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DATA FITTING BY VECTOR (V,F)-REPRODUCING KERNELS

MoHAMMED-NAJIB BENBOURHIM !

Abstract. In this paper we propose a constructive method to build vector reproducing kernels. We
define the notion of vector (V,f)-reproducing kernel and we prove that every vector reproducing kernel
is a (V,f)-reproducing kernel. We study the minimal approximation by these (V,f)-reproducing kernels
for different choices of V and f.

Résumé. Dans ce travail on propose une méthode constructive pour générer des noyaux reproduisants
vectoriels. On définit la notion de (V,f)-noyau reproduisant vectoriel et on montre que tout noyau
reproduisant vectoriel est un (V,f)-noyau reproduisant vectoriel. On étudie ’approximation minimale
a l'aide de ces (V,f)-noyaux reproduisants vectoriels pour différents choix de V et f.

INTRODUCTION

Kernels are valuable tools in various fields of numerical analysis, including approximation, interpolation,
meshless methods for solving partial differential equations, neural networks, and machine learning. This con-
tribution proposes a constructive method to build vector reproducing kernels for approximation theory uses.

The problem of computing a function from empirical data is addressed in several areas of mathematics and
engineering. Depending on the context, this problem goes under the name of function estimation (statistics),
function approximation and interpolation (approximation theory), among others.

The outline of this paper is as follows: in Section 1, we recall some fundamental results on vectors reproducing
kernels and we define the notion of (V, f)-reproducing kernels. We state the fundamental result, that a matrix
function is a vector reproducing kernel if and only if it is a (V| f)-reproducing kernel. In Section 2, we give
examples of (V| f)-reproducing kernels. In Section 3, we present the first vectorial approximation and we prove
the existence and/or uniqueness of the solution. In Section 4, we present the second vectorial approximation,
preserving a finite dimensional vector space and we prove the existence and/or uniqueness of the solution.

1. VECTOR (V, f)-REPRODUCING KERNELS

1.1. Vector reproducing kernels

For any set €2 we denote by (IR")Q the real vector space of functions h : 2 — R" equipped with the topology
of point wise convergence.

Definition 1.1. A real valued matrix-function H(t,s) = (Hy(t,s)), ;. ;<,, defined on Q x Q is a reproducing
kernel (RK) if -
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1. Tt is symmetric
H(t,s) = HT(s,t),Vt,s € Q. (1)
2. For every finite set {t;},_, of distinct points in £ and for every set of real scalars {\;}1<i<n , we
<j< 1<i<

N
have

N n
SN Hea(tity) Ao dik > 0. (2)
i,j=1k,l=1

Remark 1.2. Taking \;; = p;c;; in Equation (2), it is easy to see that Definition 1.1 is equivalent to that
for every finite set {t;}} of distinct points in Q and for every elements ¢; = (c;;)1<i<nof R", the matrix
(CiTH(ti7 tj)cj)lgi,jgN is a positive matrix.

Proposition 1.3. The RK H(t,s) has the following properties:

1. For all k=1,...,n, the function Hy (t,s) is a RK.
2. For all k,l=1,...,n, and t, s in ), we have the Cauchy-Schwartz inequality

| Hia(t,s) |*< Hix(t, ) Hya(s, s). (3)
Proof. Tt is a consequence of Remark 1.2 and the properties of symmetric positive matrices.
O

Definition 1.4. A vector subspace H of (R”)Q equipped with a scalar product (- | -)3 is called a hilbertian
subspace of (R")? if

1. (H,( | -)») is a Hilbert space.

2. The natural injection from H into (R™) is continuous.

We recall some important results on RK and its associated hilbertian subspace which are studied in [9)].

Theorem 1.5. For any reproducing kernel H(t,s) there exists a unique hilbertian subspace Hg of (]R”)Q such
that:

1- The space
N
n\$2 n .
H07H={UE(R ) u(t) = E H(t,t;)e;, ¢; e R, 1<i <N, tEQ} (4)
i=1

is a dense subspace of Hy.
2- H(t,s) is the reproducing kernel of Hp :

(u| H(.t)e)r, = clult), (5)
for allu € Hy, c e R™ and t € Q.

1.2. Vector (V,f)-reproducing kernels

Definition 1.6. Let H(t,s) = (Hy (t,5)), <} ;<,, @ real valued matrix-function defined on Q x Q. We say that

H(t,s) is a (V, f)-reproducing kernel ((V, f) — RK) if there exist a real Hilbert space (V, (- | -);,) and a function
[ = (fr)i<k<n from Q into V™ such that

H(ts) = (F(®) | Fi())y )1 <picn (6)

Theorem 1.7. A real valued matriz-function H(t,s) = (Hy(t,5)) <y <, 5 @ reproducing kernel if and only
if it is a (V, f)-reproducing kernel.
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Proof It is clear that a (V, f) — RK H(t,s) = ({(frt) | fi(s))v )1<k 1<n 1s symmetric and satisfies

2
Z Z Ai kg it t)) Z Z Ai ki (fe(ti) [ filts)v = ZZ)\zkfk

Z 0
i,7=1k,l=1 i,j=1k,l=1 i=1 k=1
which implies that H (¢, s) is a RK.
Conversely let H(t,s) = (Hy(t,8))1<k,i<n be a RK. jFrom Theorem 1.5, there exists a hilbertian subspace
Hpy of (R”)Q which admits H(t,s) as a reproducing kernel. Let V' = H; and fi(t) = H(t,.)ex € Hpuy with
er = (Ok,1)1<i<n- From the reproducing formula (5), we get: Hy(t,s) = (fr(t) | fi(s))»,. Then H(t,s) is a
(V. f) — RK. O

b

In the following theorem we establish a characterization of the hilbertian subspace Hy associated to H.

Theorem 1.8. Let H(t,s) = ((fx(t) | fi(s))v)i<k.i<n be a (V, f)-reproducing kernel. Its associated hilbertian
subspace Hy of (R")Q is defined by:

Hf = {'LL = (uk)lgkgn S (Rn)Q | JveV: uk(t) = <’U | fk(t»v, 1<k< n,Vt € Q} (7)

Proof. Let Ay : V — (R")Q be defined by (Asv)i(t) = (v | fr(t))y,1 < k < n. The application Ay is linear
and from the inequality

L(Apv) [P =1 (] fult) (D Fr(t) ) vy < <Z|Hk,k<t7t> |2> lv 2,
k=1

k=1

we deduce that Ay is continuous. Let ker(Ay) = {v eV | {(v] fx(t))y =0,Vk=1,---,n and V¢t € Q} and,

B = (kelr(Af))l the orthogonal space in V' of B. One can easily verify that B is the closure of the space
span{fk(t)}(k’t)eN"XQ, with N,, = {1,...,n}. We denote Py the orthogonal projector on B. We define on
H; = Af(V) the bilinear form

(Aju | Apv)n, = (Psu | Pgo)y
It is easy to see that this bilinear form is a scalar product on Hy. Then the linear application

At (ker(Ay))" — Hy

is an isometry and consequently (Hy,(- | -)»,) is a Hilbert space. For all s € Q and ¢ = (¢;)1<1<n € R™ the
function

H(t,s)c:teQ— <z”: Hy (¢, s)cl> (2": t) | fi(s Vc;)
=1 1<k<n 1<k<n
= <<fk(t) | Zfl(8)01>v> = (Af <Z fl(S)Cl)) (t)
=1 1<k<n =1

is an element of H; and satisfies the reproducing formula (5). Thus

(Agv | H(-8)h, = (Pov]| PB<Z sy = 1 3 Als)ev

alv ] fi(s ch (Apv),(
=1
(Ao)(s),

1
QN
HHM:
L
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for all v in V. Consequently (see Theorem 1.5) H; is a hilbertian subspace of (R™) and admits H as a
reproducing kernel. O

2. EXAMPLES OF (V, f)-REPRODUCING KERNELS

2.1. Example 1

Let V = L%(a,b) and let Q be a subset of RZ. For any function ¢, : @ — R, 1 < k < n, let fi(t)(z) =
exp(ck(t)x). We have

exp(b(cx(t) + ci(s))) — exp(a(cr(t) + a(s))) :
Hy(t,s) = { ck(tg + c(s) if (Ckilt) +als) #0, (8)
—a otherwise.

and
b
Hy = {u = (uk)1<k<n € (R™ | 3v € L2 (a,b) : up(t) = / v(x) exp(cg(t)x)de,1 < k < n,Vt e Q} . (9
2.2. Example 2

Let V = L2(0,+00) and let  be a subset of R?. For any function cj, : Q —]0, +00[, 1 <k < n. Thus
1

leexfc z |?) then §) = ————.
1) If fi(t)(2) T p(=cx(t) | [") then Hyu(t,s) cr(t) + c(s)

I
2) If f(t)(x) = exp(—ck(t)x) then Hy (t,s) = and in particular if ¢ (t) =

Py (t)
Qi (t)

1
_ , where Py (t) and
cx(t) + als) b

Qr(t) are polynomials, we obtain a rational reproducing kernel

Qr(t)Qr(s)
Pr(t)Qr(s) + Pe(s)Qur(t)

2.3. Example 3 : (V,f)-RK of convolution type

Hk,l(ta S) =

We consider the case where
1) V = L2(R%) and Q = R
2) fu(t)(x) = fr(t — x) with f;, is in the usual Sobolev space H™(R%).

Then Hy (t,s) = /]Rd fe(t —x) fi(s — x)dx.

Theorem 2.1. We have the following properties

L. Hy(t,s) = Gyt — s) with Hy 1 (€) = (fi * f1)(€) wherefi(z) = fi(—z).

2. G € CM(RY), where CJ*(R?) is the space of compactly supported functions of class C™ on RY.

3. The associated hilbertian subspace of His

Hy = f* LAR?) = {u = (up)i<k<n € CRERY) | v € LARY) up = frxv,1 <k <n} — C'(RY)

4. If fi is radial, 1 < k < n, then the (V,f)-RK Hy, is radial: Hy (t,s) = Hg (|t —s|) for 1 <k,l <n.
Proof. 1. We have

i) = [ flt=o) s =axdo = [ Rl ity = (= s)dy = (s e =),
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2. fxr € H"(RY) = DHy; = (D f3,) * fi € CY(R?) for | o |< m, (See [4]).

3. It is a consequence of Theorem 1.2 and the property given in item 1).
4. For any orthogonal matrix A

H}Ql(At) = ‘/Rd fk(ac)fl(ac — At)d:l,' = /]Rd fk(Aac)fl(A(x — t))dx = ‘/Rd fk(;v)fl(x — t)dl‘ = Hk’l(t),

since fi(Az) = fr(z) and | det A |= 1. Then Hj; is invariant under orthogonal transform and conse-
quently it is radial

O
3. DATA FITTING BY VECTOR (V) f)-REPRODUCING KERNELS
We consider the first approximation problem. Given a subset Qn = {t1,...,tn} of ©Q, a set of vectors
Zy ={#1,...,2n} in R” and a parameter € > 0, the scattered data approximation problem consists in finding
a vector-valued function o€ such that the system of equations
O'E(ti) =z; + 91‘(6), (10)
has a solution of the form
k=N
of = > Hp(t, ty)as (11)

k=
where the unknown error function 6;(e€) satisfy, 6;(0) = 0.
Let Ay be a linear operator from H; into (R™)" defined by

ANU = (ul(tl), . .,U1<tN>, e ,’U,n(tl), P ,un(tN))

First, we give the following definition

Definition 3.1. For all Zy € (R")", and ¢ > 0 we define a (V, f)-spline function as a solution ¢ of the
following approximation problem:

. , N 2 2
(PO(Zx) = min (1)l v |y, +elldv = ZIIE, ), (12)
where
C.(Zn) = A~Y(Zy) for e=0 (Interpolating Problem) (13)
AN T\ Hy for €>0 (Smoothing Problem)
(14)

and Ay (Zy) ={v € H;: Ayv=Zy}. Here||. |[(gny~ denotes the standard Euclidean norm on RORS
The explicit expression of the solution of the problem (12) is given in the following theorem.

Theorem 3.2. For all u € Hy the problem (12) with Axu = Zn, admits o unique solution o€ € Hy which is
explicitly given by

N
0“(t) = D Hylt.t)at. (15)

The coefficients af fori=1,..., N, are obtained by solving the nN x nN linear system
N 0 if e=0,
(Hf —i—celnN)a =ZN withce=4q 1 if >0, (16)
€
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where a¢ and Zy are the vectors given by

— t n.N

at (ai’l,...,a?v’l,...,ain,...,ajv’n) e RV
— t N
ZN = (Zl,na"'7ZN7n) eR” ’

(l’k))lglykgn are the nN x nIN matrixz identity and nIN X nIN matrices, respectively.

. Ik
of Hy are given by H}VEJ ) —< fu(ts) | fity) >v.

and I,,n and H}V — (H]{V
The blocks Hf(lvk) — {Hf(l’k)

i, } 1<i<N
1<j<N

Proof. From the continuous embedding H; < R™ (see Theorem 1.5), we deduce that Ay is continuous. Let I
be the identity operator in Hy. We have

1. Ax(Hy) is a closed subspace of RN
2. I(Hy) = Hy is closed.
3. ker(An) Nker(I) = {0}.
4. ker(An) +ker(I) = ker(Ay) is closed in Hy.
According to the general spline theory (see [2,5]), we get the theorem. (]

Using the general spline theory, we obtain the following proposition in the case of smoothing problem (e > 0).
Proposition 3.3. For all (¢, Zx) €]0,1[x(R™)" the problem (12) admits a unique solution o € Hy which is
explicitly given by

N
of(t) =Y Hy(t, t;)as. (17)
i=1

The coefficients ai fori=1,...,N, are obtained by solving the nN x nN non singular linear system
N 1 €

For the case of interpolating problem (¢ = 0)we have the proposition

Proposition 3.4. The following properties are equivalent:
(1) The linear application Ay is surjective from Hy onto ®RMN .
(2) For all Zy € (R™)N the problem (Po)(Zx) admits a unique solution.
(3) The matriz H}V is non singular, i.e. definite positive.
(4) The system {fx (tl}iéfg,’\", is linearly independent in V.

Proof. We have
(1)=(2) It is a consequence of the general spline theory (see [2,5]).

N
(2)=(3) Let a® = (a$,--- ,a%) be a solution of the homogeneous system H]{Va6 =0 and o¢(t) = ZHf(t,ti)af.
i=1

We have Ayo® = H }V a® = 0. Item 2) implies that ¢ = 0. According to the reproducing formula (5),
we get that for all v in M

0=<0[v>y = (a) v(t) (19)

i=1

Let Z(:k) = (Ok,1)1<jeps fori=1,--- N and k = 1,--- ,n. There exists an interpolating (V, f)-spline
function ¢% (%) 1 <i < N and 1 < k < n, solution of the problem (Py)(Z**)) given by (12). Taking
0% F) successively in equation (19), we get a$ =0 fori =1,..., N.
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3)<(4) Since the matrix HY = 1 (t; 1(ts 1<ij<n 18 a Gram matrix, it is invertible if and only if the
f illv
12k.1<n
system {fx(t;) }1<i<n is linearly independent in V.
1<k<n

(4)=(1) Since the matrix H}V is invertible, then for all Zy € (R™)" there exists a = (ai)i<icn in (R™)™ such

N
that H}Va = Zn. The element o° of H; defined by o°(t) = ZHf(t,ti)ai satisfies Ayo® = Zx.
i=1
O
4. DATA FITTING PRESERVING POLYNOMIALS
Let P be a finite dimensional vector subspace of (IR”)Q and let {p1,...,pm} be abasis of P. In the second scat-
tered data approximation problem, the P-reproduction property is required. Given a subset Qn = {t1,...,tn}
of Q, a set of vectors Zy = {z1,...,2n} in R™™ and a parameter € > 0, the scattered data approximation
problem consists in finding a vector-valued function ¢ such that the system of equations
O'E(ti) =z + 91(6) (20)
has a solution of the form
k=N n(m)
ot =Y Hy(ttr)as + > p(6)b5, (21)
k=1 j=1
where the unknown error function 6;(e) satisfies, 6;(0) = 0.
Hereafter we assume that
(H1) For all p e P : {p(t;) =0, 1<i<N}=p=0. (22)
(H2) Hy NP = {0}. (23)

Let HPy denote the Hilbert direct sum: HP; = H; ®P. We denote by II; the orthogonal projector from HP s
onto Hy and we define on HP; the linear application

Anu = (ur(ty), . us(E)s -t (tr), - ().

First, we give the following definition

Definition 4.1. For all Zy € (R")N, and € > 0 we define a (V, f)-spline function as a solution ¢¢ of the
following approximation problem:

. ; _ 2 _ 2
(P)(Zx) : vegjgm((l O TLyv 3, + ellAv = Z)Z ) (24)
where
A=Y(Zy) for e=0 (Interpolating Problem)
C(Zn) = § (HP); for €>0 (Smoothing Problem) (25)
P for e=1 (Least squares)
(26)

and A~'(Zn) ={ve (HP);: Avv=Zn}.

The explicit expression of the solution of the problem (24) is given in the following theorem.
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Theorem 4.2. For all w € (HP); the problem (24) with Ayu = Zn, admits a unique solution o € (HP),
which is explicitly given by

N m
of(t) =D Hy(t,t:)as + Y q;(t)bS (27)
i=1 j=1
The coefficients a; and b5 fori=1,...,N, are obtained by solving the nN x nN linear system

HY 4 e,y M ac Zy . 0 if e=0,
f €etn — —
( Mt 0 )(b) ( 0 with ¢ Lo eso (28)

€

where a¢, b° and Zy are the vectors given by

[— € € € € t n.N
at = (alyl,...,aNﬁl,...,a17n7...,aN7n) e R™V,
[ € € € € t n.n(m
b = (B 1s s By 1o Dl o3 Dy ) € R,
_ t N
A= (Zl,lw-~7ZN,17-~-a21,n7--~7ZN,n) e R"™ s

and H}V = (H}V(l’k))lgl,kgn and M = (M), <1 k<, are nN x nN and nN x nn(m) matrices, respectively.

The blocks H}V(l’k) = [ }Vil]’,k) and MR = [Mi(,ljfk)] of H}V and M are given by

} 1<i<N

1<i<m
1<j<N 1<j<N

(LK)
H}V” =< fi(ti) | fi(t;) >v

and

Lk
Mi(,j = 01,k 4; (i),

respectively.

In particular, the property of preserving polynomials holds, which means that if there exists ¢ € P such that

q(t;) = 2z, fori=1,...,N then o€ = q.

Proof. We have

1. Ay is continuous and Ay((HP),) is a closed: From the continuous embedding property, Hy — (R™)“
(see Theorem 1.5), we deduce that Ay is continuous. An((HP),) is closed cause it is a finite dimensional
space.

2. Iy ((HP);) = Hy is closed.

ker(An) Nker(Ily) = {0}.

4. ker(An) + ker(Ily) is closed: It is a consequence of the fact that ker(Ay) is closed and ker(ITy) = P is
a finite dimensional space.

w

According to the general spline theory (see [2,5]), we get the theorem. O

Using the general spline theory, we obtain the following proposition in the case of smoothing problem (e > 0).
Proposition 4.3. For all (¢, Zy) €]0,1[x(R™)" the problem (24) admits a unique solution ¢ € (HP); which
is explicitly given by

N m
o (t) = ZHf(t,ti)af + Z p; (t)bE. (29)

The coefficients ai and b§ fori=1,...,N fori=1,..., N, are the solution of the nN x nN non singular linear
system

1
<H}V + 6InN> a =Zy. (30)



ESAIM: PROCEEDINGS 71

For the case of smoothing problem (e > 0), using a similar proof as in Proposition 3.4, we get

Proposition 4.4. The following properties are equivalent:
(1) The linear application Ay is surjective.
(2) For all Zy € (R™)N the problem (Po)(Zn) admits a unique solution.
(3) The matriz H}V is non singular, i.e. definite positive.
(4) The system {fx (tl)}}ékés is linearly independent in V.
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