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MULTIRESOLUTION FINITE VOLUME SCHEME FOR A MIXED
HYPERBOLIC-ELLIPTIC SYSTEM. *

OLIVER GROSSHANS! AND MARIE POSTEL?

Abstract. A mixed hyperbolic-elliptic system arises in the context of liquid-vapor phase transition
modelling. It has been studied numerically with an explicit finite volume method based on a relaxation
scheme which must resolve very precisely the very steep phase transition region. This requirement
leads to prohibitive cost when a uniform discretization is used. Multiresolution is a good candidate
to improve the performances of such schemes and we examine the possibility of implementing the
algorithms developed originally for strictly hyperbolic systems.
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1. INTRODUCTION

This work is part of a general project of modeling the thermovector fluid in the reactor of a nuclear plant.
In the first phase of the research, a set of equations was established, taking into account the thermodynamical
effects near the critical point, the capillarity phenomena and the fluid reaction on the wall of the reactor. Some
preliminary numerical studies were performed whose conclusions were that these so called “second gradient”
equations are very hard to solve [8].

The first difficulty is the modeling of the phase transition by a continuous variation of the density - whose
shape is important for the engineer although it occurs on a very fine scale. The presence of second and
third derivatives in the density requires a special numerical treatment, as well as the instability arising from
the particular thermodynamical closure law. This theme of research was first proposed by CEA Grenoble at
Cemracs’98.

Our interest in this problem was really aroused by the first difficulty which can be viewed as the challenge
of describing very accurately a phenomenon arising in a very limited time dependent area of a relatively large
domain. Setting aside the other inherent technical difficulties, this is the typical setting for applying a multiscale
technique such as the one initially introduced by Harten [7] for hyperbolic equations and lately developed by
Cohen [2],[3], Dahmen [5], Donat [1].
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The techniques rely on the basic observation that systems of conservation laws generally require very compli-
cated and costly schemes, because they are nonlinear and may therefore develop singularities even starting from
smooth initial data. On the other hand, these costly schemes, like for instance ENO type flux reconstructions,
are really necessary only in the vicinity of the discontinuities and could be advantageously replaced by simpler
high order centered schemes in the smooth regions. This requires an efficient way to detect the singularities
which brings immediately in mind wavelet decomposition techniques. The original multiresolution algorithm
proposed by Harten relies on wavelet theory but is really adapted to the particular case of solutions of finite
volumes schemes, that is functions known by their mean values on a grid. In broad lines, it consists in building
a hierarchy of nested grids. The solution given on a uniform grid can be described by its mean values on the
immediately coarser grid, plus the differences between the fine representation and its approximation by interpo-
lation from the coarse one. Repeating along the succession of levels provides the encoded representation of the
solution. The size of the differences provides smoothness indicators and the underlying interpolation operator
can be used — wherever these differences are negligible — to compute the evolution of the solution on the
coarse grid only.

In this paper, we describe more precisely the multiresolution method adapted to the specific finite volume
scheme designed to solve the second gradient equations. Since the hyperbolicity assumption used in the original
design of the method is not valid here, numerical experiments have been performed to study the stability and
robustness of the method. So far the original Harten scheme has been implemented and the solution is computed
on the finest level everywhere at each time step. This prototype is meant to be developed into a more complicated
algorithm were the solution will be computed on a completely adaptive grid. For sake of simplicity we have
only consider the 1D, isothermal case. Simultaneously, in this second stage taking place during Cemracs’99,
several projects aimed towards extending the first years results [4] to the case of the non-isothermal form of the
equations, 1D, 2D, and implicit schemes, and are being discussed in [6].

2. THE SECOND GRADIENT EQUATIONS

The initial system of equations

Op+ 0z(pu) = 0
O (pu) + Ox (pu2 +P(p)) = ApOsaap (1)

where P is for instance the Van der Waals pressure law, has been studied in D. Jamet’s thesis [8]. During
Cemracs’98 F. Coquel and O. Groflhans transformed this system by introducing an auxiliary unknown N into

Op+0x(pu) = 0
8 (pN) + 0, (pNu) = VA9peu
3
Oh(pu) + Oa(pu® + P(p) + 5N*0") = =V ADsa(p”N)

and studied in detail its numerical behaviour. For simplicity of presentation let us consider the following
equations

Op + Ox(pu) = 0
B (pu) + 8. (pu® +p(p)) = 0 (2)

with p(p) = P(p) + 2(02p)? — Ap(Ozup) which are equivalent to (1). Now all the difficulties are hidden in this
extremely complex pressure p(p). For more details please refer to [4, 6]



MULTIRESOLUTION FINITE VOLUME SCHEME FOR A MIXED HYPERBOLIC-ELLIPTIC SYSTEM. 225

3. NUMERICAL SCHEME — A RELAXATION METHOD
To solve the system (2) we apply a relaxation method and relax on the pressure p(p). This leads to
Oip + Ou(pu) =
B (pu) + 0z (pu® + 1) =
Or(pIl) + 0, (pull + a’u) =

n il © O

(P(p,N) —1I) (3)

where a = pQg—’;. For ¢ — 0 we get the original system (2) back and ¢ — oo gives us the relaxed system. The

algorithm is now as follows: First we solve the e — oo system, that is we obtain values for p, pu, pII at t,41,—
and then we let ¢ — 0 which essentially means computing I1"*! as p(t,.1) because p, pu at t,1 are equal to
p,pu at typiq,

We use an explicit finite volume scheme to solve the equations (3) in the case € — oco. Since II can be viewed
as a dependent variable in this algorithm, we denote by U the vector of conservative quantities (p, pu)” and by
F the flux function

F(z,t) = (pu, pu® + H)T

The computational domain is subdivided into N intervals I, = [Zg_1/2,Zp41/2] of length h. The numerical

solution is an approximation of the mean values U} ~ U} = A(Iy)U(.,t,), where A(I)u denotes the mean
operator on an interval I}

A(DNu = ﬁ/lu(a:)da:

The numerical solution is computed in its conservative form as
_ _ At 7~ X
+1 _
et =0 = 5= (ftvye = fiage)

where f,:‘f /2 is the numerical flux at point x_, /5, i.e. an approximation of the flux across the intervals boundary

. _ 1 (n+1)At )
fi=fl= A /nAt F(iAz,t)dt.

There are two difficulties in the algorithm just above. The flux evaluation is one of them: the evolution of
the two independent quantities p and w using system (3) requires to solve at each time step the local Riemann
problem for the homogeneous system obtained when letting ¢ go to oo in (3). Furthermore, computing the
initial condition for the next time step amounts to relax the system (3) with e — 0. In other words, knowing
@™t and p"*t', compute II"*! we need the third derivative of p”t!. Therefore the evaluation of II at one point
will require the values of p and @ at four neighboring points. We refer to [6] for the details of derivation and
summarize the computation of the numerical fluxes by

fin+1/2 = F(_iril’Uin’ _ier’ _in+2) )

It is therefore crucial to limit the number of those flux evaluations and the multiresolution can play an important
role here. The domain is subdivided in several levels of resolution nested within each other. Each interval is
the union of two intervals from the finer level. The method consists in solving the problem everywhere on the
finest grid while taking advantage of smoothness wherever possible to reduce flux evaluations (4). At each time
step, details provided by the multiresolution analysis of the solution are used to choose the flux computation
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method. In the areas where the solution is smooth enough fluxes at the edges of the interval are interpolated
from the fluxes at the edges of intervals on the coarser level. Correspondingly, in areas of strong variations,
fluxes are computed precisely using (4) with the finite volume solution on the finest grid as input values.

In the following section we recall Harten’s algorithms as developed in [7] and references within. We first
describe the encoding / decoding algorithms for a function represented by its mean values or by point values.
Then we show how they are used in the multiresolution coupled with finite volumes scheme.

4. FINITE VOLUME SCHEME AND MULTIRESOLUTION. HARTEN 'S ALGORITHM

In this section we introduce notations and recall the original form of Harten’s algorithm found in [7]. We
refer the reader to this article for details and justifications The computational domain 2 is divided at each level
¢ of resolution in Ny intervals If = [z} | /2> i, /o] of length he. The levels are nested within each other starting
from the coarse grid Q° until the finest grid QF. Intervals on one level £ all have same length h, and are divided

by two to form the immediately finer level £+ 1: If = I,/ UI5[! . We therefore have #5/, ) = zf , , and
eS|

Topi1)e = = (zf_ 1/2 +mk+1/2)/2 We note Uf = A(I})U the mean values of the vector function U on each interval
k of a level £. Harten describes two methods to encode a function with a multiresolution analysis depending
on whether the function is known through its mean values on the intervals (algorithm 1) or through its point
values at the intervals bounds. In fact the finite volume scheme will use both representations: the mean value
one for the solution U,f’" itself, and the point value one for the fluxes f,ffl /2> since these last quantities may

actually be considered as primitives of F,(U) evaluated at the discretization points xi +1/2°
Algorithm 1. Encoding (mean values)

U is known through its approximated mean values U’ on finest grid QF
for (=1 —1\,0

1. Compute U*: Uf = (Ug;' + U4 L) /2 for k=1,... N,

2. Compute U on Qt1: UL = Z(14, T*) for k =1,...,N;
3. Compute details between G4 and 0 @t = Uit — Uf,jl fork=1,... N,

End of for ¢

We note Uprg = (U°,d°, ... ,d"~1) the multiresolution representation of function U, namely its mean values
on the coarse grid plus the details allowing to reconstruct it on the finest grid using the following algorithm:

Algorithm 2. Decoding (mean values)

U is known by its mean values U° on the coarsest grid Q° and all the details ¢‘ for ¢=0,... ,L -1
for /=0 "L-1
1. Interpolation: compute U**+!: UL = (15, Uf) for k=1,..., N,

2. Reconstruction: compute U on Qf1: UL = df + UL and U‘ZH1 =2Uf - UL
End of for ¢
In the two previous algorithms, the linear interpolation operator Z is obtained by imposing polynomial

exactness of degree s. In the numerical simulations, we will set s = 1. which means that to go from a level [ to
the level [ + 1 we use a three cell averages interpolation, and as explicit formulas we have
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- 1 - _ _
ULt = g(U,’;’_1 +80; — Uf,,) inside the domain
- 1 _ _ _
Uittt = g(llUéZ —4U! + T on the left boundary
. 1 _ _
U,";Zrll = g(—Uf;[_2 + 4Urlu—1 + 5U£l) on the right boundary

We denote by M the encoding operator such that Uy = (U°,d°,d,..dt~1) = MUL. If A = {(k,0)} is a
set of double indices such that Uyepaly C UZL:OQ’Z, we denote by Ty the thresholding operator on an encoded
function such that Ty (U°,d°,d",..d"~") = (TU°,d°,d",..d"") with dy = 0 if A ¢ A and we introduce a level
dependent thresholding based on a tolerance € which defines a set of indices A. = {\ = (k, ), |d,| > 2%}. Tt is
easy to recover the basic result |[T.U — U| < Ce where T. = M 1Ty M.

Similar algorithms exist for a function f known this time through its values f,f_l /2 at points :ri_l /2 The
finite volume mean values being primitives of the flux function at interval end points, the corresponding order
of interpolation for the fluxes on a level £+ 1 is a third degree polynomial depending on the values of the fluxes
at four points on the level ¢ as shown below

1 7l £l £l
fkfg fkfé fk+% fk+g

TABLE 1. flux interpolation

The explicit formulas are given as

Aj,jj% = 1—6(—f,f_% +9f,f_% +9f,f+% - f,§+%), inside the domain
~ 1 ~ ~ N N
fY = (5, +15f8 —5f5 4+ fL), on the left boundary
b} 16 2 2 2 2
. 1« . . . )
2@;1+% = 1_6(f£’3_% — Sff;e_% + 15ff;e_% + 5ff;e+%), on the right boundary. (5)

Similarly to the thresholding described above for the mean value encoding, we can define a thresholding for
a point value function which will amount to use the interpolated values (5) whenever they are close enough
to the true values. As it is explained and justified in details in [2], the multiresolution scheme relies on the

construction of a set A~5nJrl which contains both A” and A”*1. The solution at time "+ on A?*! is therefore
close enough to the thresholded solution on A?*'. The construction of this set A”*! will be further detailed and
justified. Since the thresholded solutions at both time ¢” and t"*! are within the prescribed tolerance ¢ it is
straightforward to obtain that the point values fluxes can be thresholded on the same set of indices. In the case
where the initial finite volume scheme is L' contractive, it is shown that the error between the multiresolution
solution and the standard finite volume one is in C'(t")e. A natural choice for the parameter ¢ is a value which
makes this last estimate of the same order as the intrinsic error estimate of the finite volume scheme (typically
in 2-L/2).
The following algorithm summarizes the full multiresolution scheme

Algorithm 3. Finite Volumes + Multiresolution
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Initialization a;° = A(IF)uy VIF € QF
Coding @l° —> S, p = (@°,d°,... ,d*1). (see algorithm 1)
Loop on time step n
Determination of AZ** and thresholding uf;z — ujj;p. (see algorithm 4)
Decoding u};; — u>m. (see algorithm 2)
Flux computation for I? € Q° on coarse grid, using fine data
flg—l/2 = F(ﬂngfl’ﬂéLk? (4) )
Compute squtlon at time n + 1 on coarse grid Q°
n+1,0 _ -n,0
Uy, = Uy, (fk+1/2 f 1/2)

Loop on levels €_0 SL—-1

— Loop on intervals I} € Q°

Fl+1 Y
¥ forZie = Jreaye
Fo41 1. pe
* Jort1/2 = J(x 2k+17f) (5)

« if I{ ¢ A. interpolation
041 s0+1
[y 2%k+1/2 = f2k+1/2

. dl n+1 d( n __ 0
k . - k - - . .
x else precise computation, using fine data

Y N _
+ Fotgrye = Flag- e+1kﬂéL cpgn)  (4)

’ d%m_l = dzjn - hg+1 (fllﬁlm fflﬁl/z)
x end If
— End of loop on intervals.
e End of loop on levels.

End of loop on time step.

We now recall the intermediate algorithm of thresholding and determination of the smoothness indicators,
that is the set of indices /NXQ“. This is actually a tricky part in the whole algorithm. It relies on the size of the
details at the given time and in the initial Harten’s setting also on the fact that the equations are hyperbolic.
This means that if the CFL condition is fulfilled spatial gradients will not propagate faster than one grid point
per time step. It also allows to estimate the increase of the details in one time step meaning that not more
than one level of refinement should be necessary from one time step to the next. The hyperbolicity assumption
is not verified in the case of the second gradient equations and the robustness of the following strategy for the
thresholding has been verified numerically:

Algorithm 4. thresholding and smoothness indicators [\?

Initialization A2+ = Uk (Qf
Loop on levels ¢ =L\ 1
e Tolerance ¢, = 2%
e Loop on I} € 0f
— if |d}] <&, then df =0 et I} ¢ A?*!
— else
« If. . € Ar+! for m| < 2
« if |df| >2Pe, and if ¢ < L then I UL}, € Art?
— end If
e End of loop on intervals.
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End of loop on levels.

This algorithm defines a thresholding operator 7. which acts on the multiresolution representations of Uys.
The thresholding parameter € is level dependent, and for the moment we choose €, = 2!~F¢ which means we are
keeping less details if go to a coarser level. To have a kind of measure for the efficiency of the thresholding we
define

. nr
rate of compression = ————— 6
#(AE) + 2_LnL ( )

This quantity depends on time since the set of “non smooth indices” D. is computed anew at each time step.

5. NUMERICAL EXPERIMENTS

We study the behaviour of our algorithm on the time evolution of an equilibrium solution with reflecting

boundary conditions.
For this we compute an equilibrium solution on the finest level (Fig. 1). The computations are done on
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FiGURE 1. Equilibrium solution

a domain of 2.5 - 107%m and 1280 cells on the finest level. We compute a time evolution of the equilibrium
solution on the finest level without using any multiresolution. It is this reference solution to which we compare
the solutions of the multiresolution algorithm. A time step of 7.0- 1078 is used and comparisons are made after
1-10* and 1-10° time steps.

For zero threshold, that is all coefficients are kept, we cannot see any difference between the multiresolution
and the reference solution in the density variable in (Fig. 2). The velocity profile already indicates, that this
variable behaves differently than the density. After 10 time steps everything seems to be fine, but after 106
time steps it is obvious, that the multiresolution algorithm introduces some additional roundoff error (the
multiresolution solution is the upper curve in the graph), even without doing any thresholding. For a threshold
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FIGURE 2. Density (on the left) and Velocity (on the right) variable: reference and multireso-
lution solution with no threshold

of 1077 the density profile looks still fine (Fig. 3), both solutions, the reference and the multiresolution, are
printed on top of each other, so it is not possible to distinguish between both. The situation is different for the
velocity variable (Fig. 3). Already after 10~* time steps the velocity variable shows a considerable deviation
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FIGURE 3. Density (on the left) and Velocity (on the right) variable: reference and multireso-
lution solution with threshold 107

from the reference solution. But interestingly, this difference is not amplified, when we evolve in time. Even
after 10° time steps, the difference is of the same order and also bounded in space to the region of the interface.

This different behaviour of the density and the velocity variable can also be observed for higher values of the
threshold. The following two figures (Fig. 4) show the solution for a threshold of 10~° and again, the difference
in the velocity variable is large, but does not get amplified. Again, the same can be seen for an even larger

threshold of 1072 (Fig. 5).

To obtain a quantitative view of the error between the reference and the multiresolution solution, we have
used different ways to calculate the error of the density and the velocity variable. For physical applications the
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FIGURE 5. Density (on the left) and Velocity (on the right) variable: reference and multireso-
lution solution with threshold 103

surface tension of the interface is a very important value which should not change if we use a multiresolution
algorithm. The surface tension is given by [(Vp)? and therefore, we use [(Vp, — Vp,,,)? to measure the error
in the gradient of the density between the reference solution p, and the multiresolution solution p,,. The results
are shown in (Fig. 6). The different points in the graph correspond to different number of time steps. Even
with a high threshold, the error is negligible. This figure also shows, that even with a relatively small threshold
we can obtain a high compression rate which also means a low number of exact flux evaluations!

Since the error of the velocity variable seems to be bounded, we look for the behaviour of the maximum
of the difference between the reference and the multiresolution solution, that is max(v, — v,,). In (Fig. 6) a
similar behaviour of the error of the velocity in this measure compared to the error of the density variable can
be observed.
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6. CONCLUSIONS

The multiresolution algorithm has been successfully implemented in the case of second gradient equations.

Its robustness and performances in terms of flux computation savings have been numerically tested and the
results are very encouraging. We are now studying an improvement of this scheme consisting in computing the
solution directly on an hybrid grid — fine where the solution varies a lot and coarser in smooth areas. This
fully adaptive scheme has been extensively studied both from the theoretical and numerical sides in the case of
hyperbolic equations in [3] and its implementation in the case of second gradient equations is under progress.
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