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Résuḿe. Cet article présentecertainesméthodesd’optimisationtopologiquedesmilieux
continuset leur utilisation dansla conceptionde mat́eriauxet mécanismes.Ceci comprend
l’utilisation de l’optimisation topologiquedansla conceptionde mat́eriaux ayantdespro-
priét́eslimites et l’introduction decritèresdeflambage.On s’intéresseaussià la conception
de mat́eriauxcompositesisotropesmettantenoeuvreles sch́emasd’interpolationà la mode
en optimisationtopologique.Enfin on présentedesexemplesdeconceptiondemécanismes
flexibles.

Mots clés. Optimisationtopologique,microstructures,mécanismesflexibles.

Abstract. This papergivesa brief introductionto someof the methodsusedin topology
designof continuumstructuresandto their usefor thedesignof materialsandmechanisms.
This encompassestheuseof topologydesignin designof materialswith extremeproperties,
andthe introductionof buckling criteria in suchdesignproblems.A topic is alsothedesign
of isotropiccompositeswhich realizecertainpopularinterpolationschemesusedin topology
design(makingthedogbite its tail). Finally, examplesof thedesignof flexible mechanisms
will bediscussed.
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1 Intr oduction

The areaof computationalvariable-topologyshapedesignof continuumstructuresis presently
dominatedby methodswhich employ a materialdistribution approachfor a fixed referencedo-
main, in thespirit of theso-called‘homogenizationmethod’for topologydesign([7], [4]). That
is, thegeometricrepresentationis like a grey-scalerenderingof an image,i.e., a rasterrepresen-
tationof thegeometryon afixedreferencedomain.Thephysicsof theproblemis alsodefinedon
this fixed referencedomain,in analogyto fictitious domainmethodsfor finite elementanalysis.
The techniquehasits origins in theoreticalstudiesof existenceof solutionsin variationalprob-
lems,in particularshapeoptimizationproblems,andin studiesin theoreticalmaterialscienceof
variationalboundsonmaterialproperties.Theareais presentlyorientedtowardsapplications,and
onenow seesa fairly widespreaduseof topologydesignin industry.
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42 Recentdevelopmentsin topologydesignof materialsandmechanisms

In this shortintroductionto thefield we outlinesomeof thebasicideasandmethods,refer-
ring to existing literaturefor comprehensive surveys (e.g.,[8], [36], [9], [12]). Also, referenceis
mostlymadeto recentpapersthat includebibliographiesusefulfor on overview of thearea– the
presentationthusdoesnotpresentacompletehistoricalperspective.

The basicsettingof continuumtopology optimizationis a ’0-1’ integer designproblem
(generalizedshapeoptimization).Thusadesignspecifieswhetherthereis solidmaterialor void at
every point in thechosendesignregion,without any furtherrestrictionson theshape.In general,
this classof problemsis ill-posed in the continuumsetting(cf., [25], [23]). Well-posedprob-
lemscanbe obtainedby usingtheir relaxed versionswhich usuallyincorporatesmicrostructure,
that is, optimal designswith grey-scale(see,e.g., [2], [13]). Relaxationusuallyyields a setof
continuouslyvariabledesignfields to beoptimizedover a fixeddomain,a convenientfeaturefor
computations(the integer0-1 format is avoided). The form of the relaxed settingis only known
for a limited classof problemsandmuchwork is still neededin thisarea.

An alternative is to restrictthespaceof admissiblesolutions.This cantypically beaccom-
plishedby enforcinga boundon the perimeterof the design(see[33], andreferencestherein),
by useof a filter limiting minimum scale(see[44] and [10] for an overview), or by imposing
constraintson gradientsof grey-scalesdefininggeometry(see[34], andreferencestherein).The
problemswith restricteddesignfreedomaretypically – by somecompactnessproperties– well-
posedin thesettingof a continuumdescriptionof thedesignproblem(existencestill requires,for
eachcase,a formal proof, asseenin [5], [10]). In a 0-1 setting,therestrictionapproachleadsto
‘classicaldesigns’andthephysicalmodellingis determinedsolelyby thepropertiesof thegiven
solid material.Themajorchallengeis thesolutionof a large-scaleintegerprogrammingproblem.
Thehighcostof functioncallsfor theseproblemstypically precludestheuseof geneticalgorithms
or simulatedannealingimpracticalfor large-scaleproblems– this is anareathatshouldhavemore
focusin thecomingyears(see,however, [6] for arecentsuccessfulapplicationof Lagrangiandual-
ity to thelargescaleintegerproblem).Thusthetypicalapproachis to replacetheintegervariables
with continuousvariablestogetherwith someform of penaltythat steersthesolutionto discrete
0-1 values.A key partof thesemethodsis theintroductionof interpolationfunctions(ofteninter-
pretedasmaterialdensities)thatexpressvariousphysicalquantities(e.g.,materialstiffness,cost,
etc.) asa functionof thecontinuousvariables.Moreover, geometricpropertiesalsorequiresuit-
ableinterpretation.Oftensuchinterpolationscanbeobtainedfrom themicrostructuresdescribing
therelaxedformulations.It is important,however, to recognizethattheultimategoalremainsthat
of obtainingablack-and-whitedesign.

2 Problemform

In topologydesignwe seek,for givenchoiceof objective andconstraint,theoptimaldistribution
of materialin a fixedreferencedomain � in ��� or ��� . Herewe considera mechanicalelement
asa bodyoccupying a domain ������� . Referringto the referencedomain � on which applied
loadsandboundaryconditionsaredefined,we candefineanexample‘control in thecoefficients’
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problem,herefor simplicity takenastheminimumcomplianceproblem:+-,/.1032 46587:93;=<?>A@ subjectto:587CB6DFE�G�HJI*KMLON DFE I*;ML�I*K"LONPG�H(I*QRL�I*KMLS<?>UTV5W7C93QX<Y> for all Q[Z]\B6D^E_G�HMZa`
ad

(1)

Here \ is thespaceof kinematicallyadmissibledisplacementfields, ; theequilibriumdisplace-
ment, 9 the forces,and N8I*;"L linearizedstrains.Therigidity tensorB6D^E�G�H is thedesignvariableof
our problem. The definition of the setof admissiblerigidity tensorsis what distinguishesvari-
oussettingsfor the designproblem. A classicalvariantof problem(1) is the so-calledvariable
thicknessproblem,wherethesetof admissibledesignsis definedthrougha thicknessfunction b :B6D^E�G�HJI*KMLcT b I*KMLdBXeD^E_G�H b Zgf6hiIj>kL587 b <?>lTVmc@ n=o b1p Drq o b o b1p6s_t(2)

for given materialpropertiesBXeDFE�G�H and given volume m . This problemis ratherspecial,with
existenceof solutionsin the‘naive’ setting(see[32] andreferencestherein).

For a topologydesignwherewe work with domains> p of materialpoints,theadmissible
designsaredefinedby a point-wisevolumefractionof a givenmaterialattainingthevalueszero
or one(ablack-and-whitedesign):B6DFE�G�HjI*KMLuTVv-I*KMLdB eD^E_G�H @v=I*KMLcTxwy@dKzZg> pC{ v=I*K"LcT|n}@dKgZz>�~�> p

Vol Ij> p LcT 587 v=I*K"L�<Y>�TVm(3)

Materialswith a structuralhierarchyoften allow for stiffer structures,asseenin naturein bone,
wood,etc.andusedin compositestructures(seeFigure1). Herethiscanleadto alackof existence
of solutions,ascompositescanbe constructedaslimiting sequencesof designsdefinedby (3);
however, compositesarenotcoveredby (3) (for B:eD^E�G�H isotropic,thematerialin (3) is isotropic,but
acompositecanbeanisotropic).

1 2

3 4

Figure1: Elementsof aminimizingsequenceof designswith finerandfiner scales,with thelimit
(4) consistingof compositesin largeareas.
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44 Recentdevelopmentsin topologydesignof materialsandmechanisms

3 Computations

For computationsafinite dimensionalversionof theproblem(1) is generatedfirst, normallywith
finite elementapproximationsof displacementfields anddesignvariables.The genericform of
theresultingnon-linear, non-convex, largescaleoptimizationproblemis�/�R���1�"������Y� �a������(� �V�u  ¡=¢ ��£¤�r¥[¦§�(�¨¦§��£6©_ª(4)

Here
�

denotesnodaldisplacementsand
�

thedesignvariables,enteringtheequilibriumequation
throughthestiffnessmatrix

�
.

If thisproblemis solveddirectlyvia mathematicalprogrammingtechniquesonetreatsboth
displacementsanddesignvariablesasindependentvariablesandtheequilibriumequationissolved
by theoptimizationcode.This is thusfor evenmoderatelysizedproblemsnormallyonly viableby
useof speciallydevelopedalgorthmsthatutilize theproblemstructure(anexampleof this canbe
foundin [50]). In somecases,asfor theminimumcompliancecase,it is possibleto find explicit
formulasfor theoptimaldesignvariablesin termsof thestatevariables.Thisallowsfor areduction
of thenumberof variables,andtheresultingproblemis anequilibirumproblemwith anon-smooth
potential.For continuumdesign,sucha technique,basedonastressbasedformulation,is usedin,
e.g.,[4], [2].

Thetraditionalapproachis to rewrite theproblemasaproblemin thedesignvariablesonly:�/�1�}« � � �� � � �V�¡�¢ � £¤�r¥ ¦�� � ¦§� £6©Pª(5)

with thefunction: « � � � ��� � �
where

�
solves

�¬� � � �i�­�(6)

If the optimizationalgorithmto be usedfor solving (5) requiresfunction gradients,sen-
sitivity analysis(i.e., efficient meansto computethe derivatives of functionsinvolving the dis-
placements)becomesacentralsubject.Thisusuallyinvolvestheso-calledadjointsystem,asalso
known from control theory. Sensitivity analysisis an importantareaof computeraideddesign,
asit providesinformationon changesin performancewith respectto designvariables,seefor ex-
amplepapersin [21]. Themainrationalebehindusing(5) asthebasicformat for computational
optimizationis theuseof commercialsoftwarepackagesfor finite elementanalysisandthat it is
fairly straightforward to generalizeto a broadclassof problems.Moreover, in suchproblemsas
shapedesignvia CAD definedboundaries,thenumberof designvariablesis usuallycomparably
small, making (5) a moderatelysizedproblem(with ‘expensive’ function calls). For topology
design,even problem(5) is large-scale;in many casesthe key point to successis to formulate
relevantproblemsinvolving only a moderatenumberof constraints,so thatdualmethodscanbe
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effective. Here techniquesbasedon separable,convex approximationsareparticularlypopular
(CONLIN, see[16], andMMA, see[47]).

Finally, we note that the continuumproblemat handis a two field problemwhich may
developcheckerboardsin computations(asfor a Stokesflow problem).For a fine enoughmesh,
geometriccomplexity constraintsusuallyremovessucheffects,but in for examplearelaxedsetting
specialcaremustbetakento avoid such‘polluted’ results(see [44] for anoverview).

4 Homogenizedmaterials, relaxation,and material design

Inspiredby theoreticalstudieson generalizedshapedesignin conductionandtorsionproblems
andby numericalandtheoreticalwork relatedto platedesign(see,e.g., [11], [24], [19]), [26])
initial work on numericalmethodsfor topology designof continuumstructureswas basedon
usingcompositematerialsasthe basisfor describingvarying materialpropertiesin space([7]).
Compositesconsistingof squareor rectangularholesin periodicallyrepeatedsquarecells were
first usedfor planarproblemsandhomogenizationtechniqueswereusedfor computingeffective
moduli of the materials.Hencethe useof the phrase‘the homogenizationmethodfor topology
design’. The methodinvolves working with orthotropicor anisotropicmaterials. This addsto
the requirementsof the finite elementanalysiscode,but the main additionalcomplicationsis
the extra designvariablesrequiredto describethestructure.Thus,a microstructurewith square
holesin squarecells requiretwo distributed variables,as the materialpropertiesat eachpoint
of thestructurewill dependon thesize-variablecharacterizingtheholesizeandon onevariable
characterizingtheangleof rotationof thematerialaxes.

The typesof microstructuresjust mentioneddo not provide for the full relaxationfor the
designproblem,which in principle shouldencompassall compositesformedby G-convergence
(or H-convergence).However, for thecomplianceproblemoneonly needsthecompositeswhich
provides for the stiffest composites,definedin similar termsas the problemsof boundson ef-
fective materialproperties,asstudiedin the theoryof composites(see[12] for a comprehensive
bibliography). Hereit hasbeenproved that for exampleso-calledranked laminates(layers)are
in factoptimal for stiffnessproblems(for anoverview, seefor example[3], [4]). Their effective
propertiescanbegivenin analyticalform (andin asubtlerecursiveform,cf., [17]), acentralaspect
for the existenceproofsandfor their usein computations.With layeredmaterials,existenceof
solutionsto theminimumcomplianceproblemfor bothsingleandmultiple loadcasesis obtained,
without any needfor additionalconstraintson thedesignspace(e.g.,without constraintson the
geometriccomplexity), and thus interpolation(i.e., continuousdesignvariables)andrelaxation
arebothprovided for. However, the relaxed modelsseldomresultin black-and-whitedesignsin
themselves.

Theconstructionof therelaxationcanin esssencebeseenasproblemof designof compos-
ites.This canbeseenby rewriting problem(1) in theform¸º¹�»¼S½�¾

ad

¸-¿/ÀÁ ½ÃÂ ÄYÅÇÆ6È^É�Ê�ËJÌ*Í"ÎOÏ È^É Ì*ÐRÎ�Ì*ÍMÎOÏ_Ê�Ë�Ì*Ð}Î�Ì*Í"ÎÒÑYÓÕÔ�ÖuÄ}ÅÇ×3ÐAÑYÓ(7)

wherethe inner problemis the minimum potentialenergy problem,with value at equilibrium
equalto thenegative of compliance.By interchangingthe ‘max’ andthe ‘min’ andconsidering
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46 Recentdevelopmentsin topologydesignof materialsandmechanisms

thepointwiseoptimalchoiceof rigidity tensorâ , oneidentifiesanauxiliarysub-problemthatwill
generateaboundonperformance: ã-ä�åæ â6çFè�é�êJë*ìMíOî_ïçFè îPïé�ê(8)

This is a problemof maximizingstrainenergy for a given fixed strain î ï , where â rangesover
all composites.For periodiccomposites,givenby a cell ð of periodicity, this homogenizedstrain
energy is writtenasâ:ñç^è_é�ê î ïçFè î ïé�ê�ò ã-ó/ôõ ð -periodicöR÷ â6çFè�é�êJë*øRíúù(î ïç^è�û î ç^è ëjü"í�ë*øRí_ýþùÿî ïé�ê û îPé�êJëjü"í�ë*ø1ídý���ð(9)

andthematerialdesignproblembecomesã-ä�åæ����
ad

����	 â ñçFè�é�ê î ïç^è î ïé�ê(10)

where 
 ad is denotesthe setof admissiblelocal materialtensors,or, rather, the local designof
themicrostructure.For layeredmaterials,this is ananalyticalproblem,but onecouldalsothink
of thisproblemasacomputationalproblemof local topology design. Notethatproblems(8), (10)
generateanupperboundon thestrainenergy of any composite,andthusby choiceof strain î ï on
thematerialpropertiesof suchcomposites.An examplewould beto find boundson thebulk and
shearmoduli of isotropic composites.

5 The SIMP model

Complementingtheuseof thehomogenizationmethod,whereanisotropiccompositesareapriori
acceptedaspart of the designspace,a popularmethodto modelmaterialpropertieswhich are
isotropicatintermediatedensitiesis theso-calledpenalized,proportionalfictitiousmaterialSIMP-
model(SIMP:Solid IsotropicMaterialwith Penalization),seefor example [9] for anoverview. In
thismodelacontinuousvariable� is introduced,with ��
���
�� , resemblingadensityof material
by thefactthatthevolumeof thestructureis evaluatedas� ò öY÷ �3ë*ì"í����(11)

Therelationbetweenthisdensityandthematerialtensorâ6ç^è_é�ê in theequilibriumanalysisiswritten
as â6ç^è_é�êJë��}í ò ��� â:ïç^è�é�ê������ � �(12)

wherethegivenmaterialhasstiffnessgivenby â ïç^è�é�ê . Theinterpolation(12)satisfiesthat âºë�� í ò �
and â-ë �8í ò â ïç^è_é�ê , meaningthatif afinal designhasdensityzeroandonein all points,thisdesign
is ablack-and-whitedesignfor which theperformancehasbeenevaluatedwith a correctphysical
model. For problemswherethevolumeconstraintis active, experienceshows that optimization
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doesactuallyresultin suchdesignsif onechoosesthepower 2 sufficiently big (in orderto obtain
true‘0-1’ designs,243�5 is usuallyrequired).Thereasonis that for sucha choiceoneimposesa
penalizationon intermediatedensities(volumeis proportionalto 6 but stiffnessis lessthanpro-
portional).TheSIMPmodelthushasaninherentpenalizationleadingto 0-1designs,and,assuch,
requiresfiltering or likewisefor existenceof solutions(cf., thediscussionin theintroduction).

For the SIMP interpolation(12) it is not immediatelyapparentthat areasof grey canbe
interpretedin physicalterms.However, it turnsout thatunderfairly simpleconditionson 2 , any
stiffnessusedin theSIMP modelcanberealizedasthestiffnessof acompositemadeof void and
anamountof thebasematerialcorrespondingto therelevantdensity, seeFigure2. Thususingthe
term‘density’ for theinterpolationfunction 6 is quitenatural,andthis typeof modelactuallyalso
fallsunderthelabel‘the homogenizationmethodfor topologydesign’.

Density 0.25 Density 0.5 Density 0.75

Figure2: Planarmicrostructuresof materialandvoid realizingthematerialpropertiesof theSIMP
modelwith 2�798 (Poisson’s ratio is zero).As stiffer materialmicrostructurescanbeconstructed
from thegivendensities,non-structuralareasareseenat thecell centers.See [9].

Figure3: Designof a periodiccompositewith negativePoissonratio. Topologyoptimizationis
appliedto theunit cell of periodicity, andtheeffective parametersof thecompositearecomputed
via homogenization.By courtesyof O. Sigmund,[38].
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6 Designof materials

Thebasicconceptof topologyoptimizationcanin itself beusedtodesignmaterialmicrostructures.
Theideais to useexpressionsof theform (9) for thehomogenizedmaterialparametersof a peri-
odiccompositeto stateconditionson theresultingmaterialto bedesigned(e.g.,by leastsquares),
andthento usetopologydesignto find theoptimaldistribution of materialin theunit cell, which
is now thereferencedomain.Typically onewish to find singlelength-scalemicrostructures,and
thusa verisonof theSIMP interpolationwith geometricconstraints(a filter) is a naturalversion,
cf., ([38]). Sucha procedureis inversehomogenization.It canresult in many interestingtypes
of materialmicrostructures,asfor exampleonesthatresultin a mediumwhich hashomogenized
propertieswith a negativePoisson’s ratio, seeFigure3. Also, by this methodonecanobtainthe
geometriesin Figure2 ([9]), which areisotropic microstruturesrepresentingthepropertiesof the
SIMP interpolation.Thusonehashereemployed topologydesignwith SIMP to obtainspecified
materialpropertiesof SIMP, makingthedogbite its tail.

It is in connectionwith materialdesignusefulto comparethe valuesof the strainenergy
(c.f., (9)) of thecompositesandrelatethis to theknown boundson theeffective materialparam-
etersof composites.For comparisononegetsa clearerpicturewhenconsideringthedualof this,
thatis, thecomplementaryenergy, i.e., FHGJILKNMPO)Q%R0SJT,U-V'W SJT W#U-V
(13)

for agivenstress
W

. If any 2-D anisotropiccompositemadeof void andanisotropicmaterialwith
YoungsmodulusXZY andPoissonratio [\Y is allowed,theupperboundon thestiffness,that is, the
lower boundon thecomplementaryenergy canfor any stressfield befoundby thematerialprop-
ertiesof anoptimally designedrank-2layering,with directionsof layeringsalongthedirections
of theprincipalstresses.Theboundis givenby (see,e.g.,[3] andreferencestherein):] I O)QH^ SJT,U%V W SJT W#U-V`_ba Qced0f ] W)ghNi W)ghjhNkml F n kpoqiro [\Y RCW h W hjh ^ if

W h W hjhqsutQc d f ] W)ghNi W)ghjhviwl F n kpoxk4o [\Y RCW h W hjh ^ if
W h W hjh _ t(14)

for a stressfield
W

with principlestresses
W h and

W hyh . This boundhasbeenfoundby analytical
means.It is usefulto comparethis boundwith thecorrespondingoptimalcomplementaryenergy
whichcanbeobtainedwith othercomposites,seeFigure4. It is hereespeciallyinterestingto note
that the numericallyobtainedsingle lenth-scaleso-calledVidgergauz-like structures([48]) (see
Figure5) have complementaryenergy aslow asthe optimal boundfor principal stressesof the
samesign,while it doesnotseemto bepossibleotherwise.This is confirmedby therecentresults
([1]) which show thatno singlescaleperiodiccompositeobtaintheboundsin this case,andany
compositeobtainingthebound(in 2-D) mustbedegenerate(i.e. hasasingularstiffnesstensor)

For the SIMP model the boundsto considerarenot the onesgiven in (14), but ratherthe
Hashin-Shtrikmanbounds([20]) on theeffective materialparametersof isotropic composites,as
illustratedgraphicallyin Figure6 for anisotropicbasematerialwith Poissonratio

n{z�|
(in thiscase

theboundscanbeexpressedsolelyin termsof theYoung’s modulus).Suchancomparisonshows
thatfor examplein 2-D, thepower } of theSIMP modelshouldsatisfy} _w~������ �n i [�� ln k [��(15)
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Figure4: Comparisonof theoptimal(minimal)complementaryenergy asafunctionof theratioof
theprincipalstresses,andfor varioustypesof microstructuresandinterpolationschemes(material
andvoid mixtures).Thedensityis �������¡  andPoisson’s ratio is ¢��¤£{¥�¦ . TheVidgergauz-like
structuresareshown in Figure5 ([9]).
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Figure5: The shapeof single inclusionsof void in a cell of a homogenized,periodicmedium
minimizing complementaryenergy (Vigdergauz-like structuresfor ´¶µ¸·{¹�º anda density »wµ¼�½¡¾

). Resultsfor a rangeof principalstressratiosof amacroscopicstressfield ([9]).

in orderfor thismodelto satisfytheHashin-Shtrikmanbounds,i.e., it is anecessaryconditionfor
themodelto berepresentedby a composite.Moreover, thematerialdesigntechniquethenshows
thatthis is alsopossible,asillustratedin Figure2 (see[9] for furtherdetails).

An issuearisingin topologydesignof microstructures- asalsoin topologydesignin general
- is theappearanceof slenderelementsof thestructures,oftenmakingsuchstructuresvulnerable
to instability phenomenasuchasbuckling. A global buckling criterion for topologydesignof
continuumstructureshasbeenconsideredin [28], andthis developmenthasbeenusedasa basis
for designingcompositesfor optimalelasticproperties(e.g.,maximalbulk modulus),while main-
taininga lower limit on thecritical instability loadof thecomposite.Suchinstabilitiescanhave
several length-scales,dependingon the geometry, dimensionsandloadingof the medium. For
design,onecanreasonablychooseto usehomogenizationto obtainthebuckling loadfor periodic
buckling modesexisting at a length-scalecomparableto the cell of periodicity, while account-
ing for the possibility that modesmay exist which involve several cells. Thusthe designof the
microstructureis performedover onecell, but thebuckling analysis(in a lineareigenvalueanal-
ysis, usinghomogenizedequations)caninvolve a modifiedcell of periodicity involving several
of the cells usedto describedthe micro-geometry. In principle this shouldnot be necessary, as
thiscorrespondsto aspecialrefinedgeometryof theunit cell, but thelimited geometricresolution
of thedesigndescriptionmakessuchanapproachnecessaryasa safeguard.Thedesignproblem
involves the standardproblemsof treatingeigenvalue problemsin topologydesign. One is the
possiblenon-smoothnessof the objective, the otherbeingthe appearanceof localizedmodesin
low-densityareas,requiringspecialcareto identify therelevantmodes([28], [31] – seealsobe-
low). Filtering is usedin orderto controlgeoemtriccomplexity. Thecomputationalexperiments
show thattherangeof microgeometrieswhichattainahighbulk modulusis wideenoughto allow
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Figure 6: A comparisonof the SIMP model and the Hashin-Strikhmanupper bound for an
isotropicmaterialwith Poissonratio É{Ê�Ë mixedwith void. For theH-S upperbound,microstruc-
tureswith propertiesalmostattainingtheboundsarealsoshown ([9]).
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52 Recentdevelopmentsin topologydesignof materialsandmechanisms

for usingmicrostructureswherea reasonableaccountof thecritical loadcarryingcapacitycanbe
takeninto account,seeFigure7.

A
Ö

                         B                         C                        D

Figure7: Microstructuresoptimizedfor optimalbulk properties.For (A) no buckling constraint
is imposed,while for (B) suchaconstraintis used.Notethatthebucklingconstraintalsoremoves
checkerboards,assuchsubstructureshave azeronumericalbuckling load.Finally, in (C) and(D)
afilter is usedto limit geometriccomplexity ([27]).

Weclosethisbriefdiscussiononthepossibilityof designingmaterialsby topologydesignof
theunit cell of a periodic,homogenizedmediumby notingthatthebasicconcepthasbeenshown
to work efficiently for a broadrangeof problems,alsoinvolving for examplethermalexpansion
(seefor example[45]) or piezzo-electricaleffects(seefor example[22]). Moreover, thetechnique
hasbeeninstrumentalin new work on boundson the materialpropertiesof mixturesof three
materials([18]) aswell asfor thedevlopmentof a new classof compositeswhich areusefulfor
exploring thesetof materialparametersgivenby theHashin-Strikhmanboundsfor two materials
([42]).

7 Designof mechanisms

Compliantmechanismplaysa significantrole for MEMS (Micro ElectroMechanicalSystems)
applications,asstandardtechniquesfor assemblyof mechanismis notpossibleatextremelysmall
scales.On the otherhand,small scaleallow for the useof new actuationprinciples,asfor ex-
ampleelectrically inducedheatexpansion,wherethe scalegivesa possibility for rapid heating
andcoolingandthusresonabletimescalesfor movements.Compliantmechanismoperateby the
flexibility of astructureto performits task,andthemechanismis thusonestructure,for whichthe
basicconceptof topologydesignis applicable,seeFigure8 (seealso[39], [29]). For mechanisms
theinitial topologydesignstudieswerecarriedout usinggeometricallylinearanalysis,i.e., small
strainswereassumed.In practisethis is not thecase,andmoreover it turnsout thatthegeometric
linearity actually imposesa restrictionon the effectivenessof the mechanisms– for this setting
oneactuallyprefersdisplacement(asopposedto stiffnessdesign).This is illustratedin Figure9.

Closingthis shortdiscussionon mechanismdesign,we will herebriefly outline someas-
pectsof treatingmultiple physiscsproblems.Thephrase‘multiple physics’is hereusedto cover
topologydesignwhereseveral physicalphenomenaareinvolved in the problemstatement,thus
coveringsituationswherefor exampleelastic,thermalandelectromagneticanalysesareinvolved.
Whenmodellingsuchsituations,thebasicconceptof thedensitydistribution methodfor topology
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Figure8: Theprincipleof designof compliantmechanisms.For a certaininput forceonemaxi-
mizesthework doneon aspringat output.Thechoiceof springstiffnessdeterminesthecompro-
misebetweenoutputforceandoutputdisplacement.
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Figure9: Designof a compliantmechanisms- a forceinverter, c.f., thedesignsettingillustrated
in Figure8. Theleft handdesignis designedusinggeometricallylinearanalysis:this designwill
lock for moderatelylarge displacements.The right-handpictureshows a designobtainedusing
geometricallynon-linearanalysis,andherethis allows for substantiallylargerdisplacements.By
courtesyof B.B.W. Pedersen,T. Buhl andO. Sigmund,[30].
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designprovidesa generalframework for computations,but herethe initial obstacleis the need
for interpolationof not only stiffnessbut alsootherphysicalproperties.If only linearmodelsare
considered,onepossibility is to usethetheoryandcomputationalframework of homogenization
of compositemediato computeeffectiveelastic,thermalandelectromagneticpropertiesof agiven
typeof compositesandusesuchrelationshipsbetweenintermediatedensityandmaterialproper-
tiesin thedesignproblem.An exampleof thisapproachfor thermo-elasticproblemscanbefound
in [35]. However, the lesscomplex designdescriptionof theSIMP approachhasleadalsoto the
developmentof suchinterpolationschemesfor multiple physicsproblems.As anexampleof this,
in reference[45], microstructureswith extremethermalexpansionaredesignedby combininga
materialinterpolationof elasticpropertieswith a similar interpolationof the thermalexpansion
coefficients.Similar ideascanbeusedto designmechanismsbasedon thermo-mechanicalandon
thermo-electro-mechanical actuationprinciples,asshown in Figure10 (seealso[40], [41], [43]).

V
ý

V
ý

Figure 10: Designof a thermo-electro-mechanical actuator. The mid right-handpoint should
move right or up whenvoltageis appliedat thecorrespondingpoles. The movementis through
elasticdeformationdueto thetemperaturechangewhichoccurswhenacurrentpassesthroughthe
structure.By courtesyof O. Sigmund,[40].

8 Ar easof application

Computationalmeansfor topologydesignhave now beendevelopedinto reliabletools for prob-
lemsinvolving stiffness(includingmultiple loadproblems)andvibrationcriteria. Theefficiency
of topologydesignasa tool in the initial phaseof a designprocessandtheappearanceof com-
mercialsoftwarehasleadto a broadacceptanceof the methodin industry(c.f., e.g.,[49], [37];
seealsowww.topopt.dtu.dkfor pointersto relevant web-sites). Researchhasalso lead to con-
sideringextendedclassesof problemsfor examplewith non-linearmaterialbehaviour andlocal
constraints(i.e., constraintsimposedon all points in the domain). The exact form of a relaxed
form of theseproblemsare in most casesunknown. The emphasisin the field is currently on
modellingandonthedevelopmentof computationalmeans,mostlyrelyingonrestrictionmethods
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asanunderlyingimplicit guaranteeof well-posedness.Thus,in thecontext of theory, thepaceof
implementationsfor new problemtypeshasfar overtaken thefull mathematicalunderstandingof
theinterplaybetweenmethodsfor obtaining‘classical’solutionsandmethodsfor deriving relaxed
problemsettings,andherelies animmensechallengefor thefuture. For a mathematicianthereis
thusanabundanceof (hard)problemsto study.

9 Challenges

In thispresentationmodelsfor topologydesignhavebeenviewedasmaterialdistributionproblems
in afixeddomain.It is centralto thisconceptthatcomputationswork with afixedFEM mesh.This
impliesthatlow densityareasarealsoincludedin theanalysisfor eachfeasibledesign.For stress
constraintsthis leadsto the difficulty of the so-called‘stresssingularity phenomenon’,where
low densityregions may have high stressbut arestructurally insignificantfor the final design,
makingcomputationstricky ([14]). A similarly elusive problemarising from this basicdesign
representationappearsin situationsinvolving stability andvibrationcriteria. Therelevantdatato
considerin suchsituationsaretheeigenvaluesof thestructurallyrelevantpartsof thestructure,i.e.,
thebuckling loadsandthevibrationfrequenciesof the ‘black’ partof a black-and-whitedesign.
In a true black-and-whitedesignthis are the non-zeroeigenvalues,but at intermediatestepsof
an iterative optimizationmethodit canbecomeunclearwhat arethe relevant valuesto consider
for a givengrey-scaledesign.Examplesof this arelocalizedmodeswhich appearin low density
regionsandwhich shouldbefilteredout in orderthat theoptimizationdealswith thestructurally
interestingmodes.Moreover, oneshouldcaterfor certainaspectswhich complicatesmodelling,
for examplethat no structurewhat-so-ever hasthe highesteigenfrequency of all structureswith
only structuralmass.Seereferences[28] and[31] for furtherdiscussion.

For future work it would be beneficialto studyalternative approachesto topologydesign
for black-and-whitedesign,perhapswith an emphasison a geometricmodellingalongthe lines
of optimal boundaryshapedesign,asoneherehave no ambiguitywith respectto modellingof
materialpropertiesandof response.For suchwork, theconceptof thebubblemethod([15]) and
theconceptof ageneraltopologicalderivative ([46]) couldbeusefulstartingpoints.

www

Much usefulinformationon topologydesigncanbefoundon theInternet.
At thesitewww.topopt.dtu.dk onecanfind tutorialson thesubject,a free99 line MATLAB
topology optimizationcode,a topology optimizationtest-siteallowing you to make your own
designs,aswell asinterestinglinks to academicandcommercialsites.
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