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EXACT CALCULUS FOR PROXIMAL SUBGRADIENTS WITH APPLICATIONS
TO OPTIMIZATION *

BORIS S. MORDUKHOVICH' anD NGUYEN MAU NAM!

Abstract. The paper contains new exact calculus rules for proximal subgradients of extended-real-
valued functions defined on arbitrary real Banach spaces. We also develop efficient formulas for evaluat-
ing proximal subgradients of marginal/value functions in various problems of parametric optimization.
The results obtained are employed to derive new necessary optimality conditions in unconstrained
nondifferentiable programming.

INTRODUCTION

This paper concerns some aspects of variational analysis related to generalized differentiation and its applica-
tions to marginal/value functions and optimality conditions in problems of nonsmooth optimization in general
Banach spaces. The main generalized differential objects of our study are the so-called prozimal subdifferential
(the collection of proximal subgradients) of extended-real-valued functions and associated notions of normals
and coderivatives for sets and set-valued mappings.

Let X be an arbitrary real Banach space, and let ¢: X — R := [~00, 00| be an extended-real-valued function
finite at z. Following Rockafellar [14], we say that * € X* is a prozimal subgradient of ¢ at T if there exist a
neighborhood U of Z and a number o > 0 such that

o(x) > @(Z) + (z*, 2 — &) — 0|z — Z||* whenever z € U. (0.1)

The set of all such z* is called the proximal subdifferential of ¢ at Z and is denoted by Op¢(Z). In finite
dimensions, the proximal subdifferential is a functional counterpart of proximal normals to closed sets originally
considered by Clarke; see the book [4] for a Hilbert space version of proximal analysis with references and
applications. Note that the proximal subdifferential may be empty at some points of smooth functions and that
the corresponding proximal normals may not exist at boundary points of sets defined by smooth inequalities
even in finite dimensions (see, e,g., [15, p. 213]). However, these objects are known to be nontrivial, for all
lower semicontinuous (1.s.c.) functions and closed sets, at dense subsets of their domains and boundaries in any
Hilbert spaces; cf. the density results in [4, Section 1.3]. Furthermore, in Hilbert spaces proximal subgradients
satisfy the so-called “fuzzy calculus” originated by Ioffe [6]; see [4, Chapter 1] for a systematic theory. The
main difference of fuzzy calculus rules from their “exact” counterpart is that the former provide evaluations of
proximal subgradients for various compositions via those for separate components not exactly at the points in
question but at some points nearby in a certain approximate/fuzzy way. Of course, the exact calculus is more
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appreciated if available, which is unfortunately not the case for proximal subgradients even in rather simple
finite-dimensional settings.

The primary goal of this paper is to find new classes of functions and mappings for which proximal subgra-
dients and associated proximal normals and coderivatives satisfy valuable exact calculus rules. Surprisingly, we
succeed to achieve this goal in the general Banach space framework employing, together with proximal sub-
gradients, their upper counterparts (known also as “proximal supergradients”) for some components involved
in compositions. Certain results in this direction require modified definitions of proximal normals (and hence
proximal coderivatives while not proximal subgradients (0.1)) in Banach spaces that go back to the standard
ones in the Hilbert space setting. The results obtained here for proximal constructions are largely similar to
those derived for Fréchet subgradients in our related paper [10] by using somewhat different techniques.

Besides developing calculus rules for proximal constructions, we derive new calculus results for their sequential
limitingcounterparts, which go back to those introduced by Mordukhovich [7] in finite dimensions and agree
with the basic constructions of the books [8,9] in the case of Hilbert spaces; see also the references therein
and the books [4,15] for finite dimensional and Hilbert spaces theories, respectively. Note that the limiting
constructions of this paper are generally different from the ones used in [8,9] out of Hilbert spaces.

Together with the mentioned calculus rules, we derive new results on evaluating proximal subgradients
of general marginal functions and their specifications (known as value functions) for parametric problems of
nonlinear programming. Furthermore, we develop applications of the results obtained to mecessary optimality
conditions in problems of the so-called nondifferentiable difference programming including new conditions for
sharp minimizers in the sense of Polyak [13].

The rest of the paper is organized as follows. In Section 2 we present basic definitions and preliminaries,
which are widely used in the sequel. Section 3 contains new calculus rules for proximal subgradients of extended-
real-valued functions and proximal coderivatives of Lipschitzian mappings. In Section 4 we establish upper
estimates for proximal subgradients of marginal /value functions and their specifications. The final Section 5 is
devoted to applications of the calculus results to necessary optimality conditions in nondifferentiable difference
programming.

1. BASIC DEFINITIONS AND PRELIMINARIES

Throughout this paper all spaces are supposed to be real Banach unless otherwise stated. Let X be a Banach
space equipped with the norm | - || and the canonical pairing (-,-) between X and its topologically dual space
X*; obviously (:,-) reduces to the standard inner product in the case of Hilbert spaces with X* = X.

The definition of proximal subgradients and the proximal subdifferential Opp(Z), given in (0.1) for an arbi-
trary functions ¢: X — R finite at Z, holds in any Banach space. Considering a nonempty set Q C X and its
indicator function §(-; ) equal 0 if z €  and co otherwise, we define the prozimal normal cone to Q at T € Q
by

Np(z; Q) := 9pd(T; ). (1.1)

If X is a Hilbert space (particularly a finite-dimensional space with the Euclidean norm) and if Q C X is closed,
proximal normals (1.1) can be equivalently described via the FEuclidean projection to Q; see, e.g., [4]. It does
not generally hold out of Hilbert spaces, while the following description of proximal normals directly follows
from (0.1) and (1.1) in the arbitrary Banach space setting: x* € Np(Z; Q) if and only if there exists v > 0 and
o =o(z*,Z) > 0 such that

(%, — 7) < ol|lz — z||* for any z € QN B, (z), (1.2)

where B, (Z) stands for the ball centered at Z with radius . On the other hand, one can observe based on (1.2)
that the representation

Ipp(7) = {a" € X*[ (z%, ~1) € Np((7, ¢(2));epigp) } (1.3)
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holds for every function ¢: X — R finite at  with its epigraph defined by
epip = {(z,0) € X x R| a > ¢(z)};

cf. the proof of [8, Theorem 1.86]. Directly from definition (0.1) we get that Opp(Z) # 0 for local minimizers T
of ¢, and moreover

0 € Opp(T). (1.4)
This is a proximal Fermat rule, which may not reduce to the classical one. Indeed, it has been mentioned that
the proximal subdifferential Opy(Z) does not always agree with the classical Fréchet derivative Vi(Z) of ¢ at T
for smooth functions, since Opp(Z) may be empty even for smooth (C') functions in finite dimensions. It does
not happen for twice continuously differentiable functions:

Opp(z) = {Vp(z)} whenever ¢ € C? around Z. (1.5)

The latter is proved in [4, Corollary 1.2.6] for Hilbert spaces, while the proof therein is based on (0.1) and holds
in an arbitrary Banach space setting.
Given a set-valued mapping F': X = Y between Banach spaces, we consider its graph

gph F:={(z,y) e X x Y|y € F(x)}
and define the prozimal coderivative of F at (z,§) € gph F' by
DpF(z,9)(y") = {z* € Y | (¢*, —y*) € Np((%;9); gph F) }, (1.6)

where ¥ is omitted if F' = f: X — Y is single-valued. Note that by (1.3) the proximal subdifferential dpp(7)
of p: X — R can be considered as a special case of the proximal coderivative

Ipp(z) = DpEy (T, (7)) (1)

applied to the epigraphical multifunction E,(z) := {a € R| a > p(x)}.
We also consider the limiting subdifferential of p: X — R at & with |p(Z)| < oo defined by the sequential
limits

0p(z) = {a* € X*| ap "> 27, 2} € Opp(ar), 1 5 T}, (1.7)

where w* signifies the weak* topology of X*, and where = % Z means that  — Z with ¢(z) — ¢(Z). Similarly
to (1.6), define the limiting coderivative of F: X =Y at (Z,y) € gph F' by

D*F(z,7)(y") = {a" € Y | (z", ~y") € N((z;§);gph F) }, (1.8)

where the corresponding limiting normal cone is N(+;Q) := 94(+; Q).
We get directly from (1.7) that Opp(z) C dp(z). A function p: X — R finite at 7 is called prozimally reqular
at T if

Opp(Z) = 0p(Z). (1.9)

Besides C? and convex functions, the proximal regularity relation (1.9) holds for a number of important classes
of functions frequently encountered in variational analysis and optimization; see [2] for more details, discussions,
and references. In particular, a set  C X is proximally regular at Z € € if (1.9) holds for the indicator function

p(x) = 6(x; Q).
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2. CALCULUS OF PROXIMAL SUBGRADIENTS AND CODERIVATIVES

In this section we develop ezact calculus rules for proximal subgradients of extended-real-valued functions
in Banach spaces and for the associate coderivative construction. Let us start with a simple while important
difference rule for proximal subgradients, which holds in a rather general setting, in contrast to its sum rule
counterpart.

Theorem 2.1. (difference rule for proximal subgradients). Let p;: X — R be finite at T fori = 1,2.
Assume that Oppa(T) # 0. Then

p(pr =)@ C [ [Oppi(a) — "] COpp1(T) — Dppa(). (2.1)

T*EDp a2 (1_?)

Proof. Fix arbitrary subgradients z* € 9p(¢1 — ¢2)(Z) and x5 € Ipp2(Z). Then we find positive numbers
01,02, and y such that

(a", 2 — 1) < p1(2) — 2(2) = (p1(Z) = 92(2)) + o1llz — Z|* and

(x5, 0 — T) < pa(x) — pa(T) 4 02]|z — Z||* whenever ||z — z| < 7.
The above inequalities directly imply that

(@ + 23,2~ 7) < o1(z) = 01(T) + (01 + 02) |z — 7| forall fJo -] <7,

which justifies * + 25 € Opy1(Z) and hence (2.1). O

Remark 2.2. Let us establish a stronger version of Theorem 2.1. Let X be a Banach space and let ¢ : X —
[—00, 0] be finite at Z. Then z* € X* is an s—Holder subgradient (see [1]) of ¢ at & (s € (0,1]) if there exists
positive constants 0z and Cz such that

p(x) = o(7) — (o*, 2 — 7) > —Cgllr — 7|"**

whenever ||z — Z|| < dz. The set of all such z* is called the s—Holder subdifferential of ¢ at Z and is denoted
by Op(s)(Z).
We can easily prove the following: if ¢;(Z) and ¢2(Z) are finite, then

sy (1 — p2)(T) C ( Prei(@) — 2] C O e1(Z) — Oy 2(),

x* €0 () P2(T)

provided that dp (s p2(z)) # 0.
All of the results of the paper hold similarly for Holder subgradients. However, we just formulate for proximal
subgradients for simplicity.

As a consequence of Theorem 2.1, we derive a new difference rule for limiting subgradients (1.7) that holds
in any Banach space whose unit dual ball is weak® sequentially compact. The latter class is known to be
sufficiently large including all spaces with a Gateaux differentiable renorm, all Asplund spaces, etc.; see [11] for
more details.

Corollary 2.3. (difference rule for limiting subgradients). Let X be a Banach space whose unit dual
ball is weak* sequentially compact in X*, let p1: X — R be finite around Z, and let p3: X — R be Lipschitz
continuous and such that Opps(x) # 0 around T; all the assumptions on o are automatic when pq is conver
and continuous around this point. Then

A1 = 92)(2) C Ip1(T) — Dp2 ().
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Proof. Pick any z* € 9(¢1 — ¢2)(Z) and, by the definition of limiting subgradients in (1.7), find sequences

x — T and g satisfying @1 (zx) — w2(zr) — ©1(Z) — v2(Z) and
xy € Op(p1 — w2)(xg) for all ke IN:={1,2,...}.
Applying Theorem 2.1, we select sequences z,, € Opp;(zx) as ¢ = 1,2 such that
xy = a3, — x5, forall ke IN. (2.2)

Since 9 is Lipschitz continuous around Z, it is easy to observe the sets dpys(x) are uniformly bounded in X*.
By the sequential weak™ compactness imposed on the dual unit ball, we suppose without loss of generality that
the sequence {3, } converges weak* to some x5 € X*. The continuity of ¢o gives p2(zx) — ¢2(Z), and hence
v1(zr) — ¢1(Z) as k — oo by the above choice of {z}}. By definition (1.7) of the limiting subdifferential, we
get that 5 € O0py(Z). Furthermore, it follows from (2.2) that the sequence {z},} converges weak® to some
x} = 2* + x5, which must belong to dy1(Z) by the discussions above. We conclude that x* € dp1(Z) — dp2(T)
and complete the proof. O

The next result establishes the scalarization formula that relates the proximal coderivative of an arbitrary
locally Lipschitzian mapping f: X — Y between Banach spaces with the proximal subdifferential of its scalar-
ization

W Hx) =", flx), z€X, y €Y

Theorem 2.4. (scalarization formula). Let f: X — Y be Lipschitz continuous around Z. Then we have the
equality

Dpf(2)(y") = 0p(y", £)(Z) forall y" €Y. (2.3)

Proof. Fix any «* € 0p(y*, f)(Z). By definition (0.1) of proximal subgradients, find positive numbers ¢ and ~
such that

(%, —7) <y, @) = (" ))(@) +ollz — 7]
(", f(@)) = ", f(@)) + oo — 7|

whenever ||x — Z|| < 7. For any such x we have
(0", 2 —2) =y, f(2) = f(2)) S ollz = 2|* < ollz — 2| + || f(z) - fF@)])?,
which implies by (1.2) that (z*, —y*) € Np((Z, f(Z));gph f) and hence z* € D% f(Z)(y*).

Let us prove that the opposite inclusion holds if f is Lipschitz continuous around Z with modulus ¢ > 0.
Taking arbitrary x* € D5 f(Z)(y*), find o, > 0 such that

(@ e =) = (y", f(z) = f(@)) < o(lle -z + | f(z) - F@))* < (€+ D)0z — 2|
whenever ||z — Z|| < . This gives
(@, x —2) < {y*, [)(@) = (", /)@ + L+ DPolle —2|° as o —z|| <7,
which yields z* € dp(y*, f)(2) and thus justifies (2.3). m

Next, combining the results from Theorem 2.4 and Theorem 2.1, we obtain the following upper estimate for
the proximal coderivative of the difference of single-valued Lipschitzian mappings.
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Proposition 2.5. (difference rule for proximal coderivatives). Let the mappings fi: X =Y, i=1,2,
be Lipschitz continuous around T, and let y* € Y* be such that D} f2(z)(y*) # 0. Then

Dp(fr = f2)(@)(y") C N [Dpfi(@)(y") — 2] (24)
€D} f2(2) (y)

Proof. For any y* € Y and x € X we obviously have

W fr = fa) () = (W7 f) (@) = (U7, fa) (2).

Theorem 2.4 and the assumption of this proposition ensure that

Op(y", fo)(T) = Dp fo(Z)(y") # 0.

Employing now the subdifferential difference rule from Theorem 2.1, we get

Dp(fi = f2)@)(y") = 0p(y", f1 = f2)(@)
c 1 eyt @ -,

z*€0p (y*,f2)(Z)
= N [Dpf1(2)(y") — "],
z* €D} f2(2)(y*)
which thus yields (2.4) and completes the proof of the proposition. O

Our next topic concerns ezact chain rules for proximal subgradients. Consider first the general composition
of the type
(po f)(z) =z, f(z)) (2.5)
involving an extended-real-valued function ¢: X x Y — R and a single-valued mapping f: X — Y between
Banach spaces. To formulate the following and some subsequent results, we need to define the symmetric
proximal construction

Opp(z) == —0p(—p)(2) (2.6)

that is called, in accordance with [8,15], the prozimal upper subdifferential of ¢: X — R at T with |p(Z)| < co.
The set (2.6) is also known as the “proximal superdifferential” of ¢ at Z; see, e.g., [4].

Theorem 2.6. (proximal chain rules for general compositions). Given the general composition (2.5),
suppose that f is Lipschitz continuous around T and that ¢ is finite at (Z,y) with §:= f(T). Furthermore, we
assume that 9¢(z,y) # 0. Then

dp(po f)(@) C N [a* + Dy f(2)(y")] = N [2* + 3p(y*, )(2)]. (2.7)

(z*,y*)€dtv(2,9) (z*,y*) €0t o(2.7)
If in addition ¢ € C* around (Z,¥), we have the equality
Op(po f)(T) = Vap(Z,9) + Dpf(2)(Vye(Z,7)) = Vap(Z,9) + 0p(Vyp(Z,7), [)(Z). (2.8)

Proof. Take arbitrary u* € dp(p o £)(Z) and (2*,y*) € 05¢(Z,9). By definition (0.1), we find oy > 0,7, > 0
such that

(W z—z) <o f(@)-e@ (@) +ol-z|?



86 ESAIM: PROCEEDINGS

whenever x € B, (Z). Since (—y*, —z*) € 0p(—)(Z, y), we employ again definition (0.1) and find o5 > 0,72 > 0
such that

o(z,y) = (,9) < (@2 —2) + (", y = §) + oa(llz — 2| + |y — 7lI)?
whenever ||z — Z|| + |ly — 7| < 2. Choosing

0:=01+02 and v := min{%, ﬁ},

where ¢ > 0 is the Lipschitzian modulus of f around Z, we have

(' x —7) < p(z, f(2)) = (T, f(2)) + o1 ]|z — 7|
< (a* 2 —2) + (", f(2) = f(@) + orlle = 2] + ooz — 2]l + || f(2) = f(@)])?
<(a% 2 —2) + (" f(2) = f(@) + oz — 2] + |1 f(2) - f(@)])

whenever ||x — Z|| < 7. This implies that
(W —a* o= 7) = (v, f(2) = (@) < olllo =zl + | f(2) = 7])* as o —z] <7,

which yields (u* — 2*, —y*) € Np((Z,7); gph f). Using the coderivative definition (1.6) and the scalarization
formula (2.3) from Theorem 2.4, we get

u* — " € Dpf(@)(y*) = 0p(y", f)(Z)

and arrive at both chain rules (2.7) for general compositions.
To justify equality (2.8) under the assumption on ¢ € C? around (7,%), we take an arbitrary element
u* € Vyp(Z,9) + Do f(2)(Vy(Z,7)) and get by the coderivative definition (1.6) that

(u* - vx@(i‘7y)’ *vyg’(f:?j)) € NP((jvg)agph f)

Employing the proximal normal description (1.2) and the Lipschitz continuity of f around &, we find 01,71 > 0
such that

(" = Vap(z,9),2 — 7) — (Vyp(2,9), f(z) = f(2)) < or(lz = 2] + [ f(z) - F(@)I])?
< o1(f+1)||z — z||?

whenever ||z — Z|| < 1. Furthermore, the assumption on ¢ € C? around (Z, %) yields the existence of 3,75 > 0
such that

(Vo(@,5), 2 = 2) + (Vy(2,9),y = 9) < ¢(z,y) — ¢(@,7) + o2z — 2l + ly — )°
whenever ||z — Z|| + ||y — §|| < 72. Denoting

= min{%, ﬁ} and o :=2max {o1(€ + 1) 0o(¢ + 1)*},

we obtain the estimate
(u*, e — ) < p(z, f(z) — @&, f(7) +olle —T|* as [l —z| <,

which implies (2.8) and thus completes the proof of the theorem. O
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When ¢ = ¢(y), the general composition (2.6) reduces to the standard composition (¢ o f)(z) = o(f(x)),
and we get the following consequences of Theorem 2.6.

Corollary 2.7. (proximaLchain rules for standard compositions). Let f: X — Y be Lipschitz continuous
around T, and let p: Y — R be finite at § := f(&). Then

dp(pof)@c () Dpf@w)= () oWy, @

y* €t o) y*€dt e ()
provided that 8% ¢(y) # 0. If an addition ¢ € C? around j, then
Ip(po f)(z) = Dpf(Z)(y*) = Dpf(2)(Ve(y)) = 0p(Ve(y), f) ().

The next corollary of Theorem 2.6 gives new chain rules for limiting subgradients. Along with the limiting
subdifferential (1.7), we employ its upper counterpart, the limiting upper subdifferential of ¢ at T with |¢o(Z)| <
00, defined by

07 p(7) = —0(—¢)(2). (2.9)
According to [8, Subsection 2.5.2D], construction (2.9) agrees with the basic (limiting Fréchet) upper subdiffer-

ential of ¢ at Z if X is Hilbert (and also in some other cases of reflexive Banach spaces), and hence 07 ¢(z) # 0
in such cases provided that the function ¢ is Lipschitz continuous around Z; see [8, Corollary 2.25].

Corollary 2.8. (chain rules for limiting subgradients). Let f: X — Y be Lipschitz continuous around T,
where the unit dual balls of both spaces X and Y are weak™ sequentially compact in X* and Y™, respectively,
and where § := f(Z). Assume also that ¢ is Lipschitz continuous around (Z,y) and that 0f¢(x,y) # 0 for all
(x,y) around (Z,y). Then

po f)(x) C U [«* + D* f(z)(y")].
(z*,y*)€0T¢(T,9)

In particular, for ¢ = p(y) we have
dpoNH@c |J D@
y* €0t o(7)

Proof. To justify the limiting chain rules, we employ the procedure similar to the proof of Corollary 2.3 with
using the proximal chain rule of Theorem 2.6 and taking into account that the limiting upper subdifferential
(2.9) is bounded for locally Lipschitzian functions. O

Employing the major calculus results of Theorems 2.1 and 2.6, we derive now some other calculus rules for
proximal subgradients in Banach spaces. The next theorem gives a general product rule involving Lipschitzian
functions.

Theorem 2.9. (product rule for proximal subgradients). Let the functions ¢: X — R, i = 1,2, be
Lipschitz continuous around &. Assume that Op( — ¢1(Z)p2)(Z) # 0. Then

Ap (o1 - 2)(7) C N [0p (p2(2)p1)(7) — 27]. (2.10)

z*€0p (—1(2)p2)(T)
Proof. Define f: X — IR? and ¢: IR> — IR by

f(@) = (p1(x), p2(x)) and (y1,y2) == y1 - Ya.
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Note that in this case dp(F1, J2) = V(¥1,%2) = (§2,71). Then ¢1 - @2 = o f, and we use the chain rule from
Corollary 2.7 to obtain

9p (o1 ¢2)(2) = Dpf(2) (VU (f (7)) = Dpf(2)(92(2), 01(2))- (2.11)

Since f(z) = fi(z) — fo(x) with fi(z) := (¢1(2),0) and fo(z) := (0, —p2(x)), we derive from the coderivative
difference rule of Corollary 2.5 that

D};f(fc)(ul,uQ) C ﬂ [D}k;fl(af‘)(ul,ug) — CIL‘*] (2.12)

@* €D, f2(F) (w1 ,u2)
Using now the scalarization formula (2.3) from Theorem 2.4 and the obvious representation
Np((Z1,T2); 1 X Q) = Np(Z1; Q1) X Np(Za;Q2)
of proximal normals in product spaces, we have
Dy f1(Z) (2(2), 1(Z)) = Dpe1(z) (92(2)) = Op(02(2)¢1)(z) and
D f2(2) (2(2),1(2)) = Dp( = 92) (@) (p1(2)) = 9p( — ¢1(T)2) (T),

and thus inclusion (2.10) follows from (2.11) and (2.12). O

To continue, we present the following reciprocal rule for proximal subgradients, which is then used in the
proof of the proximal quotient rule.

Proposition 2.10. (reciprocal rule for proximal subgradients). Let ¢: X — IR be Lipschitz continuous
around T. Assume that o(T) # 0. Then

()0 =

1
Proof. Consider ¢: IR — IR defined by ¢(x) := —. Then Corollary 2.7 and Theorem 2.4 give us
T

ap(é)@) = 0p(¢ 0 9)(%) = Dpip(7) (Vo(p())-

Since Vo(p(Z)) = —m, we have

Dippla) (Vo(e(2)) = Dipld) (= —57z) = 00— () (@) = el ()@,

T

which completes the proof. O

Theorem 2.11. (quotient rule for proximal subgradients). Let p;: X — IR, i = 1,2, be Lipschitz
continuous around T. Assume that Op(p1(Z)p2)(Z) # O and that p2(z) # 0. Then

or () (@) N [9p (p2(2)p1) () — 2]

7112
& 2 €0p (1 (7)2) () lpa(@)
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Proof. We justify this similarly to the proof of Theorem 2.9 using the representation (ﬂ> = ¢ o f, where
P2

f: X — IR? and ¢: IR? — IR are defined by

f(@) = (p1(2), p2(x)) and G(y1,y2) = y1/y2-

By the classical chain rule we have

Let us represent f in the difference form f = f1 — fo with fi(z) := (¢1(2),0) and fa(x) := (0, —p2(z)). The
assumptions made in the theorem ensure that

* = 1 _ ©1(z) _ 1
i @) = @)

_ 1 ©1() 1 -
D* X y — — = 8 e xX).
MO (GE Tmer) = (Gea)@
Employing Theorem 2.1, we have therefore that

50p (01(Z)p2)(Z) #0  and

(p ! r *
8P(—1)(x)c N [c’)p( _ @1)(56)—;5}
©2 i ) ) ] gog(x)
T GWSP(@l(w)@z)(z)
— m op (4,02(%‘)@1)@') — x*
- 7))2 )
z*€0p (p1(Z)p2)(T) (902(75))
which completes the proof. ]

Finally in this section, we present a useful result allowing us to evaluate proximal subgradients of the minimum
function

(Apj)(x) :==min{g;(x)]j=1,...,n}, n>2, (2.13)
for the extended-real-valued functions ¢;: X — R in Banach spaces. Consider the active index set

J(z) = {j € {L,....n}| p;(z) = (Ap;)(2) }
needed in the following minimum rule for proximal subgradients.

Proposition 2.12. (proximal subgradients of minimum functions). Given the minimum function (2.13)
finite at some point T, we have

Op(Ne)(@) C () Opp;(@).

jel (@)
Proof. Pick an arbitrary subgradient z* € 9p(Ap;)(Z). By definition (0.1), find o,y > 0 such that
(@, = 7) < (Ag;) (@) = (A ) (@) +olle — 7|
whenever ||z — Z|| < 7. Taking any j € J(&), for such = we have the relations
(@2 —7) < (AN gg) (@) = (A g)) (@) +ole -z

= (Aej) (@) —9;(@) + oz — 7|
< @j(x) — @i (x) + ollz — 7|,
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which implies that z* € dpp;(Z) and thus completes the proof of the proposition. O

3. PROXIMAL SUBGRADIENTS OF MARGINAL FUNCTIONS

In this section we establish new results on evaluating proximal subgradients of marginal functions, which can
be interpreted as value functions for general problems of parametric optimization. Then we provide specifications
of general results for the case of parametric problems of nonlinear programming with equality and inequality
constraints given by differentiable functions.

Given Banach spaces X and Y, consider the parametric optimization problem

minimize @(x,y) subject to y € F(x) (3.1)

with the cost function p: X XY — IR and constraint mapping F': X = Y. In what follows we always assume
that F has a closed graph around reference points. The corresponding marginal/value function in (3.1) is given
by

() = inf {p(z,9)| y € F(z)}. (3:2)
The solution/argminimum map of the problem is defined by

M(z) = {y € F(2)| u(x) = ¢(z,y)}. (3.3)

The following theorem is the main result of this section. It gives a general upper estimate and its C?-
cost specification for proximal subgradients of the marginal function (3.2) via the proximal coderivative of the
constraint mapping F' and the proximal upper subdifferential (reduced to the classical Fréchet gradient in the
smooth case) of the cost function ¢.

Theorem 3.1. (upper estimates for proximal subgradients of marginal functions). Let p be the
marginal function in (3.2) finite at T, and let § € M(Z) be an element of the solution set (3.3) such that
opo(z,y) # 0. Then

opu@)c () [+ DRP@ )W) (3.4)
(z*,y*) €0t o(.7)

Furthermore, for ¢ € C? around (%,%) we have

Opu(z) C

—

Vapl@,9) + DpF(@.5) (V,0(,9)) | (3:5)

Proof. To prove (3.4), pick any u* € 9pu(Z). Then by definition (0.1) we find numbers o1 > 0 and ; > 0 such
that

(w2 —7) < plw) — w(z) + o1z — 7|

whenever « € B, (z). Since y € M(z), we have
(W o —1) <px)-¢@7)+oilr—z|?
for all x € B, (). Now fix any (z*,y*) € 0}¢(%,7). Using

0t e(z,9) = —0p(—¢)(Z,7),

find by (0.1) positive numbers o2 and 2 such that

o(2,y) = (z,7) < (&%, 2 = 2) + (", y = §) + o2l — 2| + |y — 7l1)*
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whenever ||z — Z|| + ||y — 9|| < 72. Denote
7 := min {’}/1,’)/2} and o :=2max {01,02}.
For any y € F(x) with ||z — Z|| + ||y — 7|| < v we have pu(z) < ¢(z,y), and hence
(wz —z) < (z,y) — (2,9) + 01|z - z|?

< (z* x—> Wy —9) + ol —2l* + oa(lle — 2| + lly — 7l)?
<tz -2+ "y — ) +o(lz -zl + ly - glD*.

This implies the estimate
(" —a*x—2)— (y"y -9 <oz — 2| + ||y - gl)°

for all (z,y) € gph F with ||x—Z||+||ly—y| < 7. Therefore u*—z* € DL F(z,9)(y*), i.e., u* € 2*+D5HF(Z,9)(y*),
which justifies (3.4). When ¢ € C? around (z, %), we arrive at (3.5) due to (1.5) and thus complete the proof
of the theorem. O

Observe that the proximal subdifferential inclusion (3.4) may hold as equality even for nonsmooth functions
describing the cost and constraint in (3.1). To illustrate, we consider the following ezample:

Let X =Y =R, o(z,y) = —|z| + 2y, and F(z) :={y € R|y > |z|} in (3.1). We easily have p(z) = |z| and
0 € S(0). Clearly

Opp(0) = [-1.1], 95»(0,0) =[-1,1] x {2}, DpF(0,0)(2) = [-2,2].

Thus inclusion (3.4) holds as equality, since

N {z* +D*F(0,00y)} = () {="+[-22}=[-1,1].

(a*,y*)€050(0,0) @*€[-1,1])

When ¢ = ¢(y) in (3.1), we have the following simplifications of estimates (3.4) and (3.5).

Corollary 3.2. (marginal functions with parameter-independent costs). Let ¢(z,y) = ¢(y) in (3.1),
and let the marginal function p be finite at . Given § € M (%) with 05p(y) # 0, we have

dpu(@) C () DpF(@.9) (")
y*€dfe()
If in particular ¢ € C% around ¥y, then

Opp(T) C DpF(2,5)(Ve(®)).

Consider next the case of classical parametric constraints parametric in (3.1) when the constraint mapping
F(-) describes the sets of feasible solutions to parametric problems of nonlinear programming with smooth data,
ie.,

F(x):= {yGY‘ pilz,y) <0, i=1,...,m,

3.6
pila,y) =0, i=m+ 1. m+r}, (36)
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where p;: X XY — IR, i =1,...,m+ r, are strictly differentiable at the point in question.
Define the standard Lagrangian

L('fa g7 A) = gO(,f’ g) + )\1@1(5‘,@) + M + >\m+7“<)07n+7"(‘fag)

and consider the set of Lagrange multipliers A = (A1, ..., Amyr) € IR™T" corresponding to the decision variable
y in the parametric problem (3.1), (3.6) at the reference point (z,y) as

m-+r
VyL(Z,5,0) = Vyo(®,9) + > \iVypi(,5) =0 with

i=1

A(z,7) = {A e R™

A >0, A >0 and Ngi(7,9) =0 if i = 1,...,m}.
For convenience we consider also the constraint Lagrangian

Lo(Z,5,A) = M@1(Z,9) + - .- + Angr Pt (T, 7))
and the corresponding set of Lagrange multipliers depending on a given element y* € Y*:

m-+r
i=1

A >0, A >0 and Ngi(7,3) =0 ifizl,...,m}.

Ao(Z,75y7) == {A € R™T

Theorem 3.3. (proximal subgradients of value functions in parametric nonlinear programming).
Let the marginal/value function p from (3.2) be finite at T, and let the constraint mapping F be defined by (3.6),
where the spaces X and Y are Asplund. Given g € M(Z) from the corresponding argminimum set (3.3), suppose
that 95¢(Z,y) # 0, that the constraint functions ¢; are strictly differentiable at (Z,7), and that the following
parametric Mangasarian-Fromovitz constraint qualification holds:

the gradients Vom+1(Z,9)y- - Vomir(Z,4) are linearly independent in X* X Y*;
there isw € X XY such that (Vp;(Z,5),w) =0 for i=m+1,....,m+r, (3.7
and that (Vyi(Z,7),w) <0 whenever i=1,...,m with ¢;(Z,y) = 0.

Then we have the inclusion

opu(T) C N U [:z:* + VaoLo(Z, 7, A)]. (3.8)

(z*y*) €0} p(z,5) AEM(Z.T5y”)
If in addition ¢ € C* around (Z,y) for all y € M(Z), then

opu(@) ) {va(gz,g,A) ‘ )\eA(;i,g)}. (3.9)
yEM(Z)

Proof. Pick u* € 9pu(z). By Theorem 3.1 we have, for any (z*,y*) € 05¢(Z,7), that
u' —a" € DpF(2,9)(y").

Since DL F(Z,9)(y*) C D*F(Z, ), we apply the result of [8, Corollary 4.35] for computing the limiting coderiv-
ative (1.8) of the constraint mapping (3.6) between Asplund spaces under the constraint qualification (3.7). It
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gives

m+r

(U*a _U*) = Z Alv@l(jvg)a ()‘17 .- -a)‘m-‘rr S Bm+r
=1

with A >0 and M\ (7,5) =0 as izl,...,m}.

D3 F(z,5)(v*) © {u € X+

This implies (3.8) due to (3.4). To get (3.9), we use (3.5) in the same way together with the representation
(1.5) for C? functions. O

4. NECESSARY CONDITIONS IN NONDIFFERENTIABLE PROGRAMMING

In the concluding section of the paper we present some applications of the obtained proximal calculus results
to necessary optimality conditions in nonsmooth problems of difference optimization, where cost functions are
represented as differences of two functions; cf. [5] for the convex case and [10] for differences of general nonsmooth
functions, where Fréchet subgradients are applied.

Let us start with simple conditions concerning unconstrained problems of minimizing difference functions
¢ = 1 — 2 on Banach spaces.

Proposition 4.1. (necessary conditions for unconstrained minimization of difference functions).
Let T be a local minimizer for the function ¢ = o1 — @a, where both ¢;: X — R are finite at T. Then one has
the following inclusion for any s € (0,1]

8H(S)<,02(£f) C 8H(S)g01(f). (41)

In particular, one has
Opp2(T) C Ipp1(T). (4.2)
If in addition o is prozimally reqular at T, then

0p2(T) C Iy (T). (4.3)

Proof. Inclusion (4.1) immediately follows from the difference rule in the Remark 2.2 combined with the proximal
Fermat rule (1.4). The second one (4.3) follows from (4.2) due to the proximal regularity definition (1.9) and
the inclusion dpy1(Z) C dp1(T). O

To continue, we establish optimality conditions of minimizing functions represented as compositions.

Proposition 4.2. (necessary conditions for unconstrained minimization of compositions). Let Z be a
local minimizer for the function v = fop, where f : X — 'Y is locally Lipschitzian around T and ¢;: X XY — R
is finite at (T,7y) with §:= f(Z). Then one has the following inclusion

~85¢(,5) C Np((7,7); gph f). (4.4)

Proof. The inclusion (4.4) follows from Fermat rule (1.4) and the chain rule from Theorem 2.6. O

Let us apply the optimality conditions of Proposition 4.1 to establish new necessary conditions for the so-
called “weak sharp minima” in terms of proximal subgradients. Some optimality conditions for weak sharp
minima, are established in [3] by using Clarke subgradients and in [10] by using Fréchet subgradients.

Given a proper function ¢: X — R and a nonempty subset  C X of a Banach space, recall that S C 2 is a
set of weak sharp minima for ¢ relative to  C X with modulus « > 0 if

o(x) > ¢(y) + adist(x; S) forall z€Q and y €S,

where dist(x; S) stands for the distance function of the set S.
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Corollary 4.3. (necessary conditions for unconstrained weak sharp minima). Let S C X be the set
of weak sharp minima for the function ¢ relative to the whole space X with modulus «. Then for every & € S
we have

alB* N Np(&;S) C dpp(Z), (4.5)
where IB* C X s the closed unit ball of X*. If in addition S is proximally reqular at T and X is reflexive, then

alB* N N(z;S) C dp(). (4.6)
Proof. By definition of weak sharp minimizers we have
o(x) > p(y) + adist(z; S) forall z € X and y € S.

Thus every y € S is an optimal solution to the unconstrained problem of minimizing the difference function
¥(z) = p(z) — adist(z; S). Employing Theorem 4.1, we get

adpdist(y; S) C Ipep(y). (4.7
It is well-known (see, e.g., [2, Theorem 4.1]) that
Opdist(z; S) = Np(z;S) N IB*

in any Banach space. Substituting it into (4.7), we arrive at (4.5). Inclusion (4.6) in the proximal regularity
and reflexivity assumptions follows from (4.3) in Proposition 4.1 due to the fact that the proximal regularity of
a set in a reflexive Banach space agree with the proximal regularity of its distance function at any in-set point;
see [2, Theorem 4.2]. O

Next we consider difference optimization problems under general geometric constraints given by
minimize ¢(z) subject to x € €, (4.8)

where the cost function ¢ is represented as ¢ = 1 — po.

Theorem 4.4. (necessary conditions for difference problems with geometric constraints). Let T be
a local solution to problem (4.8) in an Asplund space X, where @ is represented as p1 — pa. Assume that p1 is
Lipschitz continuous around T and that Q is locally closed around this point. Then one has the inclusion

Opw2(Z) C Jp1(Z) + N(Z; Q). (4.9)
Proof. Problem (4.8) under consideration can obviously be reformulated in the unconstrained difference form:
minimize [p1(z) + §(2; Q)] — @o(z) subject to z € €.

By Proposition 4.1 we have
Ipp2(T) C Op (o1 + (5 Q) (2)
for a given local minimizer Z in (4.8). To justify (4.9), observe that

9P (p1+6(:9Q))(Z) C A1 +6(52)(T) C 1 (T) + N(7:Q),

where the latter inclusion holds due to the sum rule for limiting subgradients in [8, Theorem 2.32]. This
completes the proof of the theorem. O

As a useful corollary of Theorem 4.4, we get the following necessary conditions for weak sharp minima under
general geometric constraints.
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Corollary 4.5. (necessary conditions for weak sharp minima under geometric constraints). Let S
be the set of weak sharp minima for p: X — R relative to Q C X with modulus o > 0. Assume that X is
Asplund, that ¢ is Lipschitz continuous around T, and that 0 is locally closed around this point. Then

aB* N Np(Z;S) C dp(T) + N(z; Q).

Furthermore, we have
alB* N N(z;S) C 0p(Z) + N(z;9Q)
if in addition S is prozimally reqular at T and X is reflexive.

Proof. This follows from Theorem 4.4 by reducing weak sharp minima to constrained minimization of difference
functions and employing the arguments from the proof of Corollary 4.3. O
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