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On the stability of viscousboundary layers

EmmanuelGrenier

Résune. L'objet del'expos estde présentequelquegsésultated’instabilité d’écoulements
decisaillementpourleséquationgi’Euler et de Navier Stokesdesfluidesincompressibles.
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Abstract. Theaim of this talk is to presensomeinstability resultsfor shearflows for Euler
andNavier Stokesequations.

Keywords. Euler, Navier Stokes,Prandtl,stability

AMS subjectclassification. 35J,65N, 73C

1 Intr oduction

Let usconsiderthefollowing Navier Stokesequationdor incompressibldluids in aboundedwo
dimensionnatiomainQ C R?

1) o’ + (u”.V)u" —vAu” 4+ Vp” =0,
(2) Vv =
(3) w=0 on o9

Theaim of this noteis to describehebehaior of u” asv — 0 in someparticularcasesThemain
openproblemis to know whethersolutionsu” of (1,2,3) (for instanceglobal regular solutions,
seg[9]) corverge (andin whatsense}o solutionsof the Eulerequationdor incompressibleédeal
fluids

4) ot + (uEV)uE + VpP =0,
(5) V.l =0,
(6) vPn=0 on 89,

wheren is the outernormalof 2. The main problemin this singularlimit is the changeof the
boundarycondition (3) — (6), and we expecta boundarylayer type behaior neard2. Note
thatif Q = R? then, upto regularity assumption®n u”, it is possibleto prove thatu” — uE,

for instancein L ( LLQ R2g? see| v]lwvcar mstanceg Note also that 533 is the “wo
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118 Onthestability of viscousboundarylayers

condition: corvergenceholdsif we replace(3) by curl v” = 0 or by Navier conditions[3]. In [2],
R.E. Caflischand Sammartingoroved convergencein smalltime for analyticinitial data. As we
will see,analyticity completlykills the underlyingphysicalinstabilities,thereforeit is necessary
to try to dismissthe analyticity assumptionandto work in Sobole type spaces.

We will focusouranalysison2 =T x R, (periodicin thez variable)or R x R, andon
particularsolutionsof Navier Stokesequationsnamelywe will studytheinviscid limit for shear
layer profiles,thatis for initial dataof theform

(7) ug(z,y) = (us(y/n),0)

whereus is somesmoothfunction which satisfiesus(0) = 0 and which hasa limit u., as
y — +oo, andwheren — 0 asv — 0 (in factwe will take n = /v). The formal analysis
is straightforvard. For suchinitial data,thesolutionof Navier Stokesequationu” (¢, z, y) is of the
form (us(t,y/n),0) whereu, satisfieghe heatequation
Orug — %Byyus =0,
n

with boundaryconditionu,(t,0) = 0. Note thatthe mostinterestingcasearisesfor n = /v.
Of courseu” — uf whereuf (t,z,y) = (u,0) in ary reasonableensgin ary normwhich
doesnot seethe changg(3) — (6)). Themain problemis to know whetherthis situationis stable
or not, thatis to know whethersmall perturbationsof the initial data(7) will remainsmall and
will leadto corvergenceto solutionsof Euler equationscloseto . This is true for analytic
perturbationg?2], but the situationis moreintricatedfor Sobole perturbationsNamelywe will
prove instability resultsin A for s > 2 for genuineNavier Stokesequationspearlyinstability in
L* upto anarbitrarlysmallforcingin Navier Stokesequationsandwill discusgheopenproblem
of L? instability,

Thefirst sectionis devotedto instability resultsfor inviscid sheadayers,the secondsection
to H* instability resultsfor Navier Stokes equations,and the last sectionto discussionon L?
issues.

2 Inviscid instability

It couldseemstrangeto begin the studyby throwing away the viscousterm,which a priori hasa
stabilizingrole. However, aswe will seein thenext sectionyviscositydoesnotimprove things,on
thecontraryit hasa paradoxabestabilizingole!

In this sectionlet u;, € C*°(R,) bea givenfunction,andlet U,(t, z,y) = (us(y),0) be
the correspondinghearlayer profile. Note thatU; is a stationnarysolutionof Euler equations.
LinearizedEulerequationsaroundU, are

(8) o + (Us. Vv + (v.V)Us + Vg = 0,
(9) V. =0,
(20) v.n =10 on o1,
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EmmanuelGrenier 119

Linearstabilityis avery old issueandLord Rayleighproved[10] thatif U, is anunstablesolution
of Eulerequationin the spectralsensgnamelythereexists an eigewvectorv andaneigewvalue A
suchthatwv exp(At) is solutionof (8,9,10)with Re A > 0) thenit hasaninflexion point (thereis a
pointy > 0 suchthatU! (y) = 0) andgave examplesof linearly unstableprofiles. This condition
is not sufficient for instability and hasbeenlater refinedby Fjortoft. Then spectralinstability
impliesnonlinearinstability

Theorem2.1 [5] in H?,[6] in L™ .
LetQ =T x Ry or R x R,. LetU, bea smoothshearlayer profile, unstablein the spectal

sense Thenit is also nonlinearly unstablein the following sense:for every s arbitrarly large,
there existsCy > 0, a family of solutionsu” of Euler equationsanda family of timesT™ sud that

[u"(0,.,.) = Uslla= — 0,
||uW(TW’ ) ) - Us||L°° Z CO,
[u™(T",.,.) = Usllr2 2 Co,
asn — 0.

For instanceus(y) = sin(y) exp(—y) leadsto a linearly and nonlinearlyunstableshear
layerprofile,whereasus(y) = 1 — exp(—y) leadsto alinearly andnonlinearlystableprofile (use
[1] for nonlinearinstability).

3 Viscouscase

3.1 Linear instability

Thesituationis moresubtlefor Navier Stokesequationssinceagainstry expectationtheviscous
term can have a destabilizingeffect. For instanceus(y) = 1 — exp(—y) is stablefor Euler
equationsput unstablefor Navier Stokesequationdor sufficiently smallviscosity This analysis
hasbeenfulfilled at the beginning of the centuryby Tollmien [4], who proved that any shear
layerprofileis linearly unstablefor sufiiciently smallviscosity More preciselylet usconsiderthe
following linearizedNavier StokesequationsaroundUs

(11) O+ (Ug. Vv + (v.V)Us — vAv + Vg =0,
(12) V. =0,
(13) v=20 on o90.
Let
Re=v"!

bethe Reynoldsnumber If we introducea streamfunctionfor v andtake its Fouriertransformin
thex variable,we areleadto look for solutionsof theform

v(t,z,y) = exp(ikz) ( —;I;cl\(lf’(f,)y) > .
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120 Onthestability of viscousboundarylayers

Thespectrunof (11,12,13)is thusobtainby looking at solutionsof the form

— oxn(i '(y)
(14) v(t,z,y) = exp(ik(xz — ct)) ( _ikU(y) )
which leadsto the classicalOr-Sommerfeldequations
(15) —(ikRe) ™' (32 — k*)*T + (us — ¢)(0] — k*)¥ = o]

with boundaryconditions¥(0) = ¥/(0) = lim, o ¥ = 0. Asv — 0, Orr Sommerfeldequation
canbestudiedasa viscousperturbatiorof Rayleighequation

(16) (us — ¢)(0; — k)T = W

with boundaryconditions¥(0) = lim,. ¥ = 0. Rayleighequationcan also be obtainedby
looking for solutionsof linearizedEulerequationg8) of theform (14). Two casesrisedepending
onwhether(u(y), 0) is spectrallystablefor Eulerequationgr not.

3.1.1 Unstableinviscid profiles

If (us(y),0) is spectrallyunstablefor Euler equationsthereexists ¢, k¥ and ¥ solutionsof (16)
with Im¢ > 0. As ¥’(0) hasno reasonto be zero,a boundarylayer appearsieary = 0 in the
solutions¥” of Orr Sommerfeldequation(15). As v5(0) = 0, the equationof this layeris

(ikRe)™' 0,0’ = —co; 1"

andits sizeis of orderRe~'/2. A simpleperturbatie analysishenshavsthatfor Re largeenough
thereexistsasolutione,, k and¥,, of (15)with ¢, — ¢ andwith

j=0 j=0

Thisimpliesin particularthat(vs(y), 0) is linearly unstableatsuficiently large Reynoldsnumbers.
Note the boundarylayer behaior of U”. Moreover the growth rate of the mostunstablemode
cornvergesto the growth rate of the mostunstablemodeof Rayleighequation(which is positive)
as Re goesto infinity.

3.1.2 Stableinviscid profiles

The casewhere(vs(y), 0) is spectrallystablefor Euler equationss more subtlesincewe have
to perturbethe essentiabpectrumof (16), which consistsof a part of the real axis. Namely Orr
Sommerfeldequationis a very singularperturbatiorof Rayleighequationf ¢ € R andliesin the
rangeof us. Letc € R andlet y. suchthatus(y.) = ¢. Thenaty,, (16) hasa singularpoint.
By classicalFuchstheorythereexists a smoothsolution ¥y of (16) which vanishesat y., anda
singularsolution ¥, which hasa logarithmicbranchaty.. Whenwe addthe viscosityandtry to
constructa solution of (15) startingfrom a solutionof (16) without taking careof the boundary
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EmmanuelGrenier 121

conditions,we arein big troublesfor ¥,, (it is straightforvard for ¥'1). Aroundy,. appears layer
(calledcritical layer)of size(kRe) /3, of equationof theform

whereY = (kRe) /3(y — y.) andits solutionsinvolve Airy’ s functions,which leadsto very
heary computationsMoreover, aspreviously, theboundaryconditionschangerom Orr Sommer
feld to Rayleigh,thereforea boundarylayer appearsieary = 0, of sizeof order(kRe)~'/2. In
somecaseghis layerandthecritical layerarenot separated.

Theresultis thatprovidedu/,(0) # 0 andu”(0) # 0 (elsethe situationis technicallyeven
worse),thereexistsv, > 0 suchthat(11,12,13)s linearly stableif v > v, andlinearly unstabldf
v < v.. Moreover the growth rateof the mostunstablemodebehaeslike Re /2 asRe goesto
infinity. Thisleadsto

Anyshearflowis linearly unstableat suficiently large Reynoldsnumber

3.2 Nonlinear instability in H* norm of shearlayers

Startingfrom this linear instability we can shav that shearlayer profiles are very sensitve to
arbitrarly small and smoothperturbationsyhich leadsto instability resultsin strongnorm. Let
us startfrom a smoothshearayer profile us suchthat (us(y),0) is a spectrallyunstableprofile
for Eulerequationsandlet usstudythe behaior of (us(y/+/v),0) for (1,2,3). Thefirst stepis to
rescalespaceandtime in orderto dealwith afixedprofile. Letz = z/\/v, § = y//v, t = t/\/v.
In thesenew variables,Navier Stokes equationsare unchangedgxceptthe viscousterm which
turnsto /vA. We will forgetthetildesfrom now on.

Thenthereexistsasolutionof (8,9,10)of theform v(t, z,y) = exp(ik(z —ct))v(y) (Where
¥ is asmoothvectorvaluedfunction)with Im ¢ > 0, anda family of solutionsof (11,12,13)with
viscosityr'/2 of theform v” (¢, z,y) = exp(ik(z — ¢,t))#” (y) wherec, — ¢ andwherev” is of

theform S o
o~ SV () 3 ()
J20 720

wherev™0 = y andwherev®? is notidentically zero (boundarylayer). Let N and M be two
largeintegers.Letd = vM. Startingfrom v” we canconstructisequencef approximatesolutions
of (11,12,13)

N N
(17) u®PP(t,2,y) = (us(t,y),0) + 6 Y Vo™ (t,z,y) +8 Y V7o (8,2, y/v) +cec.

J=0 Jj=0

(c.c. standsfor “complex conjugate” andw3(0, .,.) = u*™I(.,.), andsimilarly for u®7) in the
sensdhatu? is divergencefree, satisfieshe boundaryconditionsand

OuP + (uPPN)uPP — \JuAuPP + Vp™P = v MyN/A—4 gy

where||R¥(t, .,.)||> < Ce“°t for someconstanCy. Now let u” bethesolutionof Navier Stokes
equationswith viscosity+/v andinitial datau®?(0, .,.). Letv” = u” — uP which satisfies

v’ + (W V)’ + (v V)u®? — oA’ + Vg¥ = —pMTN/A-4 gy
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122 Onthestability of viscousboundarylayers

togethemwith divergencefree andboundaryconditions.A simple L? estimategives

v|2 v|2
at/ |’U2| +\/;/|va|2 < (1+||V'U/app||Loo)/|,U2‘ +U2M+N/2—2/|RV|2,

which, using(17) gives

|v”|? M, —1/4 |v¥ > 2M+N/2-2 V(2
(18) o 5 < C(l + vV exp(k Imct)) - +v |RY|*.

This enegy estimatds usefullaslongas1 + vMv~1/4 exp(k Im ct) remainsboundedthatis as
longas

(19) t<T, = (M—%) 1

logv™

kImce "’
After thistime, it is uselessandwe completlyloosethe controlon«”. If we stopat T, thenu PP
is of theform

ulPP — (us(y),()) + V1/4,Uint,0(y) + V1/4’Ub’0(y/1/1/4) +ece + O(V1/2).
Thisleadsto thefollowing result,goingbackto theinitial coordinates

Theorem 3.1 Nonlinearinstability in H?2 [7].

Let (us(y),0) bea smoothboundarylayer profile, unstablefor Euler equations.Let us(¢,y) be
the solution of the heatequationwith Dirichlet boundarycondition. Then(us(t,y/+/v),0) is a
nonlinearlyunstablesolutionof Navier Stoles equationswith viscosityr in the following sense:
for everys and N arbitrarly large, ther existsa constantCy > 0, a sequencef timesT;, and of
solutionsu” sud that

[u”(0,.,.) = (us(y/vv),0)llms <V,
(T, .,.) = (us(T”, y/ V), 0)l g2 — +oo,
[ (T,.,.) = (us(T*,y/v/¥),0)l| > > Cor*/?.
T8 =0
asv — 0.

This theoremhasseveral consequenceskFirst it gives examplesof unstablesolutionsof
Navier StokesequationsSecondt saysthatit is impossibleto getanasymptoticexpansiorof the

form
Y(t,z,y) ~ Z\/ljjummtxy +Z 7 uPI (t, z,y/\/v)

J>0 7>0
for solutionsu” of (1,2,3)asv — 0, in H® for s > 2. It evensaysthatwe cannot expectthat

u!(t,2,y) = u"M (8, 2,y) + w8 2, y/VP) + o) e

whereuf®er is solutionof Eulerequationsandu?’ describesa boundarylayertype behaior of
u”. Notethatthereis alsono hopeto getasymptoticexpansionof thattypeevenif wereplace,/v

ESAIM: Proc.,Vol. 11, 2002, 117-126



EmmanuelGrenier 123

by anotherboundaryayerscale. This theoremalsodescribegpreciselywhathappensa sublayer
of sizev3/* appearsieartheboundaryinsidethe classicak'/2 layer

Notethatin theinitial ¢, z,y variablesthe instableperturbationshave a very high spatial
frequeny, of order1/,/v. Therefore provided we multiply themby somepower of v they can
be madeassmallaswe wantin Sobole spacesatt = 0. However in analytictype spacesthis
not sufiicient to keepthemboundedandwe have to multiply themby someexp(—1/+/v) factor
In this caseinstability appearsfteratime of orderO(1) sincethey have an exponentialgrowth.
This leavesthe placefor a corvergenceresultin analyticspaceswhich wasdonein [2].

3.3 Nonlinear instability resultin L*®

As we loosecontrolon the L2 normof u¥ — u®P becausef very large gradientsn the sublayer
it is very difficult to obtain instability resultsin lower norms. To go further we will allow a

small force term in Navier Stokes equations. More preciselywe can constructa very accurate
approximatesolution, but this solution is unstable,thereforeit is uselesgo try to get enegy

estimatesTo usethis approximatesolutionwe simply definetheforce f* asbeingtheremainder
term R”. Now the approximatesolutionis atrue solutionof Navier Stokesequationwith source
termR” | Thisleadsto

Theorem 3.2 “Almost” nonlinearinstability in L*° with forcing.

Let (us(y),0) bea smoothboundarylayer profile, unstablefor Euler equations.Let us(t,y) be
the solutionof the heatequationwith Dirichlet boundarycondition. Then(us(t,y/+/v),0) is a
nonlinearlyunstablesolutionof Navier Stoles equationswith viscosityv in the following sense:
for everys and N arbitrarly large andfor o > 0 arbitrarly small,there existsa sequenceftimes
T,, asequencefforcesf” andasequencef solutionsu” of NavierStolesequationswith forcing
term f¥

o’ + (u”.V)u” — vAu” + Vp” = f¥,

sud that
[ (0;,.) = (us(y/Vv),0)|lus < vV,
1f* [ oo (o,77), 25) < v,
[ (T",-,.) — (us(T”,y/VV),0) || > v,
T =0
asv — 0.

This theoremalmostgivesaninstability resultin L°°, but thetrick fails in proving genuineL®
instability.
4 Openproblems: L? issues

4.1 Aresultof T. Kato

In awonderfullpaper T. Kato [8] proved
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124 Onthestability of viscousboundarylayers

Theorem4.1 T. Kato[8].
Let 4 be a smoothsolution of Euler equationin a boundeddomain. Letu” be a sequencef
solutionsof Navier Stolesequationssud that

|lu”(0,.,.) —u(0,.,.)||,2 — 0.

Thenu” — w in L ([0, T], L?(£2)) if andonlyif for everyC > 0,

T
,,/ / Va?|2dzdt — 0
o Jd@09)<cv

asv — 0.

The principle of the proof is to constructan approximatesolutionu®? of Navier Stokes
equationstartingfrom u andaddingaboundaryayerof sizev, withouttakingcareof its equation,
sincethe boundarylayer hasa negligible L? enegy. Note thatthe integral over the dissipation
holdsover astripd(z,99Q) < Cv andnot C/v: T. Kato addsboundarylayersof sizev andnot
of theclassicakize/v.

A classicalpoint of view is thatasthe boundarylayer becomesnstable,it splits from the
boundaryentersnto thedomainandprobablydisturbsit completly Kato’sresultleadsto achange
of point of view: if we wantto prove thatsolutionsof Navier Stokesequationsio not corvergeto
solutionsof Eulerequationsn L>(L?), insteadof trying to prove thatthe boundarylayer splits
from the boundary(which is almosthopelesssincein ary casethe enegy of the boundarylayer
is nggligible), we have to try to prove thatsomethingoadhappensat a distancer of theboundary
Henceinsteadof looking at distancedarge with respectto /v~ we have to look at smallerand
smallerdistancesnearerandnearerthe boundary

4.2 Toward aboundary layer cascade?

As describedn the previous sectionsif we startwith aninitial layer of size /v, a sublayerof

sizev3/* appearsn timesof orderT; = /v. Theanalysisof section3.2 thenstopswhenlarge

gradientsappeain thissublayer With asmallforcein section3.3wewereableto goalittle further
in time. If we look carefully at whathappenghen,we seea disturbedflow of size/v (unstable
initial boundarylayer) anda sublayerof typical length»?/* andof amplitudealmostO(1). The

gradientsin this layerarethenof orderalmostO(v—3/4). Let usintroducethe Reynoldsnumber
Re, of this sublayer(productof its sizeby thetypical velocity, dividedby theviscosity). It equals

Rey = M — /4
124

andthereforegoesto +o0o asv goesto 0. Henceprovided v is smallenoughthe sublayelis itself
linearly unstable An arbitrarlysmallwell chooserforcecanthendestabilizet, within timesmuch
smallerthanthetime scaleT;, andwe canreproducehe analysisof the previous sections.This
againcreates subsublayeof sizeRe;1/2u3/4 = 7/8, Thisconstructioris linkedto thesocalled
“triple deck”.
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EmmanuelGrenier 125

Reproducingheorem3.2 we caniteratedthe construction A sequencef boundaryayers

of sizes
oN 4

v 2N

appearsuccessiely, a sequencef sizeswith preciselytendsto v in link with T. Kato’s theorem.
More preciselythe constructioncan be iteratedas soonas the N** Reynolds numberis large
enough thatis until 2" ~1)/2" = Cv, whereC is of order100. For a givenv thereareonly a
finite numbersf boundarylayers,of order

log(li)gg}é?)/log 2.

Thereforethetriple deckappearsit Reynoldsof order10'2, thefourth layerat Re ~ 10%* andthe
fifth at Re ~ 10*® which seemsatherunphysicaReynoldsnumbers.

At the endof this formal constructionwe get a sequenc®f approximatesolutionsanda
timeT” suchthatatT”

| Vu®?|2de < ——.
log v

/d(m,GQ)SC’V logyv—1
Notethelog factorwhich differsfrom Kato’s criterium (in additionto thetime integral of course).
Thisindicateghatif corvergenceholdstrue, it is notavery fastone,only as(log v) ~*.

4.3 Physicalmeaning

The previous constructionis ratherunphysical,sinceto get three sublayerswe have to go to
Reynoldsnumbersof order10'? andevenmore,whichis physicallynotrealistic. Thisin particu-
lar meanghatinterestingmathematicabehaiour appearcontinuouslyasthe Reynoldsincreases
to infinity. To handlethis mathematicatompleity is necessaryf we wantto getcorvergence or
noncornvergencein L2. However, it is far from thebehaior of realfluids! To sumup, thephysics
liesin large but nothugeReynoldsnumber

In facttheorem3.2 describeshetransitionbetweerthelaminarPrandtlboundarylayerand
turbulent phenomenaa transitionwhich occursfor Reynoldsof order 106 or 107 andwhich has
beenobsered for a long time. Note alsothat Kato criterium is linked to the viscoussublayer
consideredn thetheoryof turbulentboundarylayers(log laws for instance).
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