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Adaptivenumerical methodsfor PDEs1

RonaldA. DeVore

Résuḿe. Lesméthodesadaptativessontd’usagecourantpour la résolutionnumériquedes
EDP. Il n’existe cependantpasde théorie bien établieanalysantleur performanceet jus-
tifiant leur utilisation. L’objet de cet expośe est de présenterles premiersélémentsd’une
telle théorie,dontlespierresangulairessontl’approximationnon-linéaireet lesthéor̀emesde
régularit́e pour lesEDP. Uneméthodeadaptative numériquepeutêtreassimiĺeeà uneforme
d’approximationnon-linéaire,la solutionde l’ équationn’étantpasapproch́eepar unesuite
d’espacesfixée à l’avance,mais par les élémentsd’un ensemblenon-linéairede fonctions
décrit parN param̀etres(élémentsfinis adaptatifs,ondelettes).La théoriedel’approximation
non-linéairerelie l’efficacit́edecetyped’approximatioǹa la régularit́edela solutionmesuŕee
danscertainsespacesde Besov. L’analysede cette régularit́e pour une équationdonńee
détermineainsi le potentield’une méthodeadaptative par comparaisonavec les méthodes
linéairespour lesquellesune théorie similaire existe et fait intervenir d’autresclassesde
régularit́e. Une telle approcheest illustréedansle cadreelliptique et hyperbolique. Nous
présentonsfinalementun algorithmeadaptatifutilisant les ondelettespour les équationsel-
liptiques dévelopṕe par Albert Cohen,Wolfgang Dahmenet l’auteur, algorithmedont les
performancessontoptimalesausensoù ellesreflètentlestauxd’approximationpréditsparla
théorie.

Mots clés. Equationsauxdérivéespartielles,méthodesnumériques,méthodesadaptatives,
régularit́e,vitessedeconvergence

Abstract. While adaptive numericalmethodsareoften usedin solving partial differential
equations,thereis not yet a cohesive theorywhich justifiestheir useor analyzestheir perfor-
mance.Thepurposeof this talk is to put forwardthefirst building blocksof suchatheory, the
cornerstonesof which arenonlinearapproximationandregularity theoremsfor PDEs. Any
adaptivenumericalmethodcanbeviewedasa form of nonlinearapproximation:thesolution� of thePDEis approximatedby elementsfrom anonlinearmanifoldof functions.Thetheory
of nonlinearapproximationrelatestheefficiency of this typeof approximationto theregular-
ity of � in a certainfamily of Besov spaces.Regularity for PDEsareneededto determine
thesmoothnessof � in thisnew Besov scale.Together, theapproximationtheoryandregular-
ity theorydeterminetheefficiency of approximationthat is possibleusingadaptivemethods.
A similar analysisgivesthe efficiency of linear algorithms.The two canthenbe compared
to predictwhethernonlinearmethodswould resultin betterperformance.Exampleswill be
given in the settingof both elliptic and hyperbolicproblems. A wavelet basedalgorithm
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98 Adaptive numericalmethodsfor PDEs

for elliptic equationsdevelopedby Albert Cohen,WolfgangDahmen,andtheauthorwill be
presentedasoneof thesuccessesof this theory.

Key words. Partial differentialequations,numericalmethods,adaptive methods,regularity,
rateof convergence

AMS subjectclassification. 41A25,41A46,65N99,65N12,65N5535J,65N,73C

1 Overview

Adaptive methodsare an important tool for numericallysolving Partial Differential Equations
(PDEs).Many adaptive numericalalgorithmshave beensuggestedfor bothelliptic equationsand
timevaryingproblems.Yet, it is rareindeedwhenthereis any accompanying theorywhichshows
that a specificalgorithmconverges. More so, we arenot awareof any work which boundsthe
decreaseof error in termsof the numberof parametersor betteryet the numberof arithmetic
operations.Then,how canwe tell whetheradaptive methodsareeffective or even necessaryin
resolvinga givenPDE?Thepurposeof this talk is to put down thefoundationsof a theorywhich
canprovide answersto thisquestion.Thetheoryis built on two pillars: approximationtheoryand
regularity for PDEs.

Approximationtheoryentersthepicturein anaturalwaysinceany numericalmethodgener-
atesasequence��� of approximationsto thesolution � with � denotingthenumberof parameters
usedin the approximation. Onecanview the nonadaptive methodsfor solving PDEs,suchas
standardFinite ElementMethods(FEM), asa form of linearapproximation.Namely, a sequence
of linearspaces� � , �������! "�$#$#$# , is selectedin advance,independentof thesolution � . Thefunc-
tionsin � � aretypically piecewisepolynomialssubordinateto afixedpartition % � . Thenumerical
methodgeneratesanapproximant���'&(�)� . Theword linear refersto thefact that thespaces�)�
arelinearspacesandarefixedin advanceindependentof � .

Adaptive methods,on the otherhand,generatetheir approximantsin a nonlinearfashion
sincethe form of the approximant� � dependson � andthe previous approximants��* , +-,.� .
Usually, the completeprocesscanbe describedasapproximating� from a nonlinearspace/0�
(which dependson � parameters).For examplein adaptive finite elements,thespace/ � would
consistof piecewisepolynomials(of afixeddegreeandprescribedsmoothnessaccrossboundaries
of thepartition)on anadaptively generatedpartitioninto � simplicies.

Oneof the many successesof approximationtheoryduring the last decadeshasbeento
characterize,for aspecifiedapproximationprocess,theclassof functionswith aprescribedrateof
approximation.For example,in thecaseof linearapproximation,this theorytellsusnecessaryand
sufficientconditionsonafunction 1 in orderthat 1 canbeapproximatedin agivennorm 2�3�2�4 by
theelementsof � � with anaccuracy 5768�:9�;!< , �>=@? . If thespacesA � have dimensionof order� ( B�CEDFA �HG � ), thecharacterizationis that 1 shouldhave a certainsmoothness(dependingon I )
measuredin J . For exampleif JK�MLONP6RQS< , with QMTVU WYX , then 1 shouldhave smoothnessof
order I[Z in L N 6RQ\< , roughly speaking,1 shouldbe in the Sobolev space]^; X �_]^; X 6`L N 6RQS<�< .
Weshallrecallthis lineartheoryof approximationin A 4.
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RonaldA. DeVore 99

Thereis a similar theoryfor nonlinearapproximationwhich characterizesthe functions m
which canbeapproximatedwith anorderlike npo8q:r�s!t by theelementsof u0v . Thesecharacteri-
zationsareusuallyof theform that m shouldbein acertainBesov spacew syx (seez 5). This Besov
spaceis significantlylarger thantheSobolev space{ skx showing thepotentialadvantageof non-
linearmethods.But whetherthis is actuallysofor aspecificfunction m dependsonthesmoothness
of m in thesetwo scales(theSobolev sscalefor linearandBesov scalefor nonlinear).

To clarify this, let |[} bethelargestvalueof | suchthat m is in { s andlet |�~�} bethelargest
valueof | suchthat m is in theBesov spacew�s . If | ~�}�� | } , thenwecanapproximatem betterby
theelementsof u0v thanby theelementsof �)v . In otherwords,nonlinearis definitelybetterthan
linear. But it couldhappenthat | }�� | ~�} andthereis nogainin usingnonlinearmethods.

Armed with this knowledge,to ascertainthe potentialperformanceof adaptive methods,
i.e. to determinethevalueof | , we needto know theregularity of thesolution � in thetwo scales
of smoothnessspacescorrespondingto linear andnonlinearapproximation.That is, we needto
determine| } and | ~�} for thesolution � anddecidewhether| ~�} is larger than | } . It is therole
of regularity theoremsfor PDEsto provide theanswerto thisquestion.

In otherwords,regularity theoremsfor PDEs,coupledwith theexistingtheoryof linearand
nonlinearapproximationcandecidein advancewhetheradaptive algorithmshave any potentialto
performbetterthanthesimplerlinearalgorithmsfor numericallyresolvingPDEs.

Establishingthefactthat | ~�}�� | } doesnot, in andof itself, tell ushow aparticularadap-
tive algorithmperforms.Indeed,eachspecificadaptive algorithmhasto beanalyzedindividually
for its performance.However, theabove tellsuswhatform suchananalysisshouldtake. Namely,
theerrorproducedby thealgorithmshouldbeboundedin termsof Besov regularityof thesolution� . It doesremain,however, a substantialproblemto establishtheperformanceof any proposed
numericalalgorithm.

Thereis only one casein which we know of a satisfactory error analysisfor a specific
adaptive method.This is theanalysisof thewaveletbasedadaptive methodfor elliptic equations
whichhasrecentlybeenproposedby Albert Cohen,WolfgangDahmen,andthespeaker [4]. This
paperconstructsan algorithmwhich for eachprescribed� ��� approximates� (in the energy
norm) to tolerance� usingat most ����r)�y��s���� wavelet functionsandat mostthis many arithmetic
operations.In otherwords, it operatesat the maximalefficiency possiblefor nonlinearwavelet
basedalgorithms.Later in this presentation( z 7); we shall touchupontheessentialingredientsof
thismethodwhichallow suchanerroranalysis.

Theremainderof this talk will try to putfleshonthetheoryoutlinedabove. It consistsof the
following: (i) areview of theexistingtheoryof linearandnonlinearapproximationasthey pertain
to numericalmethodsfor PDEs,(ii) a discussionof known regularity theoremsfor PDEsin the
two scalesof smoothnessspacesrelating to linear andnonlinearmethods,(iii) the introduction
andanalysisof theadaptive waveletbasedalgorithmfor elliptic operatorequationsintroducedin
[4].

When discussingadaptive strategies, our emphasisin this talk will be on wavelet based
methodsratherthan Finite ElementMethods. The resultsin the wavelet caseare cleanerand
theoreticallymorefar reachingthanfor FEM. Also, the intuition behindadaptive waveletbased
methodsis moreeasilyexplained.Weshallindicatethenatureof theresultsin thecomplimentary
FEM theoryaswell. Webegin in thenext sectionwith a rudimentarydiscussionof theaspectsof
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100 Adaptive numericalmethodsfor PDEs

wavelettheorythatweshallneed.

2 Wavelets

As notedabove,muchof thefollowing discussionof linearandnonlinearmethodswill beformu-
latedin thecontext of wavelets.Weshallsayonly afew wordsaboutwaveletbases.Thiswill also
allow usto setsomenotationto which we adherein this talk. Therearemany excellentaccounts
of waveletsandwerecommendeitherof thebooks[15], [9]. Also, thefineraspectsof waveletsas
they relateto numericalmethodsfor PDEscanbefoundin theexcellentaccounts[8] and[3].

Given a domain(or manifold)  M¡£¢ ¤¦¥ , a wavelet basiscanbe describedon onelevel as
simplyacollectionof functionsthatform eitheranorthogonalor Rieszbasisfor §�¨ª©R S« . However,
thereareseveral issuesthat separatethe wavelet basesfrom others. Oneis the space/frequency
characterof thisbases;waveletbasesposesslocalsupportin spaceandfrequency to theextentthat
this is possiblegiven theHeisenberg uncertaintyprinciple. Secondly, waveletbasesareefficient
for computation:thefirst ¬ discretewavelet coefficientscanbe computedwith ­7©8¬®« arithmetic
operationsandreconstructionof thefunctionfrom thesecoefficientsis equallyefficient. Wavelet
basesalsohave a homogeneousstructure. In the ideal case,eachfunction in the wavelet bases
is a shifted dilate of a finite number( ¯ ¥±°³² in the caseof ¢ ¤¦¥ ) functions(called the mother
wavelets).Thewaveletbasesalsogive completecharacterizationsof mostsmoothnessspacesin
termsof sequencenormsappliedto thecoefficientsin waveletdecompositions.In solvingelliptic
equations,thestiffnessmatrixhasasparsewell conditionedrepresentationin termsof thewavelet
basis.

To obtainafeelingfor waveletbases,it sufficesto understandthesimplestwavelet,theHaar
function ´ ©8µ¶«0·¹¸Fº�» ¼�½¿¾yÀ ¨�Á ° º�» ¾yÀ ¨ ½¿¾ Á ¸ Â ²�Ã Ä7Å µ'Æ ²[Ç ¯°�²�Ã ²[Ç ¯ Å µ�Æ ²�È(2.1)

Let ÉÊ¸.ÉË©`¢ ¤Ì« denotethecollectionof all dyadicintervals and ÉSÍ�¸£ÉSÍÎ©`¢ ¤Y« thecollectionof
dyadicintervalsof sidelength ¯ÐÏ Í . If ¢±¸Ñ¯ÐÏ ÍÎÒ¿Ó Ã Ó�Ô ² « is adyadicinterval thentheHaarfunction´pÕ ·¹¸ ´ Í ½ Ö ©8µ¶«×·¹¸Ø¯ Í À ¨ ´ ©R¯ Í µ ° Ó « ÃÚÙªÃ ÓÜÛÞÝßÝ Ã(2.2)

is a shifted dilate of

´
scaledto ¢ and normalizedin § ¨ ©`¢ ¤Y¥�« . The collection © ´7Õ « Õ�à�á ¸© ´ Í ½ Ö « Í ½ Ö à�â â of all of theseshifteddilatesform an orthonormalbasisfor § ¨ ©`¢ ¤�« . We speakofÙ beingthedyadiclevel associatedto

´7Õ ¸ ´ Í ½ Ö and ¯ Í asbeingits frequency localizationand ¢
asits supportcube.

WealsohaveHaarbasesassociatedto finite domains.In thecase,thedomain ã¸ Ò ÄäÃå²�æ , the
characteristicfunction º®ç (calledthescalingfunctionin thecaseof theHaarbasis)togetherwith
theHaarfunctions

´pÕ
, ¢�¡^  , form anorthonormalbasisfor § ¨ ©R S« . Eachfunction è Û § ¨ ©R S«

hastherepresentation èÜ¸³éRè Ã º®çOêyº®ç ÔÑëÕ�ì ç éRè Ã
´7Õ ê ´7Õ(2.3)
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RonaldA. DeVore 101

with ø�ù�ú$ù¹û theusualü�ý innerproduct.Wecancomputethe ü�ýÿþ���� normof � simplyas

� � � ý���
	���
���� ø�� ú�� � û � ý����
��� � � ø�� ú
� � û � ý��

(2.4)

We alsohave a Haarbasisfor ü ý þ � !#"$� . We introducethefollowing notationwhich is also
utilized for moregeneralconstructions.Let % � %Üþ � ! " � denotethecollectionof dyadiccubes
in � ! " andlet %�& � %�&ªþ � ! " � denotethosedyadiccubesin % which have side length ')( & . To
eachfunction *,+>ü�ýªþ � ! " � andeachdyadiccube � � ' ( &.- / ú / �1032

, / +5464 " , we introducethe
function

* �#7 � ' & "98 ý * þ�' & ù;: / �(2.5)

which is acopy of * scaledandshiftedrelative to � andnormalizedin ü�ýÿþ � ! " � .
Let <>= 7 �@? 7 � �>A =CBED�F denotethe scalingfunction andand <GD 7 � < 7 � � denotethe

univariateHaarwaveletandlet HJI bethesetof verticesof thecube - K úML 2 " and HONPHQI thesetof
nonzerovertices.For eachvertex R � þ�R D ú ����� ú9R " � from H I , we denotethefunction

<>S�þUT D ú ����� ú�T " � 7 � <>S9VåþUT D ��ù$ù$ù9<>SXWÐþUT " � �(2.6)

Thecollectionof functions YM< S�;Z �\[$] B S [�^ areanorthonormalbasisfor ü�ýÿþ � ! " � .
We canalsoobtainanorthogonalbasisfor ü�ý�þ � ! " � by startingthewaveletdecomposition

at a fixeddyadiclevel. In this case,we have to adjoina layerof scalingfunctions.For example,
let _ be the collectionof all scalingfunctions � � , �5+`% = , and a be the collectionof all Haar

wavelets< S� , �b+c%Jd 7 �fe &Mg = %�& , RQ+cH . Then, _ e a is anorthonormalbasisfor ü�ýªþ � ! " � : each
�h+'ü ý þ � !#"i� hastheHaardecomposition

� � �
�\[$]kj ø�� ú�� � ûX� � � �

S [l^
�

�\[l]nm ø�� ú�< S� ûX< S� �
(2.7)

The Haardecomposition(2.3) is just oneexampleof a univariatewaveletdecomposition.
Therearemany generalizations.First, therearemany univariatescalingfunctions

?
which have

anassociatedwavelet < for which thecollectionof shifteddilates YM< � Z �\[$] form anorthonormal
basisfor ü�ýÿþ � !J� . We call suchfunctions < orthogonalwavelets. The mostnotableexamplesof
orthogonalwaveletsare the Meyer waveletsand the family of Daubechieswavelets < �porq

,s � L�ú ����� . Here
o D � � andin generalthe

orq
have compactsupportandby increasingthe

parameter
s
, we increasethesmoothnessof < (at theexpenseof increasingits support).Another

generalizationis to drop the requirementof orthogonalityandreplacethis by biorthogonalityas
will bediscussedbelow.

We canobtainmultivariatewavelet basesfor ü�ýÿþ � ! " � in exactly the sameway as in the
Haarcase(see(2.6) and(2.7)). Therearealsowavelet decompoositionsfor domains�tNu� ! " .
Therearespecialconstructionsfor domainssuchascubesor polyhedraldomainswhichutilize the
wavelet < S� in theinterior of thedomainandsomealteredwaveletsneartheboundary. Thereare
alsoconstructionsfor moregeneraldomainsandevenmanifolds.Wereferthereaderto thepaper
[8] for adiscussionof thesepossibilities.

ESAIM: Proc., vxwzy|{~}z} , �9�C�C� , �C�
��}C}��



102 Adaptive numericalmethodsfor PDEs

Let usnow summarizethenatureof waveletdecompositionsandintroducethenotationwe
shallutilize in this talk. We shall restrictourselvesto thesettingof biorthogonalwaveletbasisof
compactlysupportedfunctionswhich is generalenoughfor ourpurposes.

Givenadomain�1��� ��� , weshalldenoteawaveletbasisfor � by �M�����i���l� . Thisnotation
incorporatesthethreeparameters�;�9���9� (or equivalently ���9� ) into theone � . We use �E���~� �f� to
denotethedyadiclevel of thewavelet. We let ¡£¢¤�¥�M���¦�x�¨§ª©Q¢l� , ©Q¢r� �«�l�,§ª©¬���E�­���P��� ,
consistof thewaveletsat level � .

Thereareseveralconstructionsof waveletbasesof compactlysupportedfunctionsfor do-
mains(andmanifolds) � . We referthereaderto [8] for a discussionof this topic but remarkthat
roughlyspeakingtherearesuchconstructionsfor Lipschitzdomains.

We shall limit ourselvesto thecasewherethewaveletdecompositionbeginsat somefixed
level �i® . For notationalconvenienceonly, weassume�i®¯�±° . Wedefine¡#® to bethesetof scaling
functionsin thewaveletbasis.Weshallassumethat � is adomainor manifoldwhichadmitstwo
setsof functions:

¡��f�M�²�b�)�³§³©´�J�`µ�¶;·���¸z�º¹¡��»� ¹�²�r�¼�½§c©´�Q�`µ�¶3·���¸(2.8)

thatform abiorthogonalwaveletbaseson � : writing ¾�¿À�zÁGÂÃ� ��·�¾ Ä��9Å~ÂÇÆ¼ÈCÉ�Ê�ËX¸ÇÌC�;Í�Î Ï;�;Ð for any two
collections¿À�zÁ of functionsin µ ¶ ·���¸ , onehas

¾�¡À�Ñ¹¡¤Â²�1Ò��(2.9)

where Ò is theidentity matrix.
A typical featurein thetheoryof biorthogonalbasesis that thesequences¡À� ¹¡ areRiesz-

bases.Thatis, usingtheshorthandnotationÓnÔ­¡Õ� ��Ö ���l�´× �;�²� , onehas

Ø Ó Ø�Ù ÈCÉ � Ë­Ú Ø Ó Ô ¡ Ø Æ�È
É�Ê�Ë�Ú Ø Ó Ô ¹¡ Ø Æ¼ÈzÉ�Ê�Ë�Û(2.10)

3 Smoothnessspaces

Thereare many ways to measurethe smoothnessof functionsresultingin smoothnessspaces
suchastheLipschitzspaces,Sobolev spacesandpotentialspaces.Thebasicideais to introducea
notionof Ü ordersof smoothness( Ü derivatives)in µ�Ý . In describingtheapproximationproperties
of functions,theBesov spacesarethemostimportantof thesedifferentpossibilitiesandwe shall
thereforerestrictourdiscussionto this family.

TheBesov spaceswereoriginally describedusingmoduli of smoothnessandthis remains
the mostflexible approach.However, thereis a simplerdescriptionof thesespacesin termsof
waveletdecompositionswhich is equivalentto themoduli of smoothnessdefinitionin all casesof
interestto usin this talk. WeshallthereforepresenttheBesov spacesin thewaveletcontext

Besov spacesdependon threeparametersÜ , Þ , and ß . Thefirst parameterÜ givestheorder
of smoothnesswhichcanbethoughtof asthenumberof derivatives(althoughweallow noninteger
valuesof Ü ). ThesecondparameterÞ indicatesthe µnÝ spacein whichthesmoothnessis measured.
Thusthe Ü andÞ sayroughlythatthefunctionshouldhave Ü derivativesin µ Ý . Thethird index ß
is a fine tuningindex andservesto make subtledistinctionsin thespacesonce Ü andÞ arefixed.

ESAIM: Proc., à�áCâäã~åCå , æzçzç\æ , è\é�êëåzå�ì



RonaldA. DeVore 103

In mostdiscussionsit is sufficient to think in termsof theprimary indicies í and î . We invoke ï
only in certaincaseswhenwe wanta preciseresult.

To definethe Besov spaces,we returnto wavelet decompositionsasdiscussedabove. In
this talk, ð will alwaysdenotea domainin ñ ò#ó which admitsa waveletbasisôöõ ÷öøMù²ú�ûiú�ü�ý andþô will beits dualbasis.For eachÿ which is locally in ������ð�� , we have thewaveletcoefficients� ú���ÿ	�Ãõ ÷�
�ÿ
� þù�ú����(3.1)

Thewaveletcoefficientscanalsobedefinedfor distributions ÿ providedtheorderof thedistribu-
tion is commensuratewith thesmoothnessof

þù²ú .
Thewaveletsandwaveletcoefficientsgivenabovearenormalizedfor ������ð�� . It will alsobe

convenientto have normalizationsfor ������ð�� whenî��÷�� . For any ���,î �"! , we define

ù²ú$# � õ ÷��&%zó(' �*)+��,-�*).�0/ ù²ú(3.2)

whicharewaveletsnormalizedfor �1�2��ð�� andthewaveletcoefficients� ú$# � ��ÿ	�>õ ÷3
�ÿ
� þù²ú$# �&4 � ÷5� %zó(' �*).�6,-�*)+�7/ � ú���ÿ	���(3.3)

where 8799î;:�<=8799î ÷>8 (thisservesto defineî;: evenwhenî?�@8 in whichcaseî;:
�A� ).
TheBesov spacesBDCE �+� � ��ð��F� for ����ïG� î?�"! , íIHA� is thecollectionof all distributions

ÿ for whichJ ÿ J�KMLN 'PO�QR'TS /VU
WXXY XXZ [
\5]%6^M_ � % C E�` \ ú�üba-c � ú$# � ��ÿ	� �$d E )+��e �*) E � ����ïD�"!"�fhg2i %&j;_ � % C ` \ ú�üba-c � ú$# � ��ÿ	� � d �*)+� � ïJ÷5!"�(3.4)

is finite. Theright sideof (3.4) definesa quasi-normfor this space.Several remarksarein order
to explain (3.4)
Remark (i): We candefinespacesof functionsfor all íkHl� by usingthe right sideof (3.4).
However, thesespaceswill coincidewith Besov spacesonly for a certainrangeof í and î that
dependonthewavelet ù . Forexample,in thecase8m�,î?�n! , weneedthat(a) ùno BqpE �+�1��� ñ ò ó �F� ,
for some r@Huí , (b) ù has s vanishingmomentswith stHuí . When î"�l8 , we alsoneedthatsDHnuG99îwvxu (seethefollowing remark).
Remark (ii) Whenî �@8 and ð�÷Pñ ò ó , (3.4)characterizesthespaceB CE �+yz��� ñ ò ó �F� (with thecor-
rectrangeof parameters)wherethislatterBesov spacecanbedefinedby replacingthe �1� modulus
of smoothnessby themodulusof smoothnessin theHardyspaceyz� (seeKyriazis(1996)).How-
ever, if íIHAu{99î|v�u , this spaceis thesameas B}CE �+�1��� ñ ò ó �F� . Thelaststatementalsoholdsif ð is
adomain.
Remark (iii) For a fixedvalueof �~� ît�@! , thespacesB}C� �+� � ��ð��F� , 879b� ÷»í�9bu�<58799î , play a
prominentrole in nonlinearapproximation.If we chosethewaveletsnormalizedin � � , thenthe
characterization(3.4)becomessimplyJ ÿ J K L� 'TO � 'TS /�/ U����� ü�ý

� ú$# � ��ÿ	� ��� �*) � �(3.5)

ESAIM: Proc., �������-��� , �h�6�6� , �6�0���6�.�



104 Adaptive numericalmethodsfor PDEs

Let usalsosaya few wordsabouttheconnectionof Besov spacesto Sobolev spacessince
the latter may be morefamiliar. In the case�n��� , the Sobolev space���-�+ ¢¡£�¥¤�¦F¦ (frequently
denotedby § � in theFEM literature)is thesameastheBesov spacë �¡ �+ �¡��¥¤�¦F¦ andtheirnorms
areequivalent. For othervaluesof �=©��� , theSobolev space��ª«�+ 1¬��¥¤�¦F¦ , ­ �¯®$°h�G°&±&±&± , is not a
Besov spacebut we have theembeddings¨ ª¬ �+  ¬ �¥¤�¦�²"� ª �+  ¬ �¥¤�¦³²A¨ ª´ �+  ¬ �¥¤�¦F¦(3.6)

For µ notaninteger, theSobolev space� � �+  ¬ �¥¤�¦F¦ (by itsverydefinition)coincideswith ¨ �¬ �+  ¬ �¥¤�¦F¦ .
It is useful to have a pictorial descriptionof smoothnessspaces. We shall correspond

smoothnessspaceswith pointsin the upperright quadrantof ¶ · ¡ . Namely, a smoothnessspace
consistingof functionsof smoothnessorder µ in  1¬ will beidentifiedwith thepoint �.®7¸h��°0µV¦ (see
Figure3.1). This identificationis coarsein the sensethat several spacesareidentifiedwith the
samepoint. For exampleall spacë �¹ �+  ¬ �¥¤�¦F¦ areidentifiedwith �.®7¸h�1°0µV¦ irrespective of º . We
will comebackto this pictureoftenbut at this stagelet us just point out, asanexample,how to
interprettheSobolev embeddingtheoremin this picture. The line with slope » passingthrough�.®7¸h�1°0¼�¦ is thedemarkationline for embeddingsof Besov spacesinto   ¬ �¥¤�¦ (seeFigure3.1).Any
Besov spacewith primaryindicescorrespondingto apointabovethatline is embeddedinto   ¬ �¥¤�¦
(regardlessof thesecondaryindex º ). Besov spacescorrespondingto pointson thedemarkation
line may or may not be embeddedin   ¬ �¥¤�¦ . For examplethe Besov spaces̈}�½ �+  ½ �¥¤�¦F¦ with®7¸b¾w�=µ�¸b»À¿"®7¸h� correspondto pointson thedemarkationline andthey areembeddedin   ¬ �¥¤�¦ .
Pointsbelow thedemarkationline arenever embeddedin   ¬ �¥¤�¦ .Á Â Ã Â Ä Å Æ Ç È Ã Å É É Ê Ë Ì Í Ê Ë Å

Î Ï Ð Ñ Ò Ó Ô Î Õ ÔÖ Ï Ð
τ

× ØØÙ Í
Ú ÍÙ

Figure3.1: Graphicalinterpretationof linearandnonlinearapproximation�+»��>®7¦ .
4 Linear methods

After this shortdiscourseconcerningwaveletsandsmoothnessspaces,let us returnto our main
threadof thoughtwhichis theunderstandingof whenthesolutionto ourPDEcanbeapproximated
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with a prescribedefficiency by linearor nonlinearmethods.Webegin with linearmethods.
Let usconsidera function è definedon a domain é>ê@ë ìmí which is thesolutionto a PDE

which we wish to numericallyresolve. We shall call è the target function. We shall consider
numericalmethodswhich fix a sequenceî�ï of linearspaceswhosedimensionis of order ð and
approximateè by anelementñ ï-ò èMó of î ï . This typeof numericalalgorithmis saidto belinear
becausetheapproximantsñ ï
ò è-ó comefrom thelinearspaceî ï which is fixedin advance(does
not changewith è ).

To assesstheperformanceof sucha numericalalgorithm,we would choosea norm ô�õ2ô in
which we wantto measureerror. Typical choicesaretheenergy normor the ö¢÷ normfor elliptic
problems,the ö�ø normfor conservation laws,andthe ö³ù normfor Hamilton-Jacobiequations.

Theerrorfor approximatingè with thisalgorithmis measuredbyú ï
ò è-ó³ûýüþô0è~ÿ�ñ ïMò èMó7ô��(4.1)

As a benchmarkfor the performanceof the numericalalgorithm, it would be useful to
comparethiserrorwith theidealerror� ï ò èMó³ûýü � ò è��Fî�ï�ó³ûýü ���	�
���
�� ô0è~ÿ��	ô��(4.2)

In someidealcases,this is madewith greatsuccess.For example,for elliptic problemsin whichñ ïMò èMó is theGalerkinapproximationto è from î ï , wehave that ñ ïMò èMó is thebestapproximation
to è in theenergy normandso � ï
ò èMó¢üþô0è|ÿ�ñ ï
ò è-ó7ô ü ú ï
ò è-ó��(4.3)

Let us considerour two main examples. StandardFinite ElementMethodswould begin
with a sequenceò�� ï{ó of partitionsof é anda correspondingspaces�-ïtûýü�� ò�� ï{ó of piecewise
polynomialson that partition. Typical assumptionsare that é is a polyhedraldomainand the
elementsof thepartitionaresimplices.To beuseful,thespace� ï shouldadmita nicebasis ò���� ó
with anaccessibledualbasis;usuallycoefficientsin therepresentation� ü�� � ���!� , for a given�#"$� ï , aredeterminedby nodalvaluesof � or its derivatives(their valuesat theverticesof the
partition).Weassumethatthedimensionof � ï is of order ð .

In linearwaveletmethods,we would fix asequence% ï ê � , ð ü'&(�*)+����� , of indexing sets
andconsiderthespaces , ï ûýü.-0/213�54�687�û:9;"<% ï>= �
We shall alwaysassumethat %�ïxê'%�ï(? ø , ð.@A& , so that thespaces

, ï arelikewise nested.A
typical choiceis % ï to bethefirst ð waveletsin their naturalorder. Thenumericalmethodwould
chooseavalueof ð thencreateanapproximantB ï
ò è-ó to è from

, ï .
Given oneof theselinear methodsof approximationandgiven our target function è , we

introducetherealnumberCEDGFIH definedby thepropertiesthatfor eachCKJICED ,� ï ò èMóMLON@ðQPSR��(4.4)

andfurtherfor eachCTFICUD , V ��WO-YX	/ï3Z ù ð R � ïMò èMó ü\[#�(4.5)
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In otherwords, lUm is the supremumover all l satisfying(4.4). No numericalalgorithmwhich
generatesapproximationsfrom npo canprovideapproximationsq2o whichprovideaccuracy better
than rtsvuQwSxzy>{ .

How can we determinethe value of l m for our target function q ? We call on our two
pillars: approximationtheoryandregularity theoremsfor PDEs.Let usfirst considerthe role of
approximationtheory. For thestatementof the following theorem,we fix a domain |�}�~ ��� on
which thePDEis posedandfix an ���>s�|�{ norm ������� with �����<�#� in whichweshallmeasure
error. Similar resultshold whentheerroris measuredin aSobolev or Besov norm.

Thefollowing generictheoremholdsfor a varietyof settingswhich we shalldilineatein a
moment:

Theorem 4.1 There is a real number���O� , such that for any ���#lT��� , wehavethata function��� ���	s�|�{ satisfies � s �2� npo2{v���O��u wSxz� � � u���� �* ¡��¢�¢�¢E�(4.6)

if andonly if � is in theBesov space£px¤ s����>s�|�{0{ .
Whenit applies,this theoremcompletelycharacterizesthefunctionswhich canbeapproximated
with order r¥svu wSx { . It saysthatto achievethiserrorit is necessaryandsufficient that � hasl orders
of smoothnessin ��� .

Theorem4.1holdsin avarietyof settings.Wediscussthetwo mainsettingsof interestto us
in this talk. If ¦§o denotesthewaveletspacespannedby thefirst u waveletsin thewaveletbasis
for �©¨3s�|�{ (seeª 2), thenthis theoremholdswith �!�\«¥¬�­bsv® �0¯ { with ® thenumberof vanishing
momentsof thewaveletsand ¯ thesmoothnessof thewaveletsasmeasuredin ���>s�|�{ ( thewavelet
shouldbein £�°¤ s����>s�|�{ ).

Thesituationfor approximationusingpiecewise polynomialsis a little lessclean. In fact,
spaces±²s�³�o	{ of piecewisepolynomialsof fixeddegreewhich aredefinedby continuityassump-
tionsacrosstheboundariesof thesimplicieś arenotcompletelyunderstoodfrom thestandpoint
of their dimensionor approximationproperties.On the otherhand,the spacesusedin FEM all
have stablebaseswhich form goodpartitionsof unity andthefollowing remarksapplyto approx-
imationfrom thesespaces(see[2])

We assumethat ³�o is a partitionof a fixedpolyhedraldomaininto a collectionof u sim-
plicies ´ . We assumethat this simplicial decompositionis moreor lessuniform andthat each
simplex ´ � ³�o satisfiesthe shapecondition. This meansthat thereareballs £ ° and £¶µ of
radius̄ and � respectively suchthat

£ ° }�´\}O£¶µ(4.7)

and ·¹¸ � � ¯ �
·Uº*·¹¸ u w

º
� � �����O��� ·Uº u w

º
� �(4.8)

with absoluteconstants

·¹¸ � ·Uº �»� . Let ±boG¼½�\±²s�³po:{ bea linearspaceof piecewisepolynomials
of fixed degree ® subordinateto ³�o which admitsa goodpartitionof unity in the senseof [2].
Then,Theorem4.1 holdsfor n o �¾± o and ��¼½�¿«¥¬À­Ásv® Â�� �0¯ { where ¯ is the smoothnessof
the elementsÃ � ±bo asmeasuredin ��� (each Ã is assumedto be in £ °¤ s����>s�|�{ ). The generic
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theoremholdsfor a larger rangeof Ð if thepartitions Ñ�Ò arenot nestedbut rathersatisfycertain
mixing conditions(see[10] for adiscussionof this).

Oneshouldnotunderestimatethepowerof Theorem4.1. It is anif andonly if theorem.Not
only doesit give a sufficient condition( ÓÕÔ#Ö�×Ø;Ù�Ú�Û>Ù�Ü�Ý ) for approximationof Ó to be bounded
by Þ�ßQà × , it alsosaysthatif Ó doesnot satisfythis smoothnessconditionthenthereis no hopein
achieving thisapproximationorder.

How do we utilize this theoremin our searchfor the number ÐEá for our solution â to the
PDE.Whatwe needto determineis themaximumvalueof Ð for which â lies in theBesov spaceÖ�×Ø Ù�Ú�Û>Ù�Ü�Ý0Ý . Thishasasimpleinterpretationin ourpictureof smoothnessspaces.Wefix thepointÙkãUä*å�æYç�Ý (whichcorrespondsto Ú Û ) andconsidertheverticleline passingthroughthispointwhich
thereforeconsistsof all pointsof the form ÙkãUä*å�æ Ð Ý . We searchalongthis line for themaximum
valueof Ð , suchthat â is in thecorrespondingBesov space.ThisdeterminesÐEá (seeFigure4.2).

Î Ï Ð Ñ Ò Ó Ô Î Õ ÔÖ

Á Â Ã Â Ä Å Æ Ç È Ã Å É É Ê Ë Ì Í Ê Ë Å

Figure4.2: Graphicalinterpretationof linearandnonlinearapproximation.

It is theroleof regularity theoremsfor PDEsto provide uswith theanswerto thisquestion.
We shall return to this topic later in this talk after we have introducedthe conceptsneededto
determineÐEèéá for nonlinearapproximation.

5 Nonlinear methods

Let us now considernonlinearnumericalmethodsfor recovering the solution â . In this case,
the numericalmethodno longergeneratesan approximationfrom a linear space(prescribedin
advance)but rathera nonlinearmanifold ê+Ò wherethedimension(numberof parameters)of ê+Ò
is of order ß . Similar to thelinearcasedescribedabove wecandefinetheidealerrorë Ò Ù Ó Ý+ì½í î�ï>ðñ�ò(ó	ôöõ Ó!÷$ø õ(5.1)

where õ©ù:õ is thenormwe have chosento measureerror.
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Givenour targetfunction 	 , we define
���
���� to bethetherealnumbersuchthat

����� 	����������! #" ��$&%'"(5.2)

for all 
)(*
���
 and +-,-.�/�021�4365 �7 ����� 	��98:%(5.3)

for all 
)�*
���
 . Approximationtheorywill tell ustheconditionson 	 whichdetermine
���
 .
Let usbegin with thewaveletcasein whichtheresultsareveryprecise.An adaptivewavelet

methodgeneratesanapproximationto 	 from theset ; � which consistsof all functions < of the
form <=8?>@4ACBED @GFH@(5.4)

wherethe cardinality IKJ of J is �L� . This is calledn-termapproximationandrecentresults
[11] (seealso[5]) characterizeits approximationproperties.To describethese,we introducethe
sequence� D#M� �ON �P�

5�4QSR which is thenondecreasingrearrangementof ��T D @ �ON � T � @4ACU . In otherwords,

D M� �ON � is the � -th largestof the T D @ �ON � T , VXWZY . Thefollowing theoremcharacterizesthefunctions
whichcanbeapproximatedto rate [ � � �! � by � -termwaveletapproximation.

Theorem 5.1 Let �K(]\�('% . A function N W_^7` �ba � ( N W�c6` �ba � if \_�:d ) satisfies

�����ON �O`e�f� �ON �g� �! (5.5)

if andonly if therearrangedwaveletcoefficientsof N satisfy

D M� �ON �E����h �ON �g� �! ��
Rgi ` " �_8?d4"�jk"#l#l#lC"(5.6)

for someconstant � h �ON � . Moreover, the smallestconstant � �ON � in (5.5) is equivalentto the
smallestconstant� h �ON � satisfying(5.6).

Let usdenoteby m  thespaceof functionsN satisfying(5.6).This is notaclassicalsmooth-
nessspace(Besov or Sobolev space)but it is verycloseto requiringthat N has
 ordersof smooth-
nessin ^on�p  gq with r � 
4��st8 � 
4uCvxwydzu�\{� � R . In fact,wehave theembeddings

|  n�p  gq � ^ nCp  }q �ba �P�E~fm  ~ |  P���nCp  �����q � ^ nCp  ����bq �ba �P��"(5.7)

where ����� is arbitrary. Therearealsomorepreciseconnectionsbetweenapproximationrates
andBesov spaces(see[10]).

Theorem5.1 is enoughfor us to describehow to determine
C��
 for our target function 	 .
We look at the scaleof Besov spaces

|  nCp  gq � ^9nCp  }q �ba �P� , r � 
C��8 � 
CuCv�w�dzu�\{� � R , 
=��� . These
spacesarenestedandstrictly decreaseas 
 increases.Then 
C�o
 is thesupremumof all the 
 for
which 	 is in

|  nCp  }q � ^ nCp  }q �ba �P� .This all hasa nice interpretationin our pictureof smoothnessspaces(seeFigure4.2). We
fix the ^7` norm in which we shall measurethe error. This identifiesthe point � dzu�\7"���� . The
spaces

|  nCp  }q � ^onCp  }q �ba �P� all liveon theline emanatingfrom � dzu�\7"���� with slopev . Thus,startingat
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���z���7�����
wemoveon this line aslongas � is in thecorrespondingBesov spaceandstopwhen � is

not in this space.This identifiesthenumber�C �¡ .
Weshallnotgiveapreciseformulationof thecorrespondingresultsfor adaptive FiniteEle-

mentMethodsexceptto saythatthestoryis roughlythesameasin thewaveletcase.Suchadaptive
methodsbegin with a polyhedraldomain ¢ andan initial decomposition£E¤ of ¢ into simplicial
cells ¥ . The adaptive procedurebegins with the initial triangulation £ ¤ and iteratively refines
simplicies. Thus,at the first iterationwe generatea partition £§¦ which is obtainedfrom £�¤ by
refiningsomeof thesimplicesin £ ¤ andnotothers.In general£H¨�© ¦ is gottenfrom £H¨ in thesame
way. If theadaptive strategy (i.e. theselectionof simplicieswhichareto besubdivided)is chosen
correctlyandif the resultingspaceof piecewise polynomialsallows for goodlocal basesthenit
is possibleto prove thatwhenever � is in theBesov spaceªK«¬C­ «g® ��¯ ¬C­ «}® � , it will be approximated

with the efficiency ° �O±�² «}³�´ � with
±

the numberof simplicesin the resultingpartition. Inverse
estimatescanbeprovenif therefinementstrategy guaranteestheshapepreservingpropertyof the
simpliciesin £H¨ for eachµ . For preciseformulationsof theabove andfor detailswe refer to the
forthcomingpaper[1].

6 The theory in action

We have seenthat to determinewhetherit is beneficialto usenonlinearmethodsto approximate
our targetfunction � weneedto determinethetwo numbers� ¡ and �  �¡ associatedto � andcheck
whether �� �¡·¶¸�z¡ . We do this by checkingthe regularity of � in the two scalesof smoothness
spacesassociatedto linearandnonlinearapproximation.A resultwhichdeterminestheregularity
of � in oneof thesescalesis calleda regularity theoremsfor PDE’s. A typical regularity theo-
rem infers the smoothnessof the solution � to a PDE from informationin the PDE suchasthe
coefficients,inhomogeneousterm,initial conditions,or boundaryconditions.

To illustratehow this theory plays out in specificsettings,we shall considertwo model
problems;onehyperbolicandtheotherelliptic.

6.1 Conservation laws

Considerthescalarunivariateconservation law¹ ��º!»·¼ � � �g½6¾¿� À�Á_Â ÃK�ÅÄ ¶ �Æ�� �OÀ7������¾ �!¤ �OÀ{� À�Á_Â ÃK�(6.1)

where ¼ is a givenflux, � ¤ agiveninitial conditionwhichwill assumeis of compactsupport,and� is the soughtafter solution. This is a well-studiednonlineartransportequationwith transport
velocity Ç � � �o¾ ¼ÉÈ � � � . Weshallassumethattheflux is strictly convex which meansthetransport
velocity is strictly increasing.Theimportantfactfor usis that,evenwhentheinitial condition � ¤
is smooth,thesolution � �}Ê��PÄ�� will developspontaneousshockdiscontinuitiesat latertimes

Ä
.

Thepropersettingfor theanalysisof conservationlawsis in
¯ ¦ andin particulartheerrorof

numericalmethodsshouldbemeasuredin thisspace.Thus,concerningtheperformanceof linear
numericalmethods,thequestionarisesasto thepossiblevaluesof thesmoothnessparameter��¡
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of ×�Ø}Ù�ÚPÛPÜ asmeasuredin ÝßÞ . It is known thatif theinitial condition ×!à is in á�â , thenthesolution× remainsin this spacefor all later time Û6ãåä (notethat á�âçæåè Þé Ø�ÝßÞ�Ø�ê ë)ÜPÜ ). However, since,
for any initial condition,this solutiondevelopsdiscontinuities,the Sobolev embeddingtheorem
precludes× being in any Besov spaceèKìé Ø�Ý Þ ÜPÜ for any íîãðï . This meansthat the largest
value we can expect for í�ñ is í�ñ?òóï and we get this value whenever ×Éà·ô�á�â . Thus, the
optimal performance,we can expect from linear methodsof approximationis õ�ØOö�÷ Þ Ü with ö
thedimensionof the linearspacesusedin theapproximation.Typical numericalmethodsutilize
spacesof piecewise polynomialson a uniform meshwith meshlength ø andthe above remarks
meanthat the maximumefficiency we can expect for suchnumericalmethodsis õ�ØbøÉÜ , ø�ùä . In reality, the bestproven estimatesare õ�Øgú øÉÜ underthe assumptionthat ×!àûôåá�â . This
discrepancy betweenthepossibleperformanceof numericalalgorithmsandtheactualperformance
is notunusual.Thesolutionis known to havesufficientregularityto beapproximated,for example,
by piecewiseconstantswith uniform meshø to accuracy õ�Øbø!Ü but algorithmswhich capturethis
accuracy aregeneraillynot kown.

To understandthepossibleperformanceof nonlinearmethodssuchasmoving grid methods,
we shouldestimatethe smoothnessof the solution in the nonlinearBesov scale èeìüCý ì}þ Ø�Ý üCý ìgþ Ü ,ÿ ØbíCÜ��tò Øbí � ïzÜ�÷ Þ , correspondingto approximationin the ÝßÞ -norm. A rathersurprisingresult
of DeVoreandLucier [12] shows thatstartingwith any initial condition × à of boundedvariation
which is in this space,the solution × will remainin this Besov spacefor all later time Û ã ä .
In particular, if ×!à is � é with compactsupportthenthis meansthat nonlinearmethodssuchas
moving grid methodscouldprovide arbitrarily high efficiency. In fact,suchalgorithms,basedon
piecewisepolynomialapproximation,canbeconstructedusingthemethodof characteristics(see
Lucier [14] for thecaseof piecewiselinearapproximation).

In summary, whenevertheinitial condition×!à is of boundedvariationandin thesmoothness
spaceèeìü�ý ìgþ Ø�Ý üCý ì}þ ÜPÜ with í ã?ï , thentheuseof adaptive methodsis justifiedsince í�� ñ ã¿í ñ . In
particular, if ×Éà is of boundedvariationandin � é then í � ñ ò�� while í�ñ ò?ï .
6.2 Elliptic equations

An extensiveaccountingof theroleof linearandnonlinearapproximationin thesolutionof elliptic
problemsis given in Dahmen[8] andDahlke, Dahmen,andDeVore[6]. We shall thereforelimit
ourselves to reiteratinga coupleof importantpointsaboutthe role of regularity theoresandthe
form of nonlinearestimates.Weconsiderthemodelproblem� × ò 	 on 
yæ*ê ë��GÚ(6.2) × ò ä on 
�
��
of Laplacesequationon a domain 
 æ ê ë � with zero boundaryconditions. This equationis
closelyrelatedto theDirichlet problemfor harmonicfunctionson 
 :��� ò ä on 
yæ�ê ë � Ú(6.3) � ò � on 
�
��
Weshallalsolimit ourdiscussionto estimatingerrorin the Ý�� -norm.Theseresultsextendtrivially
to approximationin the Sobolev space���·ò����{Ø�Ý � Ø�
 ÜPÜ andin particularto the case�åò ï
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which is equivalentto theenergy normfor (6.2). Therearealsovariousresultsknown for general0 [13].
Considerfirst thecasewhere 132�46587�9;: and 9 hasa smoothboundary. Then,thesolution< to (6.2) hassmoothness= 5 7>4 5 7�9;:-: and can thereforebe approximatedby linear spacesof

piecewisepolynomialsof dimension? to accuracy @A7B?DC 5FEHG : . This accuracy canbeobtainedby
usingstandardFEM with uniformly refinedpartitions.

If the boundaryIJ9 of 9 is not smooththenthe solution < to (6.2) hassingularitiesdue
to cornersor other nonsmoothnessof the boundary IJ9 . For example for Laplace’s equation
on a generalLipschitz domain,we canonly expect that the solution < is in the Sobolev space=LK EH5 7>46587�9;:-: . Thus,in general,wecanat mostexpect MONQPSRUTWV .

Becauseof the appearanceof singularitiesdueto the boundary, adaptive numericaltech-
niquesaresuggestedfor numericallyrecovering thesolution < . We understandthat to justify the
useof suchmethods,we shoulddeterminethe regularity of the solution in the scaleof Besov
spacesXZY[�\ Y^] 7>4 [�\ Y_] 7�9;:-: , `a7�M�:ZbcPd7�Mfe�gOTWVU:hC%i . Suchregularity hasbeenstudiedby Dahlke and
DeVore[7]. They prove,amongotherthings,thatfor any Lipschitzdomainthenonlinearsmooth-
nessMkj N associatedto < alwaysexceedsthe linear smoothness.Namely, M�j Nml K G5 \ G C%i^] M N . In
otherwords,theuseof nonlinearadaptive methodsfor numericallyrecovering thesolution < to
(6.2) is theoreticallyjustified.

7 An adaptivealgorithm for elliptic problems

Up to this point, we have not discussedthe propertiesof any specificnumericalalgorithmbut
ratherhave addressedthequestionof whethernonlinearor adaptive algorithmscouldpossiblybe
of benefitin numericallyapproximatingthesolutionof a PDE.Even if we have decidedthat an
adaptivemethodshouldbeof use,thereremainstheproblemof constructinganadaptivealgorithm
whichexhibits theexpectedperformance.This is indeedanontrivial task.Weshallclosethis talk
by discussingtherecentwaveletbasedadaptive algorithmgiven in [4] which hasbeenproven to
exhibit optimalperformancein thesenseof providing thebestallowablerateof approximationto< .

7.1 The setting

Let 9 bea domain(or manifold) in n o G andlet p bea linearoperatormappingq into q�r whereq is asubspacewith thepropertythateither q or its dual q r is embeddedin 4�5U7�9f: . Theoperatorp inducesthebilinearform s definedon qutvq by

sw7 <yx-z :{bcP}|>p <yx-z�~(x(7.1)

where |_� x � ~ denotesthe 7>q�r x q�: dualityproduct.Weassumethatthebilinearform s is symmetric
positive definiteandelliptic in thesensethat

s�7 zJx-z :6��� z � 5 � x�z 2�q��(7.2)
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It follows that � is a pre-Hilbert spacewith respectto the inner product � and that this inner
productinducesanorm(calledtheenergy norm)on � by

�����h����c� �w  �#¡¢�c£(¤(7.3)

Theenergy normis equivalentto
�6���(¥

. By duality, ¦ thusdefinesanisomorphismfrom � onto��§ .
Weareinterestedin numericallyrecoveringthesolution ¨ to theelliptic equation

¦f¨ ��©
(7.4)

with
©�ª � § . It follows that ¨ is alsotheuniquesolutionof thevariationalequation

�w B¨ ¡-«¬£��}­�©�¡-«¬®(¡°¯B±8²´³8µ�µZ«�ª � ¤(7.5)

Thetypical examplesincludedin theabove assumptionsarethePoissonor thebiharmonic
equationson boundeddomainsin ¶ ·�¸ ; singleor doublelayerpotentialsandhypersingularopera-
torsonclosedsurfacesarisingin thecontext of boundaryintegral equations.In theseexamples�
is a Sobolev space,e.g. � � �°¹º  �» £ , � �º  �» £ , or � � �½¼%¹^¾ �  �» £ (see[8]).

The numericalmethodsdevelopedin [4] requirethe existenceof a biorthogonalwavelet
basis ¿ for » . Thewaveletsin ¿ arein � , whereasthosein thedualbasis À¿ arein � § . Thus,
each

«�ª � hasawaveletexpansion
«Z�SÁaÂ ¿ (with coordinatesÃÅÄ �}­B«�¡ ÀÆ Ä ® ). Weassumethat

�hÇ ¼%¹ ÁÈ�HÉ^Ê(ËÍÌÏÎÑÐ��hÁ Â ¿ �(¥Ò¤(7.6)

with
Ç

afixedpositive diagonalmatrix. Observe that(7.6) impliesthat
Ç ÄWÓ Ä Ð�� Æ Ä � ¼%¹¥ , andthat¿ (resp. Ôv¼%¹(¿ ) is anunconditional(resp.Riesz)basisfor � . By duality, oneeasilyobtainsthat

each
«�ª � § hasawaveletexpansion

«Õ�SÁ Â À¿ (with coordinatesÃÅÄ �}­B«�¡ Æ Ä ® ) thatsatisfies
�hÇÖÁ;� É^Ê!ËÍÌÏÎ Ð��hÁ Â À¿ � ¥Ø× ¤(7.7)

We alsoassumethat the wavelet bases¿ and À¿ provide characterizationsof Besov and
Sobolev spaces(asdescribedearlier) for a suitablerangeof the smoothnessparameter. In the
context of elliptic equations,� is typically someSobolev space��Ù ��Ú ÙF >Û �  �» £-£ . In this case
theabove assumptionsaresatisfiedwhenever thewaveletsaresufficiently smooth,with

Ç ÄWÓ Ä �Ü ¼yÝ Ä Ý Ù . For instance,when ¦ �ßÞfà
, onehasá �}â

.
If wewrite theunknown solution ¨ andtheright handside

©
in termsof theirwaveletbases

we obtainan infinite systemof equations.After preconditioningusingthe matrix ã , we obtain
from (7.5)thesystemof equations:

Ç°­ ¦�¿ ¡ ¿ ® Â ÇÖÇ ¼%¹ Á��äÇ°­�©�¡ ¿ ® Â ¡(7.8)

or morecompactly, åQæ �äçU¡
(7.9)

where å �c��Ç°­ ¦�¿ ¡ ¿ ® Â Ç3¡ æ �c�äÇ ¼%¹ Á�¡�çè�c�äÇ°­�©�¡ ¿ ® Â ªvé �  �ê £(¤(7.10)
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Thematrix ö is symmetricpositive definite.
Onecanshow thatin all classicalsettingsfor elliptic problems,thematrix ö satisfiescertain

sparsityconditions.Thesearisefrom thefactthat
÷Åø%ù>ú û¢üBú ýDú ûþú ÿ��������	� û ü�
 � û
� ���� ÷Åøyú ú ûþú øyú û¢ü ú ú ������������� 
 ��� �!�hø#" 
(7.11)

with $&% �('W÷
and )&% �

and�*��� 
 � � ��+-,S÷/.1032 ùBú ûþú 4 ú û ü ú ÿ65#798!: � 8<;�=#= �>� û � 
 8<;#=#= �>� û ü �!�@?(7.12)

We refer the readerto [8] for a discussionof thevarioussettingsin which (7.11) is known to be
valid.

7.2 The numerical method

To numericallyresolve (7.4),weusetheGalerkinmethod.Wefix afinite set A of waveletindices
andapproximateB from thespaceC*D +-, 8!=�E6F �>� û +��HG A	I . TheapproximateGalerkinsolutionB D from C D is definedby theconditions

J � B D 
!K �L,M�ON 
!K ��PRQ ùTS�ÿ 
 K G C D ?
(7.13)

In matrix form, this is equivalentto solvingthefinite matrixproblem

öUDWVXD ,ZY D(7.14)

whereöUD is thefinite sectionof ö gottenby choosingtherows andcolumnsof ö corresponding
to A , VXD is theunknown vector(which determinesthewaveletcoefficientsof B�D ), and

Y D is the
vectorobtainedby restricting

Y
to A .

Thenumericalmethodstudiedin [4] proceedsasfollows. It startswith aninitial set A�[ of
waveletindices(onemaytake A [ ,]\

) andgiventhataset A_^ hasbeenchosen,it generatesanew
set A ^ ýa` with hoefullybetterapproximationproperties.

Let usdescribethetwo mainstepsfor determiningtheset A � , A ^ ýa` from A +-, A ^ which
work from thediscreteequations(7.9). Let VXD be thecurrentvectorsolutionto (7.14). We can
view VXD asa vectordefinedfor all

�bGZc
by defining V û ,ed

,
�bGZcgf A . Thenthe residualh D +-, ö � VjikV D �l,ZY i´ömV D hasnorm n h D n�o Q ù�pDÿ(7.15)

thatcan,by theellipticity assumptions,berelatedto thefunctionerror
n BmiqB�D n@r

. Notethat h D
vanisheson A . Theset A �

is obtainedasfollows. First, we enlarge A to a set sA containingA by
adjoiningthewaveletindicieswhereh D is large.Weadjoinafinite setof vertices sA f A sothatthis
setcapturesat leasthalf of theenergy of h D . We next solve theGalerkinproblemon thenew setsA resultingin thenew vector VutD . Weexaminetheentriesin VutD andput into A �

only thoseindices
whosekeeparesufficiently large.Thisstepcanbeviewedasthesholdingtheentriesin VvD .

In practice,thealgorithmis implementedby choosingan wx% d
andan initial set A�[ and

generatingsetsA_^ , y ,z� 
 ÷ 
{
 ?{?{? , until theerror tolerancew is guaranteed.Note that theerrorat
any givenstageis upperboundedby afixedmultiple of thenormof theresidual.

ESAIM: Proc., |�}@~����@� , ������� , ���<�������
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7.3 Performanceof the algorithm

Theresultsin [4] show that theabove algorithmhasoptimalperformancein thefollowing sense.
Supposethat the solution � to (7.4) canbe approximated(in the energy norm) with � wavelets
termsto accuracy �#��� ���������_���{� ���M�����(�{�{�{���(7.16)

with � anabsoluteconstant.Then,for each�¡ ¢� , theabove numericalalgorithmwill generate
anapproximation��£¥¤ with

¦ �¨§&� £¥¤ ¦�© �«ª¬�®­¯���°(7.17)

with ­ °²± �®³²´ ° thecardinalityof ´ ° . Moreover, thenumberof arithmeticoperationsnecessary
to find ´ ° andto compute� £¥¤ will not exceedª¬­ ° . Thenumberof sortingoperationsnecessary
in thethresholdingportionof theabove algorithmdoesnotexceedªµ­ °�¶�·6¸ ­ ° .

Theproof of this resultis nontrivial andwe shallonly mentiona few of thekey ingredients
in theproof in thefollowing remarks.

Remark 1. Capturingat leasthalf of theenergy in theresidual¹ £ guaranteesthat thenew
Galerkinsolutionon º´ reducestheerrorby afixedfactor »m¼½� :

¦ �¨§&��¾£ ¦@¿ �À» ¦ �¨§&� £ ¦@¿ �(7.18)

Thisresultwouldlead,in andof itself (without thresholding),to aconvergentalgorithmbut would
not sufficiently controlthenumberof entriesin thesets º´ ° .

Remark 2. In numericalimplementationof thealgorithm,it is necessaryto limit thesearch
for the entrieswhich needto be adjoinedto ´ in order to obtain º´ . Herethe sparsenessof the
matrix Á playsacrucialrole.

Remark 3. The thresholdingstepwhenemployed with the correctthresholdreducesthe
numberof elementsusedin theapproximationwithoutseriouslyeffectingtheerror. This is proved
by establishingageneralresulton thresholding.

Remark 4. To boundthenumberof arithmeticoperationsrequiresfastmethodsfor multi-
plying a sparsematrix Â ( in our caseÂÃ�¢Á ) with a sparsevector Ä (in our caseÄÅ�MÆ £ ) (see
[4] for theinterestingmethodto do this).
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