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Résune. Plusieurgentatvesont recemmenéte faitesvisanta recugererdesinformations
deséchellessous-grilleet a les transéreraux échellesde calcul. Nombrede techniquege
stabilisationpeuwent aussiétre consiceréescommepartie de cesefforts. Nousdiscutonsici
un cadredanslequelunepartiede cestentatvespeuwentétreformuléesetanalyes.

Abstract. In recentimes,severalattemptsave beenmadeto recosersomeinformationfrom
the subgridscalesandtransferthemto the computationakcales Many stabilisingtechniques
canalsobe consideredaspartof this effort. We discussherea framework in which someof
theseattemptsanbe setandanalysed.
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In the numericalsimulationof a certainnumberof problemstherearephysicaleffectsthat
take placeon a scalewhich is much smallerthanthe smallestonerepresentablen the compu-
tational grid, but have a strongimpacton the larger scales,and, therefore,cannotbe neglected
without jeopardizingthe overall quality of thefinal solution.

In othercasesthediscretisedschemdacksthenecessargtability propertiedbecausd does
nottreatin a properway thesmallesiscalesallowed by the computationagrid. As aconsequence,
some’smallestscalemode” appearsisabnormallyamplifiedin the final numericalresults.Most
typesof numericalinstabilitiesare producedn this way, asthe checlerboardpressurenodefor
nearly incompressiblematerials,or the fine-grid spuriousoscillationsin corvection-dominatd
flows. Seefor instancg21] andthe referenceshereinfor a classicalboverviev of severaltypesof
theseandotherinstabilitiesof this nature.

In the last decadeit hasbecomeclear that several attemptsto recover stability, in these
casescould be interpretedas a way of improving the simulationof the effects of the smallest
scalenthelargerones.By doingthat,thesmallscalesanbe seerby the numericalschemeand
thereforebe keptundercontrol.

Thesetwo situationsare quite different,in natureandscale. Neverthelesst is not unrea-
sonableto hopethatsometechniqueshathave beendevelopedfor dealingwith thelatter classof
phenomenanightbeadaptedo dealwith theformerone. In this sensepneof themostpromising
techniqgueseemdo be the useof Residual-FredBubbles(seee.g. [10], [19].) In the following
sectionswe aregoingto summarise¢he generalideabehindit, trying to underlyits potentialand

Article published by EDP Sciences and available at http://www.edpsciences.org/proc or http://dx.doi.org/10.1051/proc:2002030



http://www.edpsciences.org
http://www.edpsciences.org/proc
http://dx.doi.org/10.1051/proc:2002030

62 Recentresultsin thetreatmenbf subgridscales

its limitations. In particular we shallfirst presenin Sectionl the basicprinciplesof the stratgy:
divide and conquer static condensatiomndapptoximatesolution In Section2 we presensome
examplesof toy-problemsyelatedto advectiondominatedlows, compositematerialsandviscous
incompressibldlows, in orderto shav how the generaltheory canbe applied. We shall seein
particularthatseveralothermethodslike SUPG,Petrav-Galerkin,upscalingmethodsmultiscale
methods,and otherscan actually be seenas being variantsof the RFB procedure. Finally, in
Section3, we discusssomequestiongelatedto theimplementatiorof thesemethods.

1 The augmentedproblem and the bubble equation

At avery generallevel, the Residual-Fre@ubblesapproachcanbe summarisedsfollows. We
startwith a givenproblem thatfor simplicity we assumeo belinear, andin variationalform:

find v € V such that :

1)
L(u,v) = (f,v), YveV.

We assumehatwe aregivenadiscretisecgroblem:

find up, € V}, such that :

(2)
[’(uhavh) = (favh)a V’Uh € Vh,a

whereV,, C V is afinite elemenspacecorrespondindgo a givendecompositiory;, of thecompu-
tationaldomain.To fix theideas we shallusea two-dimensionalexicon, andin our exampleswve
shallalwaysassumedhatthe computationatlomainis two-dimensional The basicidea,however,
is quite general,andcould be appliedin ary dimension.We supposeroughly speakingthat 7,
is the finestgrid we arereadyto afford in the computationjn the sensehatwe arenot readyto
solve afinal systemhaving muchmoreunknavnsthanthe dimensionof V;,.

To the spaceV’ andto the decompositiori/;, we associatehe spaceof bubblesB(V'; T)
definedas

3) B(V;Th) :=IlkBy(K)
where for eachK in 7y,
(4) By (K) :={v|v €V, supp(v) C K}.

Let usseesomeexampleghatwill helpunderstandingow thespaceBy (K') changedor different
choicesof V. As afirst, andmosttypical example,considerthe caseV = H}(€2). Thenclearly
By (K) = H}(K) (theusualbubbles). If hovever V. = H'(Q2), thenwe still have By (K) =
H& (K) for theelementdnternalto €2, but if K hasoneor moreedgeson 02, therethe elements
of By (K) areallowedto bedifferentfrom zero.Ontheotherhand,if we aredealing for instance,
with a problemwritten in mixedformulation,and

(5) V = H(div; Q) x L*(Q),
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FrancoBrezzi 63

thenthespaceBy (K) will have theform By (K) = Xp(K) x Ug(K) with

(6) Yp(K) :={r € H(div; K), such that 7- n = 0 on 0K N 2},
where,asusualn representshe outward unit normalto 9K, and

(7) Ug(K) := L*(K).

In othercasesasfor instancein platebendingproblemsthespaceV is H3((2), andaccordingly
eachBy (K) = HZ(K). And soon.

Problem(2) is now, temporarilyandartificially, augmentedby consideringa new subspace
of V:

(8) Va = Vi + By,
whereBy, hastheform
(9) Bh = HK Bh(K)a

and,for every K in Ty, B (K) is a subset(possiblyinfinite dimensional)f By (K). The aug-
mentedoroblemreadsnow:

find ug € V4 such that :
(10)
‘C(U’AaIUA) = (fa ’UA)a V’UA S VA-

At this level of generality we cannotdo betterthanassuminghat (10) hasa uniquesolutionfor
everyright-handside f € V', although,n generalijts solutionwill notbecomputablén practice.
In principle,problem(10) shouldbe ableto take into accountall the smallscaleshatdo not cross
the boundariesof theelementsK, (in a sensehat,aswe have seendepend®n the natureof V'.)
This is a severelimitation, but correspondso a sortof divide and conquer principlethatmight,
in the end, ensuresomefeasibility to the whole procedure.If necessarythe spaceV4 could be
further augmentedin a sort of iterative, self-adaptre stratgy. For instance,out of a previous
resolution,we might have hintsthat, on certainedgeof 7}, thereareoneor two fine grid-modes
thatshouldbetakeninto accountWe might thenadd,for every suchedgee, the functionshaving
supportin the unionof theelementdaving e asanedge andhaving the crucialfine-gridmodeas
traceon e. For the sale of simplicity, we shallnotdiscusghis optionhere,apartfrom a shorthint
atthe handof the paper

We now proceedo eliminate,at leastformally, the bubble unknavns from problem(10).
Thetechniguehatwe aregoingto useis well known in the Engineeringopractice underthe name
of static condensation However, herewe applyit in amoregeneraljnfinite dimensionalcase.

Thefirst problemthatariseds that(8) mightnotcorrespondo adirectsum.To fix theideas,
if theoriginal V;, is madeof all piecavise cubiccontinuoudunctions,thenit alreadycontainsone
cubicbubbleperelementthathowever mightappeain By, aswell. Ourchoice(roughlyspeaking)
is to keep,asmuchaspossible all the elementf theintersectionB;, N V}, in By, andreduce jf
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64 Recentresultsin thetreatmenbf subgridscales

necessary;, introducinga propersubspacéfh# C Vj. Thisrule, however, will not bethebest
onein every case Let usseesomeexamplesin orderto clarify the situation.

Example 1.1 Assumeasbeforethat V = H{}(£2) andV}, is madeof piecavise cubic functions.
Assumemorewer thatthe spaceBy, is thebiggestoneallowed, thatis B, = B(V';T,), givenby
(3) and(4). Thenwe have several choices.Forinstancewe might take ath# thesetof functions
7y, thatarepolynomialsof degree< 3 ontheinterelemenboundariesandverify

(11) Lip =0

separatelyn eachelementK, wherelL is the operatorassociateavith the bilinearform £. Onthe
otherhand,we cantake ath# ary spaceof piecavise cubiccontinuoudunctionswhosevaluecan
be determinedn a uniqueway by their tracesat the interelemenboundaries.For instance ary

serendipitycubic elementwould do; see,asan example,the elementdescribedn [12], page50.

Noticethatthesetwo choicesproducethe sameaugmentedpacd/,, andhencethe samesolution
u 4 to (10).

Example 1.2 As anotheexampleassumeow thatV = H (div; Q) x L2(Q) andits approximation
Vi, = X x Uy, is madeby lowestorderRaviart-Thomaselementgseefor instance3]). Assume
againthat B, = B(V;Ty). Thenwe might take Vh# to bethespaceX;, x {0} (all the piecavise

constantdisplacementarebubbles!). However, in mostcasesfor reasonghatwill becomeclear
in awhile, it will bemorecornvenientto keepthe piecavise constantgthatarein Up,) in Vh#. This

impliesthatwe take now By, (K) = Xp(K) x U%(K), whereXp(K) is givenby (6) and

(12) UY(K) = LK) = {v € L*(K), such that / vdz = 0}.

K
In mostcasesthe useof bubblesin ¥ z(K) whosenormal componentdoesnot vanishon the
boundarydQ2 will be unnecessaryandin particularit would complicatethe notation.) In these
caseswe mightuseinstead

(13) Yp(K) := Hy(div; K) = {7 € H(div; K), such that 7-n =0 on 0K }.

With thesechoiceswe will have Vh# =V, and By, (asgiventhrough(13) and(7)) will bethe
spaceof all pairs (r,v) € V suchthatr haszeronormal componentat the boundaryof each
elementandwv haszeromeanvaluein eachelement.The samechoicefor B;, would be suitable
alsoin the caseof higherorderRaviart-Thomasspacegor, say for BDM spacesseealways][3]),

but thenV}, shouldloseall internaldegreesof freedom apartfrom the piecavise constanscalars.
At a more generallevel we notice, however, that for problemsin mixed form the choiceof B,

mightbedelicate andmight have to satisfysomeparticularrequirementslindeed for somenaiwve

choiceof By, theaugmentegbroblem(10) mightloseexistenceand/oruniquenesi V4.

Example 1.3 A similar approachcan be taken for a Stokes problem,whereV = (Hg(2))? x
L3(Q), and L(Q) is, asin (12), the spaceof L? functionswith zeromeanvaluein 2. Assume,
this time, that V}, is madeof piecavise quadraticvelocitiesin (H}(£2))?, and piecevise linear
discontinuougressures.In this caseone canseethat the spaceB(V'; 7,) asdefinedin (3)-(4)
hasthe form B(V;T,) = (I (H(K))?) x L3(2). It will thenbe corvenientto take By, =
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I {(H} (K))? x L3(K)}, andreducethespaceV,, takingasV, thespaceof quadratiovelocities
andconstanfpressureslt is easyto checkthatwith this lastchoicewe have a directsumin (8).

We shallcomebacklaterto the meritsanddravbacksof the differentchoices.Oneway or
anotherwe shallhave in theend

(14) Vi =V} @By,

with a directsum. Oncethis point hasbeen,at leastpartly, clarified, we cannow take an easier
notation,droppingthe # in (14) andassuminghatin (8) we have adirectsumof subspacesf V.
We canthenwrite u 4 andwv 4, in aunigqueway, as:

(15) uq = Up +up,
and
(16) vA = vy + B,

respectiely. Inserting(15) into (10), andtakingvs = vp we obtainthe so-calledoubble equa-
tion:

find up € By, such that :
(17)
L(up,vg) = —L(up,vp) + (f,vB), Yvg € By,

The bubble equation(17) will play animportantrole in the following discussion.We take ad-
vantageof the split natureof the spaceB),. For every elementK in 7; we defineup x asthe
restrictionof up to theelementK . Thenwe have

(18) E(UB,K,QO) = (.f - LUh,QO), VSD € Bh(K)a

where,asin (11), L indicategheoperatoassociatedvith thebilinearform L. In certainproblems,
the existenceanduniquenes®f the solutionof eachequation(18) will beimmediate.However,
for othertypesof problems(for instancefor problemsin mixed form) the choiceof the spaces
By (K) hasto be madetaking into accountthe unique solvability of (18), thatis animportant
featurein thewhole procedure Here,atthe abstractevel, we shallmalke the assumptiorthatthe
problem

find wg € By, such that :
(19)
‘C(wB’UB) = (gavB)a Vop € Bj.

hasa uniguesolutionfor every right-handsideg, say in V'. We have thenan operatorng1 from
V' into B, whichis definedasthe solutionoperatorof (19), in the sensehatwg = Lglg iff wg
is the solutionof (19). It is clearthat (19) could alsobe split in independenproblems similar to
(18), onein eachelementK. Accordingly Lgl canbe spilt asa sumof independenbperators
L whereLp' g is therestrictionwp k to K of wg = L'g .
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66 Recentresultsin thetreatmenbf subgridscales

In mary casegproblem(18) caneasilybewrittenin strongform as
(20) L’U,B,K = f — Luh in K,

with the associatethoundaryconditions.Let us stresghefactthat,in orderto write the problem
in the strongform (20), it is usuallyessentiathatthe spaceB;, (K) is chosento be equalto the
full bubblespaceBy (K) of (4). As farastheboundaryconditionsareconcernedthey areusually
includedin therequiremenip x € By (K), thatis

(21) up,k €V and supp(uprk) C K.
Forinstanceif By (K) is equalto Hj (K), thenthe boundaryconditionswill simply be
(22) up,k = 0on 0K.

We cannow write the solutionof (17) asug = L;,l(f — Luy), or, in its split form, as
(23) up .k = L (f — Lup), VK €Th.
We thengo backto (10) andtake v4 = vy,; inserting(15) and(23) we obtain:

find uy, € V}, such that :
(24)
‘C(uha Uh) + ZK ‘C(LE}K(]‘. - L’LLh), Uh) = (fa Uh,)a V’Uh € Vh'

Note that (24) hasthe sameform (and the samenumberof unknavns) of (2). However, the
additionalterm

(25) L(up,vp) = LG (f — Lun),vp) = Y L(LG K (f — Lun), vp)
K

takesnow into accounthe effect of somesmallscalegthe onesthatdo not crosstheinterelement
boundariespntothe scaleghatarevisible on the computationagrid. As we mentionedpnecan
try to improve the situationby addingsomefine-grid modeat theinterelemenboundariesbut we
arenot goingto discusdt now. It is clearthatthe effect of smallscalesontothe coarseoneswill
bereproducedn abetterway by takingthe spaceB;, ashig aspossible,aswe have donein our
examplessofar. It is alsoclearthatif, asin all ourexamplesthespaceB, is infinite dimensional,
the bubbleequationg18) will be practicallyunsohable. Thenit will be necessaryo computean
approximate solution of thebubbleequationthathowever canbedonein parallel. Moreover, as
we shallsee,in a certainnumberof applicationsthe structureof the additionalterm (25) is such
thatonly someaveragedjuantitieswill beneededIn thesecasestheapproximatesolutionof (18)
will not needto be extremelyaccurate.We shall comebackto this pointin a moment. For the
time being,we point out that, whenappliedto a certainnumberof problemsthe RFB procedure
givesbackclassicalstabilisingtechniquesasthe so-calledSUPGmethodq11], [16], or variants
of them (like in [30]). Seefor instance[1] [27], [4], [28], [9] for adwection dominatedflows,
and[27], [4], [19], [15], [17] for more generalproblems(including Stokes, ReissneMindlin,

ESAIM: Proc., Vol. 11, 2002, 61-84



FrancoBrezzi 67

Helmholtz,andothers.)Error boundsfor thesemethodscanbe proved by analysinghe stabilised
form (24) (seefor instance29], [24], or [31] andthereferencesherein),or, with a morerecent
approachby looking directly attheform (10), asdonein [7], [9], and[33].

Theproceduresketchedabove follows the classicallerivationof [10] and[19]. In particular
we point out that the nameResidual-Fee Bubblescomesfrom the factthatu 4 will satisfythe
eguation

(26) [,(UA, (p) = (fa 80)’ V‘P € Bh(K)7

which,in mary caseswill imply exactly Lu4 = f separatelyn eachK € 7}, (thatis, theresidual
will bezeroin eachK).

However, in orderto seein a betterway the connectionswvith otherolder andnewer pro-
cedureswe point out herea differentway of looking at problem(10). Indeed,usingthe unique
solvability of (19) andforgettingagainthe problemof the actualcomputationof its solution,we
couldtackle(10)in adifferentway. We mightthink to associateto every functionwv;, € Vj,, anen
function®y, solutionof

find 9p, € V4 such that 9, — v, € By, and
(27)
E(ﬁh,’l)B) =0, Yup € B,

thatin mary casesouldalsobewritten as
(28) Lip =0 inK, VK €Tp,.

Takingall possiblev,’sin V},, we constructinew space17h, whichisin one-to-on&orrespondence
with V}, (we useherethe factthatin (8) we have a direct sum.) As we remarled before,when
discussinghe differentways of splitting the elementsof V4, we still have V4 = Vi + By, and
we still have a directsum. We cannow write the solutionu 4 of (10)asuys = 4y + wp. Taking
v4 € By, in (10)we have anew bubbleequation

(29) L(wp,vB) = —L(Gp,vB) + (f,vB), VB € B
thathowever, thistime, becomes
(30) L(wp,vB) = (f,vB), Yvp € By,

and,with somesurprise,is independenof ;. Substitutingbackin (10) with v4 = 9, we have
now thaty, is theuniquesolutionof the problem

find @y, € IN/h such that :
(31)
‘C(ﬁ’h7lﬁh) = _‘C’(wBaIZN}h) + (fa IZNJh)a v/ﬁh € Vh-

It hasto be pointedout that the two formulations(24) and (31) are perfectly equivalent, and
up +up = Uy +wp = uy4, solutionof (10). Along thesdines,we mightalsothink aboutanother
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68 Recentresultsin thetreatmenbf subgridscales

variant. Indeed,we might assumehat the adjoint problemof (27) is alsouniquely solvable for
every right-handsideg € V'. Then, always for every v;, € V}, we might constructanother
function, v}, solutionof

find ¥, € V4 such that 9}, — v, € By, and
(32)
,C(’UB,QNJ;Z) =0, VYvp € By.

Applying this procedurdo every v, we generate nev spaceﬁ,;‘, thatin generawill bedifferent
from I7h, unlessthe bilinearform L is symmetric. We have againV4 = 17,;* + By, alwayswith

a direct sum. Thereforein (10) we might think of usingthe splittingus4 = 4 + wp for u4,

andthesplittingvs = o5, + vp for vy, alwayswithoutchangingthefinal solutionu 4. An easy
computatiorshavs that,, canalsobe seenasthe uniquesolutionof

find uy, € Vh such that :
(33)
L(ap,55) = (f,55), Vo5 € V.

On the other hand,wp will (obviously) still be the solution of (30). We also notice that the
solutionsuy, anday, will have the samevaluesat the interelemenboundaries.Thereforeif, for
somereasonwe arejust interestedn the valuesof the approximatesolutionon the coarsegrid,
thenuy, anday, will provide the sameinformation.

We shallseein the next sectionthatthesealternatve formulationsof (10) have, in various
applications strongconnectionswith otherprocedureshat wereintroducedbeforeandafterthe
Residual-Fre®ubbles following differentandindependenamguments.

2 Someexamples

It is now convenientto seethe above (abstract)proceduresat work on someparticularsimple
problem.

Example 2.1 Let us considerthe classicaltoy-problemof adwection-dominatedinear equations.
Fromthe physicalpoint of view, we maythink to the problemof the passie transportof a scalar
diffusive quantityin afluid whosevelocity is known. Let then{2 be, for instancea convex poly-
gon,e apositive number(= diffusion coeficient), c aboundednappingfrom Q to IR? (= velocity
field) and f, say anelementf L?(2) (= sourceterm). We considerthenthe problemof finding
in H}(Q) suchthat:

(34) —eAu+c-Vu=f in.
WecansetLu := —eAu + ¢ - Vu, and
(35) L(u,v) = ea(u,v) + c(u,v) VYu,v € H&(Q),
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where,in anaturalway,
(36) a(u,v) ::/Vu-Vvdx, and c(u,v) ::/C-Vuvdx, Yu,v € H(Q).
Q Q

Assumenow thatwe aregivenadecompositiory}, of Q into triangles andassumenorewer
thatc and f arepiecavise constanton 7. We take thenV}, to be the spaceof piecavise linear
continuousfunctionsvanishingon 692, and By, asin (9) with B, (K) = By (K) = H}(K) for
eachK. The uniquesohability of the augmentegroblem(10), in this case,in obvious. If we
apply the theory of the previous section,the bubble equation(20) becomesijn eachtriangle K :
find up,x in Hj(K) suchthat:

(37) —6A’U,B,K+C-VUB,K = —(—eAuh+c-Vuh)+f in K,

where,for a betterunderstandin@f moregeneralcaseswe keptthe termeAuwy, thatis actually
zeroin eachK. We point out that, in this case,the uniquesohability of (37) is also obvious.
Onthe otherhand,even for the presentoy problem,the solutionof (37) cannotbe computedn
practice.However, we wantto point out herethe usethathasto bedoneof it. In particular it is
notdifficult to checkthat,in the presentasewe have a(up, v,) = 0 for everyup € B;, andfor
every v, € Vj,. Hencetheadditionalterm(25) arisingin (24) becomes

(38) L(up,vn) = c(up,vp) = /

c-VuBUhdx:—/ upgc - Vup, dx,
Q

Q
with anobviousintegrationby parts.We alsoremarkthattheterme - Vv, is piecavise constant.
Hencewe seethatonly the meanvalue of u g in eachK will beusedin thefinal system(24) for
computinguy,. Moreover, still in our assumptionswe obsenre thatthe right-handsideof (37) is
alsoconstanin K, sothatup g, in eachK, canbewritten as

(39) up,k = bx Ry,
where
(40) Ry = —(—€Aup +c-Vuy) + f

is theresidualin K (takingu; asapproximatesolution,)andthe bubbleby is the solutionof the
scaledoroblem:

find bx € H}(K) such that :
(41)
—eAbg +¢-Vbg =1 in K.

A simplecomputatiorshawvs that,inserting(39) in (38), the additionalterm (25) becomes

br d
(42) L(up,vp) = clup,vp) = Z %/ (c-Vuy — f)c- Vo, dz,
K K
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70 Recentresultsin thetreatmenbf subgridscales

whereb is still thesolutionof (41). This,asalreadypointedoutin [10] (seealso[27], [4],) corre-
spondgo the useof thewell knovn SUPGmethod(seg[11], [16]) with the stabilisingparameter
choseras

fK bKdilj
(43) o=
|K|

Assumenow thatwe proceedwith the alternatve formulations(31) or (33). In this case,
the spacef/h will be madeof functions?,, thatarelinearalongeachinterelemenboundaryand
satisfy Lo, = 0 in eachK. On the otherhandV;* will be madeof functionsi;; thatarelinear
alongeachinterelemenboundaryandsatisfy

(44) LG}, == —eAT} —c- Vi, =0, VK €T

Theformulations(31) and,mostly, (33) areclearlyin thefamily of Petros-Galerkinmethodshat
have beenproposedwith seseral variants,for convection diffusion problems. Seefor instance
[30] andthe referencegherein. We underlineoncemore that the threeformulations(24), (31),

and(33) areperfectlyequivalent,anduy, + up = 4y + wp = uy4, Solutionof (10). However,

the computationalstratgy that they suggestis different. Neverthelessaswe shall seein the

last section,the computationakffort relatedto thesedifferentstratgieswould alsocomeout to

be comparable The differentformulationscanalsosugestdifferentstratgiesfor analysingthe

method,in orderto prove stability anderrorestimatesin our opinion,the (morerecent)stratgy

of looking directly attheformulation(10), asin [9], [33], is moreeffective, but the situationmight

changdrom onecaseto another We point out thatthe bubblecomponent. z couldalsobeused
for deriving a posteriorierrorestimategseee.g.[32]).

Example 2.2 We considemow anothettoy-problem,relatedto compositanaterials Let Q beour
computationalomainandlet a(x) > ay > 0 beafunctionfrom €2 into IR (wetook for simplicity
thescalarcase put in applicationsy could oftenbeamatrix). Let againf beagivenforcingterm
(like anexternalload,or asourceterm)andconsidetthe problemof findingw in V = H} (£2) such
that:

(45) Ly := —div(aVu) = f in Q.

Problem(45) is meantto mimic for instancea linearelasticityproblem,or a pressureequationin
oil recorery problemswhereq (thatwe assumeo be rapidly varying, althoughnot necessarily
periodical)representthe propertieof a compositematerial.We cansetnow

(46) L(u,v) = / aVu-Vodz, Yu,v € Hy(Q),
Q

andwrite (45)in the usualvariationalform

(47) L(u,v) = (f,v) Yve W

Assumenow thatwe aregiven, asin the previous example,a decompositiorif;, of Q into
triangles.Wetake againV}, asthespaceof piecaviselinearcontinuoudunctionsvanishingon 052,
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and By, asin (9) with B,(K) = B(K) = Hj(K) for eachK. If we wantto apply the theoryof

the previous sectionwe seeagainthat existenceanduniguenessf the solutionof theaugmented
problem(10) aretrivially proved. Moreover the bubble equation(20) becomesin eachtriangle

K: findug i in H}(K) suchthat:

(48) —div(aVup k) = div(aVup) + f in K.

In this caseaswell, the uniquesolvability of (48)is obvious. It is alsoclearthat, at the practical
level, equation(48) is (as all the other onesso far) unsohable. However, asin the previous
example,we cancheckthe structureof theadditionalterm (25), whichis now

(49) L(up,vp) = / aVug - Vo, dz,
Q

with v, € V},. Althoughthe“bubblestress"—aVug will surelyhave a complicatedstructurein
eachtriangle K (if wethink thate is rapidly varying)it will againbetruethatonly its meanvalue
(actually the meanvalue of eachcomponentjs neededn the computatiorof (49), sinceVuy, is
constanwithin eachelement.

We couldalsofollow, evenin thepresenexample thealternatve formulation(31), thatnow
would coincidewith (33) asthe problemis symmetric.In this case V}, = V" will bethe spaceof
functionsgoy, thatarelinearon theinterelemenboundarieandsatisfythe homogeneousquation
div(aVoy) = 0 separatelyin eachelementK. Again, with someattention,the computational
aspect®f thetwo approachesanbemadevery similar. It is interestingo seethatin this casethe
approach31)is quite closeto thestratgy which hasbeendevelopedfor instancen the multilevel
approacthof [25], [26], althoughusinga quiteindependentlerivation.

Example 2.3 We considemow the sameproblemof the previous example,but, this time, writing
problem(45) in mixedform. We introducethereforethe “stressfield”

(50) o = —aVu,
andthespaces = H(div; Q) andU = L?(2). We alsoset

(51) a(o, 7) = /

a lo-rdr, Yo,r€X, and b(r,v) = /’UdiVT dz, V1 e X, Vvel.
Q

Themixedformulationof (45) readsnow

find(o,u) € V =% x U such that :
(52) a(o,7) —b(T,u) =0, V1€,
b(o,v) = (f,v), YveU.

Assumehatwe have atriangulation7;, asbefore.We cantake, asin Examplel.2,V, = %, x Uy,
where Y, is the spaceof lowestorder Raviart-Thomasvectorsand U}, the spaceof piecavise
constantscalars.Assumenow that By, is chosenmasin Examplel.2, in particulardiscardingthe
“boundarybubbles”.Werecallthatthis meanghateachB;, (K') hastheform By, (K) = Xp(K) x
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UY%(K) with ©5(K) givenby (13) andU?% by (12). We introducesomeadditionalnotation. We
setSp = [xEp(K) andUy = NgU%(K). ThenZ,y = 5, + S andUy = Uy, + US.
Finally V4 := X 4 x U4. Theaugmentegroblem(10) becomesiown

find (o,u) € V4 such that :
53
3) a(op +0B,74) = b(Ta,up +up) =0, V74 € Ty,
b(Uh +UB,UA) = (f,’UA), Yoy € Uy.

To prove existenceanduniquenessf the solutionof (53) is an exercise,usingthe generatheory
of mixed methodsandthe propertiesof Raviart-Thomasspacegseee.g. [3].) Essentially you
have to shav thatyou canconstructa continuoudifting of the divergenceoperatorfrom L?(Q)

backinto ¥ 4. Forthis,givenav € L?(€) youfirst takeits projections into thespaceof piecavise
constantsandyoutake a 7, € X, suchthatdivr, = ©. Thisis possiblesinceRaviart-Thomas
spacessatisfy the inf-sup condition. Then,in every K, you canfind a 73 x € Xp(K) such
thatdivrg k = v — ©. Thisis possiblesincev — v haszeromeanvaluein eachK. Clearly
diV(fh + TB,K) = .

We considemow, in eachK, thelocal bubbleequation(18), thatis

find (0p,up) € p(K) x US(K) such that :
(54) a(O'B,TB) — b(TB,uB) = —a(O'h,TB) + b(TB,’U,h) = —a(ah,TB), V1B € EB(K),
b(O'BaUB) = _b(ohaUB) + (faUB) = (fa UB)a Vvp € U%(K)

We noticethatu,, disappearérom thefirst equationof (54) sinceb(rg,up) = 0 for all 75 having
vanishingnormal componenton eachdK, and o, disappeargrom the secondequationsince
b(on,vp) = 0 for all v having zeromeanvaluein eachK. To prove existenceanduniqueness
of thesolutionof (54) is alsovery easy In particular for doingthis, we make againuseof thefact
thatthe divergenceoperatoris surjectie (andhasa boundedifting) from $5(K) ontoU%(K).
This would not have beentrue,hadwe chosenUg (K ) = L?(K) asscalardor the bubblespaces,
insteadof U% (K). Whencetheimportanceof having keptthe piecavise constanscalarsnto V;,
assuggesteih Examplel.2.

With somemanipulationspnecancheckthatthe strongform of the bubbleequation(54) is

(55)

—div(aVug) = fo + divep,  in K,
—aVup -n=o0p-n on 0K,

wheref is the differencebetweenf andits meanvalueon K. We seein this casethat (55) does
not have exactly the generafform (20), becauseur choiceof By, (K) doesnot coincidewith the
full bubblespaceBy (K). Indeed the piecevise constanscalarshave beenkeptin V}, (with very
goodreasons.)Existenceanduniquenes®f (55) canclearly be deducedrom thoseof (54), but
they canalsobe checled directly Indeed,existenceis ensuredby the compatibility of the two
right-handsides,anduniquenesss ensuredy therequirementhatup haszeromeanvaluein K.
Thebubblestressrg canthenbededucedrom o g + o), = —aVug. Noticethatif f is piecavise
constanthen fy = 0. If morewer, say o = 1, thenfor our case(lowestorderRaviart-Thomas
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elements}he solutionof (55) would be the (unique)functionug having Vug = —o, andzero
meanvaluein K. In particulare g would be zero. This casewould be particularlyuninteresting,
sincethe additionalterm(25) would thenvanish.All the procedurevould just producea sortof a

post-processingiving o4 = o, andu s = up, + up Wherethe scalarsvould have slightly better
cornvergenceproperties We discardthis curiosity andwe go backto the moreinterestingcaseof

agenerakoeficient «. In particularwe notethatthe additionalterm (25) is now

(56) L((cp,up), (Th,vs)) = alop, ) — b(th,up) + blop,vy) = alop, Th)

wherewe madeuseoncemore of Gausstheoremin eachK. We note againthatin (56) only
the “stresspart” o of the solution of the bubble equationwill be neededand, mostimportant,
only its integral againsta Raviart-Thomasvector As an alternatve, onemight alsocomputethe
additionaltermby usingin eachK theformula

(57) aK(O'B,Th) = —/ V’U,B’K -Thdd? = —/ UB’KTh-ndS,
K oK

with obvious meaningfor the bilinearform ag; thenonly the mean value of ug on eachedge
would beused.
We arenow interestedn seeing,n the presentcasewhathappensf onefollows thealter

native path(27)-(31). The procedureof Sectionl suggestshatto every (7, v) In 3, x U, we
associate pair (7, 7,) € 34 x Uy definedasthe solutionof the problem

find (74,75) € 4 x Ua such that (7, — 73,) € B, (¥, — vp) € US and
(58) a(Th, 78) — b(7B,0) =0, V718 € Xp,
b(7~'h,’l)3) =0, Yvpe€ U%.

Notice that (58) correspondso solving, in eachK, the following Neumannproblem(similar to
(55)) for vy := vy, — vp,

(59) { —div(aVvy) =divr,  in K,

—aViy-n=171,-n on 0K,

andthentaking 7, = —aVog anddy, = 99 + vp,. Existenceanduniquenessf the solutionof (59)
canbe checled aswe did for (55). We remarkin particularthat, startingfrom a pair of the type
(0,vp,), we would obtain7, = 0 and?y, = v;,. Ontheotherhand,startingfrom a pair (73, 0) both
7, andoy, will, in generalbedifferentfrom zero.

OurspaceIN/h shouldnow bemadeof thepairs(7,, v) thatcanbeconstructedy (58). This
however doesnot have an“elementary”structureof productspaceasit canbe easilyseenfrom
the above discussion.This might complicate at least,the formalism. In orderto have a simple
productspaceit is thenmoreconvenientto consideijustall 7,'s, andgenerateavith themthespace
ih, that clearly hasthe samedimensionof ¥;. We alsohave ¥ 4 = f]h + X p asadirectsum.
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Using this last splitting (andleaving U4 = Uy, + U% unchangedjve have now the new bubble
equation

find (xB,2B) € p x UY such that :
60 -
(60) a(xB,TB) — b(TB,2B) = —a(6h,7B), V7B € LB,
b(XB,’UB) = (fa’UB)a V’UB € Uga

wherethetermsb(uy, 7g) andb(6,, vg) have beenneglectedbeingequalto zero. Usingthefirst
equationof (58) we seethatthereexistsawg € UY suchthata(éy,75) = b(7p,wp) for every
7B € Y. Hencethepair (xp, zp + wp) solvestheproblem

find (xB, ws) € Lp x UY such that :
61
( ) a(XB,TB)—b(TB,wB):O, VTBEEB,
b(xB,vB) = (f,vB), Yvp €U,

whichis now independenof (¢;, up). Hence problem(53) canbe solved by computingfirst the
solution(xp, wpg) of (61),andthensolving

find (6p,up) € f]h x U}, such that :
(62) .- N N N
a(ah,Th) — b(Th,’u,h) = —a(XB,Th), V7, € Zh,
b(a-haluh) = (f7 ’Uh,)a V’Uh € Uh,-

We notice that the bubble term doesnot disappearfrom (62) becausewve did not take the true
space17h (in orderto dealwith a simpleproductspace.)As we shall seein the next section,the
computationabspectselatedto differentstratgiesarehowever morealike thanonemight think
atfirst sight. It is interestingto seethat a quite similar approachwith a differentderivation, is
usedin theupscalingechniqueof [1], [2].

Example 2.4 To concludewe considemow anexamplerelatedto the Stokesproblemfor viscous
incompressibldluids. We shalldealagainwith atoy-problem,namely

find (u,p) € (H(Q))? x LE(2) such that :
(63) —Au+Vp=f inQ,
divu =0 in Q,

wheref is a“forcing term”, for instancen (L2(€))2. Our discussiomwill bevery shortsince,by
now, the generaideashouldalreadybe sufiiciently clear Introducingthe space® = (H(f2))?
and@ = L3(9) andtheusualbilinearforms

(64)
a(u,v) = / Vu : Vudz, VYu,v €V, and b(v,q) = /qdivudx, Yv e V,Vq € Q,
Q
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we getthe usualvariationalformulation

find (u,p) € V =V x @ such that :
©9 a(u,0) = b(v,p) = (f,0), Vo eV,
b(“’ q) = O’ vq E Q'

Assumethat the choicesfor V}, and B;, aremadeasin Examplel.3. We recall thatthis means
thatin V;, (= V), x Q) we have piecevise quadraticcontinuousrelocitiesandpiecevise constant
pressuresand By, (= Vp x Q) is givenby Il (H (K))? x N L3(K).

The existenceanduniquenessf the solutionto (10), in the presentasejs alsovery easy
Thelifting of the divergenceoperatorcan be constructedwvith a procedurethat mimics the one
of the previous example,just using piecavise quadraticvelocities(to take careof the piecavise
constanpartof thepressureinsteadof Raviart-Thomasrectors(seealways,e.g.,[3]). Thebubble
equatiorwill thenbe,in eachkK,

find (up,pp) € (H{(K))? x L3(K) such that :
(66) a(up,v) — b(vs,pp) = —a(un,vB) + b(vs,ps) + (f,vs), VYup € (Hyj(K))?,
b(up,q) = —b(un,qB), Vap € LE(K).

As in the previous example,existenceanduniquenessf (66) areeasilyproven, making profit of
the choiceof LZ(K) aslocal pressurespacefor bubbles,insteadof thewhole L?(K). Thestrong
form of (66) would be,in eachK:

find (UB,KapB,K) S (fI&(I{))2 X L%(K) such that :
(67)

—A’U,B,K + VpByK =f+Aup nQ
divup xk = —(divup)o in Q,

where(divuy)o is the differencebetweendivu,, andits meanvaluein K. Again we seethatwe
do notgettheform (20), having keptthe piecavise constanpressurei Q5. The presentersion
of (24) will thenbe

find (up, pr) € Vi, = Vi x Qp, such that :
(68)
G(Uh,’l)h) - b('Uh,,ph,) + G(’U,B,’Uh) - b(pB,'Uh) = (f7 Uh)a V’Uh € Vha
b(un,qn) =0, VYgu € Qp.

Writing the secondequationof (68) we took adwantageof the factthat (divug, g,) vanishesor
all piecavise constanty,,. Integratingby partswe canseethatthe computationof the additional
term (25) requiresnow the meanvalueof up in eachK andthetwo first ordermomentsof pg,
alwaysin eachK.

It might be interestingto noticethatsomebadinitial choicesof V}, areunredeemableavith
the standardRFB approachFor instancestartingwith piecaviselinearcontinuousvelocitiesand
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constantpressuresthe augmentedproblem(10) would be ill-posed, no matterwhich subspace
By, C B(V;7T,) wechoose Indeed,takingin By, the biggestpossiblechoicefor velocities(that
is Ik (H{ (K))?) andthe smallestpossiblechoicefor pressuregthatis {0}) theinf-supcondition
will still fail in theaugmentedpacesActually, thedivergencesf velocitiesin I x (H} (K))? will
alwayshave zeromeanvaluein eachK, andthey cannothelpin controlling piecavise constants.
The situationcould be impraved only by usingmacro-lubbles,having supportin morethanone
element(seee.g.[20]), but we shallnotdiscusst here.

Many aspectof theabove discussiorextendfrom thetoy-problemsof this sectionto more
generalkituations.As we have seenthe maindifficulty is that,in general (17) cannotbe solved
explicitly, sothattheadditionalterm (25) cannotbe computedexactly. We sawv howveverin our ex-
ampleghat,in orderto have areasonablapproximatiorof (25), we will notneedavery accurate
solutionof (17), asonly someaveiaged quantitiesof the bubble componentareneeded.This is
truein awider variety of caseslndeed,aswe alreadyobsered, it is alwaysonly the effect of the
small scaleson the larger onesthat needso be simulated.Evenat a fully generallevel onecan
still noticethatin (25) thebubbleterm Lg,lK(f — Luy,) is testedagainstyy,, which belongsto the
coarsespace. ’

In the next sectionwe aregoingto seesomemorepracticalaspect®f the abore stratey.

3 Somehints on the implementation

We shallpresennhow abrief discussioronvariousproblemsrelatedwith theimplementatiorof the
above stratgies. To startwith, a pointthatwe did not stresssofar is that,in orderto performthe
staticcondensationonehasto beableto substitutes g (or actually in practice jts approximation)
asa functionof theunknownuy, in (24). We shallseenow with somemoredetailhow this canbe
done.

As a first stepwe identify, in eachK, the smallestlinear spacethat containsall possible
residualsnpamely

(69) Rk = span{ f i, Lop i, vn € Vi}-

In mary casesf|x canbeapproximatedwithoutmajorlossof information,by meansf elements
of thespace(LVh)|K, that canthereforebe usedin placeof Rk ;. Otherwise the dimensionof
R » Will beequalto thedimensionof (LV},) x plusone. .

The secondstepis thento choosefor eachK, a basis{g} }i=1,.. v, Of the spaceRy .
Clearly Nx denotesthe dimensionof suchspace. Then, for eachi = 1, .., Ng, we seekan
approximatesolutionof thelocal problem:

find 9% € By (K) such that :
(70) . .
E('L/)Zf(alu) = (g}(av)a \ONS Bh(K)
Now, in eachK, we canexpressevery possibleright-handside of (17) asa linear com-
bination of thefunctions{g%}izl,__,NK. In particular assumethat{vfl}jzl,__,N is the basisthat
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we chosefor V. Clearly N denoteghe dimensionof V,. Thenfor eachK andfor eachru{; we
expressthe restrictionto K of va; asa linear combinationof the g%.. Thenthe corresponding
(approximate)solutionLg}K(—val) canbe obtainedasa linear combinationof the zpr. Simi-
larly, the contrikution L,;}K(f) to the right-handside canalsobe expressedasa combinationof
thet. . Thedesiredsubstitutionin (24) canthenbe doneduringthe assemblingrocedureof the
final stiffnessmatrix.

In variousapplications N will berathersmall. Referringto the examplesof the previous
section,andassuminghat f, in eachK, could be approximatedy elementsf (LV} )| x without
majorlossesn accurag, we have, for the examplesof the previous section,Nx = 1 in thefirst
example,Nx = 3 in Examples2.2and2.3,and Nx = 4 in thelastexample. At a generalevel
we might saythat, for problemswith constantcoeficients and without zero orderterms(asin
Example2.1and2.4,) Nk will oftenbesmaller(andsometimesnuchsmaller)thanthe number
of degreesof freedomof V}, in K. For instancejn Example2.4thenumberof degreesof freedom
of V}, in K is 13 (twelve velocitiesandonepressure,Wwhile, aswe have seen Nx = 4. Noticethat
the original numberof degreesof freedomin V}, was 15 (twelve velocitiesandthreepressures)
andwentdown to 13 whenwe left in V}, only the piecavise constanpartof the pressure.

Let usconsidemow thealternatve formulations(31) and(33). We claim thatthe (approxi-
mate)resolutionof the N problemg70)is still anessentiaingredienfor computingthestiffness
matrix of (31). Clearly theadjointproblemswill alsobe neededn orderto use(33).

For the sale of simplicity, we concentraten (31). We have to computea basisfor V. An
obviouschoiceis to startfrom the baS|s{vh} of V. Thenwe associatéo every vy, an elementuj
in V, asin (27). To do that,we write oy, asv; + v}, with vo € By. Then,in eachK, vo will bethe
solutionof

(71) E(vg,vB) = —E(vi,vB) = —(val,vB), VYvp € Bp(K).

It is clearthat,in eachK, everyfug canbeexpressedisa linearcombinationof the Nx solutions
Yt of (70). If we keepthe assumptiorthat,in eachk, theright-handside f is approximatedy
elementof (LV},) k, thenthe solutionwp of (30) canalsobecomputedelementby elementas
alinearcombinationof the), .

Finally, let uscomparetheeffort for theactualcomputatiorof thestiffnessmatricesof (24)
andof (31). In mary applicationsthe computatiorof L(v],vF) (j,k =1,.., N) would bemuch
simplerthanthedirectcomputatiorof L(vh, 'uh) However, we notethat,using(27), we have

(72) L5, 5F) = L@, vf +vf) = L(5],0F) = L(v],0f) + L(v],vf).

We noticethatthefirst termin theright-handsideof (72) is the samethatwould be computedn
(24), andthe secondermhave the samenatureasthe right-handsidesof (70). Indeed,

(73) ‘C(Uga Ullg) (,UOa L* )
Finally, thetermcontainingwg (which disappearsf £ is symmetric)canbetreatedas

(74) L(wg,¥f) = L(wp,vf) + (f,v§) = (wg, L*f) + (f, ).
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We alsoobsere thatall thetermsin (73) and(74) will requirethe computatiorof theintegral of
the productof a bubbletimesanelementof R} ,, thatwe defineas

(75) Ry, := span{ f|x, L™ vn g, vn € Vi}.

This is the samethat hasto be donein the RFB approachwhencomputingthe additionalterm
(25). We canconcludethatthe computationakffort requiredby the two stratgiesis comparable
(afterall, they arethe samemethod just written differently) Similar considerationsold for the
formulation(33). We omit them,asthey area straightforvard extensionof the above discussion.
Othervariants,astheonediscussedn Example2.3,canbetreatedwith similaraguments.

All thesemattersmight desere however a deepelinvestigation,in eachparticularcase,n
orderto assesshe mostcorvenientstratgy that hasto be adopted. For instance,in casedike
Example2.2, whereessentiallyNk equalsthe dimensionof V;, ., the easiestvay to tackle(31)
seemdo solwe directly the problems

find 1;}( € Va|k such that (1;}( —vt) € Bp(K), and
(76)
‘C(Q:DZI(’IU) = 0’ Vv € Bh(K)a

andthento write the 3]s ascombinationsf the%.’'s. And soon.

Let us considernow the problemof solving (70) or (76). The mostgeneraland widely
applicablestratgyy in orderto obtainan approximatesolution of, say (70) consists,olbviously;
in the useof a Galerkin approximation,correspondingo a suitablechoiceof B}, C Bj(K)
(warning: in spite of the notation,this hasno particularrelationshipwith the adjoint problem).
Thenonecansolve Ng problemsof thetype:

find 4} € B} such that :
(77) ,
Ly v) = (g%, v), Vv € Bj.

Thetechniqguehasbeensuccessfullyappliedto advectiondominatedflows, alsowith the useof
suitably refinedsubgridmesheqof Shishkintype) nearthe outflov boundaryof eachK. See
e.g. [18]. For anapplicationof this techniqueto the Helmholtzequationseefor instance[15],
[17]. This, essentiallyis alsowhathasbeendonefor computingthesolutionsof (76),in problems
relatedto compositematerials,in [1], [2], [25], [26], although,aswe have said, the derivation
therewasdonein aframewvork independentf the Residual-Fre®ubblesapproach.

In morespecialclasse®f problemsonemight alsothink of usingsomespecialtricks For
instance for corvection-dominate flows with a very small diffusion coeficient, we have seen
that (70) reducesessentiallyto solve (41). Assumingthatthe corvective coeficient is piecavise
constantonecansolwe, insteadof (41), the (limit) purely corvective problem(correspondindo
¢ = 0) thatcanbe dealtwith by hand.Seee.qg.[10], [5].

Anotherpossiblechoiceis to take B}, with avery smalldimension(sometimesvenone-
dimensional)but choosingit in avery suitableway, which dependson the particularform of the
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equationin eachK. Seefor instance[8]. The useof Shishkinsubgridmeshedor adwection
dominatedproblemsasin [18], couldalsobe seenasbeingpartof this stratey.

On the other hand,for singularly perturbedproblemswhere someartificial viscosity (or
similarregularisation)s usuallyemployed, theideaof usingin (77) only one(or very few) degrees
of freedomwith a kind of subgridviscosity(or subgridregularisation,)asin [22], [23], is surely
appealingor its simplicity andratherwide rangeof applicability However, asshavn in [6], the
choiceof the actualvalue for the subgridatrtificial viscosity appeargo be crucial, andrequires
deepeiinvestigations.

At amoregenerallevel the effectson error estimates(botha priori anda posterior) of
taking an approximatesolutionfor the bubble equationdesere a betterattention,andshouldbe
the objectof amoreaccurateanalysis.

The applicationof the paradigm‘divide andconquer/staticcondensationdpproximateso-
lution” to somenonlineamproblemss currentlyunderinvestigation.The obviouschoicewould be
to applyit to thevariouslinearisedproblemsin aniterative procedureput in particularcaseghe
structureof the nonlinearitymight suggest betterstratey.

Finally, we point out that,in somecasesthe procedureof augmentinghe spacel}, canbe
donein twosteps Indeedtogethemwith theadditionof suitablebubblespacedn eachk, we might
think of addingsomeedge functionswhereconvenient. For instance just to make an academic
example,onecandecidethaton a particularedgee the additionof afunctionwith a specialshape
couldbebeneficialfor the overall quality of theapproximation.This couldbearapidly oscillating
one,with agivenwavelengthor afunctionwith a“bump” (or a“step”) ata givenlocation,andso
on. Typically, in practice this could only be donein someiterative way, usinginformationfrom
the subgridsolutionsat previous iterationsor time steps. Oneway or another assumehat you
know thata certainshapey* is neededat a certainedgee*. Thenyou might think of increasing
first the spaceV}, by addinga function having value ¢* on the edgee*, and having supportin
the union of the (oneor two) elementdhaving e* asanedge.The valueof sucha functioninside
the element(stould profitably be definedasthe solutionof the homogeneousquation(11). You
are equippedfor that, asyou arereadyto solve subgridproblemsrelatedto the operatorL. In
generaltherewill notbejust oneedgeandonefunctionthatis neededbut we might expectthat
they are not too mary. After this first enrichmentof V},, the bubble procedurecan be started.
It is clearthat, after additionand eliminationof the bubbles,the total numberof equationswill
be equalto the original numberof boundarydegreesof freedomin V;, plus the onesthat were
addedduringthefirst enrichmen{thesewill notgo away in thestaticcondensatioprocess)This
procedurepn one hand,hasto be usedwith somecare. Indeed,we startedby assuminghat V},
correspondedoughlyto thefinestgrid we werereadyto afford. Clearly the numberof additional
degreesof freedomhasto belimited to theessentialOn the otherhandthis procedureanprovide
apartial healingto thevery undesirabldbut, somehav, necessarygffect of impermeabilityof the
interelementoundarieso the small scalesthatis inherentto the divide and conquerstratagy. It
is clearthatmuchmoreinvestigationandexperimentatiorareneededn orderto designeffective
stratgiesfor doingall that.

As alastpoint, thepossibleuseof “nonconformingoubbles”is surelyworthinvestigating A
nonconformingoubblewouldbeafunctionhaving supporin asingleelementk’, whoseextension
by zerooutside K doesnot belongto the spaceV. In somecasesthe boundaryvaluesof these
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nonconformingoubblesmighthave zeromeanvalue(or zeromomentaupto someorderk) ateach
interelementedge(seefor instance14]). In othercasesthis will have to beimposedby means
of someinterelemenmultiplier or similar trick, in orderto compensatéor the variationalcrime.
This approachhasbeenrecentlyappliedwith successn [13], which we refer to for additional
information. It is reasonabléo assumehattheideamightbeextendedio moregenerakituations,
andit is surelyquiteappealing.
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