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EXISTENCE OF NONTRIVIAL SOLUTIONS FOR QUASI-LINEAR RESONANT
PROBLEMS

Abdesslem AYOUJIL1 and Abdel Rachid El AMROUSS1

Abstract. Combining the minimax arguments and the Morse Theory, by computing the critical
groups at zero, we establish the existence of a nontrivial solution for a class of Dirichlet boundary
value problems, with resonance at infinity and zero.

Résumé. Par un procédé de minimax et application de la Théorie de Morse, en calculant les groupes
critiques en zéro, nous établissons l’existence d’une solution non triviale pour une classe de problèmes
de Dirichlet, avec résonance à l’infini et en zéro..

Introduction

This paper is mainly concerned to study some classes of resonant elliptic equations. More specifically, we
deal with the problem

(P)
{ −∆pu = f(x, u), in Ω,

u = 0, on ∂Ω,

where Ω ⊂ RN is a bounded domain with smooth boundary ∂Ω and ∆pu := div(|∇u|p−2∇u), 1 < p < ∞, is
the p-Laplacian. We assume that f : Ω× R→ R is a Carathéodory function with subcritical growth, that is,

(f0) |f(x, t)| ≤ c(1 + |t|q−1), ∀t ∈ R, a.e x ∈ Ω,

for some c > 0, and 1 ≤ q < p∗ where p∗ = Np
N−p if 1 < p < N and p∗ = +∞ if N ≤ p.

The growing attention in the study of the p-Laplace operator is widely motivated by the fact that it aries
in various applications, e.g. non-Newtonian fluids, reaction-diffusion problems, flow through porus media,
nonlinear elasticity, theory of superconductors, petroleum extraction, glacial sliding, astronomy, biology etc...

The problem (P) at resonance with p 6= 2 has been studied by few authors. Via directly variational methods
or the minimax method, such that as the well-known saddle point theorem or the mountain pass theorem,
solvability results for one solution were obtained, we refer to [6, 9, 11,15] and references therein.

Morse Theory, developed by Chang (cf. [7]) or Mawhin and willem (cf. [13]), is widely used in the study of
the existence and multiplicity of solutions of certain nonlinear differential equations arising in the calculus of
variations see for example [12]. Thus the computation of critical groups may yield the existence of nontrivial
solution to the problem (P).
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From a variational stand point, finding weak solutions of (P) in W 1,p
0 (Ω) is equivalent to finding critical

points of the functional Φ, associated to (P), given by

Φ(u) =
1
p

∫

Ω

|∇u|pdx−
∫

Ω

F (x, u)dx, u ∈ W 1,p
0 (Ω),

where F (x, t) =
∫ t

0
f(x, s)ds and W 1,p

0 (Ω) is the Sobolev space endowed with the norm

‖u‖ = (
∫

Ω

|∇u|p) 1
p .

It is well known that under the condition (f0), Φ is well defined and is a C1 functional with its derivative
given by

〈Φ′
(u), v〉 =

∫

Ω

|∇u|p−2∇u∇vdx−
∫

Ω

f(x, u)vdx, ∀u, v ∈ W 1,p
0 (Ω),

where 〈., .〉 is the duality pairing between W 1,p
0 (Ω) and W−1,p

′
(Ω).

Obviously, if f(x, 0) ≡ 0, then the problem (P) possesses the trivial solution u ≡ 0. In this case, the
purpose of the present paper is to assure the existence of nontrivial solutions for (P). With this aim, we need
to introduce a conditions that give us information about the behaviors of the perturbed function f(x, t) or its
primitive F (x, t) near infinity and near zero.

Let λ1 and λ2 be the first and the second eigenvalues of the p-homogeneous boundary problem
{ −∆pu = λ|u|p−2u, in Ω,

u = 0, on ∂Ω.

It is well known, that λ1 > 0 is simple and isolated point in the spectrum σ(−∆p) of −∆p on W 1,p
0 (Ω)(cf. [2]),

which has an associated eigenfunction ϕ1 > 0.
Now we state the assumptions and the main result.

(f1) lim
|t|→∞

[tf(x, t)− pF (x, t))] = −∞ uniformly for a.e x ∈ Ω.

(f2) λ1 ≤ lim inf
|t|→∞

pF (x, t)
|t|p ≤ lim sup

|t|→∞

pF (x, t)
|t|p := k(x) < λ2 uniformly a.e x ∈ Ω.

(f3) There exist µ ∈ (0, p) and δ > 0 such that

0 < µF (x, t) ≤ tf(x, t), for a.e. x ∈ Ω, 0 < |t| ≤ δ,

and

lim inf
|t|→0

µF (x, t)− tf(x, t)
|t|p ≥ α > λ1(

µ

p
− 1) uniformly a.e x ∈ Ω,

with α be a constant non positive.

Theorem 0.1. Assume (f0)− (f3). Then the problem (P) has at least one nontrivial solution.

Before to presenting the proof, we need to collect some concepts and results that be used below.
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1. Preliminary results

Let X be a Banach space, given a Φ ∈ C1(X,R) and γ, c ∈ R, we set




Φγ = {u ∈ X : Φ(u) ≤ γ},
K = {u ∈ X : Φ

′
(u) = 0},

Kc = {u ∈ X : Φ(u) = c, Φ
′
(u) = 0},

Throughout this paper, we use a generalization of the classical Plais-Smale (PS) condition which has been
introduced by Cerami (cf. [4]).

Definition 1.1. Given c ∈ R, we say that Φ ∈ C1(X,R) satisfies condition (Cc), if
ci) any bounded sequence (un) ⊂ X such that Φ(un) → c and Φ

′
(un) → 0 has a convergent subsequence,

cii) there is constants δ,R, α > 0 such that

‖Φ′
(u)‖X′‖u‖X ≥ α, ∀u ∈ Φ−1([c− δ, c + δ]) with ‖u‖X ≥ R.

If Φ satisfies condition (Cc) for every c ∈ R, we simply say that Φ satisfies (C).

Now, recall the notion of critical groups at an isolated critical point, we refer the readers to [7, 13] for more
information.

Definition 1.2. Suppose u ∈ K is an isolated critical point of a functional Φ ∈ C1(X,R), with Φ(u) = c. We
define the qth critical group of Φ at u with integer coefficients Z by

Cq(Φ, u) = Hq(Φc ∩ U,Φc ∩ U \ {u}), q ∈ Z,

where U is a neighborhood of u, and Hq(A,B) is the q-th homology group of the topological pair (A,B) over the
ring Z.

We have the following Morse relation between the critical groups and homological characterization of sublevel
sets (cf. [8, 16]).

Theorem 1.1. Suppose Φ ∈ C1(X,R) and satisfies (C) condition. If c ∈ R is an isolated critical value of Φ,
with Kc = {uj}n

j=1, then, for every ε > 0 sufficiently small, we have

Hq(Φc+ε, Φc−ε) = ⊕1≤j≤nCq(Φ, uj).

Remark 1.1. From theorem 1.1 follows that if Hq(Φc+ε, Φc−ε) is nontrivial for some q, then there exists a
critical point u ∈ Kc with Cq(Φ, u) � 0. Furthermore, when Cq(Φ, 0) ∼= 0 for all q, we get that u 6= 0.

We will use the following theorem, which is proved with (PS) condition see for example [13].

Theorem 1.2. Assume that Φ ∈ C1(X,R), there exists u0, u1 ∈ X and a bounded open neighborhood Ω of u0

such that u1 ∈ X\Ω and
inf
∂Ω

Φ > max(Φ(u0),Φ(u1)).

Let Γ = {g ∈ C([0, 1], X) : g(0) = u0, g(1) = u1} and

c = inf
g∈Γ

max
s∈[0,1]

Φ(g(s)).

If Φ satisfies the (C) condition over X and if each critical point of Φ in Kc is isolated in X, then there exists
u ∈ Kc such that

dim C1(Φ, u) ≥ 1.
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Proof. Let ε > 0 be such that c − ε > max(Φ(u0),Φ(u1)) and c is the only critical value of Φ in [c − ε, c + ε].
Consider the exact sequence

... → H1(Φc+ε,Φc−ε) →∂ H0(Φc−ε, ∅) →i∗ H0(Φc+ε, ∅) → ...

where ∂ is the boundary homomorphism and i∗ is induced by the inclusion mapping i : (Φc−ε, ∅) → (Φc+ε, ∅).
The definition of c implies that u0 and u1 are path connected in Φc+ε but not in Φc−ε. Thus, ker i∗ 6= {0}
(cf. [7, 13]) and, by exactness, H1(Φc+ε,Φc−ε) 6= {0}. It follows from theorem1.1 that

dim C1(Φ, u) ≥ 1.

¤

Now, we define the class of closed symmetric subsets of X as

Σ = {A ⊂ X : A closed, A = −A}.

Definition 1.3. For a non empty set A in Σ, following Coffman (cf. [5]), we define the Krasnoselskii genus as

γ(A) =
{

inf{m : ∃h ∈ C(A,Rm\{0}); h(−x) = −h(x)},
∞, if{...} is empty, in particular if 0 ∈ A.

For A empty we define γ(A) = 0.

We note
Ak = {C ∈ Σ : C compact, γ(C) ≥ k}.

Our main tool for proving the existence of critical point for Φ, will be the following minimax theorem due to
the second author ( cf.Theorem 3.5, [10] ), with condition (C).

Theorem 1.3. Let Φ be a C1 functional on X satisfying (C), let Q be a closed connected subset of X such that
∂Q ∩ ∂(−Q) 6= ∅ and β ∈ R. Assume that

(1) for every K ∈ A2, there exists vK ∈ K such that

Φ(vK) ≥ β and Φ(−vK) ≥ β,

(2) a = sup
∂Q

Φ < β,

(3) sup
∂Q

Φ < ∞.

Then Φ has a critical value c ≥ β given by

c = inf
h∈Γ

sup
x∈Q

Φ(h(x)),

where Γ = {h ∈ C(X, X) : h(x) = x for every x ∈ ∂Q}.

2. Proof of main result

In this section, we use theorem1.3 and we compute the critical group of Φ near zero. To do this, some
technical lemmas are needed. First of all, we have to prove that the compactness condition (C) holds for Φ.

Lemma 2.1. Assume (f0) and (f1). Then Φ satisfies the condition(C).
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Proof. ci) We first verify the Palais- Small condition is satisfied on the bounded subsets of W 1,p
0 (Ω).

Let (un) ⊂ W 1,p
0 (Ω) be bounded such that

Φ
′
(un) → 0 et Φ(un) → c, c ∈ R. (2.1)

Passing if necessary to a subsequence, we may assume that




un ⇀ u weakly in W 1,p
0 (Ω),

un → u strongly in Lp(Ω),
un(x) → u a.e.in Ω.

(2.2)

From (2.1) and (2.2), we have
〈Φ′

(un), un − u〉 → 0,

or equivalently
∫

Ω

|∇u|p∇un∇(un − u)dx−
∫

Ω

f(x, un)(un − u)dx → 0. (2.3)

By the Hölder inequality, we obtain
∫

Ω

f(x, un)(un − u)dx → 0. (2.4)

Thus, it follows from (2.3) and (2.4) that

〈−∆pun, un − u〉 → 0.

Since −∆p is of type S+ (cf. [3]), we conclude that

un → u strongly in W 1,p
0 (Ω).

Let us now, by the contrary, show that cii) is satisfied for every c ∈ R. Let c ∈ R and (un) ⊂ W 1,p
0 (Ω) such

that

Φ(un) → c, 〈Φ′
(un), un〉 → 0 and ‖un‖ → +∞. (2.5)

Therefore

lim
n

∫

Ω

[pF (x, un)− unf(x, un)]dx = −pc. (2.6)

Taking vn = un

‖un‖ , we have ‖vn‖ = 1. Hence, without of loss generality, we may assume that there is v ∈ W 1,p
0 (Ω)

such that




vn ⇀ v weakly in W 1,p
0 (Ω),

vn → v strongly in Lp(Ω),
vn(x) → v(x) a.e.in Ω.

(2.7)

On the other hand, in view (f0) and (f1), there exists A > 0, and B > 0 such that

F (x, s) ≤ A|s|p + B, p.p x ∈ Ω. (2.8)

Via (2.5) and (2.8), we obtain
1
p
‖un‖p −A‖un‖p

Lp −B ≤ C, C ∈ R.
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After dividing by ‖un‖ and passing to the limit, by using (2.7), we conclude

1
p
−A‖v‖p

Lp ≤ 0 and v 6= 0.

Let Ω0 = {x ∈ Ω : v(x) 6= 0}, via the result above we have |Ω0| > 0 and

|un(x)| → +∞, p.p x ∈ Ω0. (2.9)
Furthermore, (f0) and (f1) implies that there exist b(.) ∈ L1(Ω) such that

pF (x, s)− sf(x, s) ≥ b(x), p.p x ∈ Ω.

Then ∫

Ω

[pF (x, un)− unf(x, un)]dx ≥
∫

Ω0

[pF (x, un)− unf(x, un)]− ‖b‖L1 .

However, (2.9) and Fatou’s lemma 2.1 yields

lim
n

∫

Ω

[pF (x, un)− unf(x, un)]dx = +∞.

This contradicts (2.6). ¤

Now, we will show that the functional Φ satisfies the geometric conditions of Theorem 1.3. Let denote E(λ1)
the eigenspace associated to the eigenvalue λ1.

Lemma 2.2. assume (f0),(f1) and (f2). Then
i) Φ(v) → −∞, ‖v‖ → +∞, v ∈ E(λ1).
ii) ∀K ∈ A2, ∃vK ∈ K, ∃β ∈ R : Φ(vK) ≥ β et Φ(−vK) ≥ β.

Proof. Putting
g(x, s) = f(x, s)− λ1|s|p−2s,

and
G(x, s) = F (x, s)− λ1

P
|s|p.

i) Via (f1), for all M > 0, there exist sM ≥ 0 ;

sf(x, s)− pF (x, s) ≤ −M, pour |s| ≥ sM , p.px ∈ Ω.

For s ≥ sM ,
d

ds
[

G(x, s)
|s|p ] =

sg(x, s)− pG(x, s)
sp+1

,

by integrating over [s, S] ⊂ [sM ,+∞[, it follows

G(x, S)
Sp

− G(x, s)
sp

≤ −M

p
(

1
Sp

− 1
sp

).

From (f2), we get

lim inf
S→+∞

G(x, S)
Sp

≥ 0.

Thus,

G(x, s) ≥ M

p
, ∀s ≥ sM , p.p x ∈ Ω.
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Similar, we show that for every s ≤ −sM , G(x, s) ≥ M
p , p.p x ∈ Ω.

Since Φ(v) = − ∫
Ω

G(x, v)dx, for all v ∈ E(λ1) and lim
|s|→∞

G(x, s) = +∞, the proof is completed .

ii) Let us recall that the Lusternik-Schnirelaman theory (cf. [1]) gives

λ2 = inf
K∈A2

sup{
∫
|∇u|pdx ,

∫
|u|pdx = 1 , u ∈ K}.

Therefore,

∀ K ∈ A2 , ∀ε > 0 , ∃vK ∈ K : (λ2 − ε)
∫
|vK |pdx ≤

∫
|∇vK |pdx. (2.10)

Indeed, if 0 ∈ K, we take vK = 0.
Otherwise, we consider the odd mapping

g : K → K
′
, v 7→ v

‖v‖Lp

.

By the genus properties we have γ(g(K)) ≥ 2 and by the definition of λ2 there exist wK ∈ K
′

such that∫ |wK |pdx = 1 and

(λ2 − ε) ≤
∫
|∇wK |pdx.

Thus (2.10) is satisfied by setting vK = g−1(wK).
On the other hand, k(x) < λ2 and (f0) implies

F (x, s) ≤ (λ2 − 2ε)
|s|p
p

+ C, ∀s ∈ R, C > 0. (2.11)

Therefore, it follows from (2.10) and (2.11) that

Φ(vK) ≥ 1
p

∫
|∇vK |pdx− (

λ2 − 2ε

p
)
∫
|vK |pdx− C|Ω|,

≥ 1
p
(1− λ2 − 2ε

λ2 − ε
)
∫
|∇vK |pdx− C|Ω|. (2.12)

The argument is similar for

Φ(−vK) ≥ 1
p
(1− λ2 − 2ε

λ2 − ε
)
∫
|∇vK |pdx− C|Ω|. (2.13)

So, for every K ∈ A2, we have
Φ(±vK) ≥ β := −C|Ω|.

¤

We show now that the critical groups of Φ at zero are trivial. Note that the following lemma is proved in
case p = 2, see [14].

Lemma 2.3. Assume (f0), (f3) and zero is an isolated critical point of Φ. Then,

Cq(Φ, 0) ∼= 0, ∀q ∈ Z.
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Proof. The idea of its proof is similar to that of Theorem 1 in [14] and to one in [17]. Let denote by Bρ the
closed ball in W 1,p

0 (Ω) of radius ρ > 0 with the center at the origin. The result will be proved by constructing
a deformation mapping for the topological pairs (Bρ, Bρ \ {0}) and (Bρ ∩Φ0, Bρ ∩Φ0 \ {0}). For this purpose,
we need to analyze the local properties of Φ near zero. Thus, some technical affirmations must be proved.

It follows from (f3) that there exists a constant c > 0 such that

F (x, t) ≥ c|t|µ, for x ∈ Ω, |t| ≤ δ. (2.14)

Using (f0) and (2.14), we get
F (x, t) ≥ c|t|µ − c1|t|q, x ∈ Ω, t ∈ R. (2.15)

for some q ∈ (p, p∗) and c1 > 0.
Then, for u 6= 0, zero is a local maximum for the functional Φ(tu), t ∈ R.
Indeed, for u ∈ W 1,p

0 (Ω), u 6= 0 and s > 0, we have

Φ(su) =
1
p
sp

∫

Ω

|∇u|pdx−
∫

Ω

F (x, su)dx

≤ sp

p
‖u‖p −

∫

Ω

(c|su|µ − c1|su|q)dx (2.16)

≤ sp

p
‖u‖p − csµ‖u‖µ

µ + c1s
q‖u‖q

q.

Since µ < p < q, there exists a s0 = s0(u) > 0 such that

Φ(su) < 0, for all 0 < s < s0. (2.17)
Now, we affirm that there exists ρ > 0 such that

d

ds
Φ(su)|s=1 > 0, for all u ∈ W 1,p

0 (Ω) with Φ(u) = 0 and 0 < ‖u‖ ≤ ρ. (2.18)

In fact, for u ∈ W 1,p
0 (Ω) be such that Φ(u) = 0. In return for (f3) and (f0) respectively, we have for ε > 0

sufficiently small, there exists r := r(ε) > 0 such that

µF (x, u)− f(x, u)u ≥ (α− ε)|u|p, a.e x ∈ Ω and |u| ≤ r,

and
µF (x, u)− f(x, u)u ≥ −cε|u|q, a.e x ∈ Ω and |u| > r,

for some q ∈ (p, p∗) and cε > 0.
Denote by

Ωr(u) = {x ∈ Ω : |u| > r} and Ωr(u) = {x ∈ Ω : |u| ≤ r}.
Then, since Φ(u) = 0 and by the Poincaré’s inequality, we write

d

ds
Φ(su)|s=1 = 〈Φ′

(su), u〉|s=1

=
∫

Ω

|∇u|pdx−
∫

Ω

f(x, u)udx,

= (1− µ

p
)
∫

Ω

|∇u|pdx+
∫

Ωr(u)

(µF (x, u)−f(x, u)u)dx+
∫

Ωr(u)

(µF (x, u)−f(x, u)u)dx,

≥ (1− µ

p
)‖u‖p + (α− ε)

∫

Ωr(u)

|u|pdx− cε

∫

Ωr(u)

|u|qdx,
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≥ θ‖u‖p − Cε‖u‖q,

for some Cε > 0, where θ = (1− µ
p + α

λ1
− ε

λ1
).

Since p < q, (2.18) is verified for ε small enough such that θ > 0.
With the above affirmations, we are now able to prove the lemma 2.3. For a fixed ρ > 0 such that zero is the

unique critical point of Φ in Bρ. We first claim that

Φ(su) ≤ 0, for s ∈ (0, 1), for all u ∈ W 1,p
0 (Ω) with Φ(u) ≤ 0 and ‖u‖ ≤ ρ. (2.19)

Indeed, let ‖u‖ ≤ ρ with Φ(u) ≤ 0. By contradiction, assume that there is some s0 ∈ (0, 1] such that Φ(s0u) > 0.
Then, from the continuity of Φ, there exists s1 ∈ (s0, 1] such that Φ(s1u) = 0. Choose s2 ∈ (s0, 1] such that
s2 = min{s ∈ [s0, 1] : Φ(su) = 0}. It clear that Φ(su) ≥ 0 for each s ∈ [s0, s2]. Putting v = s2u, we have

Φ(su)− Φ(s2u) ≥ 0 implies that
d

ds
Φ(su)|s=s2 =

d

ds
Φ(sv)|s=1 ≤ 0.

This is a contradiction with (2.18).
Define a mapping h : [0, 1]× (Bρ ∩ Φ0) → Bρ ∩ Φ0, by

h(s, u) = (1− s)u.

Then h is a deformation which deforms Bρ ∩ Φ0 into itself, that is, Bρ ∩ Φ0 is contractible in itself.
Now, we prove that (Bρ ∩ Φ0) \ {0} is contractible in itself too. For this purpose, define a mapping T :

Bρ \ {0} → (0, 1] by

T (u) = 1, for u ∈ (Bρ ∩ Φ0) \ {0},
T (u) = s, for u ∈ Bρ \ Φ0 with Φ(su) = 0, s < 1.

From the relations(2.17), (2.18) and (2.19), T is well defined and if Φ(u) > 0 then, there exists an unique
T (u) ∈ (0, 1) such that 




Φ(su) < 0, ∀s ∈ (0, T (u)),
Φ(T (u)u) = 0,
Φ(su) > 0, ∀s ∈ (T (u), 1).

(2.20)

Thus, using (2.18), (2.20) and the Implicit Function Theorem to get that the mapping T is continuous.
Finally, we define a mapping η : [0, 1]×Bρ → Bρ by

η(s, u) = h(s, u) + sT (u)u, s ∈ [0, 1], u ∈ Bρ. (2.21)

The continuity of h and T implies that η is continuous deformation from (Bρ, Bρ\{0}) to (Bρ∩,Φ0, Bρ∩Φ0\{0}).
Since W 1,p

0 (Ω) is infinite -dimensional, Bρ\{0} is contractible in itself. So, by the fact that retracts of contractible
space are also contractible, Bρ ∩ Φ0 \ {0} is contractible in itself.

Using the homotopy invariance of homology group, we get

Cq(Φ, 0) = Hq(Bρ ∩ Φ0, Bρ ∩ Φ0 \ {0}) ∼= Hq(Bρ, Bρ \ {0}), ∀q ∈ Z.

Since Bρ \ {0} is contractible, we have

Hq(Bρ, Bρ \ {0}) ∼= 0, ∀q ∈ Z.

The proof of lemma 2.3 is completed. ¤
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Proof of main result

In view of lemmas 2.1 and 2.2, we may apply Theorem 1.3. Letting Q = {tϕ1 : |t| ≤ R}, R > 0. Obviously,
Q is closed and compact. Also, by lemma 2.2, for some large enough R, we have

sup
∂Ω

Φ < β.

Therefore, the functional Φ has a critical value

c = inf
h∈Γ

sup
x∈Q

Φ(h(x)) ≥ β,

where Γ = {h ∈ C(W 1,p
0 (Ω),W 1,p

0 (Ω)) : h(x) = x for every x ∈ {−Rϕ1, Rϕ1}}.
So, there exists at least one critical point u∗ of Φ. More precisely, u∗ is a Mountain Pass point. Then, by

theorem 1.2, we have C1(Φ, u∗) � 0. However C1(Φ, 0) ∼= 0 by lemma 2.3. Hence, u∗ 6= 0.
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