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ON PSEUDOCONVEX FUNCTIONS AND APPLICATIONS TO GLOBAL
OPTIMIZATION

A. HASSOUNI! aNnD A. JADDAR!

Abstract. In this paper, we characterize pseudoconvex functions using an abstract subdifferential.
As applications, we also characterize maxima of pseudoconvex functions, and we study some fractional
and quadratic optimization problems.

Résumé. Nous caractérisons des fonctions pseudoconvexes en utilisant un sous différentiel abstrait.
Comme applications, nous caractérisons également des maximums des fonctions pseudoconvexes , et
nous étudions quelques probléemes d’optimisation fractionnaires et quadratiques .

1. INTRODUCTION

The pseudoconvexity notion that has been introduced first by Mangasarian in [17] has many applications
in programming and mathematical economy. We will generalize some results of [4,18,19], where the authors
have characterized a pseudoconvex function supposed to be radially continuous or radially non-constant. After
recalling some preliminary results in section 2, we give in section 3 some results extending those of [1,2,4,8,19]
for classes of functions that are less regular and where the assumptions of radial continuity and radial non-
constancy are not always used. In section 4, we characterize maxima of pseudoconvex functions on convex sets.
In section 5, we illustrate the theoretical results with two particular examples: a fractional and a quadratic
problems.

2. SOME PRELIMINARY NOTIONS AND RESULTS

In the sequel, by X we mean a Banach space and X* its dual for the duality pairing (., .). For z € X and
e > 0, we denote by B.(x) the “open” ball of center z and radius €. And for x,y € X, the closed interval [z, ]
is the set

{m+(1—t)y: ogtgl}.

For z # y the semi-closed intervals (z,y], [z,y) and the open interval (z,y) are defined similarly by dropping
one or two end-points. For any A C X, we denote by int(A) its interior and by cl(A) its closure.

Let us recall that for any nonempty subset C' of X and any point = of X, the normal cone to C at x is defined
by

N(C,z) = {x*eX*: Yy € C, <x*,y—x>§0}.
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Consider a function f: X — R U {400}, with a nonempty domain
domf:{xeX: f(ac)<+oo}.
For A € R, the sublevel set Sy(\) is defined by

Sp(\) = {xeX: f(;zc)g)\}.

The function f is said to be quasiconvex if for any x,y € X we have:

for any z € [x,y], f(z) < max{f(sc),f(y)}.

And it is strictly quasiconvex if the above inequality is strict when =z # y and z € (z,y). The abstract
subdifferential we consider here is defined as follows:

Definition 2.1. An operator O that associates with any l.s.c. function

f: X - RU{+0c0} and a point x € X a subset Of(x) of X* is a subdifferential if the following assertions hold :
(P1) 0f(2) = {a* € X"+ ()= f@)+ @7y —2) VyeX|

when [ is conver.

(P2) If x € domf is a local minimum of f, then 0 € df(z).

(P3) 0f(z) = 0g(x), for any g: X — R U {400} such that

(f — g) is constant in a neighborhood of x.

(P4) 0f(z) =0, for any x € X such that f(z) = +o0.

In general, people working on the Mean Value Theorem know that to each kind 0 of subdifferential corresponds
a particular type of Banach space called 0-reliable, in which this Theorem is valid.

Definition 2.2. [18] A Banach space X is called O-reliable if for each l.s.c. function f: X — RU {400}, for
any Lipschitz conver function g and any x € domf such that f + g achieves its minimum in X at x and each
e > 0, we have:

0.€ 0f(u) +Dg(v) + B2 (0),
where u,v € Be(x) such that |f(u) — f(x)| < e and BX(0) is the “open” ball of X* with center 0 and radius €.

Indeed we have the fundamental result.

Theorem 2.1. [19] Let X be a O-reliable space and let f: X — R U {400} be a l.s.c. function. For any
a,b € domf with a # b, there exist a sequence (c,) in X converging to some ¢ € [a,b) and a sequence ¢, in
Of (¢n) such that

i) liminf(c;,b—a) > f(b) — f(a).

ii) limninf<cf” HZ — Z” (b— cn)> > f(b) = f(a).

In the sequel we will use the “dag subdifferential”
o f(x) = {a:* eX*: (z*v) < fl(x,v) WYwe X},
where

flaw) = Timsup 7 (fly+ o+ o —y) - 1),
(t,y)— (04 ,x)
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It is a subdifferential introduced by Penot (see [18]) that is large enough to contain the Clarke-Rockafellar 9¢%
and the Upper Dini 9P+ subdifferentials and still has good properties.
Recall that an operator T: X — 2% is quasimonotone if for any z,y € X the following implication holds

(Hx* eT(x): (x",y—x) >O) = (Vy* eT(y): (y*,y—w}ZO).

We have then the following relation between quasimonotonicity and quasiconvexity :

Theorem 2.2. [18,19] Let X be a Banach space and let f: X — R U {400} be a ls.c. function. Consider
the following assertions
i) f is quasiconvex.
ii) Of is quasimonotone.
Then i) implies ii) if 0f C OTf.
And ii) implies 1) if X is O-reliable.

3. CHARACTERIZATIONS OF PSEUDOCONVEX FUNCTIONS

In this section we study some properties of pseudoconvex functions.
Recall that a function f: X — R U {400} is pseudoconvex for the subdifferential 9 if for any =,y € X the
following implication holds

(32" € 0f(2): @*y— @) 2 0) = f(@) < ().

The function f is strictly pseudoconvex if the right inequality that appears in the above implication is strict
when x # y.

If C is an open convex set of X, then we say that f: C' — R U {+o0o} is pseudoconvex (respectively strictly
pseudoconvex) if the function defined by

o) = { f(@) in C,

400 otherwise .

is pseudoconvex (respectively strictly pseudoconvex) on X.
We can easily check that a pseudoconvex function f on X is pseudoconvex on any open convex subset C' of X.
There is a close link between pseudoconvexity and quasiconvexity as we can see in the next result.

Theorem 3.1. Let X be a O-reliable space and let f: X — R U {+oo} be a l.s.c. function. Consider the
following assertions

i) f is pseudoconvez.
ii) f is quasiconvex and

(0 € 0f(x) = x is a global minimum of f).
Then, i) implies ii).
And ii) implies i) if f is radially continuous and Of C ' f.
Proof. The part ii) = i) is similar to the proof of the corresponding assertion in [1] Theorem 7.1, so we
prove only the part i) = ii).
Indeed, by the very definition, it is sufficient to verify that f is quasiconvex. If that was not the case, in view
of the lower semicontinuity of f, there would exist z,y € X, z € (z,y) and € > 0 such that

for all 2’ € B.(2), f(2') > max{f(x),f(y)}.
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Since z cannot be a local minimum (because apparently z is not a global minimum and for a pseudoconvex
function every local minimum is a global), there is some v in B.(z) such that f(v) < f(z). Thanks to
Theorem 2.1, there exist

(wp) — Z € [v,2) and w}, € Of(wy,) such that

*

(wy, 2z —wp) > 0.

But since z € (z,y), one of the two following cases must holds

*
no

(wy,x—wp) >0 or (w,y—w,) >0.

Therefore
f(wa) < max{ 1 (@), S &) }-

Hence contradiction follows. a
When 9 is the Clarke-Rockafellar subdifferential 9, [i) implies ii)] has been proved by Daniilidis-Hadjisavvas

in [8].

In the particular case where f is strictly pseudoconvex we have the following simplified form of Theorem 3.1.

Proposition 3.1. Let X be a O-reliable space and let f: X — R U {400} be a l.s.c. function. Consider the
following assertions

i) f is strictly pseudoconver.
i) f is strictly quasiconvexr and

(0 € 0f(z) = =z is a global minimum of f)

Then i) implies ii) if Of (z) is nonempty for any x € X.
And ii) implies i) if f is radially continuous and Of C OTf.

Proof. Let f be a strictly pseudoconvex function, then by Theorem 3.1, the function f is quasiconvex and
satisfies the following optimality condition

0€df(zx) = (x is a global minimum of f).
According to Diewert [9], it suffices to prove that f is radially non-constant. Assume by contradiction that there

exists a closed segment [z, y] with 2 # y where f is constant. Let z € (z,y) and apply the strict pseudoconvexity
property to x and z, then

(f(2) = f(z)) = (\n* €af(z): (fa—2)< o).

Using the same argument for z and y we obtain

Since df(z) is nonempty, it follows that
for all z* € 0f(z), (z",x—y)<0 and (z",z—y)>0.

A contradiction. Conversely, suppose that f satisfies condition ii) of Proposition 3.1. Then by Theorem 3.1, f
is pseudoconvex. Suppose by contradiction that there exist x # y in X and z* € df(z) and y* € 9f(y) such
that

(#%,y—2) >0 and  f(z) > f(y).
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It follows by pseudoconvexity that

for all z € [x,y], f(2) > f(z) > f(y).

Since f is quasiconvex, then we have

for all z € [x,y], f(2) = f(z).

So f is not radially non-constant on X (since f is constant on [z, y]).
Then f is not strictly quasiconvex. O
Geometrically we ca see that the subdifferential of a pseudoconvex function f at any point € X is a subset

of the normal cone N(Sf(f(ac))7 x) to the sublevel set S¢(f(x)), more precisely we have :

Proposition 3.2. Let X be a O-reliable space and f: X — R U {+oo} be a function that is l.s.c. and
pseudoconver such that Of C 0T f. Then we have

forallz € X, CZ(R+6f(9:)) C N(Sf(f(x)),x).

Proof. Suppose for contradiction that there exists v such that

vE cl(]R+8f(x)) and v & N(S}(f(x)),ac).

Without loss of generality we suppose that v = z* € 9f(x).
Then, we can find some y in S;(f(z)) and ¢ > 0 such that

for all y' € B:(y), (2,9 —z)>0.

Therefore we have:
for all y' € B(y), [f(y') = f(x) > f(y).

Then f and by the pseudoconvexity of f it is a global minimum of f .
On the other hand, since ff(x,y — x) > 0, there exist (x,,) — = and (¢,) — 0, such that

f@n +tn(y —z0)) > f(20).

By Theorem 3.1, f is quasiconvex and then for n sufficiently large,

f(y) > f(zn), hence contradiction follows with y is a global minimum of f. |
Now, recall that an operator T: X — 2% is said to be pseudomonotone if for any z,y € X, the following

implication holds:

(Elx* eT(z): (z",y—xa) > ()) = (Vy* eT(y): (yy—x) > O).

The following characterization extends a similar one in [1,4] to larger classes of subdifferentials and functions.
Theorem 3.2. Let X be a O-reliable space and let f: X — R U {+o0} be a l.s.c. and pseudoconvex function
with a conver domain such that Of C 9% f. Consider the following assertions

i) f is pseudoconvex.
ii) 9f is pseudomonotone.
Then, i) implies ii).
And i) implies 1) if [ is radially continuous.
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Proof. The proof of the implication ii) = i) is similar to the proof of the corresponding assertion in ( [20]
Theorem 4.1.)
For the implication i) = ii), suppose for contradiction that there exist z,y in X and z* € 9f(z), y* € 9f(y)
such that

(z",y—2) >0 and (y*,y—x)<0.

Then, from Proposition 3.2 (z*, y—x) > 0 implies that f(z) < f(y), and by the pseudonvexity of f, (y*,y—z) <0
implies that f(y) < f(z), hence a contradiction. a

4. MAXIMA OF PSEUDOCONVEX FUNCTIONS

Consider the following maximization problem

maximize  f(x),
(P) { subject to = € C,

where f is supposed to be pseudoconvex, l.s.c. and radially continuous, and C' is a nonempty convex set of
X. For z € C, denote by

c.={zeC: f@)=f@)}
Then we have

Theorem 4.1. Let X be a O-reliable space and let f: X — R U {400} be a l.s.c and pseudoconvez function
such that for any x in C, Of(x) is nonempty and Of(z) C O f(x). Let & € C be such that

1réff < f(z).
Then T is a mazimum of f on C if and only if
forallz € Cz, Of(x) C N(C,z).

Proof. Suppose that
fy) < f@) vyel, or CcCSp(f(z)).
By Proposition 3.2 we have:

for all z € Cz, Of(z) C N(Sy(f(x)),z) C N(C,zx).
Conversely, assume for contradiction that there exists z € C' such that
f(z) > f(z).

By hypothesis, we can find some z € C with f(z) < f(Z).
From the radial continuity of f, there exists some zy € (z, Z) such that

f(zo) = [ ().
Since z,z € C and 9f(x9) C N(C,xzg) we get
for all xf € 0f(xo), (x(,2—x0) = 0.

Since f is pseudoconvex then, f(xzg) = f(Z) < f(z), hence contradiction follows with f(z) < f(Z). O



144 ESAIM: PROCEEDINGS

This result is a refinement of Theorem2.1 Hiriart-Urruty and Yu. S. Lediaev [15] where the function is
supposed to be convex and continuous.
In the particular case where 0 is the Clarke-Rockafellar subdifferential 9% and the set C takes the form

C = {:EEX: g(m)ﬁO},

where g is supposed to be pseudoconvex and continuous, and such that there is some z¢ € X with g(zg) < 0,
we have

Proposition 4.1. Let X be a Banach space and f,g: X — R U {400} be pseudoconvex and continuous with
nonempty subdifferentials in C, and let T € C be such that

iréff < f(@).
Then T is a mazimum of f on C if and only if, for any x € Cz
glx)=0 and O“Ff(x)Cd (]R+8CR9(:U)>.

Proof. Suppose that T is a maximum of f on C, let us first show that Z is on the boundary of C. Assume
by the contrary that Z is not on the boundary of C. Therefore, there exist z1,25 € C such that f(z1) < f(Z)
and T €]z, x2[. Since f is pseudoconvex and f(x1) < f(Z) then

(7%, 21 — ) <0,  Vz* € 9% f(z) (1)
From Proposition 3.2 and f(x2) < f(Z), we have
(Z*, 29 —T) <0,  VI* € d“Ff(z) (2)
As T €]xq, x2], then (1) and (2) means that
(T*, 21 — x9) < 0 and (Z*, 29 — 21) <0, VZ* e d°Ff(z)

Since 9P f(Z) is nonempty, we get a contradiction. It follows that Z is on the boundary of C, hence ¢(z) =
0 > g(xg), then by Theorem 4.1 and Proposition 2.2 of [12], we have that

forall z € Cz, 09%f(x) C N(C,z) =l (R+8CRg(a:)).
Conversely, since for any « € Cz, g(z) = 0, Proposition 2.2 of [12]
N(C,z) = cl(]Rg?f(x)).

According to Theorem 4.1, Z is a maximum of f on C. |
As an illustration of Theorem 4.1, we consider the following function f: R? — R defined by

| max{z,y} ifzx<0andy<0,
. y) = { 0 otherwise .

It is clear that f is continuous and quasiconvex on R?. Let us show that it is pseudoconvex on R, xR, . Since
for any (z,y) € R, x R, we have :

{1 =p): pel01]}  foraz=y,
8f(x,y) = {(05 1)} for z <y,
{(1,0)} for x > y.
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Then (0,0) ¢ 0f(z,y), by Theorem 3.1, f is pseudoconvex on the open convex set R* x R*. Consider the
convex set C' = [—2,—1]” and (—1,—1) € C, then we can see that

C’(—1,—1) = {(!L‘, _1); (_Ly) : (xay) € C}v
and that for any (z,y) € C(_q 1)

{0} X ]RJr for (1'7y) 6] - 27 _1[X{_1}a
R x {0} for (z,y) € {~1}x] —2,—1],

N(C7 ('T7y)) = RJF xR~ for (x,y) - (717 *2)a
R~ xR* for (z,y) = (—2,—1),
R xR for (z,y) = (—1,-1),

So, Of(x,y) C N(C,(x,y)). By Theorem 4.1, we conclude that (—1,—1) is a global maximum of f on C.

5. APPLICATIONS TO FRACTIONAL OR QUADRATIC PROGRAMMING

First consider the following fractional problem

. { maximize q(z) = f(2)/g(x),

subject to x € C.

Where f and g are locally Lipschitz functions on some open convex set O containing the convex set C.
Then the function ¢ is locally lipschitz. If we require in addition the following

C1) f is convex and g is concave on O,
C2) f is nonnegative and g is positive on O,

then ¢ is pseudocopnvex on O, indeed, we have :

Proposition 5.1. Let X be a J-reliable Banach space and let q be a function defined as in (P1) such that
dq C 0“Fq. If C1) and C2) hold, then q is pseudoconvex on O.

Proof. For any a € R, we observe that

Sq(a) = Sh (0)7

o

where the function h is defined by
ho(z) = f(z) —ag(z), Vze€O.

Since h, is convex, ¢ is quasiconvex.

In order to prove the pseudoconvexity of the function ¢, it suffices to show that if 0 € d¢(z), then x is necessarily
a global minimum of the function q.

Consider = € O such that 0 € dg(x), hence

0 € g(x)d“" f(x) — f(x)0“Fg(x).
It follows that 0 € 9“®h(,(x), this means that z is a global minimum of hy(,), and since hy(,)(x) = 0, we have

fy) —q(x)g(y) >0, YyeO.

Therefore x is a global minimum of ¢ on O. |
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As an illustration of Theorem 4.1, we study the following linear fractional problem :

(P) maximize f(x) = z1/(z1 + x2),
2 subject to = (z1,22) € C = [1,2]%

By the preceding Proposition, the function f is pseudoconvex on X, where
X+:{I€]R22 SC1+£C2>0}.
And since C' is a compact subset of the half space X, the maximum of f in C is achieved at some point

T = (i‘l, Cfg).
On the other hand, for any x € C, we have

1 xTo
Vi) = — < ) .
@W=rrs
Then, it is easy to verify that the condition

Vf(x) e N(C,x) Vze

holds for the point Z = (2, 1), since Cz = {Z} and N(C,z) = R" x R™. Then by Theorem 4.1, ¥ is a maximum
of fon C.

And now consider the quadratic problem

Q) maximize f(z) = Az, 2) + (a,z) + o,
! subject to zeC={zeR": g(z) <0},

where g is a convex, g(x) = %(Bx, x) + (b,x) + B, where A and B are symmetric matrices.

Proposition 5.2. Let f and g be two functions defined as in (Q1) such that g is convex and [ is pseudoconvex
on an open convex containing C'. Consider T € C such that the following assumptions hold:

i) There is some xo € C' such that g(xo) < 0,
ii) There is some yo € C such that f(yo) < f(T),

Then, T is a solution of (Q1) if and only if for any x € Cj,

g(x)=0 and Fu=pu(xr) >0 suchthat Azx+a=pu(Bx+Db).

The proof is omitted because this Proposition is only another way of stating Proposition 4.1.
As an illustration, consider

(@) maximize fl@) = —z129
2 subject to z = (z1,22) €eC={2xze€R": g(z) <0},
where g(z) = 227 + 223 — Zxqao — 231 — 220 + 3.

Then f and g are quadratic functions with associated matrices

() e (),
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Since B is positive semi-definite, g is convex.
On the other hand, f is pseudoconvex on the open convex set

O ={z=(x1,22): x1>0,29>0}.

Indeed, since the sublevel sets of f are convex, f is quasiconvex on the open convex set O with V f(z) # 0 for
any x € O, then by Theorem 3.1, f is pseudoconvex on O.
Moreover, one can also verify that g(z) < 0 if and only if

X2
5 +4Y? <1,

where

ng(xl —|—x2—4) and Y:§<.’E2—.’E1>.

It follows then that C is included in the the disk of center (2,2) and radius v/2 and then in D. Notice however
that f is pseudoconvex and not convex on C' as we can check easily with the three points (1,1) (2,2) and (3, 3).
Consider the point Z = (Z1,Z2) = (1, 1) it satisfies

0 -1 @\ (92 -7/2 w2\ (20
-1 0 ., )~ H\ =72 92 o 2fi
with & =1 > 0; moreover we can check easily that Cz = {Z}. Then Z is the solution of (Q3). i
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