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Abstract. In order to model rarefied plasma flows under conditions where continuum assumptions
fail, a cooperation between IRS (Institute of Space Systems, University of Stuttgart), IAG (Institute
for Aerodynamics and Gas Dynamics, University of Stuttgart), HLRS (High Performance Computing
Center Stuttgart) and IHM (Institute for Pulsed Power and Microwave Technology, Research Center
Karlsruhe) has been formed. Within the project ”Modeling and Simulation on High Performance
Computers”, which is funded by the Landesstiftung Baden-Württemberg, a scheme for solving the
Boltzmann equation for rarefied, non-continuum plasma flows is under development, making use of
well known approaches from PIC (Particle in Cell) and DSMC (Direct Simulation Monte Carlo). The
modeling will be explained in some detail and required computational resources will be estimated.
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Introduction

While PIC (Particle in Cell) methods allow the modeling of charged particle movement within electromagnetic
fields, they do not usually take into account interactions between particles, i.e. collisions leading to energy and
momentum exchange as well as to chemical reactions. Since these interactions can play an important role for
the thrust and losses of electric propulsion systems, it is necessary to model them as well, using e.g. DSMC
(Direct Simulation Monte Carlo) techniques. A cooperation between IRS (Institute of Space Systems, University
of Stuttgart), IAG (Institute for Aerodynamics and Gas Dynamics, University of Stuttgart), HLRS (High
Performance Computing Center Stuttgart) and IHM (Institute for Pulsed Power and Microwave Technology,
Research Center Karlsruhe) has been formed to develop a hybrid PIC/DSMC scheme.

The main application for this scheme is the modeling of an instationary magnetoplasmadynamic (IMPD)
thruster, also known as pulsed plasma thruster (PPT). Within the small satellite program of the IRS, a lunar
satellite is under development. The satellite will be equipped with two electric propulsion systems. The main
propulsion system will consist of a cluster of IMPD thrusters. The duration of a single pulse is of the order of
8 μs. The current of about 30 kA allows an acceleration of the propellant mass bit leading to exhaust velocities
of about 12 km/s, i.e. a specific impulse of approximately 1200 s [26]. Due to the instationary operation and the
degree of rarefaction, no continuous partition function of the propelling plasma is to be expected.

A second application is the modeling of a combined electrodynamic tether/ electric propulsion (CETEP)
system proposed by ESA [28]. The thrust generated by a traditional electrodynamic tether is limited by its
current collection ability. TSS-1R (Tethered Satellite System), for example, was able to collect 0.3A at about
800V in flight using a passive metallic sphere. The PMG (Plasma Motor Generator) carried an active, i.e.
plasma ejecting contactor and collected approximately the same current under 130V bias [7]. For a coupled
system, the tether links an ion thruster and its neutralizer. The electrons generated in the ion thruster are
driven through the tether and released by the neutralizer. Thereby, the tether current is only limited by the
number of electrons produced by the ion engine, resulting in a possible current of the order of 2-3A (depending
on the ion thruster used) and therefore a higher tether thrust, which is additionally amended by the thrust of
the ion engine itself.

In order to model the physics, the PIC scheme developed by IHM [24, 25] will be extended by models for
intraspecies charged particle collisions and intermolecular reactions. Within the PIC code, the Vlasov-Maxwell
equations are solved in order to describe the interaction between charged particles and electromagnetic fields.
To model the exchange of momentum and energy as well as chemical reactions without consideration of Lorentz
forces, a DSMC method based on the “LasVegas” code developed at IRS [19] is used. A newly developed Fokker-
Planck solver, also using PIC techniques, is used to model collision relaxation of electrons in velocity space.
The integration of these three models is expected to allow for an accurate prediction of the thrust of electric
space propulsion systems operating far from continuum. Additionally, the necessity of a three dimensional
and time accurate description, complex geometries and large numbers of particles requires efficient use of high
performance computers. Therefore, optimization and parallelization of the code have to be addressed.

In Section 1, a description of the problem – finding a general solution to the Boltzmann equation – and the
simplifications used are given. In Sections 2, 3, and 4, an overview of the methods used to model the various
parts of the Boltzmann equation is given. In Section 5, conceptual aspects of managing the interplay of the three
different models are discussed. First experiences concerning the performance of the code on high performance
computers are considered in section 6 based on results obtained up to now. Finally, a short summary and an
outlook are given in Section 7.
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1. Boltzmann Equation

From the microscopic point of view, a particle without internal degrees of freedom can be characterized by
its mass and velocity. Combining all particles with equal mass mi within a volume element dx1 dx2 dx3 defines
a phase space distribution function

fi(�x,�ci, t), (1)
where �ci is the particle velocity and t is the time. The most general equation describing the change of the
distribution function is the Boltzmann equation

∂fi

∂t
+ �ci · ∇xfi +

�Fi

mi
· ∇cfi =

(
δfi

δt

)
Coll

, (2)

which describes the change of the distribution function in time and phase space as a result of external forces and
particle collisions. The term on the right-hand side of Eq. (2) represents the Boltzmann collision integral [10]

(
δfi

δt

)
Coll

=
∑

j

∫
g(�ci,�cj)σij(g)

[
f ′

i(�c
′
i) f ′

j(�c
′
j) − fi(�ci) fj(�cj)

]
dΩ d�cj , (3)

which reflects the rate of change of fi due to collisions with respect to time. Here, the index j runs over all
“scattering” populations, �g = �ci − �cj is the relative velocity, σij(g) is the differential scattering cross section
between the particles of the species i and j and the element of solid angle dΩ is given by dΩ = sin θ dθ dφ.
Moreover, the prime refers to the value of a quantity after a collision and unprimed denotes the values before the
collision. From the mathematical point of view, the Boltzmann equation is a very complicated integro-differential
equation which can be used to determine the velocity distribution function. Up to now, a general solution of
the Boltzmann equation to describe macroscopic problems is not possible. Therefore, several simplifications
are necessary to compute solutions for the Boltzmann equation. In the case of highly non-neutral plasmas,
the right-hand side of the Boltzmann equation (2) can be neglected. Then, the collective behavior of such an
electrically non-neutral ensemble of charged particles is described by the Vlasov and Maxwell equations [24].
The corresponding numerical approach is known as the Maxwell-Lorentz model, which is based on Particle-in-
Cell techniques. A brief review of this model is given in section 2. However, in order to model the physics of a
PPT, collisions between particles of the same species as well as between different species have to be taken into
account. An appropriate, lowest order approximation of the collision integral (3) leads to the Fokker-Planck
model [30]. This approach is suitable for modeling intraspecies charged particle collisions and will be introduced
in Section 3. A further approximation of the collision integral that allows the inclusion of interspecies reactions is
presented in Section 4. Therein, the underlying DSMC method is applied to model ionization and recombination
processes.

2. Maxwell’s Equations

According to the law of dynamics for charged particles, the external force �Fi in equation (2) is determined
by the Lorentz force and depends on the velocity �ci, the electric field �E, and the magnetic induction �B:

�Fi = q[ �E(�x, t) + �ci × �B(�x, t)]. (4)

With the Lorentz force for charged particles (4), the Boltzmann equation (2) can be written in the collisionless
kinetic formulation for the distribution function fi of the charged particles, which is the so called Vlasov
equation [9]

∂fi

∂t
+ �ci · ∇xfi +

qi

mi
( �E(�x, t) + �ci × �B(�x, t)) · ∇cfi = 0. (5)
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In the terminology of hyperbolic partial differential equations, the general solution of (5) is given by its char-
acteristics, which we call the Lorentz equations

d�xi

dt
= �ci, (6)

d�pm,i

dt
= �Fi. (7)

The relativistic momentum is given by �pm,i = miγ�ci with the Lorentz factor γ2 = 1 + (�pm,i)2/(mi �cL)2 where
�cL denotes the speed of light.

The difficulties in solving the Lorentz equations arise from the fact that the electric field �E and the magnetic
induction �B are not given explicitly. They have to be calculated at each time step in a self-consistent manner [11]
from the full set of Maxwells equations

∂ �E

∂t
− c2∇× �B = −

�j

ε0
, Ampère’s law, (8)

∂ �B

∂t
+ ∇× �E = 0, Faraday’s law of induction, (9)

∇ · �E =
ρ

ε0
, Gauss’ law, (10)

∇ · �B = 0, absence of magnetic monopoles, (11)

where the electric permittivity ε0 and magnetic permeability μ0 are related to the speed of light cL according
to ε0μ0c

2
L = 1. For given charge and current densities ρ and �j, the Maxwell equations describe the temporal

and spatial evolution of the electric field �E and the magnetic induction �B. With an integration over the entire
range of momentum �pm,i, the self consistent parts of the charge and current density ρ, �j are obtained from [13]

ρ =
∑

i

qi

∫
fi(�x, �p, t)d3p, (12)

�j =
∑

i

qi

∫
�cifi(�x, �p, t)d3p. (13)

Up to now the description is exact in the sense that no numerical approximations are made. For the numerical
realization of the Maxwell-Lorentz system, the Particle-In-Cell method is applied [14]. In the discrete case, the
charge and current density can be obtained from

ρ∗ =
∑

i

qiδ[�x − �xi] (14)

�j∗ =
∑

i

qi�ciδ[�x − �xi], (15)

where δ denotes the standard Dirac function. For each grid node, all particles in the surrounded cells are
considered. In order to determine the contribution of the particles, shape-functions are used to calculate ρ
and �j at the grid nodes. With these charge and current densities the new electromagnetic fields are computed
at these nodes and then interpolated to the local particle positions. To get these field values, the Maxwell
equations have to be solved at each time step.

A direct consequence of the charge conservation equation

∂ρ

∂t
+ ∇ ·�j = 0. (16)
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and of the fact that the divergence of the curl equals zero for any differentiable vector field is that the divergence
constraints (11) and (10) are satisfied for all times, if the initial values satisfy these relations. In this case, it
would be sufficient to solve the hyperbolic evolution equations (8) and (9) only.

Unfortunately, in the simulation numerical errors may occur: The divergence of a curl may be zero up to
some error terms only and interpolation errors in the particle treatment may be arise. This leads to small errors
being introduced at each time step. If only the hyperbolic evolution equations are numerically solved, then these
errors may increase and strongly falsify the solution. For a self-consistent movement of charged particles, Gauss’
law (10) and the statement about the absence of magnetic monopoles (11) have to be coupled with Ampère’s
and Faraday’s law. In the Generalised Lagrange Multiplier approach [23], two additional variables Φ(�x, t) and
Ψ(�x, t) are introduced into the Maxwell equations to couple the evolution equations for the electromagnetic
fields (8) and (9) with their elliptical constraints (10) and (11), respectively. The coupling terms may be chosen
such that a purely hyperbolic system can be formed. If the errors are zero it coincides with the original Maxwell
equations. The Purely Hyperbolic Maxwell (PHM) equations system reads as

∂ �E

∂t
− c2∇× �B + χc2∇Φ = −

�j

ε0
, (17)

∂ �B

∂t
+ ∇× �E + γ∇Ψ = 0, (18)

∇ · �E +
1
χ

∂Φ
∂t

=
ρ

ε0
, (19)

∇ · �B +
1

γc2

∂Ψ
∂t

= 0, (20)

where the dimensionless positive parameters χ and γ represent the transportation coefficients for the local
errors Φ and Ψ. These new variables Φ(�x, t) and Ψ(�x, t) define two additional degrees of freedom and couple
the divergence conditions (10), (11) to the evolution equation (8), (9).

This correction technique ensures that the divergence errors arising from the div curl as well as from the
charge conservation violation within an electromagnetic PIC computation cannot increase and falsify the nu-
merical simulation results. A decisive advantage of the proposed FV approach is that the explicit numerical
methods used for the Maxwell equations in the time domain can be combined with a hyperbolic divergence
correction in a straightforward manner, yielding a very efficient and highly flexible Maxwell solver module for
PIC applications on unstructured grids and for parallel computing.

2.1. Finite-Volume Method for the Maxwell Equations

For this project, the presented PHM model is solved at this time with a finite volume scheme. In order to con-
struct a finite-volume scheme, the extended Maxwell equation system (17)-(20) is written into the conservation
form

∂�u

∂t
+

D∑
i=1

∂ �fi

∂xi
= �g, (21)

where D = 3 in the present three-dimensional consideration. The vector �u = �u(�x, t) consist of the components
of the electric field, the magnetic induction and the two additional variables Φ and Ψ, and reads as

�u = (E1, E2, E3, Ψ, B1, B2, B3, Φ)T . (22)

The source �g term on the right-hand side of the time dependent conservation equation (21) contains the current
and charge density and is written as

�g = − 1
ε0

(j1, j2, j3, 0, 0, 0, 0,−χρ)T . (23)
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The physical fluxes �fj(�u) are determined from �fi(�u) = Ki�u; i = 1, 2, 3. In view of our special purposes in charged
particle simulation, a homogeneous and isotropic media inside the computational domain is assumed, where the
permittivity and permeability are constant. With these assumptions the block-structured 8x8 matrices Ki have
constant entries and are defined as

Ki =
(

0 c2Mi

MT
i 0

)
(24)

with

M1 =

⎛
⎜⎜⎝

0 0 0 χ
0 0 1 0
0 0 −1 0
γ 0 0 0

⎞
⎟⎟⎠ ,M2 =

⎛
⎜⎜⎝

0 0 −1 0
0 0 0 χ
−1 0 0 0
0 γ 0 0

⎞
⎟⎟⎠ ,M3 =

⎛
⎜⎜⎝

0 1 0 0
−1 0 0 0
0 0 0 χ
0 0 γ 0

⎞
⎟⎟⎠ . (25)

2.2. Transversal Electro-Magnetic (TEM) Test Problem

To study the convergence behavior the analytically known test problem of the temporal evolution of wave
propagation in a coaxial wave guide was chosen. For the computational domain we use a cuboid with the two
opposite corners (0.5;−0.5; 0.0) and (1.5; 0.5; 1.0), which represents a rectangular section in a wave guide with
a rotational axis in z direction, which also defines the direction of the wave propagation. In this test case, the
longitudinal field components (i.e. Ez, Bz) to the z-axis are zero and constant in time, while the transversal
values are time dependent. The analytical formulas of the TEM fields are given by

⎛
⎝ Ex

Ey

Ez

⎞
⎠ = E0

⎛
⎝

x
x2+y2

y
x2+y2

0

⎞
⎠ sin(kz − ωt), (26)

⎛
⎝ Bx

By

Bz

⎞
⎠ =

E0

c

⎛
⎝

−y
x2+y2

x
x2+y2

0

⎞
⎠ sin(kz − ωt), (27)

where the wave number k is related to the frequency according to ω = kc. For the numerical experiment we
choose μ0 = ε0 = c = 1, E0 = 1V m−1 and k = 2π/L and initialize the fields according to their analytical values
at t = 0. In order to avoid problems with specific boundary conditions we prescribe the exact solution in the
ghost cells.
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Figure 1. Ex field: initial cond. (left), calculated values after 5 periodes (right)

The numerical simulations are performed with 3 different kinds of elements and each with 6 shades of mesh
resolution. In all calculations the computation has been carried out over 5 periods with a CFL restriction of
0.2. The iso-surfaces shown in Figure 1 are snapshots of the initial condition for the Ex field at time t = 0 and
the numerically obtained one on the right side. The xy-plane at z = 0 is the incoming plane of the waves which
propagates in z-direction. The damping effect of this first order scheme is reflected in the lower value of the
front wave. The calculated L2-Errors and the obtained order of convergence are shown below for a simulation
with cube elements. Despite good results for a first order scheme this simulation shows clearly the need of a
higher order scheme as the introduced numerical dissipation seems to be too high for practical use.

3. A Diffusion Approach for Electron-Electron Collisions in PIC Simulations

The electron energy distribution function (EEDF) in the plasma of a pulsed thruster is of large interest because
this function controls – at least at the beginning – the degree of ionization of the plasma and to some extent the
plasma chemistry. The shape of the EEDF is essentially determined through the competition between inelastic
electron-neutral interactions and electron-electron – abbreviated by (e, e) – collisions in the plasma. Highly
energetic electrons are responsible for neutrals excitation or even for their ionization. These processes lead to a
drastic reduction of the velocity of the scattered electrons (thermal or sub-thermal) and operate therefore as sinks
of the electrons energy. The (e, e)-interactions are the driving force for the collisional relaxation, which pushes
the electrons towards a Maxwellian velocity distribution and, furthermore, are responsible for the population
of the high-energy tail of the Maxwellian. Finally, electrons from the high-energy regime of the Maxwellian are
once again available for further excitation and ionization events, which closes the path of interplay. Clearly,
since the EEDF determines many properties of the plasma, it is important to model (e, e)-collisions as realistic
as possible. In the following, we describe the formulation that allows to include (e, e)-collisions into a PIC
framework [4, 14] in a natural way.
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3.1. Governing Equations

A well-established and for our purposes suitable mathematical model for (e, e)-collisions is given by the
Fokker-Planck (FP) equation

(
δfe

δt

)
col

= −
3∑

p=1

∂

∂cp

[
Fp fe

]
+

1
2

3∑
p,q=1

∂2

∂cp∂cq

[
Dpq fe

]
. (28)

This model describes the evolution of the electron distribution function fe = fe(�x,�c, t) as a result of small-
angle scattering of Coulomb point particles, and represents the lowest approximation order of the Boltzmann
collision integral [18, 21, 22, 27, 30]. The key quantities to determine the coefficients of dynamical friction
Fp(�x,�c, t) ∼ ∂H/∂cp and diffusion Dpq(�x,�c, t) ∼ ∂2G/∂cp∂cq are the Rosenbluth potentials [21] given by

H(�x,�c, t) = 2

∞∫
−∞

fe(�x, �w, t)
|�g| d3w (29)

and

G(�x,�c, t) =

∞∫
−∞

|�g| fe(�x, �w, t) d3w , (30)

where �g = �c − �w is the difference between the velocity of the scattered-off electrons (test particles) and the
velocity of the electrons that serve as scatterer (field particles). Clearly, the friction force �F and the diffusion
tensor D themselves depend on the velocity �c, and hence the FP model is in general a complicated non-linear
problem that has to be solved numerically in an appropriate – namely, self-consistent – manner. Note that the
appearance of the FP equation reveals that the (e, e)-collisions are modeled as a diffusion process that describes
the short-time behavior of the system under consideration [12, 15]. Moreover, this approach takes into account
the long-range character of the Coulomb force in a natural manner, which is an advantage compared to “hard
sphere” methods [3] whose strengths are the approximation of short-range interactions.
The FP equation (28) for the evolution of fe is equivalent to the stochastical differential equation (SDE) in the
Itô sense [12, 16]

d�C(t) = �F (�C, t) dt + S(�C, t) d �W (t) , (31)

where d �W (t) represents the three-dimensional Wiener increment and the matrix S ∈ R
3×3 is related to the

diffusion matrix according to D = S S
T . As indicated, both quantities �F and S now depend on the stochastical

variable �C = �C(t), which will be identified later as the velocity of a single (macro) electron. Hence, the use of
the Langevin-type SDE (31) fits in a remarkable way into the standard PIC approach [24], which is one basic
concept of the present code development.

3.2. Numerical Methods and Results

The key quantities for the numerical solution of the Langevin-type SDE (31) – which is solved in the context
of the Fokker-Planck module [2, 8] – are the velocity dependent friction and diffusion coefficients at each time
step t = tn. In order to compute these coefficients, we apply a PIC-type method in velocity space (�c-space).
This method represents a self-consistent numerical description and fits in excellent manner into the complete
concept of our hybrid PIC/DSMC code development. Schematically, a typical PIC-cycle is depicted in Fig. 2,
which has to be executed for each grid cell of the spatial computational domain.
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Figure 2. Schematical description of the Fokker-Planck solver based on the PIC method in
velocity space.

A peculiarity of the PIC-method consists in the fact that a part of the calculations is performed on the
grid-based computational domain (Rosenbluth-Solver) while for the other part the grid-free, continuous domain
is appropriate (Langevin-Solver). Such a procedure assumes that at the interfaces “continuous/discrete” (Re-
construction) and “discrete/continuous” (Interpolation) suitable techniques are available to manage the data
exchange.
In the context of the present paper we skip the discussion of the reconstruction and interpolation schemes, which
are well established and reviewed, for instance in [8]. In the following, we first study the quality, property and
reliability of the approximation characteristics of Rosenbluth and Langevin building blocks. Afterwards, we will
focus on the assessment of the complete Fokker-Planck module which is used for the self-consistent computation
of the friction and diffusion coefficients arising from the diffusive treatment of intra-species collision.

3.2.1. Rosenbluth Solver.

The central task of this building block is to provide the grid-based Rosenbluth potentials and their derivatives
from which the friction and diffusion coefficients for the test particles are determined. In order to be free of any
model assumption – like isotropic distribution of the field particles – we apply Fourier transformation techniques
to compute the integrals in velocity space [8]. In essence, the friction and diffusion coefficient in compact form
are given by

Fp(�c) = 8 π i κee F−1

{
kp

k2
f̂e(�k)

}
(32)

and

Dpq(�c) = 8 π κee F−1

{
kp kq

k4
f̂e(�k)

}
, (33)

respectively, where κee is a constant, f̂e(�k) represents the Fourier transform of the velocity distribution function
fe(�c) and F−1

{
. . .
}

denotes the inverse Fourier transformation of the arguments in the curly braces. To evaluate
the occurring Fourier integrals we apply discrete Fourier transformation (DFT) methods, which represent special
cases of the continuous transform [5]. For the practical examination of the DFT and its inverse we implement
the highly efficient fast Fourier algorithm introduced by Cooley & Tukey [5, 6, 29]. To demonstrate the quality
and property of the coded Cooley & Turkey algorithm, we simulate the approximation path consisting in the
computation of the transform f̂e(�k), the subsequent multiplication of this result with �k-space functions and the
final inversion of the expressions seen in the braces of (32) and (33) to get the desired coefficients.



ESAIM: PROCEEDINGS 233

Figure 3. a) Fiction coefficient as a function of velocity obtained with the Fourier approach
(squares: NG = 32 and circles: NG = 64 grid points) and the analytical solution (full line)
b) Transversal diffusion coefficient as function of velocity computed with the discrete Fourier
approach (squares: NG =32 and circles: NG =64 grid points) and analytical solution (full line)

The numerical experiment is initialized by a Gaussian velocity distribution fe(�c) on the grid, where the
thermal velocity vth is adjusted for a temperature of T �

e = 10 eV. The results of the experiment (open symbols)
and the analytical solution (full line) are seen in the Figures 3, where the friction and transversal diffusion
coefficients are plotted. It is obvious from these Figures that the Rosenbluth solver produces very accurate
approximations of the analytical results for both discretizations of the velocity grid (NG = 32: open squares;
NG = 64: open circles). However, we observe the expected tendency of the finer grid to better resolve especially
the high-energy regime of the coefficients. The results obtained with the Rosenbluth solver recommend this
building block for the application of self-consistent friction and diffusion coefficients computing arising from
Fokker-Planck treatment of collisions.

3.2.2. Langevin Solver.

If the friction and diffusion coefficients are known for the current velocity �Cn
p of the pth particle, then the new

particle position in the �c-space can be evaluated solving the Langevin-type equation (31), which corresponds
to the FP equation (28). This SDE must be solved in a numerical way whereas we use, for example, the Euler
scheme

�Cn+1
p = �Cn

p + �F (�Cn
p )Δt +

3∑
i=1

[
S(�Cn

p ) · �ei

]
ΔW i

n (34)

which possesses a γ = 0.5 strong order of convergence [16, 17]. The approximated Wiener increment ΔW i
n

appearing in equation (34) is defined by ΔW i
n =

√
Δt ηi

n+1, where ηi
n+1 ∼ N (0, 1) is a Gaussian random
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number with mean zero and variance one. Moreover, �ei is the ith Cartesian unit vector and S ∈ R
3×3 is the

matrix of the standard deviation.

Figure 4. a) Temporal evolution of the mean value of the Ornstein-Uhlenbeck process.
b) Comparison between the time-dependent variance Full line: exact solution, line with filled
squares: Euler approximation (γ = 0.5), line with open circles: γ = 1.5 strong order Itô-Taylor
scheme

It should be noticed, that the order of the Euler scheme can easily be improved by adding an additional term of
the Itô-Taylor expansion, which leads to an explicit γ = 1.0 order scheme proposed by Milstein [16,17]. By means
of the one-dimensional Ornstein-Uhlenbeck process [12, 16] the implementation of the solution procedure (34)
was tested. This process is characterized through F (C) = −a C(t) and D(C) = σ2, where a and σ are constant
values. Furthermore, the Ornstein-Uhlenbeck process was chosen because it possesses an analytical solution,
wherefrom the mean and the variance can be calculated. Both quantities are represented in Fig. 4 as a function
of the time. From these figures follows clearly that the Euler method (34) (line with squares) approximates
the analytical results (full line) of mean and variance very satisfactorily. As expected, the expensive Itô-Taylor
scheme with the strong convergence order of γ = 1.5 (line with circles) shows an even better approximation
behavior which follows especially out of the temporal development of the mean value (see Fig. 4). The good
quality of the Euler approximation is confirmed once again through the result represented in Fig. 5a: there
the numerically extracted (circle) with the analytical calculated (full line) velocity distribution function of the
electrons is compared, that adjusted itself after 4 · 104 temporal iterations with Δt = 2.5 · 10−4.

3.2.3. Fokker-Planck Module.

In conclusion the complete Fokker-Planck module, that, from a numerical point of view is based on the PIC-
method in the velocity space (see Fig. 2), is tested. In addition we leave clear that the FP equation (28) can
be written in spherical velocity coordinates [30], wherewith also the corresponding SDE is known [1, 8, 12, 16].
Further, it can be shown, that the Maxwellian velocity distribution represents a solution of this equation [22].
Consequently we will start the numerical experiment with a Maxwellian distribution of the particle velocity

h(c, 0) = g0(c) =
2√
2π

c2

v3
th

exp

(
− c2

2v2
th

)
(35)
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Figure 5. a) Comparison between the numerical (Euler scheme; open circles) and analytical
(full line) particle distribution function recorded on the velocity grid after 4 · 104 temporal
iterations b) Numerical (open circles) and exact (full line)velocity distribution after 2 · 104

temporal iterations. c) Temporal evolution of the initial velocity distribution (dashed-dotted
line) to its equilibrium distribution function recorded after 104 iterations (open circles). For
comparison a Maxwellian is plotted (full line) corresponding to a temperature of T �

e = 10eV

in the continuous mesh-free domain, and we expect that this distribution does not change in the course of the
simulation with the Fokker-Planck-Solver. The result is depicted in Fig. 5b: there, the theoretical (Maxwellian)
curve (full line) together with the numerical solution (open circles) is plotted after 2 ·104 iterations. Clearly, the
temporal evolution of the distribution function obtained from the simulation stays very close to the Maxwellian
shape. Moreover, this result demonstrates that also the high-energy tail is reproduced very well, although the
resolution of this part is often critical due to the low number of particles.

A final numerical experiment is tailored to study the collisional relaxation of an arbitrary isotropic initial velocity
distribution to its equilibrium from first principles. The shape of the initial velocity distribution (see Figure 5c
dashed-dotted line) is given by

h(c, 0) = g0(c) =

{
3 c2

ṽ3 , for c ≤ ṽ

0, for c > ṽ
, (36)

where ṽ is set equal to ṽ =
√

5 vth with a thermal velocity vth corresponding to a temperature of T �
e = 10 eV. The

temporal evolution of this initial distribution is monitored up to 2·104 cycles in time, where time step size is fixed
equal to Δt = 0.177 ps and the discretization of the velocity grid is performed by 64 grid points. The simulation
result is seen in Figure 5c, where the initial profile (dashed-dotted line) and the equilibrium velocity distribution
(open circles) – which is reached after ∼ 8400 iterations [8] – recorded after 104 temporal iterations are plotted.
Additionally, the Maxwell velocity distribution corresponding to a temperature of T �

e = 10 eV is seen in Figure
5 as a full line. Clearly, this plot demonstrates that the final state of the collisional relaxation process agrees
very well with the analytical Maxwellian shape for 10 eV. It should be noticed, that the numerical simulation
slightly underestimate the high-energy tail of the velocity distribution, which seemed to be an intrinsic property
of the proposed collision model [1, 20].

4. Modeling of Short Range Particle Interactions

The losses within electromagnetically driven thrusters mainly depend on the density and distribution of
neutral particles that could not have been ionized during the plasma discharge. For the characterization of
those losses, particle collision models have to be taken into account. Unfortunately, no assumptions can be
made with respect to the density and distribution of the neutrals due to very small particle densities and pulse
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durations - every single particle should be considered and tracked. Since the computational resources needed
for such an approach are not available, two strategies are pursued: On one hand, real particles are merged to
macro particles, which reduces the computational needs drastically, namely about several orders of magnitude.
On the other hand, particle interactions are treated statistically instead of deterministically. This reduces the
computational needs to a linear dependency on the particle number.
The short range particle interactions are treated using a DSMC (Direct simulation Monte Carlo) approach that
was first discussed during the 1960s by Bird [3]. The main equation describing the behavior of rarefied and
reacting gas flows is the full nonlinear gas kinetic Boltzmann equation (2). The collision term on the right hand
side describes the collision based influences on the distribution function.
The DSMC approach is based on the determination of the total cross section σt,ij of the particles i and j from
the differential cross section, which ich part of the collision term on the right hand side of equation (2). The
differential cross section depends on the relative particle velocity g and the scattering angle χ.
An intermolecular potential is being defined with the Hard Sphere (HS) model as the simplest approximation,
see Figure 6. The potential is infinite for r < d and 0 for r > d, the collision diameter is dij = (di + dj)/2, see

Figure 6. Mode of action for different potential models (left) and collision principle for HS
model (right)

Figure 6. This simple model leads to isotropic scattering and the total cross section

σt,ij = πd2
ij , (37)

which does not depend on g.
However, the isotropic scattering and the missing influence of the relative velocity on σ put the advantage of
the easy computable collision mechanics of the HS model into perspective. The accuracy can be increased by
applying a more realistic exponential interaction potential, which is depicted in Figure 6. The problem with
this interaction model is that the cross section may become infinite and thus an appropriate determination
of the collision frequency and the mean free path may be difficult. One way to address this problem is the
use of Bird’s VHS (Variable Hard Sphere) model which is based on the HS model. The scattering is isotropic
again but the molecular diameter as a function of the temperature depends on the relative velocity now. The
effective cross section of real molecules decreases as g increases. The rate of decrease is directly related to the
change of viscosity with temperature, namely μ ∼ T ω+1/2. Here, μ is the viscosity and ω is the index of the
viscosity-temperature power law. For ω = 0, the HS model is obtained, for ω = 1/2, Maxwellian particles are
simulated. The VHS model is relatively simple and yields more accurate results than the HS model. Thus,
it became the most common cross section model for DSMC simulations and is used in the particle approach
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presented here. The resulting collision cross section is

σt(g) = πd2
s,ref

(
2(2 − ω)kTs,ref

μijg2

)ω

. (38)

The quantity ds,ref is the reference diameter of the species s at a reference temperature Ts,ref , μij = mimj/(mi+
mj) is the reduced mass.
The collision probability

Pc(g) = βgφ (39)
can be determined with the coefficients β and φ as functions of the cell particle number, the number of real
particles within a macro particle, the cell volume, the time step size and some species constants [19]. The collision
probability (39) is compared with a random number R ∈ [0, 1]. A collision occurs if Pc > R. Depending on the
particle combination, further probabilities are calculated in respect to possible chemical reactions (dissociation,
exchange and recombination) and relaxation of inner degrees of freedom. Due to this principle, the DSMC
approach is stochastic in character.
The implemented neutral particle models are described in [19] in more detail and are tested by a reservoir
simulation of an O − O2 gas mixture. Only the main capabilities of the code are depicted here:

• the No-Time-Counter method is the central collision scheme,
• the Larsen-Borgnakke model is applied in order to distribute the collision energy to the inner degrees

of freedom,
• rotation and vibration are modeled by a simple harmonic oscillator and its truncated version and
• particle collisions and reactions are treated by the Total-Collision-Energy model which can be extended

to the Vibrationally-Favoured-Dissociation model in cases of known data.
After approximately 50.000 iteration steps, thermal equilibrium is reached. Chemical equilibrium is reached
after approximately 300.000 iteration steps. The results are shown in Figure 7.

Figure 7. Thermal (left) and chemical (right) equilibrium after 50.000 and 300.000 iteration
steps achieved

The code is developed in a way that every mon- and diatomic gas can be simulated since the proper species
and reaction data is known. This simplifies the change to C, F , C2, F2 and CF .
The ionization energy is higher than the dissociation energy, thus it is assumed that only monatomic ions exist
(C+ + F+). This shows that only an accurately determined plasma composition with a partially dissociated
amount of neutrals leads to an accurate determination of the occuring losses mentioned above.
In the scope of DSMC, electrons are treated as particles as well. The implemented collision models based
on the VHS model for the time being are to be improved and validated further. For the reaction models an
exponential approach was chosen.The collision based boundary conditions will be implemented after the collision
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and reaction model of the charged particles has been validated.
Electron-Wall collisions: Electrons hitting the anode will be absorbed. In the case of a cathode the electrons
will be reflected specularly. Further development may lead to a model extension regarding a diffuse reflection
(Maxwell model) with partial energy accommodation (Cercignani-Lampis model).
Ion-Wall collisions: Ions colliding with the wall are reflected specularly. An extension regarding diffuse reflection
with partial energy accomodation should be taken into account here as well. The collision of an ion with the
cathode is modeled as a recombination followed by a re-emission of a neutral particle.
Neutral-Wall collisions: The collision of a neutral with a wall is modeled as a specular reflection independent
on which kind of wall or electrode it is. Further development should also lead to the extended reflection model.

5. Coupling Concept

An important part of the project is the integration of the four aforementioned building blocks - that are a) the
Maxwell solver, b) the Lorentz solver, c) the Fokker-Planck part, and d) the DSMC part - into one code. Part
a) is a Finite Volume scheme, based on an (unstructured) computational grid. Parts b – d are particle based
systems involving the grid only to determine possibly interacting particles. Therefore, inter- and extrapolation
techniques form one main constituent of the coupling. The other are localization procedures to determine the
position of a particle within the computational grid. Figure 8 shows the coupled iteration of one timestep.

Given a particle distribution within the computational domain, the charge and current densities define the
electromagnetic eigenfields. Therefore, their values at the particle positions have to be assigned to node or cell
values for the Maxwell solver, where they act as source terms. After completing the Maxwell step, the �E- and
�B-fields are known as cell averages in the Finite Volume context. They have to be evaluated at the particle
positions to determine the Lorentz forces acting on the charged particles. Hence, the mean values have to be
extrapolated from grid positions to particle positions with the desired order of accuracy. The Lorentz solver
then determines the acceleration of the particles. Performing these steps forms the Particle-In-Cell framework.

B)E,((ρ,j)(ρ,j)

B)E,( Δv)(

B)E,( B)E,(

Δ t
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Figure 8. Coupling Circle for the integrated code

This scheme describes the movement of charged particles within an electric field and the recoupling of their
eigenfields to the effective E- and B-fields. It does not account for interactions, neither collisions (intraspecies)
nor chemical reactions (interspecies). Therefore the scheme is extended by the Fokker-Planck and DSMC blocks
as described in sections 3 – 4. They determine additional velocity changes of the charged as well as the uncharged
particles. These steps, as well as the Lorentz solver, act on the same particle distribution, i.e. the distribution at
the beginning of the time step, meaning that the different steps do not know about changes introduced by the
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other ones. Therefore these steps can be performed in parallel. Each step changes the velocity of the particles
without actually moving them.

The movement of the particles is done in a separate pushing step. The particles are advanced using the
simple Newtonian mechanics. Within this step, the new positions of the particles have to be localized on the
grid to assign them to the grid cell they are in and/or the nearest barycenters or Gaussian integration points.
This information is necessary for the application of correct boundary conditions as well as for the next step of
the Maxwell solver.

Localization of particles is done in two different ways: If the previous position of the particle is known, the
cross-products of the particle velocity vector with particle-to-node vectors are calculated to determine the side
face through which the particle has left. Then, the corresponding neighboring cell is checked in the same way.
This is an efficient procedure, suitable for vectorization and parallelization.

Newly emitted particles have to be localized differently, since no knowledge from a previous time step is
available. In this case, the unstructured computational grid is overlayed by a cartesian-equidistant one. There,
the search is done by dividing the position of the particle by the grid size Δx, yielding the correct structured
cell for this particle. Then, only the unstructured cells contained in this structured cell have to be checked,
until the correct one is found.

In order to reduce the computational time for particle localizations, especially of the newly emitted particles,
all geometrical information about the unstructured-structured cell link is calculated in an initialization step prior
to the time iteration procedure. Here, mapping matrices of structured grid cells and the contained unstructured
cells have to be generated. These matrices are sorted in order to reduce the bandwidth and to obtain long loops
for better optimization.

The particle push, including the localization of the particles within the grid as well as the application of
boundary conditions, is the closing step of each time step, leading to a new particle distribution used in the
following time step.

The numerical and implementational requirements of the four building blocks differ strongly, therefore the
parallelization strategy is not self-evident. It has been decided to parallelize over the computational domain,
i.e. to apply a domain decomposition method. Also, parallelization over the particles was considered. For the
Lorentz solver, this would be possible, since all particles move independently. The movement is determined
only by electric and magnetic forces acting on them. However, the Fokker-Planck and the DSMC step need
information about neighboring particles to determine the interaction probabilities. For this, pairs of nearby
particles have to be determined by random processes. Therefore, the particles cannot be considered independent
of each other and it has to be guaranteed that these particles remain on the same processor. Thus, a grid based
domain decomposition containing not only the cell values but also the information about all particles located
in these cells is chosen as parallelization strategy.
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6. Simulations on High Performance Computers

The sections above clearly show the need for high performance computing. Three-dimensional calculations
have to be performed on grids with approximately 106 grid cells and the same amount of particles.

The Maxwell solver as an explicit Finite-Volume scheme is expected to vectorize well. This step has to be
calculated before the particle based steps, which can then be calculated in parallel. These steps account for
different physical phenomena: the Lorentz solver calculates the acceleration of charged particles, i.e. electrons
and ions, due to electro-magnetic forces. In this step, the acceleration of each particle is calculated from the
electro-magnetic forces, i.e. independent from the other particles. They can therefore be distributed over as
many processors as available with MPI parallelization. The Fokker-Planck and the DSMC step on the other
hand account for interactions of particles with each other. Here, neighbourhood relationships have to be known
to define, which particles are close enough to interact. Domain decomposition is to be used where all particles
belonging to the same domain remain on the same computational node. This guarantees that particles that are
close to each other remain on the same node. Within each node, the loops over particles can then be parallelized
by OpenMP. These steps require a shared memory machine.

Up to now, the integration of the different building blocks into one code is still in progress. Therefore, test
calculations have been performed with the standard PIC scheme (i.e. Maxwell + Lorentz solver).

The PIC tests have been performed with approximately 103 grid cells and 3.000.000 particles. This calculation
required 1418 sec CPU and 1616 MB of memory to reach a simulation time of about 20 ns. Increasing the number
of grid cells by a factor of 10 in each spatial dimension, i.e. increasing the total number of grid cells from 103

to 106 requires not only a factor of 1000 more effort per timestep, but also 10× more timesteps to reach the
same final computation time, due to the explicit time step restriction (CFL-condition). Therefore, a pure PIC
calculation with 106 grid cells containing 3 × 106 particles will require about 4000 CPU-hours for 20 ns.

We expect about 5-10 complete thruster simulations and a lot of small calculations like the 103 grid cells
case above. In total we apply for about 100000 CPU hours. We expect to use 4-16 nodes per simulation.

7. Summary and outlook

This paper describes the development of a numerical scheme that accounts for all effects that particles can
undergo in a rarefied plasma. The integration of the different building blocks into one code is still in progress.
Nevertheless, implementation is in advanced stadium and has to be validated in the nearest future. This concerns
all parts of the code, from single building block to coupling and interaction up to performance optimization.

Another point to be addressed to is the second order in the interpolation and assignment steps: By making
use of the gradients of the electro-magnetic fields, the second order interpolation is straight forward. This is
implemented and currently undergoing validation tests. The advantage of this method is easy implementation,
short CPU times at runtime and easy parallelization since no neighbouring information is needed. The dis-
advantage is the more complex implementation of the assignment of particle’s charge to the cell centers when
more than one particle is inside a cell.

As far as short range particle interactions, i.e. chemistry is concerned, it was shown in chapter 4 how and that
the collision and reaction models for neutral mon- and diatomic species lead to thermochemical equilibrium.
Currently, the chemical models are extended by ionization and the reversal recombination processes, which are
necessary for a complete simulation of the performance of an IMPD thruster.

In the context of High Performance Computing (HPC), the load balancing in the parallel application will be
the most challenging topic for the future, due to the different needs of the four building blocks.

This paper has shown a lot of special topics to be adressed in order to enable the integrated simulation of a
complete IMPD thruster.
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