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Résuḿe. Plusieurstentativesont récemment́et́e faitesvisantà récuṕererdesinformations
deséchellessous-grilleet à les transf́ereraux échellesde calcul. Nombrede techniquesde
stabilisationpeuventaussiêtreconsid́eréescommepartiede cesefforts. Nousdiscutonsici
un cadredanslequelunepartiedecestentativespeuventêtreformuléesetanalyśees.

Abstract. In recenttimes,severalattemptshavebeenmadeto recoversomeinformationfrom
thesubgridscalesandtransferthemto thecomputationalscales.Many stabilisingtechniques
canalsobeconsideredaspartof this effort. We discussherea framework in which someof
theseattemptscanbesetandanalysed.
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In thenumericalsimulationof acertainnumberof problems,therearephysicaleffectsthat
take placeon a scalewhich is muchsmallerthanthe smallestonerepresentableon the compu-
tationalgrid, but have a strongimpacton the larger scales,and, therefore,cannotbe neglected
without jeopardizingtheoverall qualityof thefinal solution.

In othercases,thediscretisedschemelacksthenecessarystabilitypropertiesbecauseit does
not treatin aproperwaythesmallestscalesallowedby thecomputationalgrid. As aconsequence,
some”smallestscalemode”appearsasabnormallyamplifiedin thefinal numericalresults.Most
typesof numericalinstabilitiesareproducedin this way, asthecheckerboardpressuremodefor
nearly incompressiblematerials,or the fine-grid spuriousoscillationsin convection-dominated
flows. Seefor instance[21] andthereferencesthereinfor a classicaloverview of severaltypesof
theseandotherinstabilitiesof thisnature.

In the last decadeit hasbecomeclear that several attemptsto recover stability, in these
cases,could be interpretedasa way of improving the simulationof the effects of the smallest
scalesonthelargerones.By doingthat,thesmallscalescanbeseenby thenumericalschemeand
thereforebekeptundercontrol.

Thesetwo situationsarequite different,in natureandscale.Neverthelessit is not unrea-
sonableto hopethatsometechniquesthathave beendevelopedfor dealingwith thelatterclassof
phenomenamightbeadaptedto dealwith theformerone.In thissense,oneof themostpromising
techniqueseemsto be the useof Residual-FreeBubbles(seee.g. [10], [19].) In the following
sections,we aregoingto summarisethegeneralideabehindit, trying to underlyits potentialand
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62 Recentresultsin thetreatmentof subgridscales

its limitations. In particular, we shallfirst presentin Section1 thebasicprinciplesof thestrategy:
divideandconquer, staticcondensationandapproximatesolution. In Section2 we presentsome
examplesof toy-problems,relatedto advectiondominatedflows,compositematerialsandviscous
incompressibleflows, in order to show how the generaltheorycanbe applied. We shall seein
particularthatseveralothermethods,like SUPG,Petrov-Galerkin,upscalingmethods,multiscale
methods,and otherscan actually be seenas being variantsof the RFB procedure. Finally, in
Section3, we discusssomequestionsrelatedto theimplementationof thesemethods.

1 The augmentedproblemand the bubble equation

At a very generallevel, theResidual-FreeBubblesapproachcanbesummarisedasfollows. We
startwith agivenproblem,thatfor simplicity weassumeto belinear, andin variationalform:������������! !"$#&%('�)+*&)�,-*/.021 �436587:9 1<; 36587�3>=?5@ !"BA(1)

Weassumethatwe aregivenadiscretisedproblem:���� �?�(���?CD !"(CE#&%('�)+*&)�,-*/.021 ��CF365GCH7I9 1<; 365GCJ7�3K=�5GCD !"�CF3(2)

where"�CML$" is afinite elementspace,correspondingto agivendecompositionN C of thecompu-
tationaldomain.To fix theideas,weshallusea two-dimensionallexicon,andin ourexampleswe
shallalwaysassumethatthecomputationaldomainis two-dimensional.Thebasicidea,however,
is quitegeneral,andcould beappliedin any dimension.We suppose,roughlyspeaking,that N C
is thefinestgrid we arereadyto afford in thecomputation,in thesensethatwe arenot readyto
solve afinal systemhaving muchmoreunknownsthanthedimensionof "(C .

To thespace" andto thedecompositionN C we associatethe spaceof bubbles O 1 "MP N CJ7
definedas

O 1 "@P N CQ7R.S9UT2V O2W 1YX 7(3)

where,for each
X

in N C ,
OZW 1YX 7R.S9\[]5_^`5R a"B3I#&%8b(b 1 587cL Xed A(4)

Let usseesomeexamplesthatwill helpunderstandinghow thespacesOZW 1YX 7 changefor different
choicesof " . As a first, andmosttypical example,considerthecase"f9hgjik 1<l 7 . ThenclearlyO2W 1YX 7m9ng ik 1YX 7 (the usualbubbles). If however "o9pg i 1<l 7 , thenwe still have OZW 1YX 7+9gjik 1YX 7 for theelementsinternalto

l
, but if

X
hasoneor moreedgeson q l , theretheelements

of OZW 1YX 7 areallowedto bedifferentfrom zero.Ontheotherhand,if wearedealing,for instance,
with a problemwritten in mixedformulation,and

"r9Ug 1 �(s�t?P l 7vuxwzy 1<l 7�3(5)
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FrancoBrezzi 63

thenthespace�Z�/�Y�j� will have theform �Z�/�Y�j�B���/���Y���������/�Y�j� with

�/���Y�����S�\���������Y (¡�¢?£&�j��¤�¥&¦(§�¨+©&¨�ª-©«�D¬®­��U¯E°Q±M²��p³�´¶µQ¤(6)

where,asusual,­ representstheoutwardunit normalto ²�� , and

���·�Y���¸�S��¹:ºG�Y�j��»(7)

In othercases,asfor instancein platebendingproblems,thespace¼ is � º½ �<´E� , andaccordingly
each�Z�/�Y�j�B�¾� º½ �Y�j� . And soon.

Problem(2) is now, temporarilyandartificially, augmentedby consideringanew subspace
of ¼ :

¼�¿h�S��¼�ÀaÁ��2ÀF¤(8)

where �¶À hastheform

�¶À��S��Â¶ÃÄ�¶À(�Y�j��¤(9)

and,for every � in Å8À , �¶À(�Y�j� is a subset(possiblyinfinite dimensional)of �Z�/�Y�j� . Theaug-
mentedproblemreadsnow: Æ

Ç�È�É ±( ËÊ�¿e�!¼(¿�¥&¦�§�¨m©&¨(ª-©/�Ì ��Ê?¿B¤6ÍG¿I�I�Î�<Ï?¤6ÍG¿«��¤ Ð�ÍG¿j�!¼�¿B»(10)

At this level of generality, we cannotdo betterthanassumingthat (10) hasa uniquesolutionfor
every right-handside Ïa�!¼ËÑ , although,in general,its solutionwill notbecomputablein practice.
In principle,problem(10)shouldbeableto take into accountall thesmallscalesthatdonotcross
theboundariesof theelements� , (in a sensethat,aswe have seen,dependson thenatureof ¼ .)
This is a severelimitation, but correspondsto a sortof divide and conquer principlethatmight,
in the end,ensuresomefeasibility to the whole procedure.If necessary, the space¼�¿ could be
further augmented,in a sort of iterative, self-adaptive strategy. For instance,out of a previous
resolution,we might have hintsthat,on certainedgesof Å8À , thereareoneor two finegrid-modes
thatshouldbetakeninto account.Wemight thenadd,for everysuchedgeÒ , thefunctionshaving
supportin theunionof theelementshaving Ò asanedge,andhaving thecrucialfine-gridmodeas
traceon Ò . For thesake of simplicity, we shallnotdiscussthisoptionhere,apartfrom ashorthint
at thehandof thepaper.

We now proceedto eliminate,at leastformally, thebubbleunknowns from problem(10).
Thetechniquethatwearegoingto useis well known in theEngineeringpractice,underthename
of static condensation. However, hereweapplyit in amoregeneral,infinite dimensional,case.

Thefirst problemthatarisesis that(8) mightnotcorrespondto adirectsum.Tofix theideas,
if theoriginal ¼(À is madeof all piecewisecubiccontinuousfunctions,thenit alreadycontainsone
cubicbubbleperelement,thathowevermightappearin �2À aswell. Ourchoice(roughlyspeaking)
is to keep,asmuchaspossible,all theelementsof theintersection�2ÀE³a¼(À in �2À , andreduce,if

ESAIM: Proc., Ó�Ô�Õ�Ö�×�× , Ø�Ù�Ù�Ø , Ú�×�Û�Ü�Ý



64 Recentresultsin thetreatmentof subgridscales

necessary, Þ�ß , introducinga propersubspaceÞËàßâá Þ(ß . This rule, however, will not be thebest
onein every case.Let usseesomeexamplesin orderto clarify thesituation.

Example 1.1 Assumeasbeforethat Þäãpåjæç�è<é·ê and Þ�ß is madeof piecewise cubic functions.
Assumemoreover that thespaceë¶ß is thebiggestoneallowed,that is ë2ßMã\ë è Þíì&î8ß ê , givenby
(3) and(4). Thenwe haveseveralchoices.For instance,we might take as Þmàß thesetof functionsïð ß thatarepolynomialsof degree ñ$ò on theinterelementboundaries,andverifyó ïð ßËã¾ô(11)

separatelyin eachelementõ , where
ó

is theoperatorassociatedwith thebilinearform ö . On the
otherhand,wecantakeas Þ+àß any spaceof piecewisecubiccontinuousfunctionswhosevaluecan
be determinedin a uniqueway by their tracesat the interelementboundaries.For instance,any
serendipitycubicelementwould do; see,asanexample,theelementdescribedin [12], page50.
Noticethatthesetwo choicesproducethesameaugmentedspaceÞ�÷ , andhencethesamesolutionø ÷ to (10).

Example1.2As anotherexampleassumenow that ÞrãUå èYù(ú�û ì é·êFü ózý è<éEê andits approximationÞ(ßMãÿþvß ü�� ß is madeby lowestorderRaviart-Thomaselements(seefor instance[3]). Assume
againthat ë2ßMãrë è Þíì&î8ß ê . Thenwe might take ÞËàß to bethespaceþ�ß ü�� ô�� (all thepiecewise
constantdisplacementsarebubbles!).However, in mostcases,for reasonsthatwill becomeclear
in awhile, it will bemoreconvenientto keepthepiecewiseconstants(thatarein � ß ) in Þ àß . This
impliesthatwe take now ë2ß è õ ê ã�þ�� è õ êvü�� ç� è õ ê , where þ�� è õ ê is givenby (6) and� ç� è õ ê�� ã ó ýç è õ ê
	�� ð
� ó ý è õ ê���������������������� ð ù� ã¾ô��"!(12)

In most cases,the useof bubblesin þ � è õ ê whosenormalcomponentdoesnot vanishon the
boundary# é will be unnecessary(andin particularit would complicatethe notation.) In these
cases,we might useinstead

þ � è õ ê
� ãUå ç èYù�ú�û ì&õ ê$	%�'& � å èYù(ú�û ì&õ ê��(�������)�������*&,+.- ãUô0/"1,#�õ2�"!(13)

With thesechoiceswe will have Þ àß ãäÞ(ß , and ë2ß (asgiven through(13) and(7)) will be the
spaceof all pairs è3&4� ð ê � Þ suchthat & haszeronormalcomponentat the boundaryof each
element,and ð haszeromeanvaluein eachelement.Thesamechoicefor ë2ß would besuitable
alsoin thecaseof higherorderRaviart-Thomasspaces(or, say, for BDM spaces;seealways[3]),
but then Þ(ß shouldloseall internaldegreesof freedom,apartfrom thepiecewiseconstantscalars.
At a moregenerallevel we notice,however, that for problemsin mixed form the choiceof ë¶ß
might bedelicate,andmight have to satisfysomeparticularrequirements.Indeed,for somenaive
choiceof ë2ß theaugmentedproblem(10)might loseexistenceand/oruniquenessin Þ ÷ .

Example 1.3 A similar approachcanbe taken for a Stokesproblem,where Þ ã è å æç�è<é·ê6ê ý üó ýçGè<é·ê , and
ó ýçQè<é·ê is, asin (12), thespaceof

ó ý
functionswith zeromeanvaluein é . Assume,

this time, that Þ�ß is madeof piecewise quadraticvelocitiesin è å æç?è<é·ê6ê ý , andpiecewise linear
discontinuouspressures.In this caseonecanseethat the spaceë è ÞMì&î8ß ê asdefinedin (3)-(4)
hasthe form ë è Þíì&î8ß ê ã è35 � è å æç�è õ ê6ê ý ê�ü ó ýç-è<éEê . It will thenbe convenientto take ë2ß�ã
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FrancoBrezzi 65

GIHKJML3NPOQ L3R�STSVUXWZY[UQ L3R\S�] , andreducethespacê�_ , takingas ^�`_ thespaceof quadraticvelocities
andconstantpressures.It is easyto checkthatwith this lastchoicewehave adirectsumin (8).

We shallcomebacklaterto themeritsanddrawbacksof thedifferentchoices.Oneway or
another, weshallhave in theend ^�acbd^�`_fehg _4i(14)

with a directsum. Oncethis point hasbeen,at leastpartly, clarified,we cannow take aneasier
notation,droppingthe j in (14)andassumingthatin (8) wehaveadirectsumof subspacesof ^ .
Wecanthenwrite kla and m�a , in auniqueway, as:k(anbok(_Zpqksrti(15)

and muavbwm�_Zphmur�i(16)

respectively. Inserting(15) into (10), andtaking m�axbym"r we obtaintheso-calledbubble equa-
tion: z{}|q~(��� k rh� g _Z������������������ L klrtiTm"r S b%� � L k(_4iTm"r S p L�� iTm"r S i �(m"r � g _4�(17)

The bubbleequation(17) will play an importantrole in the following discussion.We take ad-
vantageof the split natureof the spaceg _ . For every element

R
in ��_ we define klr�� H asthe

restrictionof klr to theelement
R

. Thenwe have� L k r�� H i�� S b L�� � Y kl_�i�� S i��=� � g _ L3R\S i(18)

where,asin (11),
Y

indicatestheoperatorassociatedwith thebilinearform
�

. In certainproblems,
theexistenceanduniquenessof thesolutionof eachequation(18) will be immediate.However,
for other typesof problems(for instancefor problemsin mixed form) the choiceof the spacesg _ L3R\S hasto be madetaking into accountthe uniquesolvability of (18), that is an important
featurein thewholeprocedure.Here,at theabstractlevel, we shallmake theassumptionthatthe
problem z{ |q~(���K� r � g _Z�������)���������� L � rtiTm"r S b L�� iTm"r S i �(m"r � g _4�(19)

hasa uniquesolutionfor every right-handside
�
, say, in ^�� . We have thenanoperator

Y�� Or from^ � into g _ which is definedasthesolutionoperatorof (19), in thesensethat � rxb Y � Or � if f � r
is thesolutionof (19). It is clearthat(19) couldalsobesplit in independentproblems,similar to
(18), onein eachelement

R
. Accordingly,

Y�� Or canbe spilt asa sumof independentoperatorsY � Or�� H where
Y � Or�� H � is therestriction� r�� H to

R
of � r2b Y � Or � .

ESAIM: Proc., ���9�;� �9� , ¡�¢�¢@¡ , £'�V¤�¥�¦



66 Recentresultsin thetreatmentof subgridscales

In many casesproblem(18) caneasilybewritten in strongform as§
¨l©*ª «w¬d­�®2§
¨(¯ °²±´³¶µ
(20)

with theassociatedboundaryconditions.Let usstressthefact that, in orderto write theproblem
in thestrongform (20), it is usuallyessentialthat thespace· ¯�¸3³\¹ is chosento be equalto the
full bubblespace·»º ¸3³�¹ of (4). As farastheboundaryconditionsareconcerned,they areusually
includedin therequiremenẗ

l©�ª «�¼ ·½º ¸3³\¹ , thatis¨s©�ª «�¼v¾ ¿uÀ�Á Â'¨"Ã"Ã�¸E¨s©�ª «»¹ÅÄÆ³¶Ç
(21)

For instance,if ·½º ¸3³\¹ is equalto ÈPÉÊ ¸3³�¹ , thentheboundaryconditionswill simplybe¨ ©�ª « ¬wËIÌ.±ÎÍ(³ÏÇ
(22)

Wecannow write thesolutionof (17) as
¨s©P¬w§�Ð É© ¸�­
®2§
¨(¯Ñ¹

, or, in its split form, as¨l©�ª «w¬w§ Ð É©�ª « ¸�­�®2§
¨(¯Ñ¹�µÓÒl³Ô¼ÖÕ�¯4Ç
(23)

We thengo backto (10) andtake ×uØ ¬ × ¯ ; inserting(15)and(23)we obtain:ÙÚ}ÛqÜ À�ÁK¨l¯,¼v¾�¯ZÝ�Þ�ß�à)á�à�¿�á�âã ¸E¨(¯4µ × ¯M¹=äÆå « ã ¸3§�Ð É©�ª « ¸�­
®2§
¨(¯"¹�µ × ¯M¹
¬æ¸�­lµ × ¯Ñ¹�µ Ò × ¯,¼v¾�¯MÇ(24)

Note that (24) hasthe sameform (and the samenumberof unknowns) of (2). However, the
additionaltermã ¸E¨s©tµ × ¯Ñ¹$¬ ã ¸3§ Ð É© ¸�­
®\§
¨l¯Ñ¹�µ × ¯M¹$¬dç « ã ¸3§ Ð É©*ª « ¸�­
®P§[¨(¯Ñ¹�µ × ¯Ñ¹(25)

takesnow into accounttheeffectof somesmallscales(theonesthatdonot crosstheinterelement
boundaries)ontothescalesthatarevisible on thecomputationalgrid. As we mentioned,onecan
try to improve thesituationby addingsomefine-gridmodeat theinterelementboundaries,but we
arenot goingto discussit now. It is clearthat theeffect of smallscalesontothecoarseoneswill
bereproducedin a betterway by takingthespace· ¯ asbig aspossible,aswe have donein our
examplessofar. It is alsoclearthatif, asin all ourexamples,thespace· ¯ is infinite dimensional,
thebubbleequations(18) will bepracticallyunsolvable.Thenit will benecessaryto computean
approximatesolution of thebubbleequation,thathowevercanbedonein parallel. Moreover, as
we shallsee,in a certainnumberof applications,thestructureof theadditionalterm(25) is such
thatonly someaveragedquantitieswill beneeded.In thesecases,theapproximatesolutionof (18)
will not needto be extremelyaccurate.We shall comebackto this point in a moment. For the
time being,we point out that,whenappliedto a certainnumberof problems,theRFB procedure
givesbackclassicalstabilisingtechniques,astheso-calledSUPGmethods[11], [16], or variants
of them(like in [30]). Seefor instance[10], [27], [4], [28], [9] for advectiondominatedflows,
and [27], [4], [19], [15], [17] for more generalproblems(including Stokes, Reissner-Mindlin,
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FrancoBrezzi 67

Helmholtz,andothers.)Errorboundsfor thesemethodscanbeprovedby analysingthestabilised
form (24) (seefor instance[29], [24], or [31] andthe referencestherein),or, with a morerecent
approach,by looking directlyat theform (10),asdonein [7], [9], and[33].

Theproceduresketchedabovefollowstheclassicalderivationof [10] and[19]. In particular
we point out that the nameResidual-Free Bubblescomesfrom the fact that ó(ô will satisfy the
equation õIö ólô
÷�ø$ù[ú ö�û ÷�ø$ù�÷�üsø2ýÏþ»ÿ ö�� ù�÷(26)

which,in many cases,will imply exactly �[ó(ô�ú û separatelyin each

� ý���ÿ (thatis, theresidual
will bezeroin each

�
).

However, in orderto seein a betterway the connectionswith otherolder andnewer pro-
cedures,we point out herea differentway of looking at problem(10). Indeed,usingtheunique
solvability of (19) andforgettingagaintheproblemof theactualcomputationof its solution,we
couldtackle(10) in adifferentway. Wemight think to associate,to every function �uÿ,ý���ÿ , anew
function ��uÿ solutionof 	
���
���� ���ÿ ý�� ô���������������� ���ÿ! "��ÿ,ý¶þIÿ � ���õIö ��uÿ4÷#�%$[ù
ú'&4÷ ü(�)$qý¶þIÿ4÷(27)

thatin many casescouldalsobewrittenas�!��uÿKú*&,+.- � ÷Óü � ý/��ÿ10(28)

Takingall possible�uÿ ’s in ��ÿ , weconstructanew space2��ÿ , whichis in one-to-onecorrespondence
with ��ÿ (we useherethe fact that in (8) we have a direct sum.) As we remarked before,when
discussingthedifferentwaysof splitting theelementsof ��ô , we still have ��ôoú32��ÿ54 þ»ÿ , and
we still have a directsum. We cannow write thesolution ó(ô of (10) as ó(ôxú6�ó(ÿ!487 $ . Taking� ô ýÏþ»ÿ in (10)we have anew bubbleequationõ»ö 7 $ ÷#� $ ù
ú9 õIö �ólÿ4÷#� $ ù:4 ö�û ÷#� $ ù�÷Óü�� $ ýÏþ»ÿ(29)

thathowever, this time,becomesõ»ö 7 $ ÷#� $ ù$ú ö�û ÷#� $ ù�÷Óü�� $ ýÖþ»ÿ4÷(30)

and,with somesurprise,is independentof �ólÿ . Substitutingbackin (10) with ��ôoú;���ÿ we have
now that �ó(ÿ is theuniquesolutionof theproblem	
 �<
���� �ólÿ,ý 2��ÿ �����=�>�������@?õ»ö �ó(ÿ4÷���uÿMù$ú9 õIö 7 $ ÷���uÿÑùA4 ö�û ÷���uÿÑù�÷ÓüB��uÿ,ý 2��ÿ10(31)

It hasto be pointedout that the two formulations(24) and (31) are perfectly equivalent, andó(ÿB4¶ó $ úC�ó(ÿB4�7 $ úoólô , solutionof (10). Along theselines,wemightalsothink aboutanother

ESAIM: Proc., D�EGFIHAJGJ , K=L=LMK , NOJQPSR�T



68 Recentresultsin thetreatmentof subgridscales

variant. Indeed,we might assumethat the adjoint problemof (27) is alsouniquelysolvablefor
every right-handside UWVCX5Y . Then, always for every Z�[\V]X�[ , we might constructanother
function, ^Z1_[ , solutionof `a�b�c�d�e ^Zf_[ V�X�g�h�i�j�k�l�k�m�ln^Zf_[!o Z�[pV�qr[rm d�esrt Z%uwv�^Z1_[yxBz'{ v}|(Z)u<V�qr[1~(32)

Applying thisprocedureto every Z)[ wegenerateanew space,�X�_[ , thatin generalwill bedifferent
from �X�[ , unlessthebilinear form

s
is symmetric.We have again X�g z �X�_[�� q![ , alwayswith

a direct sum. Thereforein (10) we might think of using the splitting �(g z ^�([ ��� u for ��g ,
andthesplitting Z)g z ^Z1_[ � Z)u for Z�g , alwayswithoutchangingthefinal solution ��g . An easy
computationshows that ^�([ canalsobeseenastheuniquesolutionof`a�b c�d�e ^��[pV �X�[�h�i�j�k>l�k�m�l@�srt ^�([1v�^Zf_[ xBz t�� v�^Zf_[ x v�|�^Zf_[ V��X�_[ ~(33)

On the other hand, � u will (obviously) still be the solution of (30). We also notice that the
solutions �([ and ^�([ will have the samevaluesat the interelementboundaries.Thereforeif, for
somereason,we arejust interestedin thevaluesof theapproximatesolutionon thecoarsegrid,
then �([ and ^�([ will provide thesameinformation.

We shallseein thenext sectionthat thesealternative formulationsof (10) have, in various
applications,strongconnectionswith otherproceduresthatwereintroducedbeforeandafter the
Residual-FreeBubbles,following differentandindependentarguments.

2 Someexamples

It is now convenient to seethe above (abstract)proceduresat work on someparticularsimple
problem.

Example 2.1 Let usconsidertheclassicaltoy-problemof advection-dominatedlinearequations.
Fromthephysicalpoint of view, we maythink to theproblemof thepassive transportof a scalar
diffusive quantityin a fluid whosevelocity is known. Let then � be,for instance,a convex poly-
gon, � apositive number(= diffusioncoefficient), � aboundedmappingfrom � to � �n� (= velocity
field) and

�
, say, anelementof � � t � x (= sourceterm).Weconsiderthentheproblemof finding �

in �"�� t � x suchthat: o ���p� � �5�O�p� z ����� �!~(34)

Wecanset � ��� z o ���p� � �¡���¢� , andsrt �£v#Z x � z �O¤ t �¥v#Z x£��¦ t �¥v#Z x |��£v#Z§V�� �� t � x v(35)

ESAIM: Proc., ¨�©GªI«:¬G¬ , ­=®=®M­ , ¯O¬±°³²�´



FrancoBrezzi 69

where,in anaturalway,µ(¶³·£¸#¹1º¼»¾½À¿fÁ5Âp·§Ã�Â¢¹ÅÄÇÆ£¸ÉÈ)Ê�ÄÌË)¶³·¥¸#¹Çºw»¾½�¿ÇÁ¡Í5ÃOÂp·�¹ÅÄÇÆ£¸ÏÎ�·£¸#¹ÑÐ�Ò�ÓÔ ¶�Õnº=Ö(36)

Assumenow thatwearegivenadecomposition×ÇØ of Õ into triangles,andassumemoreover
that Í and Ù arepiecewise constanton ×ÇØ . We take then Ú�Ø to be the spaceof piecewise linear
continuousfunctionsvanishingon Û Õ , and ÜrØ asin (9) with ÜrØ ¶�Ý�º5½ Ü!Þ ¶�Ýßº>½]Ò ÓÔ ¶�Ýßº for
each Ý . The uniquesolvability of the augmentedproblem(10), in this case,in obvious. If we
apply the theoryof the previous section,the bubbleequation(20) becomes,in eachtriangle Ý :
find ·áàãâ ä in Ò ÓÔ ¶�Ý�º suchthat:å�æ�ç ·áàãâ ä<è8Í5ÃOÂp·áàãâ ä'½ å ¶ ånæ�ç · Ø è�Í5Ã�Âp· Ø ºAè Ùêé�ë Ý�¸(37)

where,for a betterunderstandingof moregeneralcases,we kept the term æ�ç · Ø that is actually
zero in each Ý . We point out that, in this case,the uniquesolvability of (37) is alsoobvious.
On theotherhand,even for thepresenttoy problem,thesolutionof (37) cannotbecomputedin
practice.However, we want to point out heretheusethathasto bedoneof it. In particular, it is
not difficult to checkthat,in thepresentcase,we have µá¶³· à ¸#¹ Ø º¼½\ì for every · à Ð Ü!Ø andfor
every ¹ Ø Ð Ú�Ø . Hencetheadditionalterm(25)arisingin (24)becomesí ¶³·(à¼¸#¹ Ø º�½*Ë)¶³·áàî¸#¹ Ø ºB½ ¿ Á¡Í�ÃOÂp·(àp¹ Ø ÄÇÆ�½ å ¿ Á!·áà�Í5ÃOÂp¹ Ø ÄÇÆ£¸(38)

with anobviousintegrationby parts.We alsoremarkthattheterm Í�Ã�Â¢¹ Ø is piecewiseconstant.
Hencewe seethatonly the meanvalue of ·áà in eachÝ will beusedin thefinal system(24) for
computing· Ø . Moreover, still in our assumptions,we observe that the right-handsideof (37) is
alsoconstantin Ý , sothat ·(àãâ ä , in eachÝ , canbewrittenas·(àãâ ä'½'ïMä�ð!ä>¸(39)

where ð ä »¾½ å ¶ ånæ�ç · Ø è�Í5Ã�Âp· Ø ºAè Ù(40)

is the residualin Ý (taking · Ø asapproximatesolution,)andthebubble ïMä is thesolutionof the
scaledproblem: ñò�ó8ô Ê�Ä>ïMä\Ð�Ò ÓÔ ¶�Ýßº¥õ�ö�÷=ø�ù�ø�È�ù@»ånæ�ç ïMä�è�Í5ÃOÂ§ïGä*½Wú é�ë Ý�Ö(41)

A simplecomputationshows that,inserting(39) in (38), theadditionalterm(25) becomesí ¶³·áà¼¸#¹ Ø º�½*Ë)¶³·(à@¸#¹ Ø º�½\û äýü ä ïMä�ÄÇÆþ Ý þ ¿ ä ¶�Í5Ã�Âp· Ø å Ù ºfÍ�ÃOÂp¹ Ø ÄÇÆ¥¸(42)
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where��� is still thesolutionof (41). This,asalreadypointedout in [10] (seealso[27], [4],) corre-
spondsto theuseof thewell known SUPGmethod(see[11], [16]) with thestabilisingparameter
chosenas � ��� � � �������� ���  (43)

Assumenow that we proceedwith the alternative formulations(31) or (33). In this case,
thespace!"�# will bemadeof functions $% # thatarelinearalongeachinterelementboundary, and
satisfy &'$% # �)( in each

�
. On the otherhand !"+*# will be madeof functions $% *# that arelinear

alongeachinterelementboundary, andsatisfy& * $% *#-, �/.�0213$% *# .5476283$% *# �9(;:=< �?>A@ #  (44)

Theformulations(31) and,mostly, (33) areclearlyin thefamily of Petrov-Galerkinmethodsthat
have beenproposed,with several variants,for convectiondiffusion problems. Seefor instance
[30] andthe referencestherein. We underlineoncemorethat the threeformulations(24), (31),
and(33) areperfectlyequivalent,and B #DC BFEG�H$B #DC9I EG�JBLK , solutionof (10). However,
the computationalstrategy that they suggest is different. Nevertheless,as we shall seein the
last section,thecomputationaleffort relatedto thesedifferentstrategieswould alsocomeout to
becomparable.Thedifferentformulationscanalsosuggestdifferentstrategiesfor analysingthe
method,in orderto prove stability anderrorestimates.In our opinion,the(morerecent)strategy
of lookingdirectlyat theformulation(10),asin [9], [33], is moreeffective,but thesituationmight
changefrom onecaseto another. We point out that thebubblecomponentBME couldalsobeused
for deriving a posteriorierrorestimates(seee.g.[32]).

Example2.2Weconsidernow anothertoy-problem,relatedto compositematerials. Let N beour
computationaldomainandlet OQPR�FSUTVOXWZY[( beafunctionfrom N into \ ] (wetookfor simplicity
thescalarcase,but in applicationsO couldoftenbeamatrix). Let again ^ beagivenforcing term
(likeanexternalload,or asourceterm)andconsidertheproblemof finding B in

" �9_5`W PaN�S such
that: &bB , �/.���cedMPfOg8hBFSi�9^kjmlnN  (45)

Problem(45) is meantto mimic for instancea linearelasticityproblem,or a pressureequationin
oil recovery problems,where O (that we assumeto be rapidly varying,althoughnot necessarily
periodical)representsthepropertiesof a compositematerial.Wecansetnowo PRBp: % S , �rq;stOX8uBv6w8 % �x�y:z<LBp: % > _ `W PaN�S
:(46)

andwrite (45) in theusualvariationalformo PRBp: % S{�|Pa^M: % S}< % > "  (47)

Assumenow thatwe aregiven,asin theprevious example,a decomposition
@ #

of N into
triangles.Wetakeagain

"�#
asthespaceof piecewiselinearcontinuousfunctionsvanishingon ~MN ,
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and �'� asin (9) with �����f���U�G�n�f���U�/�5�� �f��� for each� . If we want to applythetheoryof
theprevioussection,we seeagainthatexistenceanduniquenessof thesolutionof theaugmented
problem(10) aretrivially proved. Moreover the bubbleequation(20) becomes,in eachtriangle� : find �M�X� � in �5�� �f��� suchthat:������� �f�g h� �X� � �b� ����� �f�g h�M�¡��¢¤£¦¥m§¨�3©(48)

In this caseaswell, theuniquesolvability of (48) is obvious. It is alsoclearthat,at thepractical
level, equation(48) is (as all the other onesso far) unsolvable. However, as in the previous
example,we cancheckthestructureof theadditionalterm(25),which is nowª �R� �Q«­¬ �®�b�°¯;±t�g h� �³²   ¬ � �x´ «(49)

with ¬ �nµ·¶�� . Althoughthe“bubblestress” � �g h�M� will surelyhave a complicatedstructurein
eachtriangle � (if wethink that � is rapidlyvarying)it will againbetruethatonly its meanvalue
(actually, themeanvalueof eachcomponent)is neededin thecomputationof (49), since   ¬ � is
constantwithin eachelement.

Wecouldalsofollow, evenin thepresentexample,thealternative formulation(31),thatnow
would coincidewith (33) astheproblemis symmetric.In thiscase,̧¶��+¹º¸¶¼»� will bethespaceof
functions ½¬ � thatarelinearon theinterelementboundariesandsatisfythehomogeneousequation����� �f�X 3½¬ �¡�h�¿¾ separatelyin eachelement� . Again, with someattention,the computational
aspectsof thetwo approachescanbemadeverysimilar. It is interestingto seethatin thiscasethe
approach(31) is quitecloseto thestrategy whichhasbeendevelopedfor instancein themultilevel
approachof [25], [26], althoughusingaquiteindependentderivation.

Example 2.3We considernow thesameproblemof thepreviousexample,but, this time,writing
problem(45) in mixedform. Weintroducethereforethe“stressfield”À � � �g h� «(50)

andthespacesÁ����·� ���e�LÂ�Ã � and Ä��9ÅiÆÇ� Ã � . WealsosetÈ � À «ÊÉ �b�°¯ ± �{Ë � À ²wÉ �x´ «|Ì À «ÊÉ µÍÁ «ÏÎÑÐ �ÓÒ � É;«­¬ �{�°¯ ¬ ����� É �x´ «|ÌMÉ µÔÁ «�ÌL¬ µ�Äi©(51)

Themixedformulationof (45) readsnowÕÖÖ× ÖÖØ¤Ù Ð � � À « ���ÚµÍ¶/¹°Á9ÛÔÄ�ÜÊÝ�Þ�ß¼àÊß Î àâáÈ � À «ÊÉ � �ãÒ � É;« �F�b��¾ «zÌFÉ µÍÁ «Ò � À «­¬ �{�|�a£ «­¬ � «=ÌL¬ µÔÄi©(52)

Assumethatwehaveatriangulationäx� asbefore.Wecantake,asin Example1.2, ¶��D�rÁQ�âÛuÄg� ,
where ÁQ� is the spaceof lowest order Raviart-Thomasvectorsand Äg� the spaceof piecewise
constantscalars.Assumenow that �'� is chosenasin Example1.2, in particulardiscardingthe
“boundarybubbles”.Werecallthatthismeansthateach�'���f��� hastheform �'���f���b�°Á � �f���LÛ
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ð�ñòâófô�õ with ö ò ófô�õ givenby (13) and
ð�ñò by (12). We introducesomeadditionalnotation.We

set ö òø÷úùüû'ý ö ò ófô�õ and
ð ñò ÷úùüû'ý ð ñò ófô�õ . Then öQþ ÷úù öUÿ��9ö ò and

ð þ ÷úù ð ÿ�� ð ñò .
Finally ��þ ÷úù öQþ�� ð þ . Theaugmentedproblem(10) becomesnow���� ��	 
���
 ó������Fõ�� ��þ�������� ����!"� ÷# ó�� ÿ$� � ò ��% þ õ'&�( ó�% þ ��� ÿ)� � ò õ ù+* �-,.% þ � öQþ �( ó�� ÿ$� � ò ��/ þ õ ù ó10.��/ þ õ2�3,./ þ � ð þ54(53)

To prove existenceanduniquenessof thesolutionof (53) is anexercise,usingthegeneraltheory
of mixed methodsandthe propertiesof Raviart-Thomasspaces(seee.g. [3].) Essentially, you
have to show that you canconstructa continuouslifting of thedivergenceoperatorfrom 657 ó18�õ
backinto öQþ . For this,givena /9� 6 7 ó18Zõ youfirst take its projection :/ into thespaceof piecewise
constants,andyou take a :% ÿ � öQÿ suchthat div :% ÿ ù :/ . This is possiblesinceRaviart-Thomas
spacessatisfy the inf-sup condition. Then, in every ô , you can find a % ò'; ý � ö ò ófô�õ such
that div % ò'; ý ù /<& :/ . This is possiblesince /9& :/ haszeromeanvalue in each ô . Clearly
div ó :% ÿ$� % ò'; ý õ ù / .

Weconsidernow, in eachô , thelocal bubbleequation(18), thatis���� ��	 
���
 ó�� ò ��� ò õ=� ö ò ófô�õ � ð�ñòâófô�õ ������� ����!"� ÷# ó�� ò ��% ò õ'&>( ó�% ò ��� ò õ ù & # ó�� ÿ ��% ò õ � ( ó�% ò ��� ÿ õ ù & # ó�� ÿ ��% ò õ2�-,.% ò � ö ò ófô³õ2�( ó�� ò ��/ ò õ ù &$( ó�� ÿ ��/ ò õ � ó10.��/ ò õ ù ó10.��/ ò õ2�-,�/ ò � ð�ñòUófô�õ 4(54)

Wenoticethat � ÿ disappearsfrom thefirst equationof (54)since ( ó�% ò ��� ÿ õ ù+* for all % ò having
vanishingnormal componenton each ? ô , and � ÿ disappearsfrom the secondequationsince( ó�� ÿ ��/ ò õ ù@* for all / ò having zeromeanvaluein eachô . To prove existenceanduniqueness
of thesolutionof (54) is alsoveryeasy. In particular, for doingthis,wemakeagainuseof thefact
that thedivergenceoperatoris surjective (andhasa boundedlifting) from ö ò ófô�õ onto

ð'ñòUófô�õ .
This wouldnothave beentrue,hadwechosen

ð ò ófô�õ ù 6=7 ófô³õ asscalarsfor thebubblespaces,
insteadof

ð�ñòâófô�õ . Whencetheimportanceof having keptthepiecewiseconstantscalarsinto ��ÿ ,
assuggestedin Example1.2.

With somemanipulations,onecancheckthatthestrongform of thebubbleequation(54) isA & 
�BDC ó�EGFH� ò õ ù 0 ñ � 
�BDC � ÿ IKJ ôL�&)EGFH� òNMPOÍù � ÿ MQO R J�? ôS�(55)

where 0 ñ is thedifferencebetween0 andits meanvalueon ô . We seein this casethat(55) does
not have exactly thegeneralform (20), becauseour choiceof T'ÿ ófô�õ doesnot coincidewith the
full bubblespaceT�U ófô�õ . Indeed,thepiecewiseconstantscalarshave beenkeptin ��ÿ (with very
goodreasons.)Existenceanduniquenessof (55) canclearlybededucedfrom thoseof (54), but
they canalsobe checked directly. Indeed,existenceis ensuredby the compatibility of the two
right-handsides,anduniquenessis ensuredby therequirementthat � ò haszeromeanvaluein ô .
Thebubblestress� ò canthenbededucedfrom � ò � � ÿ ù &)EGFH� ò . Noticethatif 0 is piecewise
constantthen 0 ñ ùV* . If moreover, say, E ùXW , thenfor our case(lowestorderRaviart-Thomas
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elements)thesolutionof (55) would be the (unique)function i�j having kHi.jmlon)p�q andzero
meanvaluein r . In particular p�j would bezero. This casewould beparticularlyuninteresting,
sincetheadditionalterm(25)would thenvanish.All theprocedurewould justproduceasortof a
post-processinggiving p�stlup�q and i�stlmi�q�vwi j wherethescalarswould have slightly better
convergenceproperties.We discardthis curiosity, andwe go backto themoreinterestingcaseof
ageneralcoefficient x . In particularwenotethattheadditionalterm(25) is nowy{z�z p.j}|�i.j=~2| z�� q�|���q�~�~�l+� z p�j}| � q�~'n>� z�� q�|�i�j5~_v�� z p�j�|��"q�~5l+� z p.j}| � q�~(56)

wherewe madeuseoncemoreof Gausstheoremin each r . We noteagainthat in (56) only
the “stresspart” p j of the solutionof thebubbleequationwill be needed,and,mostimportant,
only its integral againsta Raviart-Thomasvector. As analternative, onemight alsocomputethe
additionaltermby usingin eachr theformula��� z p�j�| � q�~�l�n�� � kHi�j'� ��� � q'���<l�n���� � i�j'� � � q{�Q������|(57)

with obvious meaningfor the bilinear form ��� ; thenonly the mean value of i�j on eachedge
wouldbeused.

We arenow interestedin seeing,in thepresentcase,whathappensif onefollows thealter-
native path(27)-(31). Theprocedureof Section1 suggeststhat to every

z�� q�|��"q�~ in �}q����Gq we
associateapair

z\�� q�| ���q�~���� s �N� s definedasthesolutionof theproblem ¡¡¢ ¡¡£w¤�¥ � z\�� q�| ���q�~=��� s �¦� s�§�¨�©2ª�«�ª�¬"« z\�� q�n � q�~}����j�| z���"q­n���q�~}�¦�{®j ¬ ¥ �� z\�� q�| � j=~'n�� z�� j�| ���q¯~°l+±�|-² � j>����j�|� z\�� q�|�� j ~�l+±�|-²�� j �N�{®j�³(58)

Notice that (58) correspondsto solving, in eachr , the following Neumannproblem(similar to
(55)) for

�� ®N´ l ���q�n���q µ
n)��¶D· z xGk �� ® ~°l+��¶D· � q ¸K¹<rS|n)xGk �� ® �P��l � q��º� »º¹9¼�rS|(59)

andthentaking
�� q�l�n)xGk �� ® and

���q�l �� ® vt��q . Existenceanduniquenessof thesolutionof (59)
canbechecked aswe did for (55). We remarkin particularthat,startingfrom a pair of the typez ±�|��"q�~ , we wouldobtain

�� q�l½± and
���q�l¾��q . On theotherhand,startingfrom apair

z�� q�|�±�~ both�� q and
���q will, in general,bedifferentfrom zero.

Ourspace¿À q shouldnow bemadeof thepairs
z\�� q�| ���q�~ thatcanbeconstructedby (58). This

however doesnot have an“elementary”structureof productspace,asit canbeeasilyseenfrom
the above discussion.This might complicate,at least,the formalism. In orderto have a simple
productspace,it is thenmoreconvenientto considerjustall

�� q ’s,andgeneratewith themthespace¿�}q , that clearly hasthe samedimensionof �}q . We alsohave � s l ¿�}q­v½��j asa direct sum.
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Using this last splitting (andleaving Ï'ÐmÑÒÏ'Ó­ÔÕÏ{Ö× unchanged)we have now the new bubble
equation ØÙÙÚ ÙÙÛwÜ.Ý�Þ�ßgà ×}á�âQ×5ã}ä�å�×wæ Ï�Ö×Sç�è�é�êìë�ê�í"ëïîð ßgà ×�á�ñò×�ã'ó�ô ß ñò×}á�âQ×=ã Ñ ó ð ß\õö Ó á�ñò×5ã2á-÷.ñò×>ä�åï×�áô ßgà × á�ø × ã Ñ ß1ù á�ø × ã2á-÷�ø × ä Ï{Ö× á(60)

wheretheterms ô ßgú Ó á�ñ × ã and ô ß\õö Ó á�ø × ã have beenneglectedbeingequalto zero.Usingthefirst
equationof (58) we seethat thereexistsa õû ×Õä Ï Ö× suchthat ð ß\õö Ó á�ñò×=ã Ñ ô ß ñò×�á õû ×5ã for everyñ × ä�å × . Hencethepair ßgà × á�â × Ô õû × ã solvestheproblemØÙÙÚ ÙÙÛ>Ü�Ý�Þ�ßgà × á û × ã�ä�å × æ Ï{Ö×�ç�è�é2ê�ë�ê�í"ë)îð ßgà ×}á�ñò×=ãüó�ô ß ñò×}á û ×5ã Ñ+ý á-÷.ñò×>äNå�×�áô ßgà ×�á�ø�×=ã Ñ ß1ù á�ø�×�ã2á-÷�ø�×wä Ï Ö× á(61)

which is now independentof ß\õö Ó á ú Ó ã . Hence,problem(53) canbesolvedby computingfirst the
solution ßgà ×}á û ×=ã of (61),andthensolvingØÙÙÚ ÙÙÛwÜ�Ý�Þ9ß\õö Ó á ú Ó ã=ätþå Ó æ ÏGÓ ç�è�é2êìë�ê�í"ëïîð ß\õö Ó á õñ Ó ã'ó�ô ß\õñ Ó á ú Ó ã Ñ ó ð ßgà ×�á õñ Ó ã2á-÷ õñ Ó ä�þå Ó áô ß\õö Ó á�ø Ó ã Ñ ß1ù á�ø Ó ã2á-÷�ø Ó ä Ï'Ó�ÿ(62)

We notice that the bubble term doesnot disappearfrom (62) becausewe did not take the true
spaceþ� Ó (in orderto dealwith a simpleproductspace.)As we shall seein thenext section,the
computationalaspectsrelatedto differentstrategiesarehowever morealike thanonemight think
at first sight. It is interestingto seethat a quite similar approach,with a differentderivation, is
usedin theupscalingtechniqueof [1], [2].

Example2.4To conclude,weconsidernow anexamplerelatedto theStokesproblemfor viscous
incompressiblefluids. Weshalldealagainwith a toy-problem,namelyØÙÙÚ ÙÙÛwÜ�Ý�Þ�ßgú á���ã�ä ß ���Ö ß � ã�ã���æ
	��Ö ß � ã ç�è�é�ê ë�ê�í"ëïîó
� ú Ô�� � Ñ ù ��� � áÞ ��� ú Ñ+ý ��� � á(63)

where ù is a “forcing term”, for instancein ß 	�� ß � ã�ã�� . Ourdiscussionwill bevery shortsince,by
now, thegeneralideashouldalreadybesufficiently clear. Introducingthespaces�+Ñ ß ���Ö ß � ã�ã��
and �uÑ 	 �Ö ß � ã andtheusualbilinearforms

ð ßgú á�ø�ã Ñ ��� � ú î � ø Þ�� á@÷ ú á�ø9ä � á í Ý�Þ ô ß ø�á ��ã Ñ � � Þ ��� ú$Þ�� á@÷�ø�ä � áË÷!�ìä � á(64)
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we gettheusualvariationalformulation677
8 779;:=<$>@?3ACB�DFEHGJILKNMPORQNS TVU,WYX W$Z[X]\^ ?3A_Ba`�Ecbed[?3`$B�D)E�fg?ih!Ba`�E,Bkj!`lG
MmBd[?3A_B noE�fqp�Brj!nsGtQvu

(65)

Assumethat the choicesfor IVw and x w aremadeasin Example1.3. We recall that this means
thatin I$ws?�fNMCw
OlQywzE wehavepiecewisequadraticcontinuousvelocitiesandpiecewiseconstant
pressures,and x wY?�fPMC{|O}Qs{�E is givenby ~�� ?����� ?���EaE���O ~m�m� �� ?���E .

Theexistenceanduniquenessof thesolutionto (10), in thepresentcase,is alsovery easy.
The lifting of the divergenceoperatorcanbe constructedwith a procedurethat mimics the one
of the previous example,just usingpiecewise quadraticvelocities(to take careof thepiecewise
constantpartof thepressure)insteadof Raviart-Thomasvectors(seealways,e.g.,[3]). Thebubble
equationwill thenbe,in each� ,677

8 779 :=<V>@?3A!{�B�DF{�E�Ge?����� ?���EaE���O � �� ?���E�S5TVU5WYX WVZ[X�\^ ?3A { Ba` { ECbed[?3` { B�D { E�fLb ^ ?3A=w�Ba` { E��|d[?3` { B�D { E��P?ih!Ba` { E,Brj=` { Ge?�� �� ?���EaE � Bd[?3A!{�B n�{�E�fLb
d[?3A=w�B n�{�E,B�jFn/{;G � �� ?���E,u
(66)

As in thepreviousexample,existenceanduniquenessof (66) areeasilyproven,makingprofit of
thechoiceof � �� ?���E aslocal pressurespacefor bubbles,insteadof thewhole � � ?���E . Thestrong
form of (66)wouldbe,in each� :677

8 779;:=<V>�?3A!{c� � B�DF{�� � E�Ge?����� ?���EaE��yO � �� ?���E_S TVU,W�X WVZ[X�\
b
�vAF{�� � ���mD!{c� � fPh�����A=w������>V����A!{c� � f�bY?�>V����A=w E � ���¡��B

(67)

where ?�>V�¢��A!woE � is thedifferencebetween>V����A=w andits meanvaluein � . Again we seethatwe
do notgettheform (20),having keptthepiecewiseconstantpressuresin Qyw . Thepresentversion
of (24)will thenbe677

8 779|:=<V>£?3A!w�B�D=w EHGJI$wsKNM_w�OJQ�w¤S5TVU5WYX WVZ[X�\^ ?3A!w�Ba`[w�ECbed[?3`[w�B�D!w E�� ^ ?3A!{�Ba`zw E�bed[?¥D!{HBa`zw¦E§f�?ih!Ba`[w E,Brj=`zwvG¡M_w�Bd¨?3A!w�B n©w E�fqp�Brj!n/wYGtQ�w�u
(68)

Writing thesecondequationof (68) we took advantageof the fact that ?�>V����AF{HB n©w E vanishesfor
all piecewise constantn©w . Integratingby partswe canseethat thecomputationof theadditional
term(25) requiresnow themeanvalueof A!{ in each� andthe two first ordermomentsof DF{ ,
alwaysin each� .

It might beinterestingto noticethatsomebadinitial choicesof IVw areunredeemablewith
thestandardRFB approach.For instance,startingwith piecewiselinearcontinuousvelocitiesand
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constantpressures,the augmentedproblem(10) would be ill-posed,no matterwhich subspace¶m·R¸L¶¡¹�º¼» ½�· ¾
wechoose. Indeed,taking in

¶�·
thebiggestpossiblechoicefor velocities(that

is ¿�À ¹�Á�ÂÃ ¹�Ä�¾a¾�Å
) andthesmallestpossiblechoicefor pressures(thatis Æ/Ç�È ) the inf-supcondition

will still fail in theaugmentedspaces.Actually, thedivergencesof velocitiesin ¿ À ¹�Á�ÂÃ ¹�Ä�¾a¾�Å
will

alwayshave zeromeanvaluein each
Ä

, andthey cannothelpin controllingpiecewiseconstants.
Thesituationcouldbe improved only by usingmacro-bubbles,having supportin morethanone
element(seee.g.[20]), but we shallnotdiscussit here.

Many aspectsof theabove discussionextendfrom thetoy-problemsof this sectionto more
generalsituations.As we have seen,themaindifficulty is that, in general,(17) cannotbesolved
explicitly, sothattheadditionalterm(25)cannotbecomputedexactly. Wesaw however in ourex-
amplesthat,in orderto have areasonableapproximationof (25),wewill notneedavery accurate
solutionof (17), asonly someaveraged quantitiesof thebubblecomponentareneeded.This is
truein a wider varietyof cases.Indeed,aswe alreadyobserved,it is alwaysonly theeffectof the
small scaleson the larger onesthatneedsto besimulated.Evenat a fully generallevel onecan
still noticethatin (25) thebubbleterm É]Ê ÂËcÌ À ¹iÍ@Î É�Ï ·o¾ is testedagainstÐ · , whichbelongsto the
coarsespace.

In thenext sectionwe aregoingto seesomemorepracticalaspectsof theabove strategy.

3 Somehints on the implementation

Weshallpresentnow abrief discussiononvariousproblemsrelatedwith theimplementationof the
above strategies.To startwith, a point thatwe did not stresssofar is that,in orderto performthe
staticcondensation, onehasto beableto substituteÏ Ë (or actually, in practice,its approximation)
asa functionof theunknownÏ · in (24). Weshallseenow with somemoredetailhow thiscanbe
done.

As a first stepwe identify, in each
Ä

, the smallestlinear spacethat containsall possible
residuals,namely Ñ À Ì ·�Ò¥ÓPÔ Õ=Ö × Æ Í�Ø ÀyÙ É�Ð · Ø À Ù Ð ·vÚJº$· ÈoÛ(69)

In many cases,
Í Ø À canbeapproximated,withoutmajorlossof information,by meansof elements

of thespace
¹ É º$· ¾ Ø À , that canthereforebeusedin placeof

Ñ À Ì · . Otherwise,thedimensionof
Ñ À Ì · will beequalto thedimensionof

¹ É º$· ¾&Ø À plusone.
The secondstepis thento choose,for each

Ä
, a basis ÆÝÜ¦ÞÀ È Þ¢ß Â ÌáàáàáÌ â�ã of the space

Ñ À Ì · .
Clearly, ä À denotesthe dimensionof suchspace. Then, for each å Óçæ Ù Û�Û Ù ä À , we seekan
approximatesolutionof thelocal problem:èéáê;ë!ìVíyî ÞÀ ÚR¶�·V¹�Ä�¾�ï ð$ñ5òYó òVô[ó�Ò

õ ¹ î ÞÀ Ù Ð ¾�Óg¹ Ü¦ÞÀ Ù Ð ¾ Ù÷ö Ð ÚR¶�·�¹�Ä�¾ Û(70)

Now, in each
Ä

, we canexpressevery possibleright-handsideof (17) asa linear com-
binationof the functions ÆÝÜ ÞÀ È Þ¢ß Â ÌáàáàáÌ â�ã . In particular, assumethat Æ©Ð[ø· È ø ß Â ÌáàáàáÌ â is the basisthat
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we chosefor �	� . Clearly, 
 denotesthedimensionof �	� . Thenfor each� andfor each� 
 � we
expressthe restrictionto � of ��� 
 � asa linear combinationof the ���� . Thenthe corresponding
(approximate)solution ��� ���� ����� ��� 
��� canbe obtainedasa linear combinationof the � �� . Simi-

larly, thecontribution � � ���� �!�#" � to the right-handsidecanalsobeexpressedasa combinationof

the �$�� . Thedesiredsubstitutionin (24) canthenbedoneduringtheassemblingprocedureof the
final stiffnessmatrix.

In variousapplications,
 � will berathersmall.Referringto theexamplesof theprevious
section,andassumingthat " , in each� , couldbeapproximatedby elementsof � �%�&� �(' � without
major lossesin accuracy, we have, for theexamplesof theprevioussection,
 �*),+ in thefirst
example, 
 � )*- in Examples2.2and2.3,and 
 � )/. in the lastexample.At a generallevel
we might say that, for problemswith constantcoefficients and without zeroorder terms(as in
Examples2.1and2.4,) 
 � will oftenbesmaller(andsometimesmuchsmaller)thanthenumber
of degreesof freedomof �	� in � . For instance,in Example2.4thenumberof degreesof freedom
of �&� in � is +0- (twelvevelocitiesandonepressure,)while, aswehaveseen,
 �1)1. . Noticethat
the original numberof degreesof freedomin �	� was +02 (twelve velocitiesandthreepressures)
andwentdown to +0- whenwe left in �	� only thepiecewiseconstantpartof thepressure.

Let usconsidernow thealternative formulations(31) and(33). Weclaim thatthe(approxi-
mate)resolutionof the 
 � problems(70)is still anessentialingredientfor computingthestiffness
matrixof (31). Clearly, theadjointproblemswill alsobeneededin orderto use(33).

For thesake of simplicity, we concentrateon (31). We have to computea basisfor 3�	� . An
obviouschoiceis to startfrom thebasis40� 
 �65 of �	� . Thenwe associateto every � 
 � anelement7� 
 �
in 3�	� asin (27). To do that,wewrite 7� 
 � as � 
 �98 � 
 : , with � 
 :<;>= � . Then,in each� , � 
 : will bethe
solutionof ? � � 
 :A@ � � � ) � ? � � 
 � @ � � � ) �B� �C� 
� @ � � � @ED � � ;>= � � � �GF(71)

It is clearthat,in each� , every � 
 : canbeexpressedasa linearcombinationof the 
 � solutions���� of (70). If we keeptheassumptionthat,in each� , theright-handside " is approximatedby
elementsof � �9�	� � ' � , thenthesolution H � of (30) canalsobecomputed,elementby element,as
a linearcombinationof the � �� .

Finally, let uscomparetheeffort for theactualcomputationof thestiffnessmatricesof (24)
andof (31). In many applications,thecomputationof

? � � 
 � @ �6I� � �KJ @�L )E+ @ FKF @ 
 � would bemuch
simplerthanthedirectcomputationof

? � 7� 
 � @ 7� I� � . However, we notethat,using(27),we have? � 7� 
 � @ 7� I� � ) ? � 7� 
 � @ � I� 8 � I: � ) ? � 7� 
 � @ � I� � ) ? � � 
 � @ � I� � 8 ? � � 
 : @ � I� �GF(72)

We noticethat thefirst termin theright-handsideof (72) is thesamethatwould becomputedin
(24),andthesecondtermhave thesamenatureastheright-handsidesof (70). Indeed,? � � 
 :M@ � I� � ) � � 
 :N@ �$OG� I� �GF(73)

Finally, thetermcontainingH � (which disappearsif
?

is symmetric)canbetreatedas? � H � @ 7� I� � ) ? � H � @ � I� � 8 �#" @ � I: � ) � H � @ �$O(� I� � 8 �#" @ � I: �GF(74)

ESAIM: Proc., P	Q(RKSUT(T , VGWGWXV , YZT�[]\�^



78 Recentresultsin thetreatmentof subgridscales

We alsoobserve thatall thetermsin (73) and(74) will requirethecomputationof theintegral of
theproductof abubbletimesanelementof _a`b9c d , thatwe defineas

_ `b9c d�egfihkjml�nporqts baukv `(w d s bxu w d!y{z	d6|N}(75)

This is the samethat hasto be donein the RFB approach,whencomputingthe additionalterm
(25). We canconcludethat thecomputationaleffort requiredby thetwo strategiesis comparable
(afterall, they arethesamemethod,just written differently.) Similar considerationshold for the
formulation(33). We omit them,asthey area straightforwardextensionof theabove discussion.
Othervariants,astheonediscussedin Example2.3,canbetreatedwith similararguments.

All thesemattersmight deserve however a deeperinvestigation,in eachparticularcase,in
order to assessthe mostconvenientstrategy that hasto be adopted.For instance,in caseslike
Example2.2,whereessentially~ b equalsthedimensionof z	d s b , theeasiestway to tackle(31)
seemsto solve directly theproblems������m�&������b y{z	� s b����&�����k�&�A��� ����b�� w �d�� y>�<d ��� � u � �&�� � �� �b u w � f1� uE� w y>�<d ��� � u(76)

andthento write the �wM�d ’s ascombinationsof the ����b ’s. And soon.

Let us considernow the problemof solving (70) or (76). The mostgeneralandwidely
applicablestrategy in order to obtainan approximatesolutionof, say, (70) consists,obviously,
in the useof a Galerkin approximation,correspondingto a suitablechoiceof � `b � �¡d ��� �
(warning: in spiteof the notation,this hasno particularrelationshipwith the adjoint problem).
Thenonecansolve ~ b problemsof thetype:�� � �m�&� � ` c �b y¢� `b �k�&�G�B�k�	�A� e

� � � ` c �b u w � f �]£ �b u w � uE� w y>� `b }(77)

The techniquehasbeensuccessfullyappliedto advectiondominatedflows, alsowith the useof
suitably refinedsubgridmeshes(of Shishkintype) nearthe outflow boundaryof each � . See
e.g. [18]. For an applicationof this techniqueto the Helmholtzequationseefor instance[15],
[17]. This,essentially, is alsowhathasbeendonefor computingthesolutionsof (76), in problems
relatedto compositematerials,in [1], [2], [25], [26], although,aswe have said, the derivation
therewasdonein a framework independentof theResidual-FreeBubblesapproach.

In morespecialclassesof problemsonemight alsothink of usingsomespecialtricks. For
instance,for convection-dominated flows with a very small diffusion coefficient, we have seen
that (70) reducesessentiallyto solve (41). Assumingthat theconvective coefficient is piecewise
constant,onecansolve, insteadof (41), the (limit) purelyconvective problem(correspondingto¤ f1� ) thatcanbedealtwith by hand.Seee.g.[10], [5].

Anotherpossiblechoiceis to take � `b with a very smalldimension(sometimesevenone-
dimensional)but choosingit in a very suitableway, which dependson theparticularform of the
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equationin each ± . Seefor instance[8]. The useof Shishkinsubgridmeshesfor advection
dominatedproblems,asin [18], couldalsobeseenasbeingpartof this strategy.

On the other hand,for singularly perturbedproblemswheresomeartificial viscosity (or
similarregularisation)is usuallyemployed,theideaof usingin (77)only one(or veryfew) degrees
of freedomwith a kind of subgridviscosity(or subgridregularisation,)asin [22], [23], is surely
appealingfor its simplicity andratherwide rangeof applicability. However, asshown in [6], the
choiceof the actualvalue for the subgridartificial viscosityappearsto be crucial, andrequires
deeperinvestigations.

At a moregenerallevel theeffectson error estimates(botha priori anda posteriori) of
takinganapproximatesolutionfor thebubbleequationdeserve a betterattention,andshouldbe
theobjectof amoreaccurateanalysis.

Theapplicationof theparadigm“divide andconquer/staticcondensation/approximateso-
lution” to somenonlinearproblemsis currentlyunderinvestigation.Theobviouschoicewouldbe
to apply it to thevariouslinearisedproblemsin aniterative procedure,but in particularcasesthe
structureof thenonlinearitymight suggestabetterstrategy.

Finally, we point out that,in somecases,theprocedureof augmentingthespace²&³ canbe
donein twosteps. Indeed,togetherwith theadditionof suitablebubblespacesin each± , wemight
think of addingsomeedge functionswhereconvenient. For instance,just to make an academic
example,onecandecidethatonaparticularedgé theadditionof a functionwith aspecialshape
couldbebeneficialfor theoverallqualityof theapproximation.Thiscouldbearapidlyoscillating
one,with agivenwavelength,or a functionwith a “bump” (or a “step”) atagivenlocation,andso
on. Typically, in practice,this couldonly bedonein someiterative way, usinginformationfrom
the subgridsolutionsat previous iterationsor time steps.Oneway or another, assumethat you
know thata certainshapeµp¶ is neededat a certainedgér¶ . Thenyou might think of increasing
first the space²	³ by addinga function having value µ ¶ on the edge ´ ¶ , andhaving supportin
theunionof the(oneor two) elementshaving ´r¶ asanedge.Thevalueof sucha functioninside
theelement(s)couldprofitablybedefinedasthesolutionof thehomogeneousequation(11). You
areequippedfor that, asyou arereadyto solve subgridproblemsrelatedto the operator· . In
general,therewill not bejust oneedgeandonefunctionthat is needed,but we might expectthat
they are not too many. After this first enrichmentof ²	³ , the bubble procedurecanbe started.
It is clearthat, after additionandeliminationof the bubbles,the total numberof equationswill
be equalto the original numberof boundarydegreesof freedomin ²&³ plus the onesthat were
addedduringthefirst enrichment(thesewill notgoaway in thestaticcondensationprocess).This
procedure,on onehand,hasto beusedwith somecare. Indeed,we startedby assumingthat ²&³
correspondedroughlyto thefinestgrid wewerereadyto afford. Clearly, thenumberof additional
degreesof freedomhasto belimited to theessential.Ontheotherhandthisprocedurecanprovide
apartialhealingto theveryundesirable(but, somehow, necessary)effectof impermeabilityof the
interelementboundariesto thesmallscalesthat is inherentto thedivideandconquerstrategy. It
is clearthatmuchmoreinvestigationandexperimentationareneededin orderto designeffective
strategiesfor doingall that.

As alastpoint,thepossibleuseof “nonconformingbubbles”issurelyworthinvestigating.A
nonconformingbubblewouldbeafunctionhaving supportin asingleelement± , whoseextension
by zerooutside± doesnot belongto thespace² . In somecases,theboundaryvaluesof these

ESAIM: Proc., ¸	¹(ºK»U¼(¼ , ½G¾G¾X½ , ¿Z¼�À]Á�Â



80 Recentresultsin thetreatmentof subgridscales

nonconformingbubblesmighthavezeromeanvalue(or zeromomentsupto someorder Ã ) ateach
interelementedge(seefor instance[14]). In othercases,this will have to be imposedby means
of someinterelementmultiplier or similar trick, in orderto compensatefor thevariationalcrime.
This approachhasbeenrecentlyappliedwith successin [13], which we refer to for additional
information.It is reasonableto assumethattheideamightbeextendedto moregeneralsituations,
andit is surelyquiteappealing.
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