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Résune. La descriptionclassiquedu problemede I'optique geonetriqueestLagrangienne.
Le passagalareptésentatiofculérienneestpossiblemais,enprésencelecaustiquesnpeper
metpasdecalculera solutionLagrangienneompkte.On présentde contexte mathematique
du problemeainsiquequelquesutils numériquesdéveloppespour lever cettelimitation.

Mots clés. Hamilton-JacobicaustiquesysemeHamiltonien,lancerderayons,solutionde
viscosié

Abstract.  The classicaldescriptionfor geometricopticsis Lagrangian. It is possibleto
switchto an Eulerianrepresentatiobut, in presencef causticsthe full Lagrangiarsolution
cannotbe computedusing a Eulerianmethod. We presentthe mathematicabackgrouncbf
the problemandseveralnumericaltools developedto overcomethis limitation.
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1 Intr oduction

Raytracingis a widespreachumericaltechnigue.lts is routinely usedfor instancen the oil in-
dustryto computetravel-timesof seismicwavesin the undegroundunderthe geometricoptics
approximationfor high frequeng wave propagation.Geometricopticsis alsoa prototypeprob-
lem for first order Hamilton-Jacobiequationswherethe Hamiltonianfunction is corvex. This
classof problemsappearsn ratherdiverseapplicationssuchaswave propagationmeshgenera-
tion, comtustion,crystalgronvth andmoregenerallyin alarge numberof problemsof the calculus
of variations.

Ray tracing consistsin solving a setof ordinary differential equationscalled the Hamil-
tonian system. One of the variabledescribesa Lagrangiantrajectory(the ray) alongwhich the
others,the Lagrangianvariables,aretransported.This approachs conceptuallysimple andnu-
mericallyeasyto use.As a Lagrangiarmethodhowever it doesnot give ary controlonthespatial
resolutionof the Lagrangiarsolution. Indeed the raysarenecessarilyn finite numbersandpro-
ducewhendivergying poorresolution(a Lagrangiamttemptto solve this problemis the Wavefront
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14 An Euleriannumericalmethodfor geometricoptics

Constructiormethod[35] [26]) . Whencornverging (the oppositephenomenalherayscancross
andcausticsappear|n this casethe Lagrangiartrajectorieshaturallysweepseveraltimesthesame
spacdocationwherethe Lagrangianvariablesmaytake differentvalues.The Lagrangiarsolution
is in this sensemulti-valued.

When switching to Eulerianvariablesdefinedon the configurationspace,we obtain an
Hamilton-Jacobpatrtial differentialequation. It canbe discretizedon a fixed grid which in par
ticular doesnot dependon the rays. The spaceresolutionof the numericalmethodis therefore
easilymaintainedandthe accurag of the approximationdependsn this resolution. In the clas-
sicaltheoryhowever, thesetwo approached,agrangianandEulerian,areequivalentonly where
the Lagrangiarsolutionis well definedandsingle-walued.

Theproblemof computingthe Lagrangiarsolutionusinga Eulerianrepresentatiowhenit
is multi-valuedhasbeenthe subjectof on-goingwork in thelasthalf decadd[31] [18] [7] [2] [29]
[14] [19] [8] [24] ...). Most of thesestudiesweremotivatedby potentialapplicationgo high fre-
gueny wave propagatiorproblem(seefor instancd25] [27] [17] [21]) for whichtheexactmodel
is numericallyintractablesometimesvenin 2-D. Seealso[11] onthis applicationin presencef
acuspidalcausticwhichwill be our maintopic of interest.

We first review herethe mathematicaframeavork of the problem, introducingboth La-
grangianand Eulerian“viscosity” solutionsandtheir relations(sectionsl to 3). The structure
of the multi-valuedsolutionassociatedo a cuspidalcausticis detailedon a particularexample
(section4) andusedin a secondpart to illustrate the successie numericalEulerianalgorithms
proposedo solve the problemin the generalcase(section5). Numericalresultsarepresentedn
thethird part(sections).

2 The Lagrangian solution and the ray method

2.1 The Hamiltonian system

A Hamiltonianfunction H (¢, y, p) is given,definedon R} x R¢ x R%, d is the spacedimensionof
theproblem R} x R¢ is thetime-space&onfiguratiorin whichrayscanevolve andR; x RY x RY
is calledthe phasespace TheHamiltonianis assumedo becontinuousupto its secondierivatives
andcorvex andcoercie in its lastvariablep.

The Lagrangianmethodthen consistsin solving the Hamiltonian systemformed by the
following setof ordinarydifferentialequation§ ODES)[36] [3] [23] [17] :
y(s,yo) Hy(s,y(s,4°),p(s,%°)), ¥(0,5°) =¢°,
y°) = —Hy(s,y(s,5°),p(5,4°)), p(0,4°) = ¢30(y°),
p( ) Hp(say(sayo)ap(sayo)) - H(Say(sayo)ap(sayo))a
= ().
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Jean-Daid Benamou 15
Thedot standdor “time” deri\/ation(:) = %, 9z, (%1, z2) andgy, . (1, 2) respectiely denote
the gradientandthe Hessianof g with respecto z; and(z;, z;), ¢° is theinitial phaseandalso
appearsn theinitial conditionfor p. For eachy® € ]Rg (or a subsetof RZ), the systemgener
atesbicharacteristicstrips (y(s, 3°), p(s,4°)) lying in phase-spaceith smoothdependencen
s andy®. The projectionsof the stripsontoR,, : y(s,y°), arecalledtherays. Eachray is there-
fore“labeled” by its initial positiony°. Thephasep(s,y°) is transportedvy thecorrespondingay
y(s,4°) and,whenraysarecrossingjs amulti-valuedfunctionof theconfiguratiorspacer;" x]Rg.

It happensn particularat causticswhich arethe pointson the rayswherean infinitesimal
tubeof neighboringayscollapsesMathematicallyarayy(s, y°) encounters caustigpointwhen
thedeterminan{denoted.|) of the Jacobiarmatrix of y with respecto ¢° :

9y(s,y°)
2 a(s,y?) = |22
(2) (s,9°) = | 340 \
is zero. The quantity« is sometimegalled“geometricspreading’asit providesalocal measure
of thegeometriccornvergenceor divergenceof therays.

Causticsbeingan importantingredientof multi-valuednessndthereforeof our problem,
it is importantto understandhow (s, y°) canbe evaluated. The computationof %ﬁ% is per
formedusinga setof additional ODEswhich are obtainedvia a linearizationof the system(1)
with respecto ¢ :

4 8‘ 8
—O(Sayo) —y()(sayo)
9y 0 0 Oy
. :A(Say(say )7p(87y )) ) b )
Op 0 _p( yO)
@) < g(s’“ o0
a—y%(ﬂ,yo) Idgyq
0 | 920
| ﬁ(ﬂ,yo) 3y((z)52( 0)
where
Hpy(s,y,p)  Hpp(s,y,p
@) A(t,y,p)=< w(svp) - Honlsy,7) )
_Hyy(sayap) _Hyp(sayap)

Thisis asetof 2d?> ODEsbut, asit is written, eachunknavn of system(3) is ad x d matrix andthe
matrix vectorproductmustbe understoodn the correctalgebra.Finding a causticpoint on aray
thereforeconsistsin solving (1-3) andevaluatea(s, y°) alongaray using(2). Whenit vanishes
or morepreciselychangests sign,theray haspassead causticpoint.

2.2 The Lagrangian sub-manifold and its singularities

We would like now to know whenthe Lagrangiarsolutionis multi-valued. It is of courseimpos-
sible to accesghis informationa priori ; but differentialgeometryprovide someinformationon

ESAIM: Proc., Vol. 11, 2002, 13-40



16 An Euleriannumericalmethodfor geometricoptics

the possiblestructuresof multi-valuedsolutions(see[5] [4] [17] [23]).

In thistheory the setof bicharacteristicstripsA = {(s, y(s,4°),p(s,74%)); (s,74°) € R} x
R‘yi} is consideredsa (Lagrangianub-manifolcbf co-dimensioni of phase-spadg; xR‘yi ng.
Next we introducethe canonicalprojectionfrom phasespaceo configurationspace

II: Rf xREXRE — Rf x RY
(sayap) — (say)'

WhenA folds onitself in thep dimensiondirection,the LagrangiarsolutionII(A) is multi-valued
andthe projectionbecomesingularonthefold. Theprojectionof thefold is the caustic.Quitere-
markably differentialgeometryprovide a genericclassificatiorof the differentstablewaysA can
locally fold (stablemeansherethatthe structuredescribedelon of A cannotchangeundersmall
perturbatiorin phasespace)More precisely up to anunknavn changeof variablein phasespace
which preseresthevolumeelementdy A dp, alocal analyticaldescriptionof A nearmulti-valued
solutionis given. For d = 1, which correspond$with the“time” dimension)}o atwo dimensional
problem,therearetwo possibilitieswhere(s, p) areusedto parameterizé\ : the Fold, y = 3p?
andthe Cusp,y = 4p® + 2sp (which correspondswo the junction of two Folds). A similar but
larger classificatiorexistsfor d = 2, 3.

The multi-valuedgeometricsolutioncan, of course be morecomplicated.Differentfold-
ings may interactor superimposeHowever, locally, it canalwaysbe reducedo severalelemen-
tary caustics.The purposeof the presentatioris to describea numericaimethodfor computingthe
multi-valuedsolutionassociatetio a generakuspidalcaustic(which containghe caseof the Fold
asa sub-case).This building block could be usedthenin a generalalgorithmableto copewith
causticinteractions Seg[8] for moreon thatsubject.

3 The Eulerian solution and the Hamilton-Jacobi partial differ ential
equation

3.1 From Lagrangian to Eulerian

We assumehatthefollowing “transwersality” condition

(5) a(0,3°) #0

holds. Then,aswe proceedalongtheray andaslong asthe “no caustic’propertya(s, y°) # 0 is
satisfied we canapplythelocal inversiontheoremto the mappingy® — (s, 3°). Thisimplicitly
meanghatthe Eulerianvariable¢(s, =) evaluatedat the Lagrangiancoordinatespecifiedoy the
raysmatchegheLagrangiarphase

(6) B(s,y(s,4°)) = o(s,4°).

ESAIM: Proc., Vol. 11, 2002, 13-40



Jean-Daid Benamou 17

It is well definedin thedomainspannedy theraysy(s, 3°) suchthata(s, y°) # 0. Thisis equiv-
alentto a no causticassumption.

Notethatattime 0 thegradientof ¢(0,4°): ¢.(0,4°) is, by definition,equalto p(0, 3°). A
classicaresultof the calculusof variation[22] [36] stateghatthis propertyis presered, againas
longasa(s,y®) #0:

(7 bu(5,9(5,9%)) = p(s,4°).

It is thenstraightforvard to derive the Hamilton-Jacobequation first in Lagrangiancoordinates
andthenbackto Euleriancoordinates

@ 5(s,2) + H(s,2,4:(5,2)) = 0, for (s,3) € RS xR}
$(0,9°) = ¢°(4°), fory° e RY.

Whenthe above conditionson « aresatisfied ¢ definedby (6) is calleda classicakolutionof (8).

3.2 The viscositysolution

Whenthe conditionsfor a classicakolutionarenot satisfied thereis still a notionof globalweak
solutionfor equation(8) called“viscosity solution” [15] [6]. Viscositysolutionsarethe correct
objectsto considerbecausery stablenumericalschemecorvergesto this classof solution[30]
[16]. Theseschemesregenerallycalledupwindbecausehey discretizespacederivativeson the
oppositesideto thedirectionof the rays(would raysbetraced).

A link canbe madebetweenLagrangianand Eulerianviscosity solutionusingthe theory
of optimal control [8]. The viscosity solutioncanbe characterizedsthe value function of the
following optimizationproblem

S
©  fso) = inf [ pe.gna + 960,
{° € Ry, y(.) € WHTP(R); Jo
y(0) = 4°, y(s) = =}

wherethe minimizationis performedwith respecto the admissiblecurvesy(.) andtheir initial

pointy°. The“Lagrangian”function L(s, z,v) = supper, {p - v — H(s,z,p)} is the Legendre
transformof H with respecto p. Onecanformally checkthatthe EulerLagrangeequationsof

this problemcorrespondo the Hamiltoniansystem(1). It meansthat the rays are the critical

curves of the optimizationproblem(9) andthe viscosity solutionthe optimal value of the cost
function.

Wheneachpointis only reachedy oneray, we have a single-valuedclassicakolutionand
thevaluefunctionof problem(9) is exactly theintegral of the phaseODE in (1).

If morethanoneray reacheghe time spacepoint (s, z) andif we denote(yg)kzl__n the
n initial pointsof thesecurwes, thenthe viscosity solution ¢ selectsminimum of the associated
phases

(10) $(s,7) = min (s, yp).

ESAIM: Proc., Vol. 11, 2002, 13-40



18 An Euleriannumericalmethodfor geometricoptics

If thereis azonewhereno ray penetratesgheviscositysolutionimplicitly generate$non-
classicalraystofill thisemptyzone.It meanghattheoptimalcurveswill satisfytheHamiltonian
system(1) with initial conditionsdifferentfrom whatis specifiedfor classicalrays. See[10] for
moreon this phenomenaWhenthe configurationspaces boundedthe optimal curvesmay only
satisfytheray equationg1) piecavise (they canbereflectedor diffracted)or they cancreepalong
boundariesThesenterestingsituationsareprobablylinked to diffraction phenomenandshould
hopefullybeinvestigatecelsavhere.

3.3 Transport equations

Of course(8) aloneonly providesthe phase. As in the Lagrangianmethodwe canintroduce
additionalequationgo determinecaustics.Let §(s,z) be a new Eulerianvectorvaluedvariable
(s, z) configuredn time-spacds, z) € R} x Rg anddefinedby (.7 is thetransposef .) :

Ay(s,y°) Ip(s,y°)

0y ’ ’ T

(11) 5(3,y(3,y )) - ( 8y0 ’ 8y0 ) .

Like for the Hamilton-Jacob{seesection4.3), eachcomponenbdf §(¢, z), é;(t,z) canbeshavn
to satisfya Euleriantransportequation:

(12) %%(S,HU) + Hp(s,z,¢z) - 0ig(s,z) = A(s,z, ¢z (x)) - 6i(s,2), 1 =1,2

240
5(0,$) = (1Rd’ gy(g2 (yO))T’ forz € R?.

Theunknavnsé; ared x d matrixandwe herehave amatrix equationsvherethedifferentialoper
atorsmustbe appliedcomponent-wis@ndthe - indicatesthe properproduct. The solutionof this
systemwhencoupledto (8), givesthe necessarynformationto computea Euleriancounterpart
for o denoted3(s, z) :

(13) B(s,y(5,9%)) = als,y°).
Finally, 8 cansimply be expressednly in termsof Eulerianvariables(using(2) (11)):
(14) 18(353") = |61(85$)|'

Alternatemethoddor the computatiorof 8 andalsothe relationbetweerthis quantityandwave
amplitudescanbefoundin [20] [9] [32].

3.4 The Eulerian equationsin the (s, p) space

It is also possibleto chooseasthe Eulerianconfigurationspace the spacespannedy p(s, 3°)
insteadof y(s,°). As long asthe p trajectoriesdo not cross,i.e. det(aa—gﬁ)(s,yo) # 0 (seethe

trans\ersalitycondition(5)), it is possibleto inverty® — p(s,4°) andswitchto Eulerianvariables
now definedon the (s, p) space.As before,we needa variableto describethe phases(s, p) but
alsooneto keeptrackof the positiony whichwe call X (s, p) :

X(S,p(s,yo)) = y(s,yO)_
¢(s,p(s,9%)) = ¢(s,4°).

ESAIM: Proc., Vol. 11, 2002, 13-40



Jean-Daid Benamou 19

Now, simply deriing theabore formulaewith respecto s andwith thehelpof the Hamilto-
niansystem(1), we canestablisithat X and¢ satisfyin Euleriancoordinategs, p) theeequations

Xs(sap) - Hy(S7X(37p)ap) ) Xp(sap) = HP(S’X(S’)ap)a
(15) § ¢s(s,p) — Hy(s, X (s,p),p) - ¢p(s,p) = p- Hy(s, X (s,p),p) — H(s, X(s,p),p)

X(0,p) ==, ¢(0,p) =¢°(x).

As we will see,the (s,p) spacesettingis particularly usefulwhenthe trans\ersality con-
dition (5) is not satisfiedin the (s, y) space.Indeed,lt is a classicalresultin Maslos theorythat
in this casethe equivalentcondition cannotdegeneraten the (s, p) space.This meansthatthe
solutioncannotbe multi-valuedbothin the (s, y) and(s, p) configurationspaces.

4 Comparison of the Lagrangian and viscosity solution in presence
of a cuspidal caustic

The numericalillustrationsthroughouthis paperare performedon a particularHamiltonianused
in two dimensionabeometricoptics(se€[34] or [8]). We assumeéhattherayspossesaprivileged
directionof propagatiorwhich we will chooseasthe “time” coordinates. The positve smooth
index of refractionn thereforemay dependobothon “time” s andspacer. The phasenecessarily
increasesn the s directionandthe classicatwo dimensionaEikonal equationcanbe reducedo
andevolution problemof type (8) with d = 1 and

(16) H(S,.’L',p) =TV n2(3’$) _p2'

4.1 The Lagrangian multi-v alued solution

With the choice(16), multi-valuednessnay occur either becauseof the variationn (a lensfor
instance)or even whenn is constantout the initial phase¢? is suchthatrayswill focus. The
simplestcaseof a cuspidalcausticmaybe producedoy taking:
) /y p°(x) —3(z — 0.5)

0 1+4+p%x)? V1+3(z—0.5)%

andmaybe usedto analyzequalitatively the structureof the problem.

a7 n=1, ¢°@° dz, with p°(z) =

Figurel shavsthecorrespondingays,solutionsof (1), shotfrom thebottom(s = 0) to the
top. Thecuspidalcausticcaneasilybedistinguishedisthe curve which separatethemulti-valued
zone(wherepointsarereachedy threerays)andthe single-\aluedzone(only oneray). In this
caseit is easyto solve analyticallythe system(1) andwe canrepresenthe level curves of the
Lagrangiarphasdor a continuumof rays.It is doneonfigure 1. Thevalueof the phasencreases
from bottomto top. Thelevel curvesof the phasefold onthemselesinsidethe causticwherethe
solutionis multi-valued.

ESAIM: Proc., Vol. 11, 2002, 13-40



20 An Euleriannumericalmethodfor geometricoptics
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Figurel: Left: Raysshotfrom s = 0. Right: Level curvesof ¢, thevaluesof ¢ increasen the s

direction.

4.2 The viscositysingle-valued solution

The viscosity solutionis obtainedby applyingthe minimum phaseprinciple (10). Theresultis
displayedon figure 2. It exhibits a curve of singularitiesin the gradientof ¢ calleda kink (or
shock). The solution can also be obtainedby solving the Hamilton-Jacobiequationafter dis-
cretizationandusingan upwind scheme We referto [28] [33] [1] for the useof suchschemen

theHamilton-Jacobcontext.
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Figure2: Left : Level curvesof the viscosity solution¢ with akink ony = 0.5. Right: Level
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Jean-Daid Benamou 21

4.3 Branch splitting of the multi-v alued solution

The multi-valuedsolutioncanactuallybe split into threesingle-waluedbrancheglelimitedby the
causticcurve. Onfigure 3, we representhethreefamiliesof raysor of portionsof rayswhich are
associatetlb eachbranchandonfigure4 arethecorrespondindevel curvesof the phase Theleft

andright branche{—C1 and —C'r) areassociatedo the raysbeforethey reachthe caustic,the
lastbranch(+C) is givenby the portionsof raysoncethey passedhe caustic.A comparisorwith

figure 3 shaws thatthe viscositysolutionis composedf the left branch—C1 for y < 0.5 anthe
right branch—Cr for y < 0.5 (they matchonthekink y = 0.5). Theviscositysolutiontherefore
never “reach” the caustic. By this we meanthatthe portionsof raysimplicitly associatedo the
viscosity solutiondo not reachthe caustic(with the notableexceptionof the singulartip of the
causticalsocalledthe cusp).Superimposinghethreeplotsin eachfigure givesbackrespectiely

the completefamily of raysandthe multi-valuedphasgfigure 1).

This a generalresultvalid for ary cuspidalcaustic,eachbranchseparatelycanbe shovn
to satisfy an optimal characterizatiorike (9) andis interpretedasthe viscosity solution of the
Hamilton-Jacobequationsetin thedomaincorrespondingo the actualsupportof the branch[8].
More precisely let (s, z.), the coordinatef the cuspandz = Ci(s) the equationof the right
partof thecausticandz = Cr(s) of thetheleft partbegiven(noticethatz, = Cr(s.) = Cl(s.)).
We furtherassumehatthe classicalsolution$<* (s, z) is known until “time” s = s.. Then,the
threebranchesare viscosity solutionsof the original Hamilton-Jacobiequationsetin the proper
domainwith suitableboundaryconditions:;

¢;C (s, x) + H(s,7, 07 (s,2)) =0, ¢ s, z) = ¢99%5(s¢, 1), 7 < Cl(se)

1B 507 (s,2) + H(s, 2,657 (5,2) =0, $~C"(s0,0) = ¢9% (s, 2), @ > Or(se)

for the —Cl and—C'r branchesvith “out-going” boundaryconditionsalongthe caustic(we refer
to [8] andfor moreon the boundaryconditionsat caustics) And

Clam) b Hom Ol an — 0. ] 97C(5,CUs) = 67%Us,Clls))
(19) ¢)s ( ’ )+H( ’ ’¢x ( ) ))_0’ { ¢+C(S,CT(S)):qb_CT(S,CT'(S))

for the last branch+C' which is connectedo the —C' branchesvia the initial conditions. For
eachbranchseparatelythephasds nowherediscontinuousndexceptatthe caustidts gradientis
well defined.We have ¢, (s, y(s,4°)) = p(s,4°) for the correspondingulerianandLagrangian
branches.

5 The numerical algorithm

This sectionexplains how the branchsplitting algorithm of section4.3 can be usedto provide
a tractablesolutionfor a generalcuspidalcaustic. The resolutionof equationg19) and (18) is
subjectin particularto the numericallocalizationof causticswvhich areusedto definethe support

ESAIM: Proc., Vol. 11, 2002, 13-40
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Figure3: Fromleft to right : thefamiliesof ray associatedo the threedifferentbranchef the
Lagrangiarsolution. The causticis usedto split therays. In particularthe branch+C' is madeof
theremainingpartof theraysof thebranches-C's stoppedat the caustic.
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Figure4: From left to right : The correspondindevel curves of the phase. The valuesof the
branches-C's and+C matchon their respectie partof the caustic.

ESAIM: Proc., Vol. 11, 2002, 13-40



Jean-Daid Benamou 23

of eachbranch.Euleriancaustidocalizationis itself a delicateproblemfor which we alreadypro-
poseda”time asymptotianethod”[10]. We presenhereadifferentandsomeavhatsimplermethod
which combinegheresolutionof an ODE for the causticcurve with anadaptatie gridding of the
Lagrangiardomain.

Theprogramof ouralgorithmcanbebriefly summarizedisfollow : The"time asymptotic”
methodis modifiedto computepreciselythe positionif thetip of thecusp(s., z.) andtheclassical
solutiongess(s.., .). Wethenswitchto (s, p) spacdocally around(s,, z.) toinitialize thebranch
splitting algorithm. In this configurationand locally the solutionis single-\alued but may not
remainso. We thereforego backto (s, y) spaceo realizethe branchsplitting algorithm.

The methodis illustratedusingthe exampleof section4 anda morecomplicatecdtestcase
is presentedn section6.

5.1 Computing the classicalsolution

An accurateresolutionof the multi-valued problemcannotafford a looseapproximationof the
causticgeometryon a Cartesiarspace-timagrid discretization.We proposeherea simplification
of the methodpresentedn [10] to determineaccuratelpthetime s. of occurrenceof the cuspas
well astheclassicakolutionatthis horizon.

We recallthatthe Euleriangeometricabpreadingdefinedas
0yy _ dy 0y _ 0
ﬁ(say(say )) - det(a—yo(say )) - det(él(say(say )))

canbe computedusingan Euleriansystemof transportequationg12). On eachtime slice s we
define

B(s) = mwin,B(s,:c).

And introducea new time variableas

3(s) = /osﬁ(i)r dr

wherethe exponentr is a degreeof freedomof the method.
We remembenow thatgeometricaspreadingyoesto 0 asraysapproactthe caustic. This
will alsobethebehaior of the Eulerians(s, ) andconsequentlpf 3(s)

(20) B(s) = 0 when s— s.

If r is properlychosenwe canexpectthats(s) will behae like Log(sc—l—s) nears.. Even
thoughr canbe determinedanalytically at the continuouslevel, the discretizationof equation
(22) will ruin theexactcorvergenceproperty(20) andsomedependencef r onthediscretization
shouldbe studied.For now we just adjustheuristicallyr to producethe correctcorvergenceand
the expectedbehaior. A rigorousstudyof this pointhasyetto bedone.

ESAIM: Proc., Vol. 11, 2002, 13-40



24 An Euleriannumericalmethodfor geometricoptics

Thenext stepis to performthe changeof time variablein the unknavns of our problem

{#(3,2),8(3,2), 5(3)} = {(s,2), 8(s,), s}

augmentedvith theunknavn S which simply keepgrackof theold time variables andwhichwill
be useto invert this changeof variablein time. As § goesto +oc (asalLog) thenew ~ variables
behae (exponentiallyfast)lik e the old onesass goesto s, thefirst caustictime.

Theequationsn the (3, z) coordinatesare(simply apply 3d3 = ds to (8) and(12))
$5(5,7) + B(3)H (s, m, 6z(3,2) =0, $(0,2) = ¢°(x)
5ir5(8,2) + B(3) (Hp(3, 2, bo) - 012(5,2) — AGG, @, bu()) - 6:(5, 1)), + ci-
Ss(5) = B(3), S(0)=0

In practicewe wait for theseevolution equationgo be stationaryandwe theninvert the change
of variableto recover the classicalsolution,i.e the solutionof the Hamilton-Jacobequationuntil
s = s. (seefigureb):

¢ (8(3), 2) = (5, ).

20 1

0.8
15
0.6
@10 »

0.4

0.2 \\\vy/

0 0
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

X X

&

Figure 5: Left : Level cunesof ¢(3,z). Right: Level cunesof ¢<%55(S, ). In this case
se = 0.3032 .

5.2 Localization of z. in (s, p) space

Section5.1 explainshow s, canbe accuratelydeterminedchumerically We now discussthe lo-
calizationof z.. It is clearthatthe minimumof §(s., z) is achieed at z.. However, becausave
work on a finite differencegrid, we canonly hopeto be accurateup to the spacediscretization.
This is not sufficient for our purposeof capturingaccuratelythe multi-valuedsolutionwhich is
"branching”at (s, z.). Onepossibilityis to useadaptatre griddingin space(in the spirit of [32]
for instanceor by usingg asalocal grid refinementriterium). This solutionmayhoweverbeslow
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becausehe CFL conditionwill decreaselramaticallyas3 goesto 0. We proposehereanother
approachmorenaturalin asensewhichwill alsobeusedto initialize the multi-valuedsolution.

We know that the Lagrangiansub-manifoldA (section2.2) can be parameterizedising
(s,p) asapolynomialof degree3 in p , hencethe 3 brancheslevelopinginsidethe causticcor-
respondo eachof thethreerootsin p. At s = s, the solutionis however not yet multi-valued,
we thereforeassumehat A canbe approximatedocally by a polynomialof degree3 which hasa
singlerealroot. Usingthe notationsof section3.4,we write in (s, p) space

(21) X(Sc,p) =x.+a (p - pc)3

where(s., z.,p.) arethe coordinatef the tip of the cuspin phasespace; z. andp. arenot
known anda is a constantoeficient alsounknavn. A similar polynomialrepresentatioffior the
phasep is alsoavailablewhich is necessarilya polynomialof degree4 in p (seethereferencesn
section2.2)

+ Pe

(22) Bserp) = e +3a (L ;

The coeficientsare obtainedby consisteng with (21) andusingthe factthatexceptat X = z,
we musthave p = ¢x. Remarkthat¢, thephaseat (s, z., pc) is alsounknavn.

(p _pc)4 (p _pc)3)

We now wantto determingthe unknavn parametersa, z., p, ¢.). Letz™ andz™ betwo
neighboringpointsof z.. At thesepoints, the phasesp®***(s., z~) and ¢2%%(s., 1) andits
gradientarea priori known. Furthermoresettingp ™ = ¢¢/2%%(s, 2~ ) andpt = ¢l@ss(s, z1) we
have

7 = X(8¢,p7), o7 = X(sc,p7),

qsclass(sc’l.—) — ¢(8c,p_), ¢class(sc’$+) = ¢(3c>p+)'

In practice,x~ andz™ arediscretizationpoints,neighborgto z., andp—, p*, ¢<%*5(s., z~) and
%55 (s,., z ) areoutputsof the numericalmethoddescribedn sections.1. With the helpof (21)
(22), we transform(23) in the system

(23)

;

2= =z +a(p” —pc)’,

gt =gz +apt —pc)?,
(24) 4

3
’

¢class(sc’w—) =d.+3a ((If;pcﬂ 1 pe (Pfgpc)

3
7

+_ 4 +_
\ ¢class(sc’x—|—) — ¢c +3a ((P 4Pc) +pc (p 3100)

where(a, z., p¢, ¢.) aretheunknavn. System(24) canbesolvedanalyticallyor usinganiterative
method. This is of courseone of the mary waysthis parameteidentificationcanbe performed,
but it seemgo work andwe did not experimentedtherpossibilities.

The resultis illustratedon figure 6 and 7. For our symmetricalexamplez. is right at a
discretizatiorpoint. A lesstrivial situationis treatedn section6.
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2.2
0 0.2

Figure6: Left : phaseats = s, asafunctionof z. Right: azoomnearthecusp,thebrokenlines
indicatesthe discretization. The dashedine is the graphof ¢ versusX basedon the numerical

extrapolationg21-22).
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5.3 Initialization of the threebranches

Locally around(s,, z.), we know thatwe cansafelywork in the (s, p) spaceconfiguration.This
meansthat X and ¢ will remainwell definedsmoothsingle valuedfunctionsof (s,p). Note
that this neednot remainso for all timesandthereforewe shouldkeepin mind that we needto

go backratherquickly (to avoid causticsn the (s, p) space}o the (s, y) configurationspaceand
performthesplitting of theanticipatedcausticaccordingo sectiord.3. Froms = s., wetherefore
proceedo solve equationg15). We usefinite differenceson alocal domaincenteredaroundyp.,.

Theinitialization is given by (21-22)andwe implementedut-goingboundaryconditions. This

is not necessarilycorrectbut doesnot pollute the interior of our p domain. Figure 8 shaws the
resultats = s.. At eachendof the solution,one canobsere the two Folds of the Lagrangian
sub-manifold.The causticxorrespondo the pointswhere X, = 0.

2.773

0.54 2.772
2771
0.52 2.77
_ 2769
<

o
05 2.768
2.767
0.48 2.766

2.765

0.46 2.764
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1

p p

Figure8: X and¢ asafunctionof p ats = s, + 0.1 .

Away from z. wherethereis no multi-valuednessve canremainin the (s, y) configuration
and concurrentlysolve the Hamilton-Jacobiquation(8). It is thenpossibleto reconstruceach
branchof themulti-valuedsolutionby "gluing” this (s, y) computatiorandthe (s, p) computation
switchedbackto (s, y) spaceThisis simplydoneby representingy(s, p) asafunctionof X (s, p).
We shav themulti-valuedsolutionats = s.+0.03 ands = s.+0.1 onfigures9 and10. Weinsist
herethatcautionshouldbe exercisedn thereturnto (s, y) processAn interpolationprocedurds
involved which dependson the size of the discretization.In particular it is absolutelynecessary
to letthe (s, p) computatiorevolve long enoughfor the X -spanof the+C' branchto cover atleast
se/eralmeshsizesin z.

In this section, we initialized thethreebranchedy "zooming” on thethe cuspin the (s, p)
space Now thateachbranchis notreducedo a pointin spaceandhasarealnumericalexistence
on a finite differencegrid in the (s, y) spaceconfiguration(seefigure 10), we possess suitable
initialization for our splitting algorithm (18-19). The resolutionof this coupledsystemrelieson
two additionalingredients(next two sections). The addition of two ODEsfor the computation
of the causticscurves (Folds) and somechangeof variableswhich "straighten”the causticsand
makesit possibleto work on regular Cartesiargrid.
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Figure9: ¢ ats = s. + 0.03 (zoomontheright), solidline (s, y) computationdashedine (s, p)

computation.
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FigurelO: ¢ ats = s. + 0.1 (zoomontheright), solid line : —Cl and—C'r branchesgashedine

+C branch.
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5.4 Localizing the Folds

Thetwo FoldsCr andC!1 aretreatedikewise. We thereforedropthetheleft-right dependencand
explain how to derive anordinarydifferentialequationfor C(s) ; z = C(s) beingthe equationof
aFold caustic.

Let usfirst introduce{(s, C(s),pc(s)), s > s.} thetrajectoryof the causticin the phase
spaceR! x R, x RR,. Thiscurve belongsin particularto A but is notabicharacteristics.

We recall (section4.3) that exceptat the causticwe canidentify p to the gradientof the
phase(of one of the branches) ¢, (s,y(s,y")) = p(s,y"). Like for the initialization of the
cusp,the goodsettingat the causticis the (s, p) spaceconfigurationandwe have (againwith the
notationsof section3.4)

C(S) = X(Sapc(s)) = y(sayg(s))

(25) pe(s) = p(s, yg(s))

Xp(s,pc(s)) = 0
whereyg(s) is theinitial positionof the bicharacteristicsvhich reacheshe (s, C(s), p.(s)) phase
spacepoint. Thesecondequatiorsimply saysthatthe Lagrangiarsub-manifoldfolds at (s, C(s))
in thep dimensiondirection.Using(25) andrememberinghat,atthecausticﬂi‘/{fy’TyOl =0 (weare
in 1-D), wefind .
C(s) = y(s,yg(s))

= Hp(C(s), pe(s))-

This is not surprisingaswe know the causticto be the ervelopeof the rays. The essential
differencewith thefirst equationof the Hamiltoniansystem(1) is thefollowing : atacausticpoint
(s,C(s)) we needto know p.(s) whichis nothingbut the p componenp(s, yg(s)) of the bichar
acteristicissuedrom yg(s) (alsounknavn). As alreadymentionedp,(s) cannotbe characterized
directly usingthephase We herederive anapproximateharacterizatioof p.(s) dependingnthe
gradientof thephases (s, .) and¢*¢ (s, .) which areconnectedtthe causticpoint (s, C(s)).
It givesthe necessarglosurefor a coupledsystemformedby (18-19)andtwo equationsof type
(26)for Cr(s) andCl(s).

(26)

We work with fixed s andremembethatthe Lagrangiansub-manifoldA (section2.2) can
be parameterizedssing(s, p) asa polynomialof degree2 in p. We thereforeexpectthata good
approximatiorof X (s, p) locally around(s, p.(s)) is givenby

(27) X(s,p) = C(s) +a ((p —pels))”

where(a, p.(s)) areunknavn . Therearenotermof degreel becauseX,, (s, p) satisfiesX, (s, p.(s)) =
0. Let (z—,z™) beneighboringpointsof C(s) on the supportof the —C and+C branchesWe
denotep™ = ¢, “(s,z7) andp™ = ¢FC(s,z7). Accordingto (27), (a, p.(s)) is the solutionof
thesystem
(28) { T = C(s) + a((pi _pC(S))2

zt = C(s) + a((p" —pe(s))?

ESAIM: Proc., Vol. 11, 2002, 13-40



30 An Euleriannumericalmethodfor geometricoptics

which canbesolvedanalyticallyor usinga Newton method.In thesimplestcasg(whichis notour
caseseenext sectionwhereC(s) —z~ = C(s) —z*, wesimplyfind p.(s) = 0.5 (¢, (s, z7) +
€ (s,21)), i.e. the directionof the causticis approximatedoy the meanof the direction of
nearbyraysatacrossingpoint.

In practice,z~ andzt arechoserasdiscretizatiorpointsfor respectiely the —C and+C
branchesvherethe gradientof the phasds approximatedRegardingtime discretizationwe only
saythat bothimplicit andexplicit schemesave beenexperimentedon the full coupledsystem.
Implicit schemeslo not seento work better

5.5 Straightening caustics

In this sectionwe explain how thecomputationatlomaincanbe”straightened’to aregularsquare
Cartesiargrid usinga dynamicchangeof variablein space.

We first addresghe caseof the —C' branches.They are boundedby the causticon one
side and we chooseto closethe domainon the other side with out-goingboundaryconditions
which maybeinconsistentvith the problembut do notinterferewith the solutionaway from this
"artificial” boundary Let usintroducethefollowing changeof coordinates

(29) (s, Z(s,z) + C(s)) « (s,z),

which simply shiftseachtime slice suchthatthe domainis boundedon the causticsideby z = 0.
Weintroduceike in section5.1,anew phasevariabledependingn (s, Z)

¢(s,%) = ¢~ (s, ),
andestablishiwith the helpof (26)) thatit satisfiegthe modifiedequation
(30) s (s, %) + H(s, & + C(s), (5, %)) — Hy(s,C(s),pe(s)) - Pa(s,%) = 0

with out-goingboundaryconditionatz = — M, M is givenby theuser At thecaustic(z = 0), we
caneitheruseout-goingboundaryconditionsasthe schemeobviously needso upwind from the
interior of the domainor imposethe consistenboundarycondition ¢z (s, 0) = p.(s). Equation
(30)is still anHamilton-Jacobequationwith corvex Hamiltonian.Somecareis neededo define
the numericalHamiltonianbut otherwisethe sameupwind schemecanbe used.

We recorver thesolutionin (s, z) by invertingthe changeof coordinate429) :

¢(s, &+ C(s)) = ¢~ (s, %)

The resultfor the —C branchesaredisplayedon figure 11 and 12. The methodintegrates
bothcausticdocalization(andthereforealsodepend®ntheresolutionof the +C' branch)andthis
changeof variabletechnique.
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o : \\\\\\\\\

Figure1l: —CI branch.Left : gray-scaleplot of ¢~¢! asafunctionof (s, ). Center. gray-scale
plot of ~C! asafunctionof (s, ), we recover the shapeof the caustic. Right : Level curvesof
$~C" asafunctionof (s, z) .

: )

Figurel2: —Cr branch.As figure11.
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The caseof the +C' branchis a bit more complicatedasit is boundedon both sideby a
causticcurve solutionof (26). The proposedsolutionin this caseis to make a linear changeof
coordinates

(31) (s,a(s)Z(s,z) + b(s)) < (s,x)

wherea andb aredynamicallydefinedby (theleft andright dependencaremadeexplicit onthe
causticcurwe)

a(s) = Cl(s)2—JVICr(s)
b(s) = Cl(s) —5 Cr(s)
Z herespangheintenal | — M, M| hereM is fixed by the user We againperforma changeof
variable

#(s, %) = ¢+C(Sa z)

andthe new variablesatisfies

bs(s, &) + H(s,a(s)Z + b(s), bz (s, 7)

for # €] — M, M[. Theboundaryconditionsaregivenby (19): ¢+ (s, Ci(s)) = ¢~ C!(s, Cl(s)
and¢t (s, Cr(s)) = ¢~ (s,Cr(s)) .

This equationis alsotractableusing an upwind scheme.We invert the linear changeof
coordinateandrecover our +C' branchin the standarccoordinatesystem(s, z) (figure 13).

0.9
0.8
0.7
0.6
0.5

X X

Figurel3: +C branch.As figure11.

5.6 Multi-v alued solution

The only remainingprocessingo be doneis to superimposg¢he threebranchesndthe classical
solutionon the sameplot. This is figure 14. The white bandwith no solutioncorrespondo the
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Figure14: The Eulerianmulti-valuedsolution.

timewindow of the (s, p) treatmenof thecusp. A morethoroughcheckis to comparehephases
computedattime s = 1 usingaLagrangiarn(ray) methodandour method.It is doneonfigure 15.

3.8 T
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Figurel5: Phaseats = 1. Solidline : Eulerian.Crosses Lagrangian.

6 Numerical test

We testour Eulerianmethodon a more complicatedand non symmetriccuspidalcaustic. The
Hamiltonianis still given by (16) but the index of refraction definesa waveguide (figure 16)

Theinitial phaseg®(y°) = v’ 2y 6°=03) 4 is pon symmetricwith

0 Vit 03y

. 1
n(Y) = To55inGTy)"
respecto n.
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Figurel6: Index n(y) .

Thefiguresl7to 25illustratethenumericatreatmentsletailedin sectiornbs. Figurecaptions
areexplicit.
20 1
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Figure17: Left : Level curvesof ¢(3,z). Right: Level curvesof ¢¢#55(S, z). In this case
se = 0.3927 .

7 Conclusion

Figures24 and25 illustratesthe ability of the methodto computean arbitrarycuspidalcaustic.It
is difficult to compareexecutiontimesbetweenthe Eulerianandthe Lagrangiarmethodbecause
theformatsof theresultsaredifferent. The Eulerianmethodwashowever fasterin producingthe
phaseprofile (figure21) becausalarge numberof rayswereneededo recover afew pointsonthe
—C branchesandthe Eulerianz discretizatiorwasrathercoarse(40 points). The “Lagrangian”
changesf variableof section5.5 hasthe nice featureof automaticallyrefining the grid where
neededwherethe ray densityis high) and henceimproving the accurag (we usedfirst order
schemes).
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Figure21: —CI branch.Left : gray-scaleplot of ¢—¢! asafunctionof (s, ). Center. gray-scale
plot of ~C! asafunctionof (s, ), we recover the shapeof the caustic. Right : Level curvesof
$~C" asafunctionof (s, z).
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Figure24: Left : Eulerianmulti-valuedsolution. Right: Lagrangiansolution(rays). The La-
grangiancausticpointsarerepresentethy starson bothplots.
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Figure25: Phaseat s = 1.. Solidline : Eulerian.Crosses Lagrangian.
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We believe the derivation of ODEsfor the causticcurves and the closureof systemsof
Hamilton-Jacobequationdor the threebranchego be a stepforwardin this field. Numerically
the delicatepartof the methodis the treatmenbf the (s, p) “cusp-windav”. Severalcomple in-
teractionof numericalparameterareatwork there: thelengthof thetime window, thep support
of thesolution,the X spacdliscretization..Finally eventhoughwe realizedareasonabl@umber
of numericaltests,we mustsay that the corvergenceand stability of the numericaltechniques
presentedn section5 have notyet beeninvestigated.

We plannext to usethis Eulerianalgorithmasthe building block of a moregeneraimethod
capableof solving problemsexhibiting and arbitrary numberof cusps(possiblyinteracting). A
first stepin this directionmaybefoundin [8]. Thiswould solve the2-D problem.

While it is still fairly easyto dealwith raysin 2-D, the difficulty increasegramatically
in 3-D where causticsare now surfaces. This is the real challengefor Eulerianmethod. The
numericaltechniquegresentedn section5 can be extendedin higher dimensionsand should
work for the“simple” caseof folds andcuspsextendedn 3-D. In 3-D however, we mustconsider
threeadditionalgenericstructuredor the causticaassociatedo a parametriaepresentationsing
polynomialsof degree4. We hopethat the methodologydevelopedin this paperwill permitto
analyzeandsolwe thesecases.
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