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On the stability of viscousboundary layers
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Résuḿe. L’objet del’expośe estdeprésenterquelquesrésultatsd’instabilité d’écoulements
decisaillementpourleséquationsd’Euler et deNavier Stokesdesfluidesincompressibles.

Mots clés. Euler, Navier Stokes,Prandtl,stabilit́e

Abstract. Theaim of this talk is to presentsomeinstability resultsfor shearflows for Euler
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1 Intr oduction

Let usconsiderthefollowing Navier Stokesequationsfor incompressiblefluids in aboundedtwo
dimensionnaldomain ���������� �"!$#&%'�(!�)+*-,.�(!0/21435�(!6#7*98"!9:&;=<
(1) *>)?� ! :&;=<
(2) � ! :�;

on
� � )

(3)

Theaimof thisnoteis to describethebehavior of
� !

as
1A@B;

in someparticularcases.Themain
openproblemis to know whethersolutions

� !
of (1,2,3) (for instanceglobal regular solutions,

see[9]) converge (andin whatsense)to solutionsof theEulerequationsfor incompressibleideal
fluids ��� �"CD#&%'�(C6)+*-,.�"CD#7*98"CE:�;=<
(4) *F)?� C :�;=<
(5) �(C6)?GH:�;

on
� � <

(6)

where
G

is the outernormalof � . The main problemin this singularlimit is the changeof the
boundarycondition (3)

@
(6), and we expect a boundarylayer type behavior near

� � . Note
that if � : ��� then,up to regularity assumptionson

� C
, it is possibleto prove that

� ! @I� C
,

for instancein JLKMONQP %�R ;=<�#TSURV< J � % � � ,�, (see[8] for instance). Note also that (3) is the “worst”
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118 On thestability of viscousboundarylayers

condition:convergenceholdsif we replace(3) by curl W"X�Y�Z or by Navier conditions[3]. In [2],
R.E.CaflischandSammartinoprovedconvergencein small time for analyticinitial data. As we
will see,analyticitycompletlykills theunderlyingphysicalinstabilities,thereforeit is necessary
to try to dismisstheanalyticityassumption,andto work in Sobolev typespaces.

We will focusour analysison [\Y&]_^D`9a (periodicin the b variable)or `c^H`�a andon
particularsolutionsof Navier Stokesequations,namelywe will studytheinviscid limit for shear
layerprofiles,thatis for initial dataof theformW Xdfe bhg�ikjLY e W(l e ikmon4j�g�Z�j(7)

where W(l is somesmoothfunction which satisfiesWpl e Z�jqYIZ and which has a limit W(r asi�s tTu , andwhere n�s Z as v�s Z (in fact we will take n�YBw v ). The formal analysis
is straightforward. For suchinitial data,thesolutionof Navier StokesequationW X e'x g�bhg�ikj is of the
form e W(l e'x g�i4monkj�g�Z�j whereWpl satisfiestheheatequationy{z W l}| vn=~ y{��� W l Y�Z=g
with boundarycondition W(l e'x g�Z�jAY�Z . Note that the most interestingcasearisesfor n�Y�w v .
Of courseW(XHs W"� where W(� e'x g�bhg�ikj5Y e W(r�g�Z�j in any reasonablesense(in any norm which
doesnot seethechange(3) s (6)). Themainproblemis to know whetherthis situationis stable
or not, that is to know whethersmall perturbationsof the initial data(7) will remainsmall and
will lead to convergenceto solutionsof Euler equationscloseto W(� . This is true for analytic
perturbations[2], but thesituationis moreintricatedfor Sobolev perturbations.Namelywe will
prove instability resultsin � l for ����� for genuineNavier Stokesequations,nearlyinstability in� r upto anarbitrarlysmallforcing in Navier Stokesequationsandwill discusstheopenproblem
of

� ~ instability.
Thefirst sectionis devotedto instability resultsfor inviscid shearlayers,thesecondsection

to � l instability resultsfor Navier Stokes equations,and the last sectionto discussionon
� ~

issues.

2 Inviscid instability

It couldseemstrangeto begin thestudyby throwing away theviscousterm,which a priori hasa
stabilizingrole. However, aswewill seein thenext section,viscositydoesnot improve things,on
thecontraryit hasaparadoxaldestabilizingrole !

In this sectionlet W(l���� r e `�a�j be a given function,andlet ��l e'x g�bhg�ikjTY e W(l e ikj�g�Z�j be
the correspondingshearlayer profile. Note that �}l is a stationnarysolutionof Euler equations.
LinearizedEulerequationsaround�}l arey z � t e ��l��+�Aj � t e � �+�-j���l�t7���TY�Z=g(8) �>� � Y�Z=g(9) � �?��Y�Z on

y [9g(10)
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EmmanuelGrenier 119

Linearstability is averyold issueandLord Rayleighproved[10] thatif ¢�£ is anunstablesolution
of Eulerequationin thespectralsense(namelythereexistsaneigenvector ¤ andaneigenvalue ¥
suchthat ¤§¦�¨=©hª�¥k«�¬ is solutionof (8,9,10)with ­$¦®¥D¯�° ) thenit hasaninflexion point (thereis a
point ±�²\° suchthat ¢0³ ³£ ª'±4¬µ´U° ) andgave examplesof linearly unstableprofiles.This condition
is not sufficient for instability and hasbeenlater refinedby Fjortoft. Then spectralinstability
impliesnonlinearinstability

Theorem 2.1 [5] in ¶H· , [6] in ¸L¹ .
Let º»´½¼¿¾ÁÀ9Â or ÀÃ¾ÄÀ9Â . Let ¢�£ be a smoothshearlayer profile, unstablein the spectral
sense. Thenit is also nonlinearlyunstablein the following sense:for every Å arbitrarly large,
thereexists Æ§Ç0¯�° , a familyof solutionsÈ�É of Eulerequationsanda familyof times¼ÊÉ such thatË È É ªÌ°=Í�Î�Í�ÎO¬}Ï7¢�£ Ë�ÐµÑÓÒ °=ÍË È É ªÔ¼ É Í�Î�Í�ÎO¬}Ï7¢�£ Ë�ÕfÖ ²\Æ§Ç×ÍË È É ªÔ¼ É Í�Î�Í�ÎO¬}Ï7¢�£ Ë ÕfØ ²\Æ§Ç×Í
as Ù Ò ° .

For instanceÈ £ ª'±4¬>´ÛÚ�ÜÞÝ�ª'±4¬ß¦�¨f©®ªQÏ$±k¬ leadsto a linearly andnonlinearlyunstableshear
layerprofile,whereasÈ(£oª'±k¬µ´áà6ÏÄ¦�¨f©®ªQÏ$±k¬ leadsto a linearlyandnonlinearlystableprofile (use
[1] for nonlinearinstability).

3 Viscouscase

3.1 Linear instability

Thesituationis moresubtlefor Navier Stokesequations,sinceagainstany expectation,theviscous
term can have a destabilizingeffect. For instanceÈp£âª'±4¬E´ãà�Ïä¦�¨f©åªQÏ$±4¬ is stablefor Euler
equations,but unstablefor Navier Stokesequationsfor sufficiently smallviscosity. This analysis
hasbeenfulfilled at the beginning of the centuryby Tollmien [4], who proved that any shear
layerprofile is linearlyunstablefor sufficiently smallviscosity. Morepreciselylet usconsiderthe
following linearizedNavier Stokesequationsaround¢ £æ{ç ¤Tè&ª.¢}£�Î+é-¬.¤Tè&ª'¤�Î+éA¬�¢�£µÏ2ê4ë5¤�è7é�ì�´�°=Í(11) é>Î?¤�´�°=Í(12) ¤�´�° on

æ º9Î(13)

Let ÀTí0´&ê(î�ï
betheReynoldsnumber. If we introduceastreamfunctionfor ¤ andtake its Fouriertransformin
the ð variable,weareleadto look for solutionsof theform¤(ª'«�Í�ðåÍ�±4¬µ´\¦�¨=©hª'ñ.òfð�¬ ó ô ³Ìª'«�Í�±k¬Ï$ñ.ò ô ª'«�Í�±k¬öõ Î

ESAIM: Proc.,÷�ø�ù�ú�û�û , ü�ý�ý�ü , û�û�þ�ÿ�û�ü��



120 On thestability of viscousboundarylayers

Thespectrumof (11,12,13)is thusobtainby looking atsolutionsof theform

�������
	��
��
�����������������	������



! "$# ����
�%�&� " ���'
)(+*(14)

which leadsto theclassicalOrr-Sommerfeldequations�,������-/.0
�1�23�54768 �9��6:
&6 "<; ��=�>?���@
��54768 �9��6A
 " � " � # #>(15)

with boundaryconditions" �CBD
E� " # �CBD
E�GFIHKJML�N " �GB . As OQP B , Orr Sommerfeldequation
canbestudiedasaviscousperturbationof Rayleighequation��=R>?���@
��54S68 �T��6@
 " � " � # #>(16)

with boundaryconditions " �CBD
��UFKHIJVL�N " �WB . Rayleighequationcanalsobe obtainedby
lookingfor solutionsof linearizedEulerequations(8) of theform (14). Two casesarisedepending
on whether��= > ����
X�YBD
 is spectrallystablefor Eulerequationsor not.

3.1.1 Unstableinviscid profiles

If ��= > ����
X�YBD
 is spectrallyunstablefor Euler equations,thereexists � , � and " solutionsof (16)
with Z J[��\]B . As " # �CBD
 hasno reasonto be zero,a boundarylayer appearsnear �^�_B in the
solutions"a` of Orr Sommerfeldequation(15). As �b>3�CBD
���B , theequationof this layeris���&��-/.3
 1�2 47c8 "ad �G�e�:4 68 "fd
andits sizeis of order -/. 1�2�gh6 . A simpleperturbativeanalysisthenshowsthatfor -/. largeenough
thereexistsasolution � ` , � and " ` of (15)with � ` P � andwith

" `fikjl@m7n O l "$oqp3rCs l ���'
 ; jl@m7n O l "fd&s l �C-/. 2�gh6 ��

Thisimpliesin particularthat ���b>3���'
X�YBD
 is linearlyunstableatsufficiently largeReynoldsnumbers.
Note the boundarylayer behavior of "a` . Moreover the growth rateof the mostunstablemode
convergesto thegrowth rateof themostunstablemodeof Rayleighequation(which is positive)
as -/. goesto infinity.

3.1.2 Stableinviscid profiles

The casewhere ��� > ����
X�YBD
 is spectrallystablefor Euler equationsis moresubtlesincewe have
to perturbetheessentialspectrumof (16), which consistsof a partof the realaxis. NamelyOrr
Sommerfeldequationis a very singularperturbationof Rayleighequationif �/tu- andlies in the
rangeof =�> . Let �vtw- andlet �bx suchthat =�>3���bxY
,�y� . Thenat �bx , (16) hasa singularpoint.
By classicalFuchstheorythereexists a smoothsolution " 2 of (16) which vanishesat �bx , anda
singularsolution " 6 which hasa logarithmicbranchat � x . Whenwe addtheviscosityandtry to
constructa solutionof (15) startingfrom a solutionof (16) without taking careof theboundary

ESAIM: Proc.,z7{�|~}���� , ������� , ���
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EmmanuelGrenier 121

conditions,we arein big troublesfor �a� (it is straightforward for �,� ). Around �b� appearsa layer
(calledcritical layer)of size �5���/�0��� ���h� , of equationof theform�5� ��+�T� �h� �� �k�w���
where � ���5���/�3� � ���h� ��� � �b��� andits solutionsinvolve Airy’ s functions,which leadsto very
heavy computations.Moreover, aspreviously, theboundaryconditionschangefrom Orr Sommer-
feld to Rayleigh,thereforea boundarylayerappearsnear ����� , of sizeof order �5���/�3��� ���h� . In
somecasesthis layerandthecritical layerarenot separated.

Theresultis thatprovided �S� A�C�D�¢¡�G� and �7� � D�C�D�M¡�G� (elsethesituationis technicallyeven
worse),thereexists £¤�¦¥<� suchthat(11,12,13)is linearlystableif £§¥¨£¤� andlinearlyunstableif£ª©«£ � . Moreover thegrowth rateof themostunstablemodebehaveslike �/� � ���h� as �/� goesto
infinity. This leadsto

Anyshearflow is linearly unstableat sufficiently large Reynoldsnumber.

3.2 Nonlinear instability in ¬   norm of shearlayers

Startingfrom this linear instability we can show that shearlayer profiles are very sensitive to
arbitrarly small andsmoothperturbations,which leadsto instability resultsin strongnorm. Let
us startfrom a smoothshearlayer profile �   suchthat ���   ���'�X�Y�D� is a spectrallyunstableprofile
for Eulerequations,andlet usstudythebehavior of ���   ����­D® £��X�Y�D� for (1,2,3).Thefirst stepis to
rescalespaceandtime in orderto dealwith afixedprofile. Let ¯° � ° ­D® £ , ¯�)����­D® £ , ¯± � ± ­D® £ .
In thesenew variables,Navier Stokesequationsareunchanged,except the viscousterm which
turnsto ® £7² . Wewill forgetthetildesfrom now on.

Thenthereexistsasolutionof (8,9,10)of theform ³R� ± � ° �
�'����´�µ·¶¸��¹���� ° ��º ± �
�@¯³������ (where¯³ is a smoothvectorvaluedfunction)with »h¼ º ¥w� , anda family of solutionsof (11,12,13)with
viscosity £ ���h� of theform ³·½'� ± � ° �
�'�¾�w´�µ�¶���¹���� ° ��º ½ ± �
�@¯³·½������ where º ½À¿ º andwhere³Á½ is of
theform ³ ½fÂkÃÄ:Å7Æ ® £ Ä ³DÇqÈ0ÉCÊ Ä ������Ë ÃÄ:Å7Æ ® £ Ä ³ÁÌ&Ê Ä ����­¤£ ���&Í �
where ³ ÇqÈ3ÉCÊ Æ �Î³ andwhere ³ Ì&Ê Æ is not identically zero(boundarylayer). Let Ï and Ð be two
largeintegers.Let Ñf�Ò£�Ó . Startingfrom ³ ½ wecanconstructasequenceof approximatesolutions
of (11,12,13)

�SÔ�ÕYÕ'� ± � ° �
�'�¾�Ö���   � ± �
���X�Y�D��Ë9Ñ¨×ÃÄ�ØRÆ ® £ Ä ³ÁÇÙÈ0ÉCÊ Ä � ± � ° �
���RË9Ñ¨×ÃÄ�ØRÆ ® £ Ä ³·Ì&Ê Ä � ± � ° �
��­¤£ ���&Í ��Ë º0ÚÛº0Ú(17)

( º3ÚÛº0Ú standsfor “complex conjugate”,and � ÇqÈ3ÉCÊ Ä �C��� Ú � Ú �E�Ò� ÇqÈ0ÉCÊ Ä � Ú � Ú � , andsimilarly for � Ì&Ê Ä ) in the
sensethat � ÔÜÕYÕ is divergencefree,satisfiestheboundaryconditionsand� É � Ô�ÕYÕ ËÒ��� ÔÜÕYÕ ÚÞÝ ��� ÔÜÕYÕ � ® £�²M� ÔÜÕYÕ Ë Ý$ß ÔÜÕYÕ �Ò£ Ó £ × �&Í � Í � ½
where à��f½�� ± � Ú � Ú �Aà�á·âaãwä/�Aå�æ É for someconstantä Æ . Now let ��½ bethesolutionof Navier Stokes
equationswith viscosity ® £ andinitial data� ÔÜÕYÕ �C��� Ú � Ú � . Let ³ ½ ��� ½ � � ÔÜÕYÕ whichsatisfies� É ³ ½ ËÒ��� ½ ÚÞÝ ��³ ½ Ëk��³ ½ ÚÞÝ ���SÔ�ÕYÕ � ® £'²V³ ½ Ë ÝVç ½ � � £ ÓVè × �&Í � Í � ½

ESAIM: Proc.,é7ê�ë~ì�í�í , î�ï�ï�î , í�í
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122 On thestability of viscousboundarylayers

togetherwith divergencefreeandboundaryconditions.A simple ó¾ô estimategivesõDöÁ÷ùø úÁû�ø ôü ý¨þ ÿ ÷ ø �Mú û ø ô�� ��� ý�� �	��

��� ������� ÷ùø ú·û�ø ôü ý ÿ ô��	�����hô��7ô ÷ ø � û ø ô��
which,using(17) givesõDö ÷ ø úÁû'ø ôü �! �"� ý ÿ � ÿ ��#$�&%�')(�*,+.-0/&132�4�5 � ÷ ø úÁû�ø ôü ý ÿ ô��	�����hô��7ô ÷ ø � û ø ô�6(18)

This energy estimateis usefullaslong as
� ý¨ÿ � ÿ ��#$�&% ')(�*,+.-0/&132�4�5 remainsbounded,that is as

longas 4 �37 û98 �;:=< �> �@?BA"C ÿ ��#-0/D132 6(19)

After this time, it is uselessandwe completlyloosethecontrolon � û . If we stopat 7 û then � 

���
is of theform��
$��� 8 +E�GFH+EIJ5 ��K 5 ý ÿ #$�&% úMLON öQP R +EIJ5 ý ÿ #$�&% úTS P R +EIVU ÿ #$�&% 5 ý 2W6X2W6 ýZY + ÿ #$�hô 5[6
This leadsto thefollowing result,goingbackto theinitial coordinates

Theorem 3.1 Nonlinearinstability in \ ô [7].
Let +E� F +EIV5 ��K 5 bea smoothboundarylayer profile, unstablefor Euler equations.Let � F +E4 � IJ5 be
the solutionof the heatequationwith Dirichlet boundarycondition. Then +E� F +E4 � IVU þ ÿ 5 ��K 5 is a
nonlinearlyunstablesolutionof NavierStokesequationswith viscosityÿ in the following sense:
for every ] and ^ arbitrarly large, there existsa constant R`_ K , a sequenceof times7 û andof
solutions�Sû such that � � û + Ka� 6 � 6b5 < +E� F +EIVU þ ÿ 5 ��K 5 �[ced � ÿ �9�� � û + 7 û � 6 � 6b5 < +E�fFg+ 7 û � IJU þ ÿ 5 ��K 5 � cehji ý`k �� � û + 7 û � 6 � 6b5 < +E� F + 7 û � IVU þ ÿ 5 ��K 5 � �ah�l  R ÿ #$�hôW67 û i K
as ÿ i K .

This theoremhasseveral consequences.First it gives examplesof unstablesolutionsof
Navier Stokesequations.Secondit saysthatit is impossibleto getanasymptoticexpansionof the
form � û +E4 �nm�� IV5porqsut R þ ÿ s �vLON öQP s +E4 �nm�� IV5 ý qsut R þ ÿ s ��S P s +E4 �nmw� IJU þ ÿ 5
for solutions�Sû of (1,2,3)as ÿ i K , in \ F for ] l ü . It evensaysthatwe cannotexpectthat� û +E4 �nm�� IV5 8 �Gx�ygzb{
|�+E4 �nmw� IJ5 ý �G} � +E4 �nmw� IJU þ ÿ 5 ý�~ + ÿ #$�&% 5 �a�
where � x�yHz�{$| is solutionof Eulerequationsand � } � describesa boundarylayertypebehavior of� û . Notethatthereis alsonohopeto getasymptoticexpansionsof thattypeevenif wereplaceþ ÿ

ESAIM: Proc.,�v���B����� , �����)� , ���n���������



EmmanuelGrenier 123

by anotherboundarylayerscale.This theoremalsodescribespreciselywhathappens:a sublayer
of size �J���&� appearsneartheboundary, insidetheclassical�G�$�D� layer.

Note that in the initial ���n���n� variables,the instableperturbationshave a very high spatial
frequency, of order �g�M� � . Therefore,provided we multiply themby somepower of � they can
be madeassmallaswe want in Sobolev spacesat ����� . However in analytictypespaces,this
not sufficient to keepthembounded,andwe have to multiply themby some�)�a�w &¡¢�g�M� �v£ factor.
In this caseinstability appearsaftera time of order ¤¥ D�g£ sincethey have anexponentialgrowth.
This leavestheplacefor aconvergenceresultin analyticspaces,whichwasdonein [2].

3.3 Nonlinear instability result in ¦¨§
As we loosecontrolon the ©e� normof ªG«j¡¬ª�­$®�® becauseof very largegradientsin thesublayer,
it is very difficult to obtain instability resultsin lower norms. To go further we will allow a
small force term in Navier Stokes equations.More preciselywe canconstructa very accurate
approximatesolution, but this solution is unstable,thereforeit is uselessto try to get energy
estimates.To usethis approximatesolutionwe simply definetheforce ¯ « asbeingtheremainder
term °9« . Now theapproximatesolutionis a truesolutionof Navier Stokesequationwith source
term ° « ! This leadsto

Theorem 3.2 “Almost” nonlinearinstability in © § with forcing.
Let  Eªf±g E�V£[���M£ bea smoothboundarylayer profile, unstablefor Euler equations.Let ªf±g E���n�J£ be
the solutionof the heatequationwith Dirichlet boundarycondition. Then  EªG±H E�[�n�V� � �v£[���M£ is a
nonlinearlyunstablesolutionof NavierStokesequationswith viscosity� in the following sense:
for every ² and ³ arbitrarly largeandfor ´¶µ·� arbitrarly small,thereexistsa sequenceof times¸ « , a sequenceof forces̄ « anda sequenceof solutionsª « of NavierStokesequationswith forcing
term ¯f« ¹Mº ª «¨»  Eª «T¼�½ £$ª « ¡¶�V¾¿ª «@»3½�ÀG« �Á¯ « �
such that Â ª «  Q�a� ¼ � ¼ £Ã¡Ä Eªf±g E�V� � �v£[���M£ Â[ÅeÆ�Ç �VÈ9�Â ¯ « Â�ÉaÊjËÍÌ Î�Ï ÐGÑ�ÒBÏ ÅeÆ&Ó Ç � È �Â ª «   ¸ « � ¼ � ¼ £Ô¡Ä Eª ±   ¸ « �n�V� � ��£[���M£ Â É ÊÖÕ �J×G�¸ «�Ø �
as � Ø � .
This theoremalmostgivesan instability result in © § , but the trick fails in proving genuine© §
instability.

4 Openproblems: ÙÛÚ issues

4.1 A result of T. Kato

In awonderfullpaper, T. Kato [8] proved

ESAIM: Proc.,ÜvÝ�ÞBß�à�à , á�â�â)á , à�ànã�ä�à�á�å



124 On thestability of viscousboundarylayers

Theorem 4.1 T. Kato [8].
Let æ be a smoothsolutionof Euler equationin a boundeddomain ç . Let æGè be a sequenceof
solutionsof NavierStokesequations,such thaté æ èJêQëaì;íBì;íbîÔï æ êQëaì;íBì;íbî é�ð�ñ�ò ëaí
Thenæ è ò æ in óeô ênõ ëaìDö¨÷�ì ópø ê ç înî if andonly if for every ùûú ë ,

üjý¬þÿ ý�� ����� �	��

��� è é�� æ è é ø�������� ò ë
as ü ò ë .

The principle of the proof is to constructan approximatesolution æ������ of Navier Stokes
equationsstartingfrom æ andaddingaboundarylayerof size ü , withouttakingcareof its equation,
sincethe boundarylayer hasa negligible ópø energy. Note that the integral over the dissipation
holdsover a strip � ê � ì�� ç î � ù ü andnot ù"! ü : T. Kato addsboundarylayersof size ü andnot
of theclassicalsize ! ü .

A classicalpoint of view is thatastheboundarylayerbecomesinstable,it splits from the
boundary, entersinto thedomainandprobablydisturbsit completly. Kato’sresultleadstoachange
of point of view: if we wantto prove thatsolutionsof Navier Stokesequationsdo not convergeto
solutionsof Eulerequationsin ó ô ê ó ø î , insteadof trying to prove that theboundarylayersplits
from theboundary(which is almosthopelesssincein any casetheenergy of theboundarylayer
is negligible), wehave to try to prove thatsomethingbadhappensatadistanceü of theboundary.
Henceinsteadof looking at distanceslarge with respectto ! ü we have to look at smallerand
smallerdistances,nearerandnearertheboundary

4.2 Toward a boundary layer cascade?

As describedin the previous sectionsif we startwith an initial layer of size ! ü , a sublayerof
size ü$#�%'& appearsin timesof order ö)(+* ! ü . Theanalysisof section3.2 thenstopswhenlarge
gradientsappearin thissublayer. With asmallforcein section3.3wewereableto goalittle further
in time. If we look carefullyat whathappensthen,we seea disturbedflow of size ! ü (unstable
initial boundarylayer)anda sublayerof typical length ü,#�%'& andof amplitudealmost - ê/.gî . The
gradientsin this layerarethenof orderalmost - ê ü�0 #�%'& î . Let us introducetheReynoldsnumber132 ø of thissublayer(productof its sizeby thetypicalvelocity, dividedby theviscosity).It equals

132 ø * ü #�%'&34 .ü * ü 0 ( %'&
andthereforegoesto 536 as ü goesto ë . Henceprovided ü is smallenough,thesublayeris itself
linearlyunstable.An arbitrarlysmallwell choosenforcecanthendestabilizeit, within timesmuch
smallerthanthe time scaleö7( , andwe canreproducetheanalysisof theprevious sections.This
againcreatesasubsublayerof size

132 0 ( % øø ü,#�%'& * ü$89%/: . Thisconstructionis linkedto thesocalled
“triple deck”.
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Reproducingtheorem3.2we caniteratedtheconstruction.A sequenceof boundarylayers
of sizes IKJMLKNPOJ L
appearsuccessively, a sequenceof sizeswith preciselytendsto

I
in link with T. Kato’s theorem.

More preciselythe constructioncan be iteratedas soonas the QSRUT Reynolds numberis large
enough,that is until

I�VXW LZY\[^]`_ W Lbadc I
, where

c
is of order egfhf . For a given

I
thereareonly a

finite numbersof boundarylayers,of order

i@jhkZl i@jhknm3oi@jhk cqpBr i@jhkts�u
Thereforethetriple deckappearsatReynoldsof order egf [ W , thefourth layerat

m3owv egf W/x andthe
fifth at

m3owv egf x�y whichseemsratherunphysicalReynoldsnumbers.
At the endof this formal construction,we get a sequenceof approximatesolutionsanda

time zw{ suchthatat z|{ }
~ V���� ��� ]M��� {,���9��{ N�O��������^�����

W������ c
i@jhk I u

Notethe ����� factorwhichdiffersfrom Kato’scriterium(in additionto thetimeintegralof course).
This indicatesthatif convergenceholdstrue,it is notavery fastone,only as � iUjhk I�� Y\[ .
4.3 Physical meaning

The previous constructionis ratherunphysical,since to get threesublayerswe have to go to
Reynoldsnumbersof order egf [ W andevenmore,which is physicallynot realistic.This in particu-
lar meansthat interestingmathematicalbehaviour appearcontinuouslyastheReynoldsincreases
to infinity. To handlethismathematicalcomplexity is necessaryif wewantto getconvergence,or
nonconvergencein � W . However, it is far from thebehavior of realfluids ! To sumup,thephysics
lies in largebut nothugeReynoldsnumber.

In facttheorem3.2describesthetransitionbetweenthelaminarPrandtlboundarylayerand
turbulent phenomena,a transitionwhich occursfor Reynoldsof order egfh� or egf�� andwhich has
beenobserved for a long time. Note also that Kato criterium is linked to the viscoussublayer
consideredin thetheoryof turbulentboundarylayers(log laws for instance).
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