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Adaptive numerical methodsfor PDEs?

RonaldA. DeVore

Résune. Lesméthodesadaptatressontd’usagecourantpourla résolutionnumériquedes
EDR Il n'existe cependanpas de théorie bien établie analysantieur performanceet jus-

tifiant leur utilisation. L'objet de cet expos estde présenterles premierséleémentsd’une

tellethéorie,dontlespierresangulairesontl’approximationnon-linéaireet lesthoemesde

régularie pourles EDP. Une méthodeadaptatie numériquepeutétreassimiéea uneforme

d’approximationnon-linéaire,la solutionde I' équationn’étantpasapproctee par une suite

d’espacedixée a I'avance,mais par les élementsd’'un ensemblenon-linéairede fonctions
décritparN paranetres(élementdinis adaptatifspndelettes)La théoriedel'approximation
non-linéairerelie I'efficacite decetyped’approximatiorala régularie dela solutionmesuge
danscertainsespacegle Besw. L'analysede cette régularié pour une équationdonrée
détermineainsile potentield’'une méthodeadaptatie par comparaisoravec les méthodes
linéairespour lesquellesune théorie similaire existe et fait intervenir d'autresclassesde

régularie. Une telle approcheestillustrée dansle cadreelliptique et hyperbolique. Nous
présentondinalementun algorithmeadaptatifutilisant les ondelettegpour les équationsel-

liptiques déwveloppe par Albert Cohen, Wolfgang Dahmenet I'auteur, algorithmedont les

performancesontoptimalesausensou ellesrefletentlestauxd’approximationpréditsparla

théorie.

Mots clés. Equationsaux dérivéespartielles,méthodesnumériqgues méthodesadaptaties,
régularig, vitessede corvergence

Abstract. While adaptire numericalmethodsare often usedin solving partial differential
equationsthereis not yet a cohesve theorywhich justifiestheir useor analyzegheir perfor
mance.Thepurposeof thistalk is to put forwardthefirst building blocksof suchatheory the
cornerstone®f which are nonlinearapproximatiorandregularity theoremsfor PDEs. Any
adaptive numericalmethodcanbe viewedasa form of nonlinearapproximationzthe solution
u of thePDEis approximatedy elementdrom a nonlineammanifoldof functions. Thetheory
of nonlinearapproximatiorrelatesthe efficiency of this type of approximatiorto theregular
ity of w in a certainfamily of Besos spaces.Regularity for PDEsare neededo determine
thesmoothnessfw in this new Besos scale. Togetherthe approximatiortheoryandregular
ity theorydeterminethe efficiengy of approximatiorthatis possibleusingadaptve methods.
A similar analysisgivesthe efficiency of linear algorithms. The two canthenbe compared
to predictwhethernonlinearmethodswould resultin betterperformance Exampleswill be
given in the setting of both elliptic and hyperbolicproblems. A wavelet basedalgorithm
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98 Adaptive numericaimethoddor PDEs

for elliptic equationdevelopedby Albert Cohen,WolfgangDahmen,andthe authorwill be
presentedsoneof the successesf this theory

Keywords. Partial differentialequationsnumericalmethodsadaptye methodsregularity,
rateof corvergence

AMS subjectclassification. 41A25,41A46,65N99,65N12,65N5535J3,65N, 73C

1 Overview

Adaptive methodsare an importanttool for numerically solving Partial Differential Equations
(PDEs).Many adaptve numericalalgorithmshave beensuggestedor bothelliptic equationsand
time varyingproblems.Yet, it is rareindeedwhenthereis ary accompaying theorywhich shavs
that a specificalgorithm cornverges. More so, we are not aware of ary work which boundsthe
decreasef errorin termsof the numberof parametersr betteryet the numberof arithmetic
operations.Then, how canwe tell whetheradaptve methodsare effective or even necessaryn
resolvinga given PDE?The purposeof thistalk is to put down the foundationsof atheorywhich
canprovide answerdo this question.Thetheoryis built ontwo pillars: approximatiortheoryand
regularity for PDESs.

Approximationtheoryenterghepicturein anaturalway sinceary numericaimethodgener
atesa sequence,, of approximationgo the solutionu with n denotingthe numberof parameters
usedin the approximation. One canview the nonadaptie methodsfor solving PDEs, suchas
standard-inite ElementMethods(FEM), asaform of linearapproximation.Namely a sequence
of linearspacess,, n =1, 2,.. ., is selectedn advance,ndependentf the solutionu. Thefunc-
tionsin S,, aretypically piecavise polynomialssubordinateo afixedpartition A,,. Thenumerical
methodgeneratesinapproximaniu,, € S,. Theword linearrefersto the factthatthe spacesS,
arelinearspacesandarefixedin advanceindependentf w.

Adaptive methods,on the other hand,generateheir approximantsn a nonlinearfashion
sincethe form of the approximantu,, dependn » andthe previous approximantsu, k£ < n.
Usually the completeprocesscan be describedas approximatingu from a nonlinearspaceX:,,
(which dependon n parameters)For examplein adaptve finite elementsthe spaceX.,, would
consistof piecavise polynomials(of afixeddegreeandprescribedmoothnesaccrosdoundaries
of the partition)on anadaptvely generategbartitioninto n simplicies.

Oneof the mary successesf approximationtheory during the last decadesasbeento
characterizefor a specifiedapproximatiorprocessthe classof functionswith aprescribedateof
approximationFor example,in the caseof linearapproximationthistheorytellsusnecessarand
sufiicientconditionsonafunctionw in orderthatv canbeapproximatedn agivennorm|| - || x by
the elementsf S, with anaccurag O(n~%), n — oo. If thespaces,, have dimensionof order
n (dim §, =~ n), the characterizatiofs thatv shouldhave a certainsmoothnesgdependingn s)
measuredn X. For exampleif X = L,(€), with Q C IR%, thenv shouldhave smoothnessf
ordersd in L,(f2) , roughly speakingy shouldbe in the Soboler spaceW ¢ = W*(L,(9)) .
We shallrecallthis lineartheoryof approximatiorin §4.
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RonaldA. DeVore 99

Thereis a similar theoryfor nonlinearapproximationwhich characterizeshe functionsv
which canbe approximatedvith anorderlike O(n~%) by the elementof %,,. Thesecharacteri-
zationsareusuallyof theform thatv shouldbein acertainBesw spaceB*? (see§5). This Beso
spacsis significantlylargerthanthe Sobole spacel? *¢ shawing the potentialadvantageof non-
linearmethods But whetherthisis actuallysofor aspecificfunctionv depend®nthesmoothness
of v in thesetwo scaleqthe Sobole sscalefor linearandBesos scalefor nonlinear).

To clarify this, let s;, bethelargestvalueof s suchthatwv isin W* andlet s 51, bethelargest
valueof s suchthatv is in theBeso spaceB*. If sy, > s, thenwe canapproximates betterby
theelementsf ¥, thanby theelementf S,,. In otherwords,nonlinearis definitely betterthan
linear Butit couldhapperthats; = sy andthereis nogainin usingnonlinearmethods.

Armed with this knowledge,to ascertainthe potentialperformanceof adaptve methods,
i.e. to determinethe valueof s, we needto know theregularity of the solution in thetwo scales
of smoothnesspacesorrespondingo linear andnonlinearapproximation.Thatis, we needto
determinesy, andsy, for the solutionu anddecidewhethersy . is largerthansy,. It is therole
of regularity theoremdor PDESsto provide the answetto this question.

In otherwords,regularity theoremgor PDEs,coupledwith theexisting theoryof linearand
nonlinearapproximatiorcandecidein advancewhetheradaptve algorithmshave ary potentialto
performbetterthanthe simplerlinearalgorithmsfor numericallyresolvingPDEs.

Establishinghefactthatsyy, > sp doesnot,in andof itself, tell ushow a particularadap-
tive algorithmperforms.Indeed eachspecificadaptve algorithmhasto be analyzedndividually
for its performanceHowever, theabore tells uswhatform suchananalysisshouldtake. Namely
theerrorproducedy thealgorithmshouldbeboundedn termsof Beso regularity of thesolution
u. It doesremain,however, a substantiaproblemto establishthe performanceof ary proposed
numericalalgorithm.

Thereis only one casein which we know of a satishctory error analysisfor a specific
adaptve method.This is the analysisof the wavelet basedadaptve methodfor elliptic equations
which hasrecentlybeenproposedy Albert Cohen WolfgangDahmenandthespealkr [4]. This
paperconstructsan algorithmwhich for eachprescribede > 0 approximates: (in the enegy
norm)to tolerancee usingat mostCe~!/$~L waveletfunctionsandat mostthis mary arithmetic
operations.In otherwords, it operatesat the maximal efficiency possiblefor nonlinearwavelet
basedalgorithms.Laterin this presentatiorf§7); we shalltouchuponthe essentialngredientsof
this methodwhich allow suchanerroranalysis.

Theremaindeof thistalk will try to putfleshonthetheoryoutlinedabove. It consistf the
following: (i) areview of theexisting theoryof linearandnonlinearapproximatiorasthey pertain
to numericalmethodsfor PDEs,(ii) a discussiorof known regularity theoremdor PDEsin the
two scalesof smoothnesspacegelatingto linear and nonlinearmethods (iii) the introduction
andanalysisof the adaptve waveletbasedalgorithmfor elliptic operatorequationsntroducedin
[4].

When discussingadaptve stratgies, our emphasidn this talk will be on wavelet based
methodsratherthan Finite ElementMethods. The resultsin the wavelet caseare cleanerand
theoreticallymorefar reachingthanfor FEM. Also, theintuition behindadaptve waveletbased
methodss moreeasilyexplained.We shallindicatethe natureof theresultsin thecomplimentary
FEM theoryaswell. We begin in the next sectionwith a rudimentarydiscussiorof the aspect®of
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100 Adaptive numericaimethoddor PDEs

wavelettheorythatwe shallneed.

2 Wavelets

As notedabore, muchof thefollowing discussiorof linearandnonlineammethodswill beformu-
latedin the context of wavelets.We shallsayonly afew wordsaboutwaveletbasesThiswill also
allow usto setsomenotationto which we adherein this talk. Therearemary excellentaccounts
of waveletsandwe recommenakitherof thebooks[15], [9]. Also, thefiner aspect®f waveletsas
they relateto numericalmethodsdor PDEscanbefoundin the excellentaccountg8] and|[3].

Given a domain(or manifold) Q c IR?, a wavelet basiscanbe describecon onelevel as
simply acollectionof functionsthatform eitheranorthogonabr Rieszbasisfor L, (£2). However,
thereare several issuesthat separatéhe wavelet basedrom others. Oneis the space/frequeryc
charactepof thisbaseswaveletbaseposess$ocal supportin spaceandfrequeng to theextentthat
this is possiblegiven the Heisenbeay uncertaintyprinciple. Secondly waveletbasesare efficient
for computation:thefirst n discretewavelet coeficients canbe computedwith O(n) arithmetic
operationsandreconstructiorof the functionfrom thesecoeficientsis equallyefficient. Wavelet
basesalsohave a homogeneoustructure. In the ideal case,eachfunctionin the wavelet bases
is a shifted dilate of a finite number(2¢ — 1 in the caseof IR%) functions (called the mother
wavelets). The waveletbasesalsogive completecharacterizationsf mostsmoothnesspacesn
termsof sequencaormsappliedto the coeficientsin waveletdecompositionsln solvingelliptic
eqguationsthestiffnessmatrix hasa sparsevell conditionedrepresentatiom termsof thewavelet
basis.

To obtainafeelingfor waveletbasesit sufficesto understandhesimplestwavelet,theHaar
function

. _ 1, 0<z<1/2

(2.1) H(z) = X(0,1/9) = Xpijo,1) = { 1, 12<z<l.

Let D = D(IR) denotethe collectionof all dyadicintervals andD; = D;(IR) the collection of
dyadicintenalsof sidelength2=7. If T = 29[k, k + 1) is adyadicinterval thenthe Haarfunction

(2.2) Hp:= Hj(x) == 2?H(2z — k), j,k€Z,

is a shifted dilate of H scaledto T and normalizedin Ly(IR%). The collection (Hj)rep =
(H;x);kez of all of theseshifted dilatesform an orthonormalbasisfor Lo (IR). We speakof
J beingthedyadiclevel associatetio Hr = Hj and2’ asbeingits frequeny localizationand I
asits supportcube.

We alsohave Haarbasesssociatetb finite domains.In thecasethedomainQ = [0, 1], the
characteristidunction x, (calledthescalingfunctionin the caseof the Haarbasis)togethewith
the HaarfunctionsHy, I C €, form anorthonormabasisfor Ly(€2). Eachfunction f € Lo ()
hastherepresentation

(2.3) f={fxg)xg + > {f Hr)Hy

1CQ
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RonaldA. DeVore 101

with (-, -) theusualL, innerproduct.We cancomputethe Lo (2) normof f simply as

(2.4) 11,00 = s xo) P+ D I Hi) P

1CQ

We alsohave a Haarbasisfor Ly(IR?). We introducethe following notationwhich is also
utilized for more generalconstructions.Let D = D(IR?) denotethe collectionof dyadiccubes
in R andlet D; = D;(IR?) denotethosedyadiccubesin D which have sidelength2~7. To
eachfunctiong € L, (IR%) andeachdyadiccubel = 2 7[k,k + 1], k € Z¢, we introducethe
function
(2.5) g :=22g(27 . —k)

whichis acopy of g scaledandshiftedrelative to I andnormalizedn Ly (IR?).
Let 40 := ¢ = Xjo.] denotethe scalingfunction andand! := ¢ := H denotethe

univariateHaarwaveletandlet E’ bethe setof verticesof the cube[0, 1] andE C E' the setof
nonzerovertices.For eachvertex e = (ey, . .., eq) from E’, we denotethefunction

(2.6) Y (z1, ..., 2q) =P (1) - - - P (2a)-

Thecollectionof functions{%¢} ;cp .c g areanorthonormabasisfor Lg(]Rd).

We canalsoobtainanorthogonabasisfor Lo (IR?) by startingthe waveletdecomposition
at afixeddyadiclevel. In this casewe have to adjoina layer of scalingfunctions. For example,
let ® bethe collectionof all scalingfunctionsxl, I € Dy, and¥ bethe collectionof all Haar
waveletsy$, I € D, := U;j»oDj, e € E. Then,® U ¥ is anorthonormabasisfor Lo (IR%): each
f € Ly(IR?) hasthe Haardecomposition

(2.7) F=YFxpx, > D0 (905

IeDy eEE I€Dy

The Haardecompositior(2.3) is just one exampleof a univariatewavelet decomposition.
Therearemary generalizationsFirst, thereare mary univariatescalingfunctions¢ which have
anassociatedvavelet for which the collectionof shifteddilates{«; } ;cp form anorthonormal
basisfor Lo(IR). We call suchfunctionsi orthogonalwavelets. The mostnotableexamplesof
orthogonalwaveletsare the Meyer waveletsand the family of Daubechiesvaveletsy) = Dy,
k =1,.... Here D; = H andin generalthe D, have compactsupportand by increasingthe
parametek, we increasdahe smoothnessf ¢ (atthe expenseof increasingts support).Another
generalizatioris to drop the requiremenbf orthogonalityandreplacethis by biorthogonalityas
will bediscussedbelow.

We can obtain multivariatewavelet basesfor Ly (IR?) in exactly the sameway asin the
Haarcase(see(2.6) and(2.7)). Therearealsowaveletdecompoositiongor domainsQ ¢ IR
Therearespecialconstructiongor domainssuchascubesor polyhedraldomainswhich utilize the
waveletf in theinterior of the domainandsomealteredwaveletsnearthe boundary Thereare
alsoconstructiongor moregeneraldomainsandevenmanifolds.We referthe readerto the paper
[8] for adiscussiorof thesepossibilities.
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102 Adaptive numericaimethoddor PDEs

Let usnow summarizehe natureof waveletdecompositionsandintroducethe notationwe
shallutilize in this talk. We shallrestrictoursehesto the settingof biorthogonalwavelet basisof
compactlysupportedunctionswhichis generakenoughfor our purposes.

GivenadomainQ) c IR?, we shalldenoteawaveletbasisfor 2 by {1, } xev. This notation
incorporatesghe threeparameterg, k, e (or equivalently I, e) into theone . We use|)| := j to
denotethe dyadiclevel of thewavelet. Welet ¥; = {4, : A € V;}, V,; :={A € V : |A| = j},
consistof thewaveletsat level j.

Thereareseveral construction®f waveletbasef compactlysupportedunctionsfor do-
mains(andmanifolds)2. We referthe readerto [8] for a discussiorof this topic but remarkthat
roughly speakingherearesuchconstructiongor Lipschitzdomains.

We shalllimit oursehesto the casewherethe waveletdecompositiorbegins at somefixed
level j5. For notationalcorvenienceonly, we assumgg = 1. We define¥ to bethesetof scaling
functionsin the waveletbasis.We shallassuméhat 2 is adomainor manifold which admitstwo
setsof functions:

(2.8) U={hr: AeV}C Ly(Q), T={hr:AeV}C Ly(Q)

thatform abiorthogonalwaveletbasen Q: writing (©, @) := ({0, $)1,(a))sco,pca for ary two
collections®, ® of functionsin Ly (£2), onehas

(2.9) (U, 0) =1,

wherel is theidentity matrix. 3
A typical featurein the theoryof biorthogonalbaseds thatthe sequence¥, ¥ areRiesz-
basesThatis, usingthe shorthanchotationd” ¥ := Z,\ev dx1y, onehas

(2.10) I1dlle,(w) ~ 147y 0) ~ 17T 1, 0)-

3 Smoothnesspaces

Thereare mary waysto measurethe smoothnes®f functionsresultingin smoothnesspaces
suchasthe LipschitzspacesSobole spacesndpotentialspacesThebasicideais to introducea
notionof « ordersof smoothneséx deriatives)in L,,. In describingheapproximatiorproperties
of functions,the Besw spacesrethe mostimportantof thesedifferentpossibilitiesandwe shall
thereforerestrictour discussiorto this family.

The Besw spacesvereoriginally describedusingmoduli of smoothnesandthis remains
the mostflexible approach.However, thereis a simplerdescriptionof thesespacesn termsof
waveletdecompositionsvhichis equivalentto the moduli of smoothnesdefinitionin all caseof
interestto usin this talk. We shallthereforepresenthe Besos spacesn thewaveletcontet

Besw spaceslependnthreeparametersy, p, andq. Thefirst parametety givesthe order
of smoothneswhich canbethoughtof asthenumberof derivatives(althoughwe allow noninteyer
valuesof ). Theseconcparametep indicateshe L, spacaén whichthesmoothnesis measured.
Thusthe a andp sayroughlythatthe functionshouldhave o derivativesin L,. Thethird index ¢
is afine tuningindex andsenesto make subtledistinctionsin the space®ncea andp arefixed.
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RonaldA. DeVore 103

In mostdiscussionsgt is sufiicient to think in termsof the primaryindiciesa andp. We invoke ¢
only in certaincasesvhenwe wanta preciseresult.

To definethe Besw spaceswe returnto wavelet decompositionss discussedbove. In
this talk, Q will awaysdenotea domainin IR¢ which admitsawaveletbasis¥ := {1y} ca and
¥ will beits dualbasis.For eachf whichis locally in L; (), we have thewaveletcoeficients

(3.1) ex(f) = (f,9n).

Thewaveletcoeficientscanalsobe definedfor distributions f providedthe orderof thedistribu-

tion is commensuratevith the smoothnessf 1 .
Thewaveletsandwaveletcoeficientsgivenabove arenormalizedor Ly (Q2). It will alsobe

corvenientto have normalizationdor L, (£2) whenp # 2. Forary 0 < p < oo, we define

(3.2) Py p = P12
which arewaveletsnormalizedfor L, (€2) andthewaveletcoeficients

(3.3) oap(f) = (frhay) = 2402 P) ey (1),

wherel/p’ + 1/p = 1 (this senesto definep’ evenwhenp < 1 in which casep’ < 0).
TheBesw spaces3g (L, (2)) for 0 < g,p < oo, a > 0 is thecollectionof all distributions
f for which

1/q

(Z?‘;o 2% (Ysev, erna(F)?) q/p) , 0<g<oo,

) 1/p
sup;50 2% (Lhev, p(F?) g =oo.

is finite. Theright sideof (3.4) definesa quasi-nornfor this space.Severalremarksarein order
to explain (3.4)

Remark (i): We candefinespacef functionsfor all @« > 0 by usingthe right side of (3.4).
However, thesespaceswill coincidewith Besw spacesonly for a certainrangeof o« andp that
dependnthewavelety. Forexample,nthecasel < p < oo, weneedhat(a)y € B,’?(L,,(Rd)),
for somegs > «, (b) ¥ hasr vanishingmomentswith » > «. Whenp < 1, we alsoneedthat
r > d/p — d (seethefollowing remark).

Remark (i) Whenp < 1 andQ = IR¢, (3.4)characterizemespaceBg‘(Hp(JRd)) (with thecor
rectrangeof parametersyherethislatterBeso spacecanbedefinedoy replacingthe L, modulus
of smoothnesby the modulusof smoothnes# the Hardy spaceH, (seeKyriazis(1996)). How-
ever, if &« > d/p — d, thisspacds thesameang(Lp(]Rd)). Thelaststatemenalsoholdsif €2 is
adomain.

Remark (i) For afixedvalueof 0 < p < oo, thespaceB*(L,(R?)), 1/7 = a/d + 1/p, playa
prominentrole in nonlinearapproximation.If we chosethe waveletsnormalizedin L, thenthe
characterizatio§3.4) becomesimply

1/7
(3.5) 1 £l Ba (£, () =< (Z C)\,p(f)T) :

IeA

B4 | flBe, o =
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104 Adaptive numericaimethoddor PDEs

Let usalsosaya few wordsaboutthe connectiorof Besos spacedo Sobole spacesince
the latter may be morefamiliar. In the casep = 2, the Sobole spacelW (L, (2)) (frequently
denotedoy H® in the FEM literature)is the sameasthe Besos spaceB$ (L2 (S2)) andtheirnorms
areequialent. For othervaluesof p # 2, the Sobole spaceW*(L,(2)), k = 1,2,..., isnota
Besw spaceout we have theembeddings
(3.6) By (Lyp(Q) € WH(Ly(Q) C BE(Ly())

For o notaninteger, the Soboler spacaV (L, ($2)) (by its very definition)coincideswith By (L,()).

It is usefulto have a pictorial descriptionof smoothnesspaces. We shall correspond
smoothnesspaceswith pointsin the upperright quadraniof IR%2. Namely a smoothnesspace
consistingof functionsof smoothnessrdera in L, will beidentifiedwith the point(1/p, ) (see
Figure 3.1). This identificationis coarsein the sensehat several spacesareidentified with the
samepoint. For exampleall spaceBg (L,(f2)) areidentifiedwith (1/p, «) irrespectie of . We
will comebackto this pictureoften but at this stagelet us just point out, asan example,how to
interpretthe Soboler embeddingheoremin this picture. The line with sloped passingthrough
(1/p,0) is thedemarkatioriine for embedding®f Besw spacesnto L,(2) (seeFigure3.1). Any
Besw spacewith primaryindicescorrespondingo apointabove thatline is embeddedhto L, (2)
(regardlesof the secondaryndex q). Besos spacesorrespondingo pointson the demarkation
line may or may not be embeddedn L,(2). For examplethe Beso spacesBZ (L. (£2)) with
1/7 = a/d + 1/p correspondo pointson thedemarkatioriine andthey areembeddedhn L, ().
Pointsbelav thedemarkatioriine arenever embeddedn Ly (£2).

Sobolev Embedding Line

1/p,O(Ly) 1/

Figure3.1: Graphicalinterpretatiorof linearandnonlinearapproximationd = 1).

4 Linear methods

After this shortdiscourseconcerningwaveletsand smoothnesspaceslet usreturnto our main
threadof thoughtwhichis theunderstandingf whenthesolutionto our PDEcanbeapproximated
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RonaldA. DeVore 105

with a prescribedefficiengy by linearor nonlinearmethods We begin with linearmethods.

Let us considera function« definedon a domainQ ¢ IR¢ which is the solutionto a PDE
which we wish to numericallyresohe. We shall call u the tarmget function. We shall consider
numericalmethodswhich fix a sequenceX,, of linear spacesvhosedimensionis of ordern and
approximateu by anelementA,, (u) of X,,. Thistype of numericalalgorithmis saidto belinear
because¢he approximants,, (u) comefrom thelinearspaceX,, whichis fixedin advance(does
not changewith u).

To assesshe performancef sucha numericalalgorithm,we would chooseanorm|| - || in
which we wantto measureerror Typical choicesarethe enegy normor the Ly normfor elliptic
problemsthe L1 normfor conserationlaws, andthe L., normfor Hamilton-Jacobequations.

Theerrorfor approximatingu: with this algorithmis measuredy

(4.1) en(u) :==|lu — Ap(u)]|.

As a benchmarkfor the performanceof the numericalalgorithm, it would be useful to
comparehis errorwith theidealerror

(4.2) E,(u) :== E(u, Xy) := inf |lu—g].
gEXn

In someideal casesthis is madewith greatsuccessFor example,for elliptic problemsin which
Ap(u) is theGalerkinapproximatiorto u from X,,, we have that A, (u) is thebestapproximation
to u in theenegy normandso

(4.3) En(u) = |lu = An(w)]| = en(u).

Let us considerour two main examples. Standardrinite ElementMethodswould begin
with a sequencéA,,) of partitionsof Q2 anda correspondingpacesS,, := S(4,,) of piecavise
polynomialson that partition. Typical assumptiongrethat €2 is a polyhedraldomainand the
elementf the partitionaresimplices.To be useful,the spaceS,, shouldadmita nice basis(Ny,)
with anaccessiblelual basis;usuallycoeficientsin therepresentatiols = )" ¢, Ny, for agiven
S € §,, aredetermineddy nodalvaluesof S or its derivatives (their valuesat the verticesof the
partition). We assumehatthe dimensionof S, is of ordern.

In linearwaveletmethodswe wouldfix asequencé,, C A,n = 1,2..., of indexing sets
andconsiderthe spaces

Wi, :=span{y) : A € A, }.

We shallalwaysassumédhatA,, C A,41, n > 1, sothatthe spacesV,, arelikewise nested.A
typical choiceis A,, to bethefirst n waveletsin their naturalorder The numericaimethodwould
chooseavalueof n thencreateanapproximanti¥,, (u) to u from W,,.

Given one of theselinear methodsof approximationand given our tarmget function u, we
introducetherealnumbersy, > 0 definedby the propertieghatfor eachs < sy,

(4.4) E,(u) < Mn™?,

andfurtherfor eachs > sy,

(4.5) limsupn’®Ey,(u) = oo.
n—o0
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106 Adaptive numericaimethoddor PDEs

In otherwords, sy, is the supremumover all s satisfying(4.4). No numericalalgorithmwhich
generateapproximationgrom X,, canprovide approximations.,, which provide accurayg better
thanO(n™°%%).

How canwe determinethe value of sy, for our target function w? We call on our two
pillars: approximatiortheoryandregularity theoremdor PDEs. Let usfirst considertherole of
approximatiortheory For the statemenbf the following theoremywe fix adomainQ c IR? on
whichthe PDEis posedandfix anL,(€2) norm|| - ||, with 1 < p < oo in whichwe shallmeasure
error Similar resultshold whenthe erroris measuredh a Sobole or Beso/ norm.

Thefollowing generictheoremholdsfor a variety of settingswhich we shalldilineatein a
moment:

Theorem4.1 Theris arealnumberr > 0, sud thatfor any0 < s < r, wehavethata function
v € L,(Q) satisfies
(4.6) E(v,X,)p < Mn %4 n=1,2,...,

if andonlyif v is in theBesw spaceBS_(L,(Q2)).

Whenit applies,this theoremcompletelycharacterizethe functionswhich canbe approximated
with orderO(n~*). It saysthatto achieve thiserrorit is necessargndsuficientthatv hass orders
of smoothnes# L,,.

Theoremd.1holdsin avariety of settings We discusghetwo mainsettingsof interestto us
in thistalk. If W,, denoteghe waveletspacespannedy thefirst n waveletsin the waveletbasis
for Ly(€2) (see§2), thenthis theoremholdswith r = min(m, p) with m thenumberof vanishing
momentof thewaveletsandp thesmoothnessf thewaveletsasmeasuredh L, (12) ( thewavelet
shouldbein B5,(L,(9)).

The situationfor approximationusing piecavise polynomialsis a little lessclean. In fact,
spacesS(A,) of piecavise polynomialsof fixed degreewhich aredefinedby continuityassump-
tionsacrosghe boundarie®f the simpliciesT' arenotcompletelyunderstoodrom the standpoint
of their dimensionor approximationproperties.On the otherhand,the spacesusedin FEM all
have stablebaseavhich form goodpartitionsof unity andthefollowing remarksapplyto approx-
imationfrom thesespacegsee[2])

We assumedhat A,, is a partition of a fixed polyhedraldomaininto a collectionof n sim-
pliciesT. We assumehat this simplicial decompositioris more or lessuniform andthat each
simplx T' € A,, satisfiesthe shapecondition. This meansthat thereareballs B, and Bg of
radiusp and R respectiely suchthat

(4.7) B, C T C Bg

and R

(4.8) ¢ <= <cren V4 <r < R<en /e
p

with absoluteconstants:, c; > 0. LetS,, := S(A,,) bealinearspaceof piecavise polynomials
of fixed degreem subordinatdo A,, which admitsa good partition of unity in the senseof [2].
Then, Theorem4.1 holdsfor X,, = S, andr := min(m + 1, p) wherep is the smoothnessf
the elementsS € S,, asmeasuredn L, (eachS is assumedo bein B5(L,(92)). The generic
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theoremholdsfor alargerrangeof s if the partitionsA,, arenot nestedbut rathersatisfycertain
mixing conditions(see[10] for adiscussiorof this).

Oneshouldnotunderestimatéhepower of Theoremd. 1. It is anif andonly if theorem.Not
only doesit give a suficient condition(v € BZ (L,(£2)) for approximationof v to be bounded
by Mn~%, it alsosaysthatif v doesnot satisfythis smoothnessonditionthenthereis no hopein
achieving this approximatiororder

How do we utilize this theoremin our searchfor the numbers;, for our solutionw to the
PDE.Whatwe needto determines the maximumvalueof s for which « liesin the Besw space
BZ (L, (€2)). Thishasasimpleinterpretatiorin our pictureof smoothnesspacesWefix thepoint
(1/p,0) (whichcorrespondso L,) andconsidettheverticleline passinghroughthis pointwhich
thereforeconsistsof all pointsof the form (1/p, s). We searchalongthis line for the maximum
valueof s, suchthatw is in the corresponding@eso space Thisdetermines, (seeFigure4.2).

Sobolev Embedding Line

(1/p, 0)(Lp )

Figure4.2: Graphicalinterpretatiorof linearandnonlinearapproximation.

It is therole of regularity theoremdor PDESsto provide uswith theanswetrto this question.
We shall returnto this topic later in this talk after we have introducedthe conceptsneededo
determinesy ;, for nonlinearapproximation.

5 Nonlinear methods

Let us now considernonlinearnumericalmethodsfor recorering the solution«. In this case,
the numericalmethodno longer generatesn approximationfrom a linear space(prescribedn
adwance)but rathera nonlinearmanifold 32,, wherethe dimension(numberof parameterspf 3,
is of ordern. Similarto thelinearcasedescribedibore we candefinetheideal error

5.1 = inf —
(5.1) on(v) ;= inf flv—g]
where|| - || is thenormwe have choserto measuresrror
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Givenourtamgetfunctionu, we definesy;, > 0 to bethetherealnumbersuchthat
(5.2) on(u) < Mn°, n— oo,

for all s < sy, and
(5.3) lim sup n’oy,(u) = oo
n—o0

for all s > syr. Approximationtheorywill tell ustheconditionson« whichdeterminesyry,.

Letusbggin with thewaveletcasein whichtheresultsarevery precise An adaptve wavelet
methodgeneratesn approximatiorto u from the set:,, which consistsof all functionsS of the
form
(5.4) S=) o

AEA

wherethe cardinality #A of A is < n. This is called n-term approximationand recentresults
[11] (seealso[5]) characterizéts approximationproperties.To describethese we introducethe
sequencéc; (v))o2; whichis thenondecreasingearrangemertf (|cy(v)|)xea. In otherwords,
c; (v) isthen-th largestof the|cy (v)|, A € A. Thefollowing theoremcharacterizeghefunctions
which canbe approximatedo rateO(n~*) by n-termwaveletapproximation.

Theorem5.1 Let0 < p < oo. Afunctionv € L,y(Q) (v € H,(Q) if p < 1) satisfies
(5.5) 0 (v)y < M(v)n~*

if andonly if therearranged waveletcoeficientsof v satisfy

(5.6) ¢ (v) < M'(w)n™ P, n=1,2,...,

for someconstantM’(v). Moreover, the smallestconstantM (v) in (5.5) is equivalentto the
smallestconstantM’(v) satisfying(5.6).

Letusdenoteby X* thespaceof functionsv satisfying(5.6). Thisis notaclassicasmooth-
nessspacgBesw or Sobole spacehutit is very closeto requiringthatv hass ordersof smooth-
nessin L., with 7(s) := (s/d 4+ 1/p)~". In fact,we have theembeddings

(5.7) qu—(s) (L'r(s) (Q)) CX°cC Bf—(}id (LT(s—e) (Q))a

wheree > 0 is arbitrary Thereare alsomore preciseconnectiondetweenapproximationrates
andBesw spacegseg[10]).

Theoremb.1is enoughfor usto describehow to determinesr, for our target functionw.
We look at the scaleof Besw spacesBj(s) (Ly(5(), 7(s) = (s/d+1/p)~"', s > 0. These
spacesarenestedandstrictly decreasass increasesThensy, is the supremunof all the s for
whichw isin Bf_(s)(LT(s)(Q)).

This all hasa nice interpretationin our pictureof smoothnesspacegseeFigure4.2). We
fix the L, normin which we shall measurethe error  This identifiesthe point (1/p,0). The
spacesB’ )(LT(S)(Q)) all live ontheline emanatingrom (1/p, 0) with sloped. Thus,startingat

7(s
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(1/p,0) wemove onthisline aslongasu is in thecorrespondingesw spaceandstopwhenu is
notin this space.Thisidentifiesthenumbers ..

We shallnot give a preciseformulationof the correspondingesultsfor adaptve Finite Ele-
mentMethodsexceptto saythatthestoryis roughlythe sameasin thewaveletcase Suchadaptve
methodsbeagin with a polyhedraldomain) andaninitial decompositiorP, of 2 into simplicial
cellsT. The adaptve procedurebagins with the initial triangulationP, anditeratiely refines
simplicies. Thus, at the first iterationwe generatea partition P; which is obtainedfrom P, by
refiningsomeof thesimplicesin Py andnotothers.In generalP; ., is gottenfrom P; in thesame
way. If theadaptve strat@y (i.e. theselectionof simplicieswhich areto besubdvided)is chosen
correctlyandif theresultingspaceof piecavise polynomialsallows for goodlocal baseghenit
is possibleto prove thatwheneer u is in the Besw spacij(s) (L7(s)), it will be approximated

with the efficiency O(n—s/d) with n the numberof simplicesin the resultingpartition. Inverse
estimatesanbe provenif therefinemenstratgy guaranteethe shapepreservingoropertyof the
simpliciesin P; for each;. For preciseformulationsof the abose andfor detailswe referto the
forthcomingpaper{1].

6 The theory in action

We have seenthatto determinewhetherit is beneficialto usenonlinearmethodsto approximate
ourtamgetfunctionu we needto determinghetwo numberss;, andsy;, associatedtb v andcheck
whethersyr, > sp. We do this by checkingthe regularity of « in the two scalesof smoothness
spacesssociatedo linearandnonlinearapproximation A resultwhich determinesheregularity
of u in oneof thesescalesis calleda regularity theoremdor PDE’s. A typical regularity theo-
rem infers the smoothnes®f the solutionu to a PDE from informationin the PDE suchasthe
coeficients,inhomogeneouterm,initial conditions,or boundaryconditions.

To illustrate how this theory playsout in specificsettings,we shall considertwo model
problems;onehyperbolicandthe otherelliptic.

6.1 Consewation laws

Considerthe scalarunivariateconseration law

ug + f(u)y =0 ze€R, t>0,
(6.1) { u(z,0) =ug(z) =€ R,

wheref is agivenflux, ug agiveninitial conditionwhichwill assumes of compactsupportand
u is the soughtafter solution. This is a well-studiednonlineartransportequationwith transport
velocity a(u) = f'(u). We shallassumehattheflux is strictly corvex which meanghetransport
velocity is strictly increasing.Theimportantfactfor usis that, evenwhentheinitial conditionu
is smooth thesolutionu(-, t) will develop spontaneoushockdiscontinuitiesat latertimest.
Thepropersettingfor theanalysisof conserationlawsisin L; andin particulartheerrorof
numericalmethodsshouldbe measuredn this space.Thus,concerninghe performancef linear
numericalmethodsthe questionarisesasto the possiblevaluesof the smoothnesparametesy,
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of u(-,t) asmeasuredn L,. It is known thatif theinitial conditionw is in BV, thenthe solution
u remainsin this spacefor all latertime¢ > 0 (notethatBV C B. (Li(IR))). However, since,
for ary initial condition,this solutiondevelopsdiscontinuitiesthe Sobole embeddingheorem
precludesu beingin ary Besw spaceB: (L)) for ary s > 1. This meansthat the largest
value we canexpectfor sy, is s = 1 andwe get this value wheneer uy € BV. Thus,the
optimal performancewe can expect from linear methodsof approximationis O(n 1) with n
the dimensionof the linear spacesisedin the approximation.Typical numericalmethodsautilize
spaceof piecavise polynomialson a uniform meshwith meshlengthh andthe above remarks
meanthat the maximumefficiengy we can expectfor suchnumericalmethodsis O(h), h —
0. In reality, the bestproven estimatesare O(v/h) underthe assumptiorthatuy € BV. This
discrepanyg betweerthepossibleperformancef numericallgorithmsandtheactualperformance
is notunusual.Thesolutionis known to have sufficientregularity to beapproximatedior example,
by piecavise constantsvith uniform meshh to accurag O(h) but algorithmswhich capturethis
accurag aregeneraillynot kown.

To understandhepossibleperformancef nonlinearmethodsuchasmaoving grid methods,
we should estimatethe smoothnes®f the solutionin the nonlinearBeso scaIijj(s) (Lr(s))s

7(s) := (s + 1)71, correspondindo approximationin the L;-norm. A rathersurprisingresult
of DeVoreandLucier [12] shavs thatstartingwith ary initial conditionu of boundedvariation
which is in this space the solution« will remainin this Besw spacefor all latertime ¢ > 0.
In particular if ug is C* with compactsupportthenthis meansthat nonlinearmethodssuchas
moving grid methodscould provide arbitrarily high efficiengy. In fact,suchalgorithms basedon
piecavise polynomialapproximationcanbe constructedisingthe methodof characteristicg¢see
Lucier[14] for the caseof piecavise linearapproximation).

In summarywheneertheinitial conditionu is of boundedsariationandin thesmoothness
spacer_(s) (LT(S))) with s > 1, thentheuseof adaptve methodss justifiedsincesyr > sr. In
particular if ug is of boundedvariationandin C* thensyr, = oo while sz, = 1.

6.2 Elliptic equations

An extensve accountingdf therole of linearandnonlinearapproximatiorin thesolutionof elliptic
problemsis givenin Dahmen[8] andDahlke, Dahmen.andDeVore[6]. We shallthereforelimit
oursehesto reiteratinga coupleof importantpointsaboutthe role of regularity theoresandthe
form of nonlinearestimatesWe considerthe modelproblem

(6.2) Au = f on QcC R
u = 0 on 099Q.

of Laplacesequationon a domain© c IR? with zero boundaryconditions. This equationis
closelyrelatedto the Dirichlet problemfor harmonicfunctionson €:

(6.3) Av = 0 on QcC R
v = g on oQ.

We shallalsolimit ourdiscussiorio estimatingerrorin the Lo-norm. Theseresultsextendtrivially
to approximationin the Sobole spaceH* = W*(Ly(2)) andin particularto the casea = 1
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whichis equivalentto theenegy normfor (6.2). Therearealsovariousresultsknovn for general
p[13].

Consideffirst thecasewheref € Ly(£2) and2 hasa smoothboundary Then,thesolution
u 10 (6.2) hassmoothnes$V2(L»(92)) and canthereforebe approximatedoy linear spacesof
piecavise polynomialsof dimensionn to accurag O(n~2/?). This accurayg canbe obtainedby
usingstandard-EM with uniformly refinedpartitions.

If the boundaryof? of €2 is not smooththenthe solutionw to (6.2) hassingularitiesdue
to cornersor other nonsmoothnessf the boundaryo). For examplefor Laplace$ equation
on a generalLipschitz domain,we canonly expectthat the solutionw is in the Sobole space
W3/2(L5(9)). Thus,in generalwe canat mostexpectsy, = 3/2.

Becauseof the appearancef singularitiesdueto the boundary adaptve numericaltech-
niguesaresuggestedor numericallyrecosering the solutionu. We understandhatto justify the
useof suchmethods,we shoulddeterminethe regularity of the solutionin the scaleof Beso
spacesB; (L, 5)(€)), 7(s) := (s +1/2)~". Suchregularity hasbeenstudiedby Dahlke and
De\/ore[?i. They prove,amongotherthings,thatfor ary Lipschitzdomainthenonlinearsmooth-
nesssyy, associatedo u alwaysexceedsthe linear smoothnessNamely sy > %sb In
otherwords, the useof nonlinearadaptve methodsfor numericallyrecovering the solutionu to
(6.2)is theoreticallyjustified.

7 An adaptive algorithm for elliptic problems

Up to this point, we have not discussedhe propertiesof ary specificnumericalalgorithm but
ratherhave addressethe questionof whethemonlinearor adaptve algorithmscould possiblybe
of benefitin numericallyapproximatingthe solutionof a PDE. Evenif we have decidedthatan
adaptve methodshouldbeof use thereremaingheproblemof constructinganadaptve algorithm
which exhibits the expectedperformanceThisis indeeda nontrvial task. We shallclosethis talk
by discussinghe recentwaveletbasedadaptve algorithmgivenin [4] which hasbeenprovento
exhibit optimal performanceén the senseof providing the bestallowablerateof approximatiorto
u.

7.1 The setting

Let © beadomain(or manifold)in JR? andlet A bealinearoperatormappingH into H* where
H is asubspacevith the propertythateither H orits dual H* is embeddedh Ly (€2). Theoperator
A induceghebilinearform a definedon H x H by

(7.1) a(u,v) := (Au,v),

where(-, -) denoteshe (H*, H) duality product.We assumehatthebilinearform a is symmetric
positive definiteandelliptic in the sensehat

(7.2) a(v,v) ~ |lvllf, veH.
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It follows that H is a pre-Hilbertspacewith respectto the inner producta andthat this inner
productinducesa norm(calledtheenegy norm)on H by

(7.3) 111z = a(-,-)-

Theenegy normis equialentto || - || 7. By duality, A thusdefinesanisomorphisnfrom H onto
H*.
We areinterestedn numericallyrecovering the solutionw to the elliptic equation

with f € H*. It follows thatw is alsothe uniquesolutionof the variationalequation
(7.5) a(u,v) = (f,v), for all v € H.

Thetypical examplesincludedin the above assumptionarethe Poissoror the biharmonic
equationson boundeddomainsin IR?; singleor doublelayer potentialsandhypersingulaopera-
torson closedsurfacesarisingin the context of boundaryintegral equationsin theseexamplesH
is aSobole spaceg.g. H = H} (Q), H3 (), or H = H /%(Q) (seel8]).

The numericalmethodsdevelopedin [4] requirethe existenceof a biorthogonalwavelet
basis¥ for Q. Thewaveletsin ¥ arein H, whereashosein the dualbasis¥ arein H*. Thus,
eachw € H hasawaveletexpansionw = d” U (with coordinatesly = (v,d;,\)). We assumehat

(7.6) D~ dlley(v) ~ 147 .

with D afixedpositve diagonalmatrix. Obsere that(7.6)impliesthatD y ~ ||1/))\||;{1, andthat
U (resp.D~1¥)isan unconditionalresp.Riesz)basisfor H. By duality oneeasilyobtainsthat
eachv € H* hasawaveletexpansionv = d'¥ (with coordinatesly = (v, 1)) thatsatisfies

(7.7) IDAlle, vy ~ [1d7T| 7.

We also assumethat the wavelet bases¥ and ¥ provide characterizationsf Besa and
Sobole spacegasdescribedearlier) for a suitablerangeof the smoothnesparameter In the
context of elliptic equations H is typically someSobole spaceH! = W(Ly(f2)). In this case
the abore assumptionsire satisfiedwheneer the waveletsare sufficiently smooth,with D ) =
2=\t ForinstancewhenA = —A, onehast = 1.

If we write theunknavn solutionu andtheright handside f in termsof theirwaveletbases
we obtainaninfinite systemof equations.After preconditioningusingthe matrix D, we obtain
from (7.5)the systemof equations:

(7.8) D(ATY, ¥)"DD~'d = D(f, ¥)7,

or morecompactly

(7.9) Au="f,

where

(7.10) A :=D(AV, U)'D, u:=D7ld, f:=D(f, ¥)T € £,(V).
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Thematrix A is symmetricpositive definite.
Onecanshaw thatin all classicakettinggor elliptic problemsthematrix A satisfiesertain
sparsityconditions.Thesearisefrom thefactthat

(7.11) 2= NI Ay )| < 27 IRIEIYTo (1 4 a(x, V1)) 5,
with ¢ > d/2 andg > d and
(7.12) d(\, N') := 27N dist(supp(46), supp ()

We referthe readerto [8] for a discussiorof the varioussettingsin which (7.11)is known to be
valid.

7.2 The numerical method

To numericallyresohe (7.4),we usethe Galerkinmethod.We fix afinite setA of waveletindices
andapproximate: from thespaceS, := span(¢) : A € A}. TheapproximateGalerkinsolution
up from Sy is definedby the conditions

(7.13) a(un,v) = (f,v)1,Q), v € Sa.
In matrix form, this is equivalentto solvingthefinite matrix problem
(7.14) Apup =1y

whereA , is thefinite sectionof A gottenby choosingtherows andcolumnsof A corresponding
to A, u, is the unknawvn vector (which determineshe wavelet coeficientsof u, ), andfy is the
vectorobtainedby restrictingf to A.

The numericalmethodstudiedin [4] proceedssfollows. It startswith aninitial setAy of
waveletindices(onemaytake Ay = () andgiventhatasetA; hasbeenchosenit generatesnew
setA ;11 with hoefully betterapproximatiorproperties.

Let usdescribethetwo mainstepsfor determiningthesetA’ = A;,; from A := A; which
work from the discreteequationq7.9). Let up bethe currentvectorsolutionto (7.14). We can
view up asavectordefinedfor all A € V by defininguy, = 0, A € V \ A. Thentheresidual
rp := A(u—up) =f — Auyp hasnorm

(7.15) I alle,(w)

thatcan,by theellipticity assumptionsherelatedto thefunctionerror||u — ua || . Notethatr,
vanisheon A. ThesetA’ is obtainedasfollows. First, we enlage A to asetA containingA by
adjoiningthewaveletindicieswherer, is large. We adjoinafinite setof verticesf\\A sothatthis
setcapturesat leasthalf of theenegy of ry. We next solve the Galerkinproblemon the new set
A resultingin the new vectorujy. We examinetheentriesin u; andputinto A’ only thoseindices
whosekeeparesuficiently large. This stepcanbe viewed asthesholdinghe entriesin u, .

In practice,the algorithmis implementedby choosingane > 0 andaninitial setA, and
generatingsetsA;, j = 1,2,,..., until the errortolerancee is guaranteedNote thatthe error at
ary givenstageis upperboundedoy afixedmultiple of the norm of theresidual.
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7.3 Performance of the algorithm

Theresultsin [4] shav thatthe above algorithmhasoptimal performancen the following sense.
Supposehatthe solutionu to (7.4) canbe approximatedin the enegy norm) with n wavelets
termsto accurag

(7.16) on(u) <Mn° n=12...,

with M anabsoluteconstant.Then,for eachj > 1, theabore numericalalgorithmwill generate
anapproximationu,; with

(7.17) lu — ua,la < CMN;*

with IV; := #A; thecardinalityof A;. Moreover, the numberof arithmeticoperationsiecessary
to find A; andto computeu,; will notexceedC'N;. Thenumberof sortingoperationsiecessary
in thethresholdingportionof the abave algorithmdoesnot exceedC N, log N;.

The proof of this resultis nontrivial andwe shallonly mentionafew of thekey ingredients
in theproofin thefollowing remarks.

Remark 1. Capturingat leasthalf of theenegy in theresidualr, guaranteethatthe nen
Galerkinsolutionon A reducegheerrorby afixedfactory < 1:

(7.18) lu —uzlle < nllu —ualla-

Thisresultwouldlead,in andof itself (withoutthresholding)to a corvergentalgorithmbut would
not sufiiciently controlthe numberof entriesin the setsA ;.

Remark 2. In numericalimplementatiorof thealgorithm,it is necessaryo limit thesearch
for the entrieswhich needto be adjoinedto A in orderto obtain A. Herethe sparsenessf the
matrix A playsacrucialrole.

Remark 3. Thethresholdingstepwhenemplged with the correctthresholdreduceshe
numberof elementaisedin theapproximatiorwithout seriouslyeffectingtheerror Thisis proved
by establishinga generakresulton thresholding.

Remark 4. To boundthe numberof arithmeticoperationgequiresfastmethodsor multi-
plying a sparsematrix B (in ourcaseB = A) with a sparsevectorv (in ourcasev = u,) (see
[4] for theinterestingmethodto dothis).
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