
b ()
1/2
{5(00821(11}5) - chQ%wf)) + (5 - 1)(ch2[w%l—§)] - 0082[1111(1—5)]>}
where
bule) = B4 _ mnten ¢ [0 )
_ shlw(x —1)] B sinjw(x — 1)] .
2ol = e 1] cospute 1) © < &1

Proof. We refer to [8] for the proof of this lemma.

ESAIM: Proc., VoL. 8, 2000, 1-12 7



Remark 2.2 Let
I :{w >0 such that g(w) = 0},

then since g(w) is analytic, I is a countable family. Thus, we denote by

Aip = Fiwi, k € IN\{0} and wy = 0.

Now we are ready to compute the coefficients (by )., -

If A = 0 then:
by = 02
0 0 —6 .

__sh(w§) sin(wé)
ch(wé) + cos(wf)

{¢(ateg — atag) + € D (@mte) cos?[J<s—1>})}l/2

shlw(E=1)] _ o sh(wé)
2w E=D] ~ 2eh(we)

{5(00521(105) o chQ%wé)) - (§ o 1)(Ch2[wl(§*1)] N 0032[1‘)1(5*1)})}1/2

If cos(nm€&) = 0 for some n € Z then:

by = ( Fsin(nrwg) ) .

If w € I\{0} then:

by =

0

Note that by, = £by,.

Proposition 2.2 The operator By is an admissible control operator and B{ is an
admissible observation operator.

Proof. It is clear from the expression of b, that the sequence (b ), is bounded.
To conclude that By is an admissible control operator, we use the Carleson measure
criterion (see [5]). This criterion implies in our case (the eigenvalues of Ay are on
the imaginary axis) that for ~ > 0, the number N}, of the eigenvalues of Ay, in the
region

{€C,0<Re(z) <h,a—h <Tm(z) <a+h},

satisfies
Ny, < Mh, (25)

for some M < oo independent of a. Following Lemma 3.6. in [8], for £ € 2, there
exist a, b such that:

krm+b <w < kr+a, Vk e IN\{0}.

It follows that the number of wy which are in intervals of length M is more than
3+ %, and then the number of eigenvalues of Ay in

S (5 €. et 0.0 < ) < 0407
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is less than 3 + % Thus N, < Mh. This implies that By is an admissible control
operator for S(t) and by duality, we obtain that B is an admissible observation
operator for S(t).

Proof of Lemma 2.1.

We know that By can be represented as follows:

By = () _ by, Puys Y boy Py
k k

and then

R(\, A9)B Z Pur D 5 “’kA Dy, )
k k

Introduce the following sum:

s {0\ g2 [ b (b o (b
(XO 2 ’XO 2 )+(Z)\_k)\ Qk Z)\ A Qk )-
by by je#0 k\ by, | kz0 ko\ by,

If A goes to 400 in the above sum and A € IR, it turns out that the limit is 0. This
gives that the system (B, Ao, By) is regular.
According to [8] we have A; = Ay — B1Bj; — B2B;;.

Proposition 2.3 The system (B, A1, Bo) satisfies the assumptions of Theorem
2.2.

Proof. The transfert function of the system (B, A1, By) is bounded on the imag-
inary axis. In fact, if we consider the following identity:
Bip (A — Ay) "' Bo(I + Bgp, (M — Ag) ™' Bo) = B, (M — Ag) ™" By,

then since the transfer function of the system (B, Ao, Bo) which is nothing else
than By (M — Ag) "By is bounded on the imaginary axis and from Re(Bg; (A —
Ap)"1By) = 0, we deduce that the quantity Bg, (M — A1)~ By is bounded on the
imaginary axis and its limit when A goes to infinity with A € IR is equal to zero (this
implies that (Bj;, A1, Bo) is regular). It remains to show that the system (A, By)
is stabilizable and the system (B, A1) is detectable. The following technical result
holds:

Lemma 2.3 For any & € S, there exist my, mo > 0 such that:

m1 < |bw,| < ma, foranyk € IN

by,
\bwﬁ—!(b;“)!? %, 12+ 162, |2
Wi

Proof. For £ € Q having the coprime factorization §7 where ¢ is odd, Rebarber

where

proved in [8] that the sequence (b3, ) has a lower bound which implies that the
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sequence (by, )r has a lower bound. Furthermore, for £ € Q and ¢ having the
coprime factorization g, where ¢ is even, we have:

|bi| = 1.

This gives that (by)x has a lower bound.
Let n € (0,1), we denote by

Ay ={k| |cos(wi&)| = n}

B, ={k||sin(wi€)| = \/1 - n2}.

So, we shall study the case where £ € Q\ Q.
Since we have:

and

bu, | = bk, 1>+ (b2,

(g _ snlm) 4 (=g | gy

1 1 1 1 ’
¢(wtorg — amae) + €~ D ammie) — i)

and

{ (i) sm{wkufs)])? T4 (Sl +sh<wko>2}

chlwp(1=8)] — cos[wg(1=E)] chlwpy(1=)] ' ch(wgf)

b, | = (26)

1 1 1 1 ’
(st — awg) + €~ D @emie — erme)

it follows that:

b2 = inflcos?(wig), cos*[wy(1 - €)))
{#h2 (i) + g% (we€) + 4th?[wp (1 — O] +4th* (we)+ (27
ath(wg) (2th[wy(1 = )] - tg(wi) ) |
and
b2 = inf(cos?(wig), cos*[wy (1 - €)))

{thz(wkg) + g2 (wi€) + 4th?[w(1 — €)] + 4th2 (wp€)+  (28)
Athlwy(1 = €)] (2th(wig) — ftglwn(1 ~ ) }.

We consider then two cases:
First case:

if tg(wig) tglwe (1 — )] <0,
then according to (27) and (28) we have

b |2 > inf(cos?(wyg), cos*[wi(1 — &)]) (39> (wi)+

+tg? [wi (1 — €)] + 4th? (wi€) + 4th?*[wi(1 — )] — th(w€)tg(wis)—
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— thlw(1 - &)Jtglwi(1 - £)]).
Which implies according to (24)

b 2 > { sin?(w€), if cos?(wy€) < cos?[wy(1 — &),

sin[wy,(1 — €)], else.

We conclude in this case that (b, )rep, has a lower bound.
Second case:

if tg(wig) tglwi (1 =€) = 0,
then we obtain according to (24) and (26)

lbug2 > inf(cos(wrg), cos?[uwn (1 — O)) (19> (wr€) + tg?won(1 ~ £)))

{ sin?[wg (1 — £)], if cos? (wr€) > cos?[wy(1 — &)],

sin?(wi€), else.

So, according to (24) we conclude in the two cases that the sequence (bu, )reB,
has a lower bound. Lemma 3.5 in [8] implies that (b, )rea, has a lower bound.
Furthermore, we know that the sequence (by, ), is bounded. This gives the claim
and ends the proof of the lemma.

End of the proof of Proposition 2.3.

As a consequence of the fact that the sequence (b, )r has an upper and lower bounds
is that the system (A1, By) is stabilizable and the system (B, A1) is detectable (for
more details we refer to Lemmas 2.10.,3.10. in [8] ). This completes the proof of
Proposition 2.3.
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