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A CONSERVATIVE AND ENTROPIC DISCRETE-VELOCITY MODEL FOR
RAREFIED POLYATOMIC GASES*

BruNo DUBROCA ' anp Luc MIEUSSENS?

Abstract. In this paper, a new discrete-velocity model is proposed for modeling rarefied polyatomic
gases. This model is based on a polyatomic BGK equation that allows for the internal energy of
molecules. For computational storage requirements, it is attractive to eliminate this new variable by
using a reduced distribution technique. Then the BGK equation reduces to a system of two relaxation
kinetic equations. Using the minimum entropy principle to define a discrete equilibrium function, a
velocity discretization of this system is proposed. This discretization satisfies the conservation laws
and the entropy dissipation. Owing to these properties, we believe that this discrete-velocity model
can be used to design fast and robust numerical methods for computing rarefied polyatomic gas flows.

AMS Subject Classification. 65C20, 76P05, 82B40, 82C80.

1. INTRODUCTION

As compared to a monoatomic molecule, a polyatomic one possesses additional degrees of freedom, such as
the atom position in the molecules, the angular momentum, and the vibration energy. Therefore a complete
description of a polyatomic gas is very complex but fortunately several simplifications are possible. For instance,
the atom positions change more rapidly than the interesting time scale, permitting to consider the distribution
as independent of these variables (see[8]). Moreover, it has been proved by experiments (see [9]) that the
orientation of angular momentum can be neglected. Its magnitude only, or equivalently its rotational energy,
has to be taken into account. Eventually, the vibration energy, which is quantified, can be neglected if the
temperature of the gas is not too high.

With these simplifications, the description of a polyatomic gas requires only one additional variable - the
rotational energy ¢ > 0, which will be supposed continuous - and a parameter § equal to the number of
rotational internal degrees of freedom. For instance, a diatomic molecule can rotate in three directions, but
since the rotation about the line joining the two atoms has a negligible contribution to the rotational energy,
this gives 6 = 2.

Modeling the energy exchange in polyatomic gases is a difficult problem, still investigated in both numerics
and physics (see for instance [10] and the references mentioned). However, if one only allows for the rotational
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energy exchange, as described above, the problem is much simpler. The most frequently used model is the
statistical model of Borgnakke-Larsen [5] that enables Direct Simulation Monte-Carlo (DSMC) computations
for polyatomic gases. Many numerical results using this model have proved the previous simplifications to be
relevant in numerous situations (see [4, 11]). Recently, a deterministic interpretation of the Borgnakke-Larsen
model has been proposed by Bourgat et al. [6] in terms of Boltzmann collision operator.

Concerning deterministic simulation, the work of [6] has been used by Buet [7]. This author adapts a former
work on velocity discretization of monoatomic Boltzmann equation to the model of [6]. He obtains an entropic
and conservative discrete-velocity model, and proposes some stochastic procedures to reduce the quadratic cost
of the algorithms. However, the increase of the computational cost due to the additional variable is so large
that deterministic numerical simulations are very expensive. As a matter of fact, to our knowledge, the only
deterministic computations obtained are from Bahy [1] who used an extension of Rogier-Schneider’s scheme [17]
to polyatomic gases.

It is thus clear that there is a need for simpler deterministic methods for polyatomic gases. It has been
proposed by L. Mieussens [13] a numerical method based on a conservative and entropic discretization of the
BGK equation coupled with an implicit scheme, for monoatomic gases. Despite the simplicity of the BGK
model, several results have been obtained which compare well to DSMC, both for accuracy and CPU time. This
method is also able to easily describe flows that are hardly computed by DSMC (such as recirculation zones or
near continuum flows). As a first step towards an extension of this method to polyatomic gases, we propose in
this paper a robust velocity discretization of a polyatomic BGK model derived from the polyatomic Boltzmann
equation of [6]. This discretization uses the minimum entropy principle to define a discrete equilibrium function.
A mathematical proof for the existence of the discrete equilibrium is given. As in the monoatomic case, we
obtain a discrete-velocity model which is conservative and entropic.

2. A poLvyaToMIiCc BGK MODEL

As explained above, we consider a gas as described by the mass density F'(t,x, v, I) of molecules that at time
t have position = € RP, velocity v € RP, and internal energy £(I) = I?/°, where § is the number of internal
degrees of freedom. Classical fluid quantities as mass density p, mean velocity u = (u(V),...,u(")), and total
energy E are defined as the first D + 2 moments of F' with respect to v and I

p=(F), pu=(WwF), E=({(lf+I)F),

where ((G)) = [4p o+ G dvdI denotes the integral of any function G(v,I). The temperature 6 of the gas is

defined through the total energy by the relation £ = Lplu|? + 2£2pf.

The simplest BGK model can be obtained from the Boltzmann equation of [6]
1
6tF+v-VxF:;(M[F]—F), (1)

where the collision operator is replaced by a relaxation term of F' towards the local Maxwellian equilibrium
defined by

MIF] = o) (- 5)

_r _ A 0
(276)D/? eXp( 20 932 P\ g

The parameter As = ($I'(£))~! ensures that M[F] has the same first D + 2 moments as F. The relaxation

time is defined by 7 = £ so as to recover the correct viscosity  in the hydrodynamic limit. The value of f is
p

generally c6“ where w depends on the molecular interaction potential (w = 0 for Maxwellian molecules, w = %
for Hard-Spheres molecules).
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Despite its simplicity, this model possesses numerous properties of the Boltzmann equation. Namely, it
satisfies the local conservation laws of (p, pu, E)

1 1
9e(( v F)) + Ve - ((v v F)) =0,
%|U|2 + Iz/6 %|U|2 + Iz/6

the local dissipation of entropy H(F') = ((F'log F'))
O;((Flog F)) + V. - ((vF log F)) <0, (2)

and Euler and Navier-Stokes equations in the hydrodynamic limit 7 < 1.

It is clear that this model has some physical drawbacks due to its single relaxation time. For instance, the
heat transfer coefficient & in the Navier-Stokes limit is found to be incorrect, which leads to a Prandtl number
of 1 instead of 2 for a diatomic gas (§ = 2). Moreover the time scale for elastic and inelastic collisions (that
respectively involve translational and rotational energy exchanges) is the same, which for instance leads to
incorrect values of the volume viscosity (see [8]).

However, we find it very attractive to use this model. The main reason is that the corresponding monoatomic
BGK model (which has the same physical drawbacks) turned out to be relevant for many cases, and it permits
us to obtain very fast deterministic algorithms (see [13]). Moreover, modified BGK models exist that give
more physical transport coefficients, as the Ellipsoidal-Statistical BGK model (ES-BGK) of Holway extended
to polyatomic gases by Andries et al. [3].

3. REDUCED DISTRIBUTION TECHNIQUE

3.1. Reduced BGK system

The method of reduced distribution functions has been frequently used to reduce the dependency of the
distribution on the z-component of the velocity for plane flow simulations (see [18]). The same idea has been
used by Perthame [15] to eliminate the dependency of the distribution function on the internal energy variable
I, in the context of kinetic schemes for polyatomic Euler equations. In a recent paper [3], this technique is used
for the polyatomic ES-BGK model.

Now we present this technique as applied to BGK equation (1). We define the mass distribution f(¢,x,v)
and the internal energy distribution g(¢,z,v) by

+o0 +oo
flt,x,v) = F(t,x,v,I)dl, g(t,x,v):/ PRt z,v, 1) dl.
0 0

The macroscopic quantities p, pu, E can be deduced from f and g as follows:
p=(f), pu=(f), E=(PPf+g),

where we set (.) = fRD .dv. In order to use a more compact definition of these macroscopic quantities, we

introduce the vector p = (p, pu, E) € RP™2, and we denote by m(v) = (1,v, $|v[?) € RP*? the vector of mass
(normalized to 1), momentum and translational energy of molecules. We also set epy; = (0,...,0,1) the last
vector of the canonical basis of RP*+2 then p is defined by

p=(mf+epiig).
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Now integrating BGK equation (1) with measures dI and I9/2dJ yields the system

Of +v-Vaof = —(M"[p] - f),

Og +v-Vag = =(M"™[p] - g),

i I i T et
e

where (M [p], M‘"t[p]) are the translational and internal equilibrium defined by
M"[p] = Mlp], ~ M™[p] = 36M]p], (4)
6 is the temperature (see Sec. 2), and M|[p] is the usual Maxwellian

Iv—UIQ)

p
Mipl = Grgypre eXp(_ 20

The remarkable feature of this system is that it gives ezact values — i.e. as defined by F(t,z,v,I) — of the
physical relevant macroscopic quantities p, pu, E, stress tensor ¥ = (((v — u) ® (v — u)F)) and heat flux
g = ({(3|lv — u[*(v — u)F)). We point out that this is a consequence of the structure of the BGK collision
operator. This cannot be done with the Boltzmann collision operator.

3.2. Reduced kinetic entropy

A method to obtain a kinetic entropy for system (3) is described hereafter. The result has been proposed by
Perthame in [16] but we find it instructive to present its derivation.

The problem is to find a macroscopic functional H(f,g) which is locally dissipated by (3), and such that
the equilibrium (M [p], M™[p]) is its unique minimum, subject to the realization of macroscopic quantities
p. Obviously, H(f,g) should be related to the entropy H(F') (see (2)). In fact, system (3) may be viewed as an
entropic moment closure of (1) with respect to the internal energy variable I. Thus following [12], it is natural
to set H(f,g) = (S(f,g)), where

S(,9) = min{H(G),G > 0 5. /Om (121/5> Gdl = <£> 3

This problem can be solved analytically by Lagrange multiplier method, and we find

]; +A5—1—g+%log%),
2

S(f.0) = f((1+ Hlos—

which gives H(f,g). By dropping constant coefficients, we obtain the following definition

H(f,9) = (flog —L— — ). (5)

g&+2

It is now easy to prove the following result (see [16])

Proposition 3.1. The entropy H(f,g) defined by (5) is strictly convex, and (M'"[p], M"[p]) is the unique
solution of the entropy minimization problem

(P)  HOM"[pl, M™[p)) = min{ H(f,9)},

3 N (6)
with X, = {f >0 and §> 0 s.t. (mf +epi1d) :p},
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Moreover, H(f,g) is locally dissipated by (3)

B (flog —L— — ) + V. - (w(flog—— — 1)) <. (7)

gS+2 gs+2

Remark 3.2. It is worth mentioning another expression of the local equilibrium (M [p], M [p]). If we write
the local Maxwellian under the form used in [13]

Mlp] = exp(c - m(v))
D+1 |2

where a = (a())24! = (log (W) - “2‘—9, U —%) € RP*2 | then the translational and internal equilibrium

given in (4) are defined by
M) = expla-m(v)) and  M"[p] = ST expla - m(v). ®)

The vector « is related to the Lagrange multipliers of the entropy minimization problem (P). This will be used
in the next section (for the discrete-velocity case).

4. VELOCITY DISCRETIZATION OF THE REDUCED BGK MODEL

The velocity space RY is replaced by a bounded Cartesian grid V = {v;, = kAv, k € K} of N points, where K
is a multi-index set of Z”, and Av € R is the step of the grid. The continuous-in-velocity distribution functions
f and g are approximated on this grid by two vectors fx = (fr)rex and gx = (gr)rei with N components.
These vectors are called discrete distribution functions. Each component fi (¢, z) and g (¢, ) is assumed to be
an approximation of f(¢,z,vy) and g(t,z,vg).

The vector of macroscopic quantities p is approximated by the vector of moments py of (fi,gx), which is
defined by a discrete sum on the velocity grid. That is, setting (f)x = Y okek fr AvP for any vector f € RV,
we have

P = (mfk +epiigr)k
We also define a discrete entropy in the same manner

Hi (fx,g9x) = (fx log LS

- fiodk-

b
5+2

9k
For the approximation of system (3), the transport terms are just evaluated at each point vy of the grid,

and we define some discrete approximation (M [px], M [py]) of the equilibrium function (M [p], M ™¢[p]).
Thus we obtain the discrete-velocity model of (3)

(M [pic] = fr),

(M [pic] = gr).

Ocfr + vk - Vafy = ®)
9

I L

Ogr, + vk * Vagr =

Now the main problem is to obtain an approximation (M [pi], M [pi]) of (M [p], M [p]) such that
system (9) is conservative and entropic. Following the idea of [13], we use the discrete version of the minimum
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entropy principle (6)

(Pe)  He(M{pgl, Mi*pi)) = min{Hie(£,9)},
" (10)
with X, = {fz 0Oand § >0 € RN s.t. (mf +epp1j)x = pK}.

Therefore, this approximation will be called discrete equilibrium. From this definition, it immediately follows
that the discrete-velocity reduced system (9) is conservative and entropic.

Obviously, it must be checked that this problem has a unique and easily solvable solution (solving directly
(Px) in RN x RN would be numerically expensive). In the continuous case, the condition p,# > 0 is sufficient
to characterize the solution of (6) by the distribution (M [p], M [p]) = (M[p],260M[p]). In the following
theorem, we prove that under a condition on py-, more complex than px, fx > 0, and under a natural assumption
on V, the discrete equilibrium (M [px], M [px]) has a similar form. This result is similar to the result
obtained for a monoatomic gas in [13], but the proof is rather more complicated.

Theorem 4.1. Let py. be a vector in RPT2. Assume that the grid V is such that
{m(vy),k € K} is of rank D + 2, (11)

then the following assertions are equivalent

(i) problem (Px) has a unique solution (M [pic], Mj™[px]), and there exists a unique vector c € RPH2

such that
M) = explan - m(u) and - M [pi] = §l- = MY o] (12)
K
for any k € K.
(ii) py is strictly realizable on V), i.e.
3(f,9) € Xp,. such that f,§ > 0. (13)

Remark 4.2. The exponential characterization (12) of the discrete equilibrium is to be compared to the similar
expression of the continuous equilibrium (see (8)). The difference is that here, we do not have a priori any
explicit relation between ax and py. In particular —ﬁ # k.

yd

Remark 4.3. Assumption (ii) of strict realizability is probably true if p,6 > 0. Actually, it is possible to prove
that in the most unfavorable case (N = D + 2 with D = 1), (ii) and p,6 > 0 are equivalent. But it is worth
mentioning that this is not true in monoatomic case (see [13]). We believe that this difference is due to the
additional degrees of freedom given by the internal energy distribution function g.

The model is now completely defined except in the case where py is not strictly realizable. For that case,
we can set (MZ[px], M&[pyx]) = 0. This has practically no interest because the model implicitly contains the
fact that py is realized by (fi,gx) > 0 if the initial condition is also strictly positive. We can now state that
the model is well defined and has the expected properties.

Theorem 4.4. Let (f°,¢°) be a strictly positive vector of RN xRN . Consider the initial value problem associated
with model (3), where (M [pyc], Mj™[px]) is defined either by (Py), or by 0 (if px is not strictly realizable).
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If this problem has a solution (fx,gx), then we have (at least formally)

fk(t)x);gk(t)x) >0 Vk,t,l’, (14)

(M [px], M [pic]) is defined by (12) (15)

or(mfx +eprigi)x + Velv(mfx + eptige))c =0, (16)

Bu(ficlog L& — fioye + Viato(ficlog L5 — fioe <0, (17)
g}5C+2 gl5<:+2

where the last two relations are respectively local conservation law of pyx and local dissipation of entropy
Hi(fic, 9x)-

Proof. The proof of assertions (14,16,17) is very similar to that of the continuous case, and is left to the reader.
We only need to show that the discrete equilibrium is always an exponential. Noting (fi, gx) is always strictly
positive proves that py is obviously strictly realizable, and theorem 4.1 then allows us to conclude. O

It remains to prove theorem 4.1, which is the subject of the next section.

5. STUDY OF THE DISCRETE EQUILIBRIUM

5.1. Formal calculation
Define the Lagrangian of the minimization problem (10)
e (F1 f - - ~
L(f,53,7) = (flog —— = flixc =7 ((mf + epr19)c — px),

5+2

N}

where (f,§) are some positive vectors of RV, and - is a vector of R°*2. Then the solution of (10) can be
formally computed by the following relations

0L o], M i), B = ((log —d 2] Vi g () = 0, (18)
M [pyc ]
0 MEpy]

LM [pic], M [pic], B)h = (— hye — BT (hy =0, (19)

§+2 M [py]

for any positive vector h € RV, and where 3 is some vector of RP+2. Relation (19) yields
M) = — e ME (o] (20)
K Pl = (2+6)B(D+1) K PKls

which implies that 5(P+1) is necessarily strictly negative. Moreover we obtain with relation (18)

M/ﬁr (]

log ————
RIS

=B -m(uvg), Vk e K.
Combined with equality (20) and after some calculations, it comes

249 4] 0 1
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To obtain the nice expression (12), we use the nonlinear change of variables

249 d 1

)
IB = o = TB + ilog(m[—m])eo, (22)

where eg = (1,0, dotsc, 0). Therefore, using (20-22) gives the expected result (12).

Remark 5.1. For the sequel, it is useful to invert (22), we find

2 5 5.1
P =550 2+51°g(§[_w])e° (23)

5.2. Existence of o

Now we use the dual problem of the minimization problem (10), which is obtained as described below.
Using (12) and (23), we rewrite the Lagrangian of the problem as a functional of ax

2 (exp(ax -m))x + 2 o
X . _ .
plak K 2190 K Pk

6 1 (0)
- (3

LM [pic], MM [pic), ) = —

[\]
o +
(%)

The existence and uniqueness of ax may then be obtained through the study of the maximum of this functional.
In fact we find it more convenient to simplify the last expression and to take the opposite. This leads to the
following functional

1) 2
J(y) = (exp(y-m))c — - o — 5 log(— 57" )i,

defined for any v of D = {y € RP*2, ~(P+1) <0}
Now, assuming py is strictly realizable, we just have to prove that .J admits a unique minimum o in D.
As a classical result of optimization, this is a direct consequence of the following lemma.

Lemma 5.2. If pi is strictly realizable (in the sense of (13)), then J is strictly convex, and is coercive on D,
ie. VR >0, 3B(R) and £(R) such that ¥y € D:

(|7| > B(R) or 0<—P < s(R)) = J(v) > R.

Then the vector ax allows us to define the discrete distributions (M [pxc], MM [px]) as in (12). Since ax
is the unique minimum of J in D, then we have J'(ax) = 0, which reads

) 1
(mexp(ax -m))k — px + 5[_W]p§g>eD+l =0.
K
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This implies that (mM[T [pi] + epr1 M [picl)c = pic, hence (M [pic], M [pk]) € Xp,.. Finally, using this
last property and the strict convexity of Hy, we have for all (f, g) € Xp,. different from (M [py], M [pi])

Hi(M{ [pi], My [pxc]) < Hi(f,9)
+ Hi (M [pic), M [pxe ) (M [pic] = F, M [px] — §)

= HK:(.f) g)
+ e (m(ME o] = ) + en (4] — D) (21)

5 g5 1 e
- Q—MIOg(§[_W])<M ol — Nk

= Hi(f,§) +0+0.

Thus (M [px), M [py]) is the unique minimum of Hy.

Remark 5.3. The definition of (M"[py], M [ps]) by the minimum entropy principle is fundamental to obtain
an entropic model. For instance, an alternate definition, very natural, is

r in 6 r
MItC [px] = exp(ak - m(vr)), My t[PK] = §9ICM1tc [kl

with ax such that (mM T [pi] +epy1 M™[p])x = pi. This definition is very close to the continuous one, and
also gives a conservative model. However, in the discrete case we do not have 0 = —ﬁ, as opposed to the
Qi

)

continuous case. Thus we do not have the relation M [py] = §

[— —57 ] M} [pxc] which is necessary to prove
RS

the entropy property in (24).

For concluding the proof of theorem 4.1, we now prove lemma 5.2.

Proof of lemma 5.2. The proof of this lemma is more complicated than for the monoatomic case. This is due
to the fact that D is bounded in one direction, thus the analysis of [13] cannot be completely applied.
First, note that .J is clearly twice differentiable on D. Its Hessian matrix is

)
J"(v) = (m @ mexp(y-m))x + WPQ)EDH ®ep1-

This matrix is the sum of two matrices, the first one is positive definite (owing to assumption (11) on the grid
V, see a proof in [13]), the second one is positive. Consequently the sum is positive definite and thus J is strictly
convex.

For the coercivity, we first prove that J is coercive in each direction of RP+2 .

Lemma 5.4. Let 3 be a vector of D and R > 0 a real number. For all w of the unit sphere SPT1 of RP+2,
there ezists a real 5(R,w,3) > 0 such that

J(B + sw) > R, Vs > 5.

Proof of lemma 5.4. First, we recall that assumption (11) on V in theorem 4.1 is equivalent to

v-m(v) =0 Vke K < ~=0. (25)
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Now, note that

J(B + sw) = Z exp(B - m(vy)) exp(sw - m(vy,))AvP? — sw - pic
kek
— los(— 2 (8P + 5Pl — B

As s increases, the vector 8 + sw grows to infinity or intersects the boundary {7(D+1) = 0} of D, depending on
the sign of w(P+1). Thus two cases are to be considered (see figure 1) :

(@) wP <0 and (b)) WPV >o0.

D+1)

w! >0 (6500007

S
EA
S
3
g
A
(=]
e
)
4/\
S
—
c

.....

B+ sw

B+ sw

KJ 4P+ kJ 4P+

SD+1 SD+1

FIGURE 1. Behavior of 8 + sw depending on the sign of w(P+1),

For case (a), we see that J(B + sw) is defined for any s > 0. First we assume that there exists kg such that
w - m(vg,) > 0. Therefore, denoting by ¢;(8) and c2(8) the terms that do not depend on s, we obtain

J(B + sw) >e1(8) exp(sw - m(vg,)) — 5w - P
) 2
3 log(—g(ﬁ(DH) + sw(DH)))PECO) —(B),
which tends to +oc0. Thus we can find §(R,w, 3) as it is stated in the lemma. If such a k¢ does not exist, then

w-m(vy) < 0 for all k, and property (25) implies that there exists ko such that w - m(vg,) < 0. Therefore from
property (13) we have w - px < 0, and thus

0 2
(B +5w) 2 —sw - prc = 5 1og(—5 (B + 5w P — ea(B),

which tends to +o00. Thus we can also find §(R,w, 3) as stated in the lemma.
For case (b), we see that J(B + sw) is defined for s < o = —%. Therefore the exponentials and the

linear term in J(B + sw) are bounded. We obtain

T(B -+ 50) > e(B) — 2 log(~ H(FPHV 4+ s+ 0

for all s < 0. Then it is clear that J(8 + sw) tends to 400 as s goes to 0. Thus we can find 5(R,w, ) as
required, which completes the proof of lemma 5.4. O
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Now, we use the following lemma, proved in the appendix, to obtain the coercivity of J.

Lemma 5.5. Any C! function J defined on D = {~y € RP*+2 (P < 0} which is convex, and coercive in
each direction (in the sense of lemma 5.4) is necessarily coercive in D.

This is in fact a general result which does not depend on the expression of J. The proof of lemma 5.2 is then
complete. O

Consequently we have proved that under assumption (13) of a strict realizable vector py, the problem (Px)
has a unique solution (this is the part (ii) = (i) of Theorem 4.1). The part (i) = (ii) is obvious: by definition
(MEpic], Mt px]) realizes py and from (i), we have (M [p], M [px]) > 0, which proves that pj is strictly
realizable. The proof of theorem 4.1 is now complete.

6. CONCLUSION

A new discrete-velocity model for rarefied polyatomic gases has been proposed. This model is based on a
reduced BGK system of two equations: one equation for the mass distribution function and one equation for
the internal energy distribution function. In term of computational storage, this model is economic, since there
is no more variables than in the monoatomic model.

The velocity discretization of this system is based on a rigorous approximation of the Maxwellian equilibrium,
by using a discrete version of the minimum entropy principle. The existence of this approximation (called discrete
equilibrium) has been proved.

Owing to this definition, our discrete-velocity model is conservative and entropic, as the continuous one. This
is essential to a robust and economic numerical scheme. By the way, an extension of the numerical method
proposed in [13, 14] to this model will be presented in a forthcoming article.
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7. APPENDIX: PROOF OF LEMMA 5.5

This proof is divided into four steps.

step 1. Parametrization of the set {v € D; J(v) = R}.

Let R > 0 be a real and B € D such that J(8) < R. Let w be a vector of the unit sphere SP*!. From
the convexity of D, we know that the vector 8 + sw is in D for any 0 < s < §(w) (where we denote by §(w)
the real 5(R,,w) of lemma 5.4). Therefore, the function s — x(s) = J(8 + sw) is defined for any s such
that 0 <'s < 5(w). From the properties of J, this function is convex and continuous in [0, §(w)] and it satisfies
x(0) < R and x(5(w)) > R. Consequently there exists a unique real in ]0, 5(w)] denoted by s*(w) > 0 such that
X(s*(w)) = J(B + s*(w)w) = R.

step 2. We prove that the mapping w € SP*! s s*(w) is bounded. This is a direct consequence of the
following lemma:

Lemma 7.1. the mapping w — s*(w) is continuous from SP+! onto R.

Since SP*+! is compact, then s*(w) is bounded, i.e. there exists o(8, R) > 0 such that s*(w) < o, for all
w e SPFL
Now we turn to the proof of lemma 7.1.

Proof of lemma 7.1. Let ¢ the function defined by ¢ (s,w) = J(8 + sw) — R, which is defined on the manifold
of R x RP+2

Sy ={(s,w) € R x $P*! st. s >0 and w P+ <0}
(D+1)

(T+1) and (JJ(D+1) > 0}
w

U{(s,w) ERx SPT st 0<s<—

Let w € SP*!, then by definition, the real s*(w) satisfies 1(s*(w),w) = 0. The idea is then to use the implicit
function theorem for 1 in ¥,. Due to the fact that J is a C'! function in D, then ) is differentiable at (s*(w), w).
Moreover, we have

Os(s*(w),w) = J' (B + s"(w)w) - w =

J'(v) - (v = B),

s*(w)
where we have set v = 8 4+ s*(w)w. Therefore, the convexity of J in D implies

1
s*(w)

059 (s (w),w) >

(J(7) = J(B))-

Now we note that by assumption J(v) = J(8 + s*(w)w) = R and J(B) < R, which gives 959 (s*(w),w) > 0.
This holds for any w, consequently the implicit function theorem can be applied to ¢/ and gives that the mapping
w — s*(w) is continuously differentiable in SP+1. Then a fortiori , it is continuous in SP*!, and this completes
the proof of lemma 7.1. O

step 3. We prove that the R-level set of J is compact in D. Set Q@ = {v € D; J(v) < R} and v # B € Q. This
vector can be written as ¥ = 3 + sw, with s = |y — 8] and w = L(y — 8) € SP*!. As in step 1, the properties
of x(s) = J(B + sw) imply that s < s*(w). Then step 2 implies that s < o(8, R), for any v € Q. Therefore
|7l < B+ (B, R), for any v € , and thus Q is bounded. Moreover, = J (] — oo, R]) implies that this set
is closed in D. Consequently, ) is a compact subset, of D.
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step 4. Conclusion.
This implies that there exist two reals B(R) > 0 and e(R) > 0 such that

v € Q= (J7] < B(R) and ¢(R) < —P*V).

Therefore, if v € D satisfies |y| > B(R) or 0 < —yP*1) < g(R), then ~ ¢ Q, and hence J(v) > R.
Since B(R) and ¢(R) can be obtained for any R > 0, this proves that J is coercive in D. The proof of
lemma 5.5 is now complete.



