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Résuḿe. La descriptionclassiquedu problèmedel’optique géoḿetriqueestLagrangienne.
Le passagèala repŕesentationEulérienneestpossiblemais,enprésencedecaustiques,neper-
metpasdecalculerla solutionLagrangiennecompl̀ete.Onprésentele contextemath́ematique
du problèmeainsiquequelquesoutilsnumériquesdévelopṕespourlevercettelimitation.
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Abstract. The classicaldescriptionfor geometricoptics is Lagrangian. It is possibleto
switchto anEulerianrepresentationbut, in presenceof caustics,thefull Lagrangiansolution
cannotbe computedusinga Eulerianmethod. We presentthe mathematicalbackgroundof
theproblemandseveralnumericaltoolsdevelopedto overcomethis limitation.
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1 Intr oduction

Ray tracingis a widespreadnumericaltechnique.Its is routinelyusedfor instancein theoil in-
dustryto computetravel-timesof seismicwavesin the undergroundunderthe geometricoptics
approximationfor high frequency wave propagation.Geometricopticsis alsoa prototypeprob-
lem for first order Hamilton-Jacobiequationswherethe Hamiltonianfunction is convex. This
classof problemsappearsin ratherdiverseapplicationssuchaswave propagation,meshgenera-
tion, combustion,crystalgrowth andmoregenerallyin a largenumberof problemsof thecalculus
of variations.

Ray tracingconsistsin solving a set of ordinarydifferential equationscalled the Hamil-
toniansystem. Oneof the variabledescribesa Lagrangiantrajectory(the ray) alongwhich the
others,the Lagrangianvariables,aretransported.This approachis conceptuallysimpleandnu-
mericallyeasyto use.As aLagrangianmethodhowever it doesnotgiveany controlon thespatial
resolutionof theLagrangiansolution. Indeed,theraysarenecessarilyin finite numbersandpro-
ducewhendiverging poorresolution(aLagrangianattemptto solve thisproblemis theWavefront
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14 An Euleriannumericalmethodfor geometricoptics

Constructionmethod[35] [26]) . Whenconverging (theoppositephenomena),therayscancross
andcausticsappear. In thiscasetheLagrangiantrajectoriesnaturallysweepseveraltimesthesame
spacelocationwheretheLagrangianvariablesmaytakedifferentvalues.TheLagrangiansolution
is in thissensemulti-valued.

When switching to Eulerianvariablesdefinedon the configurationspace,we obtain an
Hamilton-Jacobipartial differentialequation.It canbe discretizedon a fixed grid which in par-
ticular doesnot dependon the rays. The spaceresolutionof the numericalmethodis therefore
easilymaintainedandtheaccuracy of theapproximationdependson this resolution.In theclas-
sical theoryhowever, thesetwo approaches,LagrangianandEulerian,areequivalentonly where
theLagrangiansolutionis well definedandsingle-valued.

Theproblemof computingtheLagrangiansolutionusingaEulerianrepresentationwhenit
is multi-valuedhasbeenthesubjectof on-goingwork in thelasthalf decade([31] [18] [7] [2] [29]
[14] [19] [8] [24] ...). Most of thesestudiesweremotivatedby potentialapplicationsto high fre-
quency wavepropagationproblem(seefor instance[25] [27] [17] [21]) for whichtheexactmodel
is numericallyintractablesometimesevenin 2-D. Seealso[11] on this applicationin presenceof
acuspidalcausticwhichwill beourmaintopic of interest.

We first review herethe mathematicalframework of the problem, introducingboth La-
grangianandEulerian“viscosity” solutionsand their relations(sections1 to 3). The structure
of the multi-valuedsolutionassociatedto a cuspidalcausticis detailedon a particularexample
(section4) andusedin a secondpart to illustrate the successive numericalEulerianalgorithms
proposedto solve theproblemin thegeneralcase(section5). Numericalresultsarepresentedin
thethird part(section6).

2 The Lagrangian solution and the ray method

2.1 The Hamiltonian system

A Hamiltonianfunction ��������������� is given,definedon  "!#%$& (') $& *'+ , , is thespacedimensionof
theproblem, !#%$- ') is thetime-spaceconfigurationin whichrayscanevolveand  !#.$/ ') $- '+
is calledthephasespace.TheHamiltonianis assumedto becontinuousupto its secondderivatives
andconvex andcoercive in its lastvariable� .

The Lagrangianmethodthen consistsin solving the Hamiltoniansystemformed by the
following setof ordinarydifferentialequations(ODEs)[36] [3] [23] [17] :0111112 111113

4�5�768���:9;�"<=� + �76>�����768���:9;�����?�768���@9;�����A�B��C@���@9;�A<D�@9E�4�F�76>��� 9 �A<HGI� ) �76>�����768��� 9 �����?�768��� 9 �������?��C@��� 9 �(<KJ 9)�L ��� 9 ���4M �76>���@9;�(<N�?�768���:9;�FOP� + �76>�����76>���@9;�����?�768���:9;���*G%���768�����76>���@9Q�����?�76>���@9P�����M ��C@��� 9 �(<RJ 9 ��� 9 ��S(1)
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Jean-David Benamou 15

Thedot standsfor “time” derivation `acbedgfih�j_k lh�m , nEoQp a�qsrQt�q�u;d and nEoQp�o�v a�qsrQt�q�uQd respectively denote
thegradientandtheHessianof n with respectto

q�w
and

a�q�wxt�q@yPd
, z5{ is the initial phaseandalso

appearsin the initial conditionfor | . For each } {�~=� h� (or a subsetof � h� ), the systemgener-
atesbicharacteristicsstrips

a } a7�8t }:{ d�t | a7�8t }:{ d�d lying in phase-spacewith smoothdependenceon�
and } { . Theprojectionsof thestripsonto � � : } a7�>t } { d , arecalledtherays. Eachray is there-

fore“labeled”by its initial position }:{ . Thephase� a7�>t }@{ d is transportedby thecorrespondingray} a7�8t } { d and,whenraysarecrossing,isamulti-valuedfunctionof theconfigurationspace�"�m�� � h� .
It happensin particularat causticswhich arethepointson the rayswherean infinitesimal

tubeof neighboringrayscollapses.Mathematically, aray } a7�>t } { d encountersacausticpointwhen
thedeterminant(denoted� b � ) of theJacobianmatrixof } with respectto }:{ :� a7�8t } { d"f ��� } a7�8t } { d� } { �(2)

is zero.Thequantity � is sometimescalled“geometricspreading”asit providesa local measure
of thegeometricconvergenceor divergenceof therays.

Causticsbeingan importantingredientof multi-valuednessandthereforeof our problem,

it is importantto understandhow � a7�>t } { d canbeevaluated.Thecomputationof � � j�m]� ��� l� � � is per-
formedusinga setof additionalODEswhich areobtainedvia a linearizationof the system(1)
with respectto } { :������������ �����������

���� `� }� } { a7�8t }:{ d`� |� } { a7�8t } { d
����� f=�&a7�8t } a7�>t } { d�t | a7�8t } { d�d?� ��� � }� } { a7�>t }@{ d� |� } { a7�>t } { d

���� t��� � }� } { a��@t } { d� |� } { a��@t } { d
���� f ��H�8� hE�:h�;�c  �� � � � a } { d

��(3)

where �&a�¡�t } t | dAf£¢ ¤¦¥ � a7�>t } t | d ¤-¥]¥ a7�>t } t | d§ ¤ ��� a7�8t } t | d § ¤ � ¥ a7�>t } t | d©¨ b(4)

This is asetof ª � u ODEsbut, asit is written,eachunknown of system(3) is a � � � matrixandthe
matrix vectorproductmustbeunderstoodin thecorrectalgebra.Findinga causticpoint on a ray
thereforeconsistsin solving (1-3) andevaluate� a7�>t }@{ d alonga ray using(2). Whenit vanishes
or morepreciselychangesits sign,theray haspassedacausticpoint.

2.2 The Lagrangian sub-manifold and its singularities

We would like now to know whentheLagrangiansolutionis multi-valued.It is of courseimpos-
sible to accessthis informationa priori ; but differentialgeometryprovide someinformationon

ESAIM: Proc., «�¬�­�®�¯�¯ , °�±�±�° , ¯�²�³�´�±



16 An Euleriannumericalmethodfor geometricoptics

thepossiblestructuresof multi-valuedsolutions(see[5] [4] [17] [23]).

In this theory, thesetof bicharacteristicsstrips µ·¶H¸º¹7»>¼�½�¹7»>¼�½@¾;¿�¼�À?¹7»8¼�½:¾;¿�¿�Á;¹7»8¼�½@¾P¿gÂ�Ã"ÄÅ·ÆÃAÇÈÊÉ is consideredasa(Lagrangian)sub-manifoldof co-dimensionË of phase-spaceÃ ÄÅ ÆÌÃ(ÇÈ ÆÌÃ*ÇÍ .
Next we introducethecanonicalprojectionfrom phasespaceto configurationspace:ÎÐÏ Ã"ÄÅ ÆÑÃ ÇÈ ÆÑÃ ÇÍ Ò5Ó Ã"ÄÅ ÆÑÃ ÇÈ¹7»8¼�½�¼�À�¿ Ò5Ó ¹7»>¼�½Ê¿�Ô
When µ foldsonitself in the À dimensiondirection,theLagrangiansolution

Î ¹�µÕ¿ is multi-valued
andtheprojectionbecomesingularon thefold. Theprojectionof thefold is thecaustic.Quitere-
markably, differentialgeometryprovide agenericclassificationof thedifferentstableways µ can
locally fold (stablemeansherethatthestructuredescribedbelow of µ cannotchangeundersmall
perturbationin phasespace).Moreprecisely, up to anunknown changeof variablein phasespace
whichpreservesthevolumeelementË>½×ÖØË�À , a localanalyticaldescriptionof µ nearmulti-valued
solutionis given.For ËØ¶ÚÙ , whichcorresponds(with the“time” dimension)to a two dimensional
problem,therearetwo possibilitieswhere ¹7»8¼�ÀB¿ areusedto parameterizeµ : theFold, ½Û¶ÝÜ�À�Þ
andtheCusp, ½ß¶áà�À�âäãDåæ»�À (which correspondstwo the junctionof two Folds). A similar but
largerclassificationexistsfor ËØ¶Kå:¼�Ü .

Themulti-valuedgeometricsolutioncan,of course,bemorecomplicated.Differentfold-
ingsmayinteractor superimpose.However, locally, it canalwaysbereducedto severalelemen-
tarycaustics.Thepurposeof thepresentationis to describeanumericalmethodfor computingthe
multi-valuedsolutionassociatedto ageneralcuspidalcaustic(whichcontainsthecaseof theFold
asa sub-case).This building block could be usedthenin a generalalgorithmableto copewith
causticinteractions.See[8] for moreon thatsubject.

3 The Eulerian solution and the Hamilton-Jacobipartial differ ential
equation

3.1 From Lagrangian to Eulerian

Weassumethatthefollowing “transversality” conditionç ¹�è@¼�½ ¾ ¿êé¶=è(5)

holds.Then,aswe proceedalongtheray andaslongasthe“no caustic”property ç ¹7»>¼�½@¾;¿ëé¶Kè is
satisfied,we canapplythelocal inversiontheoremto themapping½ ¾ Ó ½�¹7»>¼�½ ¾ ¿ . This implicitly
meansthat theEulerianvariable ì*¹7»8¼�íB¿ evaluatedat theLagrangiancoordinatesspecifiedby the
raysmatchestheLagrangianphase:ì?¹7»8¼�½�¹7»>¼�½ ¾ ¿�¿A¶KîÕ¹7»8¼�½ ¾ ¿�Ô(6)

ESAIM: Proc., ï�ð�ñ�ò�ó�ó , ô�õ�õ�ô , ó�ö]÷_ø�õ



Jean-David Benamou 17

It is well definedin thedomainspannedby therays ù�ú7û>ü�ù@ýQþ suchthat ÿÕú7û>ü�ù@ý;þ����� . This is equiv-
alentto ano causticassumption.

Notethatat time � thegradientof �*ú � ü�ù:ýPþ : ���Êú � ü�ù:ýEþ is, by definition,equalto �?ú � ü�ù@ýPþ . A
classicalresultof thecalculusof variation[22] [36] statesthatthispropertyis preserved,againas
longas ÿÕú7û>ü�ù@ý;þ	���� : � � ú7û8ü�ùBú7û8ü�ù ý þ�þ � �?ú7û8ü�ù ý þ�
(7)

It is thenstraightforward to derive theHamilton-Jacobiequation,first in Lagrangiancoordinates
andthenbackto Euleriancoordinates:�
���� �� û ú7û8ü��Bþ�����ú7û8ü��sü����Êú7û8ü��Bþ�þ ��� ü������Øú7û8ü��Bþ! #"%$&�'("*)+�*ú � ü�ù ý þ � � ý ú�ù ý þ�ü������ëù ý  (" )+ 
(8)

Whentheaboveconditionson ÿ aresatisfied,� definedby (6) is calledaclassicalsolutionof (8).

3.2 The viscositysolution

Whentheconditionsfor a classicalsolutionarenot satisfied,thereis still a notionof globalweak
solutionfor equation(8) called“viscosity solution” [15] [6]. Viscositysolutionsarethe correct
objectsto considerbecauseany stablenumericalschemeconvergesto this classof solution[30]
[16]. Theseschemesaregenerallycalledupwindbecausethey discretizespacederivativeson the
oppositesideto thedirectionof therays(would raysbetraced).

A link canbe madebetweenLagrangianandEulerianviscositysolutionusingthe theory
of optimal control [8]. The viscositysolutioncanbe characterizedasthe valuefunction of the
following optimizationproblem�*ú7û8ü��Bþ � ,.-0/1 ù@ý2 3" + ü(ù�ú4
eþ! 6587�9 $;: ú<"gþ>=ù�ú � þ � ù ý üAù�ú7ûEþ � ��?

@ &ýBA ú<C�ü�ù�ú<C�þ�üEDù�ú<C]þ�þ4FGCH�I� ý ú�ù ý þ�ü(9)

wherethe minimizationis performedwith respectto the admissiblecurves ù�ú4
eþ andtheir initial
point ù:ý . The “Lagrangian”function A ú7û8ü��sü�J þ �LKNM0OGPRQTSVU 1 �3WRJYXZ��ú7û8ü��sü[��þ�? is the Legendre
transformof � with respectto � . Onecanformally checkthat theEuler-Lagrangeequationsof
this problemcorrespondto the Hamiltoniansystem(1). It meansthat the raysare the critical
curves of the optimizationproblem(9) and the viscositysolution the optimal valueof the cost
function.

Wheneachpoint is only reachedby oneray, we have asingle-valuedclassicalsolutionand
thevaluefunctionof problem(9) is exactly theintegral of thephaseODE in (1).

If more thanoneray reachesthe time spacepoint ú7û8ü��Bþ andif we denote ú�ù ý\ þ \^] 7�_�_ ` thea initial pointsof thesecurves, thenthe viscositysolution � selectsminimum of the associated
phases: �?ú7û8ü��Bþ �cbY,d-\^] 7�_�_ `He ú7û>ü�ù ý\ þ�
(10)

ESAIM: Proc., fhg>ikjml>l , n�o�opn , l�q�r.s>o



18 An Euleriannumericalmethodfor geometricoptics

If thereis a zonewhereno ray penetrates,theviscositysolutionimplicitly generates“non-
classical”raysto fill thisemptyzone.It meansthattheoptimalcurveswill satisfytheHamiltonian
system(1) with initial conditionsdifferentfrom what is specifiedfor classicalrays. See[10] for
moreon this phenomena.Whentheconfigurationspaceis bounded,theoptimalcurvesmayonly
satisfytherayequations(1) piecewise(they canbereflectedor diffracted)or they cancreepalong
boundaries.Theseinterestingsituationsareprobablylinkedto diffractionphenomenaandshould
hopefullybeinvestigatedelsewhere.

3.3 Transport equations

Of course(8) aloneonly provides the phase. As in the Lagrangianmethodwe can introduce
additionalequationsto determinecaustics.Let tvuxwzy�{�| be a new Eulerianvectorvaluedvariabletvuxwzy�{�| configuredin time-spaceuxwzy�{�|~}3����������� anddefinedby ( � � is thetransposeof � ) :tvuxwzy��;uxwGy�����|�|���u^� �;uxwGy�� � |� � � yv�G� uxwGy�� � |� � � | � �(11)

Like for theHamilton-Jacobi(seesection4.3),eachcomponentof tvu<�>y�{�| , t>�Nu<�>y�{�| canbeshown
to satisfyaEuleriantransportequation:���� � t>�� w uxwGy�{;|m�����0uxwzy�{�y����v|���t>�<� � uxwGy�{;|���¡¢uxwGy�{Hy��h�hu<{;|�|E��t>�NuxwGy�{;|�y�£¤��¥¦y�§tVu[¨�y�{�|!��u©¥�ª0«GyG¬�­©®�¯¬ � ¯ ­ u<� � |�|°�%y%±�²�³2{´}3�*� �(12)

Theunknowns t>� are µ¶�·µ matrixandweherehaveamatrixequationswherethedifferentialoper-
atorsmustbeappliedcomponent-wiseandthe � indicatestheproperproduct.Thesolutionof this
system,whencoupledto (8), givesthenecessaryinformationto computea Euleriancounterpart
for ¸ denoted¹�uxwzy�{�| : ¹!uxwGy��;uxwGy�� � |�|���¸~uxwzy�� � |��(13)

Finally, ¹ cansimplybeexpressedonly in termsof Eulerianvariables(using(2) (11)):¹�uxwGy�{;|��8º t�»�uxwzy�{�|^º¼�(14)

Alternatemethodsfor thecomputationof ¹ andalsotherelationbetweenthis quantityandwave
amplitudescanbefoundin [20] [9] [32].

3.4 The Eulerian equationsin the ½¿¾0À¿Á�Â space

It is alsopossibleto chooseasthe Eulerianconfigurationspace,the spacespannedby � uxwzy�� � |
insteadof �;uxwGy�� � | . As long asthe � trajectoriesdo not cross,i.e. µvÃT�puE¬ �¬ � ¯ uxwzy�� � |´Ä�Å¨ (seethe

transversalitycondition(5)), it is possibleto invert � �ÇÆ � uxwzy�� � | andswitchto Eulerianvariables
now definedon the uxwGy � | space.As before,we needa variableto describethephase�¤uxwzy � | but
alsooneto keeptrackof theposition � whichwe call ÈÉuxwzy � | :È�uxwGy � uxwzy�� � |�|��Ê�;uxwGy�� � |���¤uxwGy � uxwzy�� � |�|���Ë~uxwGy�� � |��

ESAIM: Proc., ÌhÍ>ÎkÏ;Ð>Ð , Ñ�Ò�ÒpÑ , Ð�ÓNÔÖÕ>Ò
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Now, simplyderiving theaboveformulaewith respectto × andwith thehelpof theHamilto-
niansystem(1), wecanestablishthat Ø and Ù satisfyin EuleriancoordinatesÚx×GÛ[Ü�Ý theeequations
: Þßßßà ßßßá Øãâ�Úx×zÛ[Ü�ÝEäæåèçvÚx×zÛ�ØÉÚx×zÛ[Ü�Ý�Û[Ü�Ý*éTØ�ê Úx×zÛ[Ü�Ý�ë�å�ê0Úx×zÛ�ØÉÚx×zÛ�Ý�Û[Ü�Ý�ÛÙ â Úx×GÛ[Ü;ÝHäìå ç Úx×zÛ�ØÉÚx×zÛ[Ü�Ý�Û[Ü�Ý*é�Ù ê Úx×GÛ[Ü�Ý*ëÉÜãé�å ê Úx×zÛ�ØÉÚx×zÛ[Ü�Ý�Û[Ü�Ý¤äíåÉÚx×zÛ�ØÉÚx×zÛ[Ü�Ý�Û[Ü�ÝØÉÚ[î�Û[Ü�Ý�ëÊï�ÛðÙ¤Ú[î�Û[Ü�Ý�ë�ÙòñRÚ<ï�Ý�ó(15)

As we will see,the Úx×GÛ[Ü�Ý spacesettingis particularlyusefulwhenthe transversalitycon-
dition (5) is not satisfiedin the Úx×zÛ�ô0Ý space.Indeed,It is a classicalresultin Maslov theorythat
in this casethe equivalentconditioncannotdegeneratein the Úx×GÛ[Ü;Ý space.This meansthat the
solutioncannotbemulti-valuedbothin the Úx×GÛ�ô Ý and Úx×zÛ[Ü�Ý configurationspaces.

4 Comparison of the Lagrangian and viscosity solution in presence
of a cuspidal caustic

Thenumericalillustrationsthroughoutthis paperareperformedon a particularHamiltonianused
in two dimensionalgeometricoptics(see[34] or [8]). Weassumethattherayspossessaprivileged
directionof propagationwhich we will chooseasthe “time” coordinate× . The positive smooth
index of refraction õ thereforemaydependbothon “time” × andspaceï . Thephasenecessarily
increasesin the × directionandtheclassicaltwo dimensionalEikonalequationcanbereducedto
andevolution problemof type(8) with ö¢ëø÷ andå�Úx×GÛ�ïHÛ[Ü�Ý�ëùä�ú õmû¦Úx×zÛ�ï�Ý¤ä(Ü�û�ó(16)

4.1 The Lagrangian multi-v alued solution

With the choice(16), multi-valuednessmay occureitherbecauseof the variation õ (a lens for
instance)or even when õ is constantbut the initial phaseÙòñ is suchthat rayswill focus. The
simplestcaseof acuspidalcausticmaybeproducedby taking:õýü�÷¦Û�Ù ñ Ú<ô ñ Ý�ëÿþ ç��ñ Ü�ñRÚ<ï�Ýú ÷ � Ü ñ Ú<ï;Ý4û öGïHÛ with Ü ñ Ú<ï;Ý�ë ä��0Ú<ïãäìî�ó��GÝú ÷ � �0Ú<ï äìî�ó��GÝ4û Û(17)

andmaybeusedto analyzequalitatively thestructureof theproblem.

Figure1 showsthecorrespondingrays,solutionsof (1), shotfrom thebottom( ×	ë�î ) to the
top. Thecuspidalcausticcaneasilybedistinguishedasthecurvewhichseparatesthemulti-valued
zone(wherepointsarereachedby threerays)andthesingle-valuedzone(only oneray). In this
caseit is easyto solve analytically the system(1) andwe canrepresentthe level curvesof the
Lagrangianphasefor acontinuumof rays.It is doneonfigure1. Thevalueof thephaseincreases
from bottomto top. Thelevel curvesof thephasefold on themselvesinsidethecausticwherethe
solutionis multi-valued.

ESAIM: Proc., �	��

����� , ������� , ���������
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Figure1: Left: Raysshotfrom ����� . Right: Level curvesof � , thevaluesof � increasein the �
direction.

4.2 The viscositysingle-valuedsolution

The viscositysolutionis obtainedby applyingthe minimum phaseprinciple (10). The result is
displayedon figure 2. It exhibits a curve of singularitiesin the gradientof � calleda kink (or
shock). The solution can also be obtainedby solving the Hamilton-Jacobiequationafter dis-
cretizationandusinganupwindscheme.We refer to [28] [33] [1] for theuseof suchschemein
theHamilton-Jacobicontext.
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Figure2: Left : Level curvesof theviscositysolution � with a kink on  !�"�$#�% . Right : Level
curvesof themulti-valuedsolution � .
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4.3 Branch splitting of the multi-v aluedsolution

Themulti-valuedsolutioncanactuallybesplit into threesingle-valuedbranchesdelimitedby the
causticcurve. On figure3, werepresentthethreefamiliesof raysor of portionsof rayswhichare
associatedto eachbranchandonfigure4 arethecorrespondinglevel curvesof thephase.Theleft
andright branches( 35476 and 38459 ) areassociatedto the raysbeforethey reachthe caustic,the
lastbranch( :�4 ) is givenby theportionsof raysoncethey passedthecaustic.A comparisonwith
figure3 shows that theviscositysolutionis composedof the left branch 384�6 for ;!<�=$>�? anthe
right branch38479 for ;@<A=$>�? (they matchon thekink ;CBD=$>�? ). Theviscositysolutiontherefore
never “reach” thecaustic.By this we meanthat theportionsof raysimplicitly associatedto the
viscositysolutiondo not reachthe caustic(with the notableexceptionof the singulartip of the
causticalsocalledthecusp).Superimposingthethreeplotsin eachfiguregivesbackrespectively
thecompletefamily of raysandthemulti-valuedphase(figure1).

This a generalresultvalid for any cuspidalcaustic,eachbranchseparatelycanbe shown
to satisfyan optimal characterizationlike (9) and is interpretedas the viscositysolutionof the
Hamilton-Jacobiequationsetin thedomaincorrespondingto theactualsupportof thebranch[8].
More precisely, let EGFIH�J�KLH�M , thecoordinatesof thecuspand KNBO476PEGFQM theequationof the right
partof thecausticand K@BR459SEGFQM of thetheleft partbegiven(noticethat KTHUBR479SEGFVH�MWBR476�EGFVH0M ).
We furtherassumethattheclassicalsolution X HZY\[�]^] EGF_J�K`M is known until “time” F7BDF H . Then,the
threebranchesareviscositysolutionsof theoriginal Hamilton-Jacobiequationsetin theproper
domainwith suitableboundaryconditions:abc bd XfeTg Y] EGF_J�K`M�:ihjEGF_J�KfJ�XfeTg Yk EGF_J�K`M�MUBA=$J XfeTg Y EGFVH�J�K`MWBlX HZY\[�]^] EGFVH�J�K`M�JmKonp476�EGFVH0MX eTgLq] EGFrJ�K+M�:shsEGFrJ�KtJ�X eTgLqk EGF_J�K`M�MWBl=$J X eTgLq EGF H J�K`MWBRX HuY�[�]^] EGF H J�K`M�JNKwvp479$EGF H M(18)

for the 384�6 and 38479 brancheswith “out-going” boundaryconditionsalongthecaustic(we refer
to [8] andfor moreon theboundaryconditionsatcaustics).And

X`x g] EGFrJ�K+M�:shsEGFrJ�KtJ�X`x gk EGFrJ�K+M�MWBA=$Jzy X x g EGF_J�476PEGFQM�MWBRX eTg Y EGFrJ�4�6PEGF{M�MX x g|EGF_J�459SEGFQM�MWBRX�eTgLq}EGF_J�459SEGFQM�M(19)

for the last branch :�4 which is connectedto the 384 branchesvia the initial conditions. For
eachbranchseparately, thephaseis nowherediscontinuousandexceptat thecausticits gradientis
well defined.We have X k EGF_J�;`EGF_J�;$~IM�M|B���EGF_J�;�~�M for thecorrespondingEulerianandLagrangian
branches.

5 The numerical algorithm

This sectionexplainshow the branchsplitting algorithmof section4.3 canbe usedto provide
a tractablesolutionfor a generalcuspidalcaustic. The resolutionof equations(19) and(18) is
subjectin particularto thenumericallocalizationof causticswhich areusedto definethesupport

ESAIM: Proc., �	���
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Figure3: Fromleft to right : the familiesof ray associatedto the threedifferentbranchesof the
Lagrangiansolution.Thecausticis usedto split therays.In particularthebranch��� is madeof
theremainingpartof theraysof thebranches�5� sstoppedat thecaustic.
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Figure4: From left to right : The correspondinglevel curves of the phase. The valuesof the
branches�8� sand ��� matchon their respective partof thecaustic.
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of eachbranch.Euleriancausticlocalizationis itself adelicateproblemfor whichwealreadypro-
poseda”time asymptoticmethod”[10]. Wepresenthereadifferentandsomewhatsimplermethod
whichcombinestheresolutionof anODEfor thecausticcurve with anadaptative griddingof the
Lagrangiandomain.

Theprogramof ouralgorithmcanbebriefly summarizedasfollow : The”time asymptotic”
methodis modifiedto computepreciselythepositionif thetip of thecusp �G�I�����L��  andtheclassical
solution ¡ �Z¢\£�¤^¤ �G� � �¦¥\  . Wethenswitchto �G�r�¨§+  spacelocally around�G� � ��� �   to initialize thebranch
splitting algorithm. In this configurationand locally the solution is single-valuedbut may not
remainso.We thereforego backto �G�r��©ª  spaceto realizethebranchsplitting algorithm.

Themethodis illustratedusingtheexampleof section4 anda morecomplicatedtestcase
is presentedin section6.

5.1 Computing the classicalsolution

An accurateresolutionof the multi-valuedproblemcannotafford a looseapproximationof the
causticgeometryon a Cartesianspace-timegrid discretization.We proposeherea simplification
of themethodpresentedin [10] to determineaccuratelythe time � � of occurrenceof thecuspas
well astheclassicalsolutionat this horizon.

WerecallthattheEuleriangeometricalspreading,definedas« �G�_��©`�G�_��©�¬I � U­A®°¯�±��W² ©² © ¬ �G�_��©$¬I � W­A®°¯�±��G³V´{�G�r��©+�G�r��©$¬� � � 
canbecomputedusingan Euleriansystemof transportequations(12). On eachtime slice � we
define µ« �G�{ W­A¶¸·�¹º « �G�r���+ �¥
And introducea new time variableas µ���G�Q »­D¼ ¤¬ ½µ« �¨¾	 À¿ ®°¾
wheretheexponentÁ is adegreeof freedomof themethod.

We remembernow thatgeometricalspreadinggoesto Â asraysapproachthecaustic.This
will alsobethebehavior of theEulerian

« �G�_���`  andconsequentlyof
µ« �G�{ µ« �G�{ »ÃÄÂlÅ5Æ	¯¦ÇÈ��ÃÉ� � ¥(20)

If Á is properlychosenwe canexpectthat
µ���G�Q  will behave like ÊÌËVÍL� ´¤ZÎ�ÏT¤   near � � . Even

though Á canbe determinedanalytically at the continuouslevel, the discretizationof equation
(12)will ruin theexactconvergenceproperty(20)andsomedependenceof Á on thediscretization
shouldbestudied.For now we just adjustheuristically Á to producethecorrectconvergenceand
theexpectedbehavior. A rigorousstudyof thispoint hasyet to bedone.

ESAIM: Proc., Ð	Ñ�Ò
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Thenext stepis to performthechangeof time variablein theunknownsof ourproblemÚtÛÜÞÝ Ûßrà�á+â�à Ûã Ý Ûßrà�á+â�à�ä Ý Ûß}â�å5æ Ú ÜÞÝ ß_à�á`â�à ã Ý ßrà�á+â�à�ß}å
augmentedwith theunknown ä whichsimplykeepstrackof theold timevariableß andwhichwill
beuseto invert this changeof variablein time. As Ûß goesto ç�è (asa Log) thenew Û é variables
behave (exponentiallyfast)like theold onesas ß goesto ßVê , thefirst caustictime.

Theequationsin the
Ý Ûß_à�á`â coordinatesare(simplyapply

Ûëfì Ûß8æ ì ß to (8) and(12))íîîîï îîîð
ÛÜ»ñò Ý Ûßrà�á+â ç Ûë Ý Ûß{â^ó Ý ß_à�áfà ÛÜTô	Ý Ûß_à�á`â�âÌæAõ$à ÛÜÞÝ õ$à�á`âÌæ ÜLö{Ý á+âÛã ñ÷ùø ò Ý Ûßrà�á+â ç Ûë Ý Ûß{â Ý ó�ú Ý Ûß_à�áfà ÛÜTô âüû Ûã ÷ùø ôªÝ Ûßrà�á+â�ýÿþ Ý Ûßrà�átà ÛÜ	ô	Ý á+â�â�û Ûã ÷ Ý Ûßrà�á+â�â�à ç�� é��0éä ñò Ý Ûß{â»æ Ûë Ý Ûß{â�à Ûä Ý õ_âWælõ

In practicewe wait for theseevolution equationsto be stationaryandwe theninvert thechange
of variableto recover theclassicalsolution,i.e thesolutionof theHamilton-Jacobiequationuntilß8ælß ê (seefigure5) : Ü ê���� ò^ò Ý ä Ý Ûß{â�à�á`âWæ ÛÜ�Ý Ûß_à�á`â é
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Figure 5: Left : Level curves of
ÛÜÞÝ Ûßrà�á+â . Right : Level curves of

Ü ê���� ò^ò Ý ä�à�á+â . In this caseß ê æAõ é	� õ ��
 .

5.2 Localization of � ê in 
�������� space

Section5.1 explainshow ß ê canbe accuratelydeterminednumerically. We now discussthe lo-
calizationof á ê . It is clearthat theminimumof

ë Ý ß ê à�á`â is achievedat á ê . However, becausewe
work on a finite differencegrid, we canonly hopeto be accurateup to thespacediscretization.
This is not sufficient for our purposeof capturingaccuratelythe multi-valuedsolutionwhich is
”branching”at

Ý ßIê�à�áLê�â . Onepossibilityis to useadaptative griddingin space(in thespirit of [32]
for instanceor by using

ë
asalocalgrid refinementcriterium).Thissolutionmayhoweverbeslow

ESAIM: Proc., ����������� , � � �!� , �#"%$'&��



Jean-David Benamou 25

becausethe CFL conditionwill decreasedramaticallyas () goesto * . We proposehereanother
approach,morenaturalin asense,whichwill alsobeusedto initialize themulti-valuedsolution.

We know that the Lagrangiansub-manifold + (section2.2) can be parameterizedusing,.-0/2143
asa polynomialof degree3 in

1
, hencethe 5 branchesdevelopinginsidethecausticcor-

respondto eachof the threerootsin
1
. At

-768-:9
, thesolutionis however not yet multi-valued,

we thereforeassumethat + canbeapproximatedlocally by apolynomialof degree3 whichhasa
singlerealroot. Usingthenotationsof section3.4,we write in

,.-0/21�3
space; ,.-<9!/21�3=6?>@9�ACBD,�1FEG1@9%3IH

(21)

where
,.-:9!/#>@9!/21J9K3

are the coordinatesof the tip of the cuspin phasespace;
>J9

and
1@9

arenot
known and

B
is a constantcoefficient alsounknown. A similar polynomialrepresentationfor the

phaseL is alsoavailablewhich is necessarilya polynomialof degree4 in
1

(seethereferencesin
section2.2) L ,.-:9!/2143M6 L 9NA 5 BO, ,�1FEG1 9 3�PQ AR1@9 ,�1SET1 9 3 H

5 3
(22)

Thecoefficientsareobtainedby consistency with (21) andusingthefact thatexceptat
; 6U>J9

,
we musthave

1O6 L@V . Remarkthat L 9 thephaseat
,.- 9 /#> 9 /21 9 3

is alsounknown.

We now wantto determinetheunknown parameters
,2B@/#>@9W/21@9!/ L 9K3 . Let

>�X
and

>JY
betwo

neighboringpointsof
>J9

. At thesepoints, the phasesL 9[Z	\ ]I] ,.-:9�/#> X 3
and L 9�Z�\ ]I] ,.-:9!/#> Y 3

and its
gradientarea priori known. Furthermore,setting

1^X_6 L 9�Z	\�]�]` ,.-0/#>�Xa3
and

14Yb6 L 9[Z	\ ]I]` ,.-c/#>JYM3
we

have de�f >�Xg6 ; ,.-:9!/21^XN3 /h>JYh6 ; ,.-<9!/214Yi3 /
L 9�Z�\ ]I] ,.-<9!/#> X 3=6 L ,.-<9!/21 X 3 / L 9[Z	\ ]I] ,.-:9!/#> Y 3M6 L ,.-:9!/21 Y 3 j(23)

In practice,
>�X

and
>JY

arediscretizationpoints,neighborsto
>J9

, and
1^X

,
1JY

, L 9�Z�\ ]I] ,.-:9!/#>^XN3
andL 9[Z	\ ]I] ,.-:9�/#> Y 3

areoutputsof thenumericalmethoddescribedin section5.1. With thehelpof (21)
(22),we transform(23) in thesystemdkkkkkkke kkkkkkkf

> X 6l>@9�AmBn,�1 X EO1J9K3 H /
> Y 6l>@9�AmBn,�1 Y EO1J9K3 H /
L 9[Z	\ ]I] ,.-:9!/#>^Xa3M6 L 9�A 5 Bo,:p qsr X qut�vxwP AR1J9yp qsr X qWt�vxzH /
L 9[Z	\ ]I] ,.-:9!/#> Y 3M6 L 9�A 5 Bo, p q<{ X qWt|v wP AR1@9 p q<{ X qWt�v zH /

(24)

where
,2B@/#>@9W/21J9!/ L 9K3 aretheunknown. System(24)canbesolvedanalyticallyor usinganiterative

method.This is of courseoneof themany waysthis parameteridentificationcanbeperformed,
but it seemsto work andwe did notexperimentedotherpossibilities.

The result is illustratedon figure 6 and7. For our symmetricalexample
> 9

is right at a
discretizationpoint. A lesstrivial situationis treatedin section6.

ESAIM: Proc., }�~����^��� , � � �!� , �#�K�����
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Figure6: Left : phaseat �����<� asa functionof � . Right : a zoomnearthecusp,thebrokenlines
indicatesthediscretization.The dashedline is thegraphof � versus� basedon the numerical
extrapolations(21-22).

−1 −0.5 0 0.5 1
0.44

0.46

0.48

0.5

0.52

0.54

0.56

x

p
−1 −0.5 0 0.5 1

2.645

2.65

2.655

2.66

2.665

2.67

ph
i

p

Figure7: � and � asa functionof � at �n���<� basedon thenumericalextrapolations(21-22).
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5.3 Initialization of the threebranches

Locally around �.�<�!�# J�K¡ , we know thatwe cansafelywork in the �.�c�2¢4¡ spaceconfiguration.This
meansthat £ and ¤ will remainwell definedsmoothsingle valuedfunctionsof �.�0�2¢4¡ . Note
that this neednot remainso for all timesandthereforewe shouldkeepin mind that we needto
go backratherquickly (to avoid causticsin the �.�c�2¢4¡ space)to the �.�0�#¥¦¡ configurationspaceand
performthesplittingof theanticipatedcausticaccordingto section4.3.From �n§¨�:� , wetherefore
proceedto solve equations(15). We usefinite differenceson a local domaincenteredaround¢ � .
The initialization is given by (21-22)andwe implementedout-goingboundaryconditions.This
is not necessarilycorrectbut doesnot pollute the interior of our ¢ domain. Figure8 shows the
resultat �T§©�:� . At eachendof the solution,onecanobserve the two Folds of the Lagrangian
sub-manifold.Thecausticscorrespondto thepointswhere£«ª¬§¨­ .
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Figure8: £ and ¤ asa functionof ¢ at �n§¨� ��® ­°¯x± .

Awayfrom  @� wherethereis nomulti-valuednesswecanremainin the �.�0�#¥¦¡ configuration
andconcurrentlysolve theHamilton-Jacobiequation(8). It is thenpossibleto reconstructeach
branchof themulti-valuedsolutionby ”gluing” this �.�c�#¥¦¡ computationandthe �.�c�2¢4¡ computation
switchedbackto �.�c�#¥�¡ space.Thisis simplydoneby representing¤a�.�c�2¢4¡ asafunctionof £C�.�0�2¢�¡ .
Weshow themulti-valuedsolutionat �D§��<� ® ­°¯²­0³ and �D§¨�<� ® ­°¯x± onfigures9 and10. Weinsist
herethatcautionshouldbeexercisedin thereturnto �.�c�#¥�¡ process.An interpolationprocedureis
involved which dependson thesizeof thediscretization.In particular, it is absolutelynecessary
to let the �.�0�2¢4¡ computationevolve longenoughfor the £ -spanof the ®«´ branchto coverat least
severalmeshsizesin   .

In this section, we initialized thethreebranchesby ”zooming” on thethecuspin the �.�c�2¢4¡
space.Now thateachbranchis not reducedto a point in spaceandhasa realnumericalexistence
on a finite differencegrid in the �.�c�#¥¦¡ spaceconfiguration(seefigure10), we possessa suitable
initialization for our splitting algorithm(18-19). The resolutionof this coupledsystemrelieson
two additionalingredients(next two sections).The additionof two ODEsfor the computation
of the causticscurves(Folds) andsomechangeof variableswhich ”straighten”the causticsand
makesit possibleto work on regularCartesiangrid.

ESAIM: Proc., µ�¶�·�¸^¹�¹ , º » »!º , ¹#¼K½�¾�»
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Figure9: ¿ at À�ÁÂÀ<Ã�ÄCÅ°Æ²Å0Ç (zoomon theright), solid line È.ÀcÉ#Ê�Ë computation,dashedline È.ÀcÉ2Ì4Ë
computation.
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5.4 Localizing the Folds

Thetwo Folds ÜDÝ and Ü�Þ aretreatedlikewise.Wethereforedropthetheleft-right dependenceand
explainhow to derive anordinarydifferentialequationfor Ü7ß.àsá ; âOã�Ü7ß.àsá beingtheequationof
aFold caustic.

Let us first introduce äåß.àcæ Ü7ß.àsá æ2ç@è<ß.àsá#á æéàGêëà<è�ì the trajectoryof thecausticin thephase
spaceíMîï�ðTíiñoðTí�ò . Thiscurve belongsin particularto ó but is notabicharacteristics.

We recall (section4.3) that exceptat the causticwe canidentify ç to the gradientof the
phase(of one of the branches): ô@õ�ß.àcæ#ö�ß.à0æ#ö°÷<á#áRãøçaß.àcæ#öù÷uá . Like for the initialization of the
cusp,thegoodsettingat thecausticis the ß.àcæ2ç4á spaceconfigurationandwe have (againwith the
notationsof section3.4) úûûûü ûûûý

ÜSß.àþáMã�ÿ ß.àcæ2ç@è<ß.àsá#á=ãlö�ß.à0æ#ö ÷è � ï�� á
çJèuß.àþáMãbçiß.à0æ#ö°÷è � ï�� á
ÿ«ò¦ß.àcæ2ç@èuß.àsá#á=ã��(25)

where öù÷è � ï�� is theinitial positionof thebicharacteristicswhich reachesthe ß.à0æ ÜSß.àþá æ2ç@èuß.àsá#á phase
spacepoint. ThesecondequationsimplysaysthattheLagrangiansub-manifoldfoldsat ß.à0æ ÜSß.àþá#á
in the ç dimensiondirection.Using(25)andrememberingthat,at thecaustic

� ñ � ï	� ñ�
 �� ñ 
 ã�� (weare
in 1-D), wefind �Ü ß.àþá ã �ö4ß.à0æ#ö°÷
 � ï�� á

ã�� ò ß�ÜSß.àþá æ2ç è ß.àþá#á��(26)

This is not surprisingaswe know thecausticto betheenvelopeof therays. Theessential
differencewith thefirst equationof theHamiltoniansystem(1) is thefollowing : atacausticpointß.à0æ ÜSß.àþá#á we needto know ç è ß.àsá which is nothingbut the ç componentçaß.àcæ#ö ÷è � ï�� á of thebichar-

acteristicsissuedfrom öù÷è � ï�� (alsounknown). As alreadymentioned,ç@èuß.àsá cannotbecharacterized
directlyusingthephase.Weherederiveanapproximatecharacterizationof ç@èWß.àþá dependingonthe
gradientof thephasesô�� 
 ß.àcæ���á and ô4î 
 ß.àcæ���á whichareconnectedat thecausticpoint ß.àcæ Ü7ß.àsá#á .
It givesthenecessaryclosurefor a coupledsystemformedby (18-19)andtwo equationsof type
(26) for Ü�Ý�ß.àsá and Ü«Þ|ß.àsá .

We work with fixed à andrememberthat theLagrangiansub-manifoldó (section2.2)can
beparameterizedusing ß.àcæ2ç4á asa polynomialof degree2 in ç . We thereforeexpectthata good
approximationof ÿ ß.àcæ2ç4á locally around ß.àcæ2ç@èWß.àþá#á is givenby

ÿCß.à0æ2ç4á ã�Ü7ß.àsá����Oß#ß�ç��Oç@èuß.àsá#á��(27)

whereß��@æ2ç@è<ß.àsá#á areunknown . Therearenotermof degree1becauseÿ«ò¦ß.àcæ2ç4á satisfiesÿ«ò¦ß.à0æ2çJèuß.àþá#á=ã� . Let ß â � æ#â î á beneighboringpointsof Ü7ß.àsá on thesupportof the �nÜ and �«Ü branches.We
denoteç�� ãUô�� 
õ ß.à0æ#â��aá and çJîCãUô4î 
õ ß.à0æ#â4îMá . Accordingto (27), ß��@æ2ç@èuß.àsá#á is thesolutionof
thesystem � â��Rã�Ü7ß.àsá����4ß#ß�ç����Tç@èWß.àsá#á �â î ã�Ü7ß.àsá����4ß#ß�ç î �Tç@èWß.àsá#á �(28)

ESAIM: Proc., � �"!$#�%"% , &�'�'(& , %*),+.-"'
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whichcanbesolvedanalyticallyor usingaNewtonmethod.In thesimplestcase(which is notour
case,seenext section)where/1032547698�:<;=/>032?476@8BA , wesimplyfind CEDF03254G;IHKJML103N�:EOP 0327Q*8�:�45RN A�OP 032SQ*8 A 4*4 , i.e. the directionof the causticis approximatedby the meanof the directionof
nearbyraysat acrossingpoint.

In practice,8 : and 8 A arechosenasdiscretizationpointsfor respectively the 6T/ and RU/
brancheswherethegradientof thephaseis approximated.Regardingtimediscretization,weonly
saythat both implicit andexplicit schemeshave beenexperimentedon the full coupledsystem.
Implicit schemesdo not seemto work better.

5.5 Straightening caustics

In thissectionweexplainhow thecomputationaldomaincanbe”straightened”to aregularsquare
Cartesiangrid usingadynamicchangeof variablein space.

We first addressthe caseof the 6T/ branches.They areboundedby the causticon one
sideand we chooseto closethe domainon the other sidewith out-goingboundaryconditions
which maybeinconsistentwith theproblembut do not interferewith thesolutionaway from this
”artificial” boundary. Let usintroducethefollowing changeof coordinates032SQ7V8W032SQ*8B4�RX/103254*4GYZ0327Q*8�4�Q(29)

whichsimplyshiftseachtimeslicesuchthatthedomainis boundedon thecausticsideby V8[;IH .
We introduce,like in section5.1,anew phasevariabledependingon 0327Q7V8�4VN\0327QSV8�4];IN :EO 0327Q*8�4�Q
andestablish(with thehelpof (26)) thatit satisfiesthemodifiedequationVNB^_032SQ7V8B4�R�`�032SQ7V89RX/103254�Q VN]aP 0327QbV8�4*4W6c`edK032SQ�/>032?4�Q�C D 032?4*4Wf VN]aP 0327Q7V8�4G;�H(30)

with out-goingboundaryconditionat V8[;g6ih , M is givenby theuser. At thecaustic( V8�;�H ), we
caneitheruseout-goingboundaryconditionsastheschemeobviously needsto upwindfrom the
interior of thedomainor imposethe consistentboundarycondition VN aP 0327Q	HS4j;gCED�032?4 . Equation
(30) is still anHamilton-Jacobiequationwith convex Hamiltonian.Somecareis neededto define
thenumericalHamiltonianbut otherwisethesameupwindschemecanbeused.

Werecover thesolutionin 032SQ*8B4 by invertingthechangeof coordinates(29) :N\0327QbV8>RX/>032?4*4G; VN :EO 032SQ7V8B4
The resultfor the 6k/ branchesaredisplayedon figure11 and12. Themethodintegrates

bothcausticslocalization(andthereforealsodependsontheresolutionof the RU/ branch)andthis
changeof variabletechnique.

ESAIM: Proc., l m"n$o�p"p , q�r�r(q , p*s	tvu"r
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Figure11: wTxzy branch.Left : gray-scaleplot of {�|E}B~ asa functionof �3�7�b���� . Center: gray-scale
plot of { |E}B~ asa functionof �3�S� �B� , we recover theshapeof thecaustic.Right : Level curvesof{�|E}B~ asa functionof �3�S� �B� .
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Figure12: wTxk� branch.As figure11.
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The caseof the �U� branchis a bit morecomplicatedasit is boundedon both sideby a
causticcurve solutionof (26). The proposedsolutionin this caseis to make a linear changeof
coordinates �3�7�	�B�3�5�?�� �3�S� � � ���

�3�?�*�]���3�S� � �(31)

where

�
and � aredynamicallydefinedby (theleft andright dependencearemadeexplicit on the

causticcurve) ��� � 
�B�3�?�]¡ �z¢

�3�?�W£
�k¤

�3�?�
¥U¦

�
�3�?�G¡ �z¢

�3�?�
�X�k¤

�3�?�
¥�� herespansthe interval §

£ ¦ � ¦©¨
here

¦
is fixedby theuser. We againperforma changeof

variable

�ª �3�S�S�� �G¡ ª¬«�­ �3�S� � �
andthenew variablesatisfies�ªB® �3�S�7�� � ��¯

�3�S�	�¬�3�?�5�� �X�
�3�?��� �ª]°± �3�7�S�� ��B�3�?� �²£³�?´���3�?�5�� �

´
�
�3�?�*�Wµ �ªG°± �3�S�S�� ��B�3�5� ¡�¶

for

��¸· §
£ ¦ � ¦©¨

. Theboundaryconditionsaregivenby (19) :
ª «�­ �3�S� �z¢

�3�?�*�¹¡ ª�º ­B» �3�7� �U¢
�3�5�

and
ª «�­ �3�S� �k¤

�3�5�*�¼¡ ª�º ­¬½ �3�S� �k¤
�3�5�*�

.

This equationis also tractableusing an upwind scheme.We invert the linear changeof
coordinateandrecover our �U� branchin thestandardcoordinatessystem

�3�S� � � (figure13).
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Figure13: �U� branch.As figure11.

5.6 Multi-v alued solution

Theonly remainingprocessingto bedoneis to superimposethe threebranchesandtheclassical
solutionon thesameplot. This is figure14. Thewhite bandwith no solutioncorrespondto the
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Figure14: TheEulerianmulti-valuedsolution.

timewindow of the È3ÉSÊ�ËBÌ treatmentof thecusp. A morethoroughcheckis to comparethephases
computedat time ÉkÍÏÎ usingaLagrangian(ray)methodandourmethod.It is doneonfigure15.
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Figure15: Phaseat ÉTÍÐÎ?Ñ Solid line : Eulerian.Crosses: Lagrangian.

6 Numerical test

We testour Eulerianmethodon a morecomplicatedandnon symmetriccuspidalcaustic. The
Hamiltonian is still given by (16) but the index of refractiondefinesa waveguide (figure 16)Ò ÈÔÓÕÌ@Í ÖÖ�×BØ"Ù ÚÜÛÞÝàßbáãâSä�å"æ . The initial phaseç Ø ÈÔÓ Ø ÌeÍéè å�êØ ßbáëå ê æ_áãå ê"ì Ø"Ù â	æí Ö�×²áãå ê ì Ø"Ù â	æ.î?ïSð is non symmetricwith

respectto Ò .
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Thefigures17to 25illustratethenumericaltreatmentsdetailedin section5. Figurecaptions
areexplicit.
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Figure 17: Left : Level curves of �� ü ������ þ . Right : Level curves of
���
	���
�
 ü
� ��� þ . In this case� ��������������� .

7 Conclusion

Figures24 and25 illustratestheability of themethodto computeanarbitrarycuspidalcaustic.It
is difficult to compareexecutiontimesbetweentheEulerianandtheLagrangianmethodbecause
theformatsof theresultsaredifferent.TheEulerianmethodwashowever fasterin producingthe
phaseprofile(figure21)becausealargenumberof rayswereneededto recoverafew pointsonthe� � branchesandtheEulerian � discretizationwasrathercoarse(40 points). The “Lagrangian”
changesof variableof section5.5 hasthe nice featureof automaticallyrefining the grid where
needed(wherethe ray densityis high) and henceimproving the accuracy (we usedfirst order
schemes).
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Figure21: Z [J\ branch.Left : gray-scaleplot of ]R^`_ba asa functionof ced�fhgiRj . Center: gray-scale
plot of ] ^`_ba asa functionof ced�f ibj , we recover theshapeof thecaustic.Right : Level curvesof
]R^`_ba asa functionof ced�f ibj .
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Figure22: Z [7k branch.As figure21.
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We believe the derivation of ODEs for the causticcurves and the closureof systemsof
Hamilton-Jacobiequationsfor thethreebranchesto bea stepforward in this field. Numerically,
thedelicatepartof themethodis thetreatmentof the �e�����b� “cusp-window”. Severalcomplex in-
teractionsof numericalparametersareatwork there: thelengthof thetimewindow, the � support
of thesolution,the � spacediscretization...Finally eventhoughwerealizedareasonablenumber
of numericaltests,we mustsay that the convergenceandstability of the numericaltechniques
presentedin section5 have not yet beeninvestigated.

Weplannext to usethisEulerianalgorithmasthebuilding block of amoregeneralmethod
capableof solving problemsexhibiting andarbitrarynumberof cusps(possiblyinteracting). A
first stepin thisdirectionmaybefoundin [8]. Thiswouldsolve the2-D problem.

While it is still fairly easyto dealwith rays in 2-D, the difficulty increasesdramatically
in 3-D wherecausticsare now surfaces. This is the real challengefor Eulerianmethod. The
numericaltechniquespresentedin section5 can be extendedin higher dimensionsand should
work for the“simple” caseof foldsandcuspsextendedin 3-D. In 3-D however, wemustconsider
threeadditionalgenericstructuresfor thecausticsassociatedto a parametricrepresentationusing
polynomialsof degree4. We hopethat the methodologydevelopedin this paperwill permit to
analyzeandsolve thesecases.
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involvesOlivier Lafitte (CEA), Rémi Sentis(CEA) andIan Solliec(INRIA). Let thesepeoplebe
thankedfor their commentsandsuggestionson thiswork.

References
[1] R.Abgrall. NumericalDiscretizationof FirstOrderHamiltonJacobiEquationsonTriangularMeshes.

Comm.in PureandAppliedMath., 1996.

[2] R. Abgrall andJ.-D.Benamou.Big ray tracingandeikonalsolveronunstructuredgrids: Application
to the computationof a multi-valuedtravel-timefield in themarmousimodel. Geophysics, 64:230–
239.

[3] V. I. Arnol’d. Mathematicalmethodsof ClassicalMechanics. Springer-Verlag,1978.

[4] V. I. Arnol’d. Catastrophetheory. Springer-Verlag,1992.

[5] V. I. Arnol’d,S.M.Gusein-Zade,andA.N. Varchenko. Singularitiesof DifferentialMaps. Birkhauser,
1986.

[6] G. Barles.Solutionsdeviscosit́e deséquationsdeHamilton-Jacobi. Springer-Verlag,1994.

[7] J.-D.Benamou.Big ray tracing: Multi-valuedtravel timefield computationusingviscositysolutions
of theeikonalequation.J. Comp.Physics, 128:463–474,1996.

[8] J.-D.Benamou.Direct solutionof multi-valuedphase-spacesolutionsfor hamilton-jacobiequations.
Comm.PureAppl.Math., 52,1999.

[9] J.-D. BenamouandPh.Montarnal. Equations“géoḿetriques”pour lescalcul d’amplitudesd’ondes
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