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Recentdevelopmentsin topology design
of materials and mechanisms

Martin P. Bendsge

Résune. Cetarticle présentecertainesméthodesd’optimisationtopologiquedesmilieux
continuset leur utilisation dansla conceptionde magriaux et mécanismesCecicomprend
I'utilisation de I'optimisation topologiquedansla conceptionde matriaux ayantdes pro-
priéteslimites et l'introduction de criteresde flambage.On s’intéresseaussia la conception
de magériauxcompositegsotropesmettanten oeuvreles sckemasd’interpolationa la mode
en optimisationtopologique.Enfin on présentedesexemplesde conceptionde mécanismes
flexibles.

Mots clés. Optimisationtopologique microstructuresmécanismeslexibles.

Abstract.  This papergivesa brief introductionto someof the methodsusedin topology
designof continuumstructuresandto their usefor the designof materialsandmechanisms.
This encompassethie useof topologydesignin designof materialswith extremepropetrties,
andthe introductionof buckling criteriain suchdesignproblems.A topic is alsothe design
of isotropiccompositesvhich realizecertainpopularinterpolationschemesisedin topology
design(makingthe dog bite its tail). Finally, examplesof the designof flexible mechanisms
will bediscussed.

Keywords. Topologydesignmicrostructuresmechanisms.

AMS subjectclassification. 74R 74Q,74M, 65M, 49J

1 Intr oduction

The areaof computationalariable-topologyshapedesignof continuumstructuress presently
dominatedby methodswhich employ a materialdistribution approachor a fixed referencedo-

main, in the spirit of the so-calledhomogenizatiormethod’for topologydesign([7], [4]). That

is, the geometricrepresentatiois like a grey-scalerenderingof animage,i.e., a rasterrepresen-
tationof the geometryon a fixedreferencedomain.The physicsof the problemis alsodefinedon

this fixed referencedomain,in analogyto fictitious domainmethodsfor finite elementanalysis.
The techniquehasits origins in theoreticalstudiesof existenceof solutionsin variationalprob-

lems,in particularshapeoptimizationproblems,andin studiesin theoreticalimaterialscienceof

variationalboundson materialproperties Theareais presentlyorientedtowardsapplicationsand

onenow seesafairly widespreadiseof topologydesignin industry
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42 Recentdevelopmentsn topologydesignof materialsandmechanisms

In this shortintroductionto thefield we outline someof the basicideasandmethodsrefer
ring to existing literaturefor comprehense suneys (e.g.,[8], [36], [9], [12]). Also, references
mostly madeto recentpaperghatincludebibliographiesusefulfor on overview of the area— the
presentationhusdoesnot presenta completehistoricalperspectie.

The basicsettingof continuumtopology optimizationis a '0-1" integer designproblem
(generalizeghapeoptimization).Thusa designspecifiesvhetherthereis solid materialor void at
every pointin the choserdesignregion, without ary furtherrestrictionson the shape.ln general,
this classof problemsis ill-posedin the continuumsetting(cf., [25], [23]). Well-posedprob-
lemscanbe obtainedby usingtheir relaxed versionswhich usuallyincorporatesmicrostructure,
thatis, optimal designswith grey-scale(see,e.g.,[2], [13]). Relaxationusuallyyields a setof
continuouslyvariabledesignfieldsto be optimizedover a fixed domain,a corvenientfeaturefor
computationgtheinteger 0-1 formatis avoided). The form of the relaxed settingis only known
for alimited classof problemsandmuchwork is still neededn this area.

An alternatve is to restrictthe spaceof admissiblesolutions. This cantypically beaccom-
plishedby enforcinga boundon the perimeterof the design(see[33], andreferencegherein),
by useof a filter limiting minimum scale(see[44] and[10] for an overview), or by imposing
constraintson gradientsof grey-scalesdefininggeometry(see[34], andreferencesherein). The
problemswith restricteddesignfreedomaretypically — by somecompactnesproperties- well-
posedn the settingof a continuumdescriptionof the designproblem(existencestill requiresfor
eachcasea formal proof, asseenin [5], [10]). In a0-1 setting,therestrictionapproacHeadsto
‘classicaldesigns’andthe physicalmodellingis determinedsolely by the propertiesof the given
solid material. The majorchallengds the solutionof a large-scalénteger programmingproblem.
Thehigh costof functioncallsfor theseproblemaypically precludegheuseof geneticalgorithms
or simulatedannealingmpracticalfor large-scalgroblems-thisis anareathatshouldhave more
focusin thecomingyears(see however, [6] for arecentsuccessfuhpplicationof Lagrangiardual-
ity to thelarge scaleintegerproblem).Thusthetypical approachs to replaceheintegervariables
with continuousvariablestogethemwith someform of penaltythat steersthe solutionto discrete
0-1values.A key partof thesemethodss the introductionof interpolationfunctions(ofteninter
pretedasmaterialdensitiesthatexpressvariousphysicalquantities(e.g.,materialstiffness,cost,
etc.) asa function of the continuousvariables.Moreover, geometricpropertiesalsorequiresuit-
ableinterpretation Oftensuchinterpolationsanbe obtainedrom the microstructuresiescribing
therelaxed formulations.It is important,however, to recognizethatthe ultimategoalremainghat
of obtaininga black-and-whitedesign.

2 Problemform

In topologydesignwe seek for given choiceof objective andconstraintthe optimal distribution
of materialin afixedreferencedomain( in R? or R3. Herewe considera mechanicaklement
asabody occupying adomainQ™ C . Referringto the referencedomain on which applied
loadsandboundaryconditionsaredefined,we candefineanexample‘control in the coeficients’
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problem,herefor simplicity taken asthe minimumcomplianceproblem:

ming,y, [ fu dS, subjectto:
1) fQ Cijki(z)eij(u)(z) e (v)(z) dQ = fQ fvdQforallv e U
Cijkl € Ead

HereU is the spaceof kinematicallyadmissibledisplacementields, u the equilibrium displace-
ment, f theforces,ande(u) linearizedstrains. Therigidity tensorCj;x; is the designvariableof
our problem. The definition of the setof admissiblerigidity tensorsis what distinguishesvari-
ous settingsfor the designproblem. A classicalvariantof problem(1) is the so-calledvariable
thicknesgproblem,wherethe setof admissibledesignss definedthroughathicknessunction h:

@ th aQ =1V, 0 < himin < h < hipag

for given materialpropertiesC%kl and given volume V. This problemis ratherspecial,with
existenceof solutionsin the ‘naive’ setting(see[32] andreferencesherein).

For atopologydesignwherewe work with domains?™ of materialpoints,the admissible
designsare definedby a point-wisevolumefraction of a given materialattainingthe valueszero
or one(ablack-and-whitadesign):

Ciji(z) = O(z)Clhys

(3) O(z)=1,z€ Q™ O(zx)=0,z€Q\Q™
Vol(Q™) = [, 0(z) d2 = V

Materialswith a structuralhierarchyoften allow for stiffer structuresasseenin naturein bone,
wood,etc. andusedn compositestructuregseerigurel). Herethis canleadto alack of existence
of solutions,ascompositescan be constructedaslimiting sequencesf designsdefinedby (3);
however, compositesarenot coveredby (3) (for CZQJ. & 1sotropic,thematerialin (3) is isotropic,but
acompositecanbeanisotropic).

:

Figurel: Elementsf a minimizing sequencef designswith finer andfiner scaleswith thelimit
(4) consistingof compositesn large areas.
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44 Recentdevelopmentsn topologydesignof materialsandmechanisms

3 Computations

For computations finite dimensionalversionof the problem(1) is generatedirst, normally with
finite elementapproximationf displacementields and designvariables. The genericform of
theresultingnon-linear non-cowex, large scaleoptimizationproblemis

inf pl'z
4) Ald)z =p
Zti = V7 0< tmin < ti < tmaw

Herez denotesiodaldisplacementandt the designvariables enteringthe equilibriumequation
throughthestiffnessmatrix A.

If this problemis solveddirectly via mathematicaprogrammingechnique®netreatsboth
displacementanddesigrnvariablesasindependentariablesandtheequilibriumequationis solved
by theoptimizationcode.Thisis thusfor evenmoderatelysizedproblemanormallyonly viable by
useof speciallydevelopedalgorthmshatutilize the problemstructure(an exampleof this canbe
foundin [50]). In somecasesasfor the minimum compliancecasejt is possibleto find explicit
formulasfor theoptimaldesignvariablesn termsof the statevariables.Thisallowsfor areduction
of thenumberof variablesandtheresultingproblemis anequilibirumproblemwith anon-smooth
potential.For continuumdesign suchatechniquebasedn a stresshasedormulation,is usedin,
e.g.,[4], [2].

Thetraditionalapproachs to rewrite the problemasa problemin thedesignvariablesonly:

inf F'(t)
(5) Yti=V

0< tmin S ti S tma:c
with thefunction:

6) F(t)=p"s
wherezx solvesA(t)x = p

If the optimizationalgorithmto be usedfor solving (5) requiresfunction gradients sen-
sitivity analysis(i.e., efficient meansto computethe dervatives of functionsinvolving the dis-
placementshecomes centralsubject.This usuallyinvolvesthe so-calledadjointsystemasalso
known from controltheory Sensitvity analysisis animportantareaof computeraideddesign,
asit providesinformationon changesn performancevith respecto designvariables seefor ex-
amplepaperdn [21]. Themainrationalebehindusing(5) asthe basicformatfor computational
optimizationis the useof commercialsoftware packagedor finite elementanalysisandthatit is
fairly straightforvard to generalizeo a broadclassof problems.Moreover, in suchproblemsas
shapedesignvia CAD definedboundariesthe numberof designvariablesis usuallycomparably
small, making (5) a moderatelysized problem (with ‘expensve’ function calls). For topology
design,even problem(5) is large-scale;in mary caseshe key point to successs to formulate
relevant problemsinvolving only a moderatenumberof constraintssothatdual methodscanbe
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effective. Heretechniqueshasedon separablecorvex approximationsare particularly popular
(CONLIN, see[16], andMMA, see[47]).

Finally, we note that the continuumproblemat handis a two field problemwhich may
develop checlerboardsn computationgasfor a Stokesflow problem). For a fine enoughmesh,
geometricomplity constraintsisuallyremovessucheffects,butin for examplearelaxedsetting
specialcaremustbetakento avoid such’polluted’ results(see [44] for anoverview).

4 Homogenizedmaterials, relaxation,and material design

Inspiredby theoreticalstudieson generalizedshapedesignin conductionandtorsionproblems
and by numericalandtheoreticalwork relatedto plate design(see,e.g.,[11], [24], [19]), [26])
initial work on numericalmethodsfor topology designof continuumstructureswas basedon
using compositematerialsasthe basisfor describingvarying materialpropertiesin space([7]).
Compositesconsistingof squareor rectangulatolesin periodically repeatedsquarecells were
first usedfor planarproblemsandhomogenizationechniquesvereusedfor computingeffective
moduli of the materials. Hencethe useof the phrase'the homogenizatiormethodfor topology
design’. The methodinvolves working with orthotropicor anisotropicmaterials. This addsto
the requirementf the finite elementanalysiscode, but the main additionalcomplicationsis
the extra designvariablesrequiredto describethe structure. Thus,a microstructurewith square
holesin squarecells requiretwo distributed variables,as the material propertiesat eachpoint
of the structurewill dependon the size-\ariablecharacterizinghe hole sizeandon onevariable
characterizinghe angleof rotationof the materialaxes.

The typesof microstructuregust mentioneddo not provide for the full relaxationfor the
designproblem,which in principle shouldencompassll compositeformedby G-corvergence
(or H-corvergence).However, for the complianceproblemoneonly needshe compositesvhich
providesfor the stiffest compositesdefinedin similar termsasthe problemsof boundson ef-
fective materialpropertiesasstudiedin the theoryof compositegsee[12] for a comprehense
bibliography). Hereit hasbeenproved that for exampleso-calledranked laminates(layers)are
in factoptimalfor stiffnessproblems(for an overview, seefor example[3], [4]). Their effective
propertiecanbegivenin analyticalform (andin asubtlerecursve form, cf., [17]), acentralaspect
for the existenceproofsandfor their usein computations.With layeredmaterials,existenceof
solutionsto the minimumcompliancgproblemfor bothsingleandmultiple load casess obtained,
without ary needfor additionalconstraintson the designspace(e.g., without constraintson the
geometriccompleity), andthusinterpolation(i.e., continuousdesignvariables)and relaxation
areboth provided for. However, the relaxed modelsseldomresultin black-and-whitedesignsin
themseles.

The constructiorof therelaxationcanin esssencbe seerasproblemof designof compos-
ites. This canbeseenby rewriting problem(1) in theform

@ o min [ Ciule)es))eu)e) d0 2 [ foao
a

wherethe inner problemis the minimum potentialenegy problem,with value at equilibrium
equalto the negative of compliance.By interchanginghe ‘max’ andthe ‘min’ andconsidering
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46 Recentdevelopmentsn topologydesignof materialsandmechanisms

thepointwiseoptimalchoiceof rigidity tensorC, oneidentifiesanauxiliary sub-problenthatwill
generatea boundon performance:

(8) max Cijri(z)egsen

This is a problemof maximizing strainenegy for a given fixed straine®, whereC rangesover
all compositesFor periodiccompositesgivenby acell Y of periodicity this homaenizedstrain
enegy is written as

9 Cﬁkle%eﬁl = . Y—Igllgrliodia/n Cijkl(y) (e?j - 6ij(¢)(y)) (621 - 6kl(¢)(y)) ay

andthe materialdesignproblembecomes

(10) max  CFH, %€,
jki%ij
CEE4(Y)

whereEad is denoteghe setof admissibldocal materialtensorsor, rather the local designof
the microstructure.For layeredmaterials this is an analyticalproblem,but onecould alsothink
of this problemasa computationaproblemof local topolayy design Notethatproblemg8), (10)
generatenupperboundon the strainenegy of ary compositeandthusby choiceof straine® on
the materialpropertiesof suchcompositesAn examplewould beto find boundson the bulk and
sheamoduli of isotropic composites.

5 The SIMP model

Complementinghe useof the homogenizationmethod whereanisotropiccompositesirea priori
acceptedas part of the designspace a popularmethodto model materialpropertieswhich are
isotropic atintermediatalensitiess theso-calledbenalizedproportionaffictitious materialSIMP-
model(SIMP: Solid IsotropicMaterialwith Penalization)seefor example [9] for anoverview. In
this modela continuousvariablep is introducedwith 0 < p < 1, resemblinga densityof material
by thefactthatthevolumeof thestructureis evaluatedas

(11) V= /Qp(:v) dQ

TherelationbetweerthisdensityandthemateriatensorC;; in theequilibriumanalysiss written
as

(12) Cijui(p) = PP Cligs > 1,

wherethegivenmaterialhasstiffnessgivenbyC%kl. Theinterpolation(12)satisfieghatC(0) = 0
andC(1) = C%kl , meaninghatif afinal designhasdensityzeroandonein all points,this design

is ablack-and-whitedesignfor which the performancénasbeenevaluatedwith a correctphysical
model. For problemswherethe volume constraintis active, experienceshavs that optimization

ESAIM: Proc., Vol. 11, 2002, 41-60



Martin P. Bendsge 47

doesactuallyresultin suchdesigndgf onechooseghe power p sufficiently big (in orderto obtain
true‘0-1" designsp > 3 is usuallyrequired).Thereasoris thatfor sucha choiceoneimposesa
penalizationon intermediatedensitiegvolumeis proportionalto p but stiffnessis lessthanpro-
portional). The SIMP modelthushasaninherentpenalizatiorieadingto 0-1 designsand,assuch,
requiredfiltering or likewisefor existenceof solutions(cf., thediscussiorin theintroduction).

For the SIMP interpolation(12) it is not immediatelyapparenthat areasof grey canbe
interpretedn physicalterms. However, it turnsout thatunderfairly simpleconditionson p, ary
stiffnessusedin the SIMP modelcanberealizedasthe stiffnessof a compositemadeof void and
anamountof the basematerialcorrespondingdo therelevantdensity seeFigure2. Thususingthe
term‘density’ for theinterpolationfunction p is quite natural,andthis type of modelactuallyalso
falls underthelabel‘the homogenizatiomethodfor topologydesign’.

[ 4

@;"iﬁ“ﬁ

2\ NN

o e, = N D

Siele

Density 0.25 Density 0.5 Density 0.75

Figure2: Planamicrostructure®f materialandvoid realizingthe materialpropertiesof the SIMP
modelwith p = 4 (Poissors ratio is zero). As stiffer materialmicrostructureganbe constructed
from thegivendensitiesnon-structurabreasareseemtthecell centers See [9].

Figure3: Designof a periodiccompositewith negative Poissorratio. Topologyoptimizationis
appliedto the unit cell of periodicity andthe effective parametersf the compositearecomputed
via homogenizationBy courtesyof O. Sigmund[38].
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6 Designof materials

Thebasicconcepbf topologyoptimizationcanin itself beusedo designmaterialmicrostructures.
Theideais to useexpression®f theform (9) for the homogenizednaterialparametersf a peri-
odic compositeto stateconditionson theresultingmaterialto be designede.g.,by leastsquares),
andthento usetopologydesignto find the optimal distribution of materialin the unit cell, which
is now thereferencedomain. Typically onewish to find singlelength-scalemicrostructuresand
thusa verisonof the SIMP interpolationwith geometricconstraintgafilter) is a naturalversion,
cf., ([38]). Sucha procedurds inversehomogenizationIt canresultin mary interestingtypes
of materialmicrostructuresasfor exampleonesthatresultin amediumwhich hashomogenized
propertieswith a negative Poissors ratio, seeFigure 3. Also, by this methodonecanobtainthe
geometriesn Figure2 ([9]), which areisotropic microstruturesepresentinghe propertiesof the
SIMP interpolation. Thusone hashereemplo/ed topologydesignwith SIMP to obtainspecified
materialpropertiesof SIMP, makingthe dogbite its tail.

It is in connectionwith materialdesignusefulto comparethe valuesof the strainenegy
(c.f., (9)) of the compositesandrelatethis to the knovn boundson the effective materialparam-
etersof compositesFor comparisoronegetsa clearerpicturewhenconsideringhe dual of this,
thatis, thecomplementargnenpy, i.e.,

(13) ([CT) Vijroijon

for agivenstresss. If ary 2-D anisotropiccompositemadeof void andanisotropicmaterialwith

YoungsmodulusE? andPoissorratio »/? is allowed, the upperboundon the stiffness thatis, the
lower boundon the complementargnegy canfor ary stresdield be found by the materialprop-
ertiesof anoptimally designedank-2layering,with directionsof layeringsalongthe directions
of theprincipalstressesThe boundis givenby (see.e.qg.,[3] andreferencesherein):

1 2 2 0 ;
7 == o7+ o7 —2(1 — p+ pv?)ororr]| if ororr <0
(14) [C l]ijkl 030kl > { E‘fp [ ! I ]

5 [O’% + O'%I +2(1—p-— pl/O)O’[O’][] if ororr >0

for a stresdfield o with principle stresses; ando;;. This boundhasbeenfound by analytical
means.t is usefulto comparethis boundwith the correspondingptimal complementargnegy
which canbeobtainedwith othercompositesseeFigure4. It is hereespeciallyinterestingto note
that the numerically obtainedsingle lenth-scaleso-calledVidgeigauz-like structureg[48]) (see
Figure5) have complementaryenegy aslow asthe optimal boundfor principal stresse®f the
samesign,while it doesnot seemo be possibleotherwise.This is confirmedby therecentresults
([1]) which shav thatno singlescaleperiodiccompositeobtainthe boundsin this case,andary
compositeobtainingthe bound(in 2-D) mustbe degeneratdi.e. hasa singularstiffnesstensor)

For the SIMP modelthe boundsto considerare not the onesgivenin (14), but ratherthe
Hashin-Shtrikmarbounds([20]) on the effective materialparametersf isotropic compositesas
illustratedgraphicallyin Figure6 for anisotropicbasematerialwith Poissorratio1/3 (in thiscase
theboundscanbe expressedolelyin termsof the Youngs modulus).Suchancomparisorshavs
thatfor examplein 2-D, the power p of the SIMP modelshouldsatisfy

2

15 >
(15) p_ma:c{1+y,1_y
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Figure4: Comparisorof theoptimal(minimal) complementargnegy asafunctionof theratio of
theprincipalstressesandfor varioustypesof microstructureandinterpolationschemegmaterial
andvoid mixtures). The densityis p = 0.5 andPoissors ratiois v = 1/3. The Vidgegauz-lile
structuresareshavn in Figure5 ([9]).
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Figure5: The shapeof singleinclusionsof void in a cell of a homogenizedperiodic medium
minimizing complementaryenegy (Vigdegauz-like structuresor v = 1/3 anda densityp =
0.5). Resultsfor arangeof principalstresgatiosof a macroscopistresdield ([9]).

in orderfor this modelto satisfythe Hashin-Shtrikmatboundsj.e., it is a necessargonditionfor
themodelto berepresentethy a composite Moreover, the materialdesigntechniquehenshawvs
thatthisis alsopossible asillustratedin Figure2 (se€[9] for furtherdetails).

An issuearisingin topologydesignof microstructures asalsoin topologydesignin general
- is the appearancef slenderelementf the structurespften makingsuchstructures/ulnerable
to instability phenomenauchasbuckling. A global buckling criterion for topology designof
continuumstructureshasbeenconsideredn [28], andthis developmenthasbeenusedasa basis
for designingcompositegor optimalelasticpropertieqe.g.,maximalbulk modulus) while main-
taining a lower limit on the critical instability load of the composite.Suchinstabilitiescanhave
several length-scalesgependingon the geometry dimensionsand loading of the medium. For
design,onecanreasonablyhooseao usehomogenizationo obtainthe buckling loadfor periodic
buckling modesexisting at a length-scalecomparabldo the cell of periodicity while account-
ing for the possibility that modesmay exist which involve several cells. Thusthe designof the
microstructurdas performedover onecell, but the buckling analysis(in a linear eigevalue anal-
ysis, usinghomogenizedquations)aninvolve a modified cell of periodicity involving several
of the cells usedto describedhe micro-geometry In principle this shouldnot be necessaryas
this correspond$o a specialrefinedgeometryof theunit cell, but thelimited geometriaesolution
of the designdescriptionmakessuchan approachmecessarasa safguard. The designproblem
involves the standardoroblemsof treatingeigervalue problemsin topology design. Oneis the
possiblenon-smoothnessf the objective, the otherbeingthe appearancef localizedmodesin
low-densityareasyequiringspecialcareto identify the relevant modes([28], [31] — seealsobe-
low). Filteringis usedin orderto controlgeoemtriccompleity. The computationakxperiments
shaw thattherangeof microgeometriesvhich attaina high bulk modulusis wide enoughto allow
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Figure 6: A comparisonof the SIMP model and the Hashin-Strikhmarupper bound for an
isotropicmaterialwith Poissorratio 1/3 mixedwith void. For the H-S upperbound,microstruc-
tureswith propertiesalmostattainingthe boundsarealsoshawvn ([9]).
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for usingmicrostructuresvherea reasonabl@ccountf the critical load carryingcapacitycanbe
takeninto accountseeFigure?.

D

Figure7: Microstructuresoptimizedfor optimal bulk properties.For (A) no buckling constraint
is imposedwhile for (B) suchaconstrainis used.Notethatthe buckling constraintalsoremoves
checlerboardsassuchsubstructurebave a zeronumericalbuckling load. Finally, in (C) and(D)

afilter is usedto limit geometriccompleity ([27]).

We closethisbrief discussioronthepossibilityof designingnaterialdy topologydesignof
theunit cell of a periodic,homogenizeanediumby notingthatthe basicconceptasbeenshovn
to work efficiently for a broadrangeof problems.alsoinvolving for examplethermalexpansion
(seefor example[45]) or piezzo-electricagffects(seefor example[22]). Moreover, thetechnique
hasbeeninstrumentalin nev work on boundson the material propertiesof mixturesof three
materials([18]) aswell asfor the devlopmentof a new classof compositesvhich areusefulfor
exploring the setof materialparametergivenby the Hashin-Strikhmarboundsfor two materials

([42)).

7 Designof mechanisms

Compliantmechanisnplays a significantrole for MEMS (Micro Electro MechanicalSystems)
applicationsasstandardechniquegor assemblyof mechanisnis not possibleat extremelysmall
scales. On the otherhand,small scaleallow for the useof newv actuationprinciples,asfor ex-
ampleelectricallyinducedheatexpansion,wherethe scalegives a possibility for rapid heating
andcoolingandthusresonabldimescalegor movements.Compliantmechanisnoperateby the
flexibility of astructureto performits task,andthemechanisnis thusonestructure for whichthe
basicconcepibf topologydesignis applicable seeFigure8 (seealso[39], [29]). For mechanisms
theinitial topologydesignstudieswerecarriedout usinggeometricallyinearanalysisj.e., small
strainswereassumedln practisethisis notthe caseandmoreover it turnsout thatthe geometric
linearity actuallyimposesa restrictionon the effectivenessof the mechanisms- for this setting
oneactuallyprefersdisplacemenfasopposedo stiffnessdesign).Thisis illustratedin Figure9.
Closingthis shortdiscussioron mechanisndesign,we will herebriefly outline someas-
pectsof treatingmultiple physiscgproblems.The phraseémultiple physics’is hereusedto cover
topology designwhereseveral physicalphenomenareinvolved in the problemstatementthus
coveringsituationswherefor exampleelastic,thermalandelectromagnetianalysesreinvolved.
Whenmodellingsuchsituationsthe basicconcepbof thedensitydistribution methodfor topology
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Figure8: The principle of designof compliantmechanismsFor a certaininput force one maxi-
mizesthework doneon a springat output. The choiceof springstiffnessdetermineshe compro-
misebetweeroutputforce andoutputdisplacement.

Figure9: Designof a compliantmechanisms a force inverter c.f., the designsettingillustrated
in Figure8. Theleft handdesignis designedisinggeometricallylinearanalysis:this designwill
lock for moderatelyiarge displacementsThe right-handpicture shavs a designobtainedusing
geometricallynon-linearanalysis andherethis allows for substantialljarger displacementsBy
courtesyof B.B.W. PedersenT. Buhl andO. Sigmund,[30].
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designprovides a generalframevork for computationsput herethe initial obstacleis the need
for interpolationof not only stiffnessbut alsootherphysicalproperties.If only linearmodelsare
consideredpne possibilityis to usethe theoryand computationaframenork of homogenization
of compositemediato computeeffective elastic.thermalandelectromagnetipropertiesof agiven
type of compositesandusesuchrelationshipbetweenintermediatedensityandmaterialproper
tiesin thedesignproblem.An exampleof this approactor thermo-elastiproblemscanbefound
in [35]. However, the lesscomple designdescriptionof the SIMP approacthasleadalsoto the
developmentof suchinterpolationschemegor multiple physicsproblems.As anexampleof this,
in referencg45], microstructuresvith extremethermalexpansionare designedoy combininga
materialinterpolationof elasticpropertieswith a similar interpolationof the thermalexpansion
coeficients. Similarideascanbe usedto designmechanismbasedn thermo-mechanicalndon
thermo-electro-mechardl actuationprinciples,asshavn in Figure 10 (seealso[40], [41], [43]).

J;

Figure 10: Designof a thermo-electro-mecharal actuator The mid right-handpoint should
move right or up whenvoltageis appliedat the correspondingoles. The movementis through
elasticdeformationdueto thetemperaturehangewhich occurswhenacurrentpasseshroughthe
structure By courtesyof O. Sigmund [40].

8 Areasof application

Computationameandor topologydesignhave now beendevelopedinto reliabletools for prob-
lemsinvolving stiffness(including multiple load problems)andvibration criteria. The efficiency
of topologydesignasatool in theinitial phaseof a designprocessandthe appearancef com-
mercial software hasleadto a broadacceptancef the methodin industry(c.f., e.g.,[49], [37];
seealsowww.topopt.dtu.difor pointersto relevant web-sites). Researcthasalsoleadto con-
sideringextendedclassef problemsfor examplewith non-linearmaterialbehaiour andlocal
constraintgi.e., constraintamposedon all pointsin the domain). The exact form of a relaxed
form of theseproblemsare in mostcasesunknavn. The emphasign the field is currently on
modellingandon thedevelopmenif computationaineansmostlyrelying on restrictionmethods
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asanunderlyingimplicit guaranteef well-posednessThus,in the context of theory the paceof
implementationgor new problemtypeshasfar overtalenthe full mathematicainderstandingf
theinterplaybetweemmethoddor obtaining'classical’solutionsandmethoddgor deriving relaxed
problemsettingsandherelies animmensechallengefor the future. For amathematiciarthereis
thusanalundanceof (hard)problemsto study

9 Challenges

In this presentatiomodelsfor topologydesignhave beernviewedasmaterialdistribution problems
in afixeddomain.lIt is centralto this concepthatcomputationsvork with afixedFEM mesh.This
impliesthatlow densityareasarealsoincludedin theanalysisfor eachfeasibledesign.For stress
constraintsthis leadsto the difficulty of the so-called‘stresssingularity phenomenon’where
low densityregions may have high stressbut are structurallyinsignificantfor the final design,
making computationgricky ([14]). A similarly elusive problemarising from this basicdesign
representatiomppearsn situationsinvolving stability andvibration criteria. Therelevantdatato
consideiin suchsituationsaretheeigevaluesof thestructurallyrelevantpartsof thestructurej.e.,
the buckling loadsandthe vibration frequencief the ‘black’ partof a black-and-whitedesign.
In a true black-and-whitedesignthis are the non-zeroeigervalues,but at intermediatestepsof
an iterative optimizationmethodit canbecomeunclearwhat arethe relevant valuesto consider
for a given grey-scaledesign.Examplesof this arelocalizedmodeswhich appeaiin low density
regionsandwhich shouldbefiltered outin orderthatthe optimizationdealswith the structurally
interestingmodes.Moreover, oneshouldcaterfor certainaspectsvhich complicatesnodelling,
for examplethat no structurewhat-so-ger hasthe highesteigenfrequenc of all structureswith
only structuralmass.Seereferenced28] and[31] for furtherdiscussion.

For future work it would be beneficialto studyalternatve approacheso topologydesign
for black-and-whitedesign,perhapswith an emphasioon a geometricmodellingalongthe lines
of optimal boundaryshapedesign,asone herehase no ambiguity with respecto modelling of
materialpropertiesandof responseFor suchwork, the conceptof the bubblemethod([15]) and
theconcepbf agenerakopologicalderivative ([46]) couldbe usefulstartingpoints.

WWWwW

Much usefulinformationontopologydesigncanbefoundonthe Internet.

At thesitewww. t opopt . dt u. dk onecanfind tutorialsonthesubjectafree99line MATLAB
topology optimization code, a topology optimizationtest-siteallowing you to make your own
designsaswell asinterestinginks to academi@andcommerciakites.
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