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ACOUSTIC PROPAGATION IN A FLOW: NUMERICAL SIMULATION OF THE
TIME-HARMONIC REGIME

ANNE-SOPHIE BONNET-BEN DHIAY 2, EVE-MARIE DUCLAIROIR? AND JEAN-FRANCOIS
MERCIER !

Abstract. We consider the time-harmonic acoustic radiation of a source in a moving fluid. The prob-
lem is set in a two-dimensional infinite duct and the mean flow is a subsonic parallel shear flow, with
a regular profile. We deal with an equation (due to Galbrun) whose unknown is the displacement per-
turbation. We show how to solve the problem with a finite element method by writing a “regularized”
or “augmented” formulation and using Perfectly Matched Layers to select the outgoing solution. Due
to the presence of a non-local term coming from the regularization, an iterative process of resolution is
preferred, which converges faster for weaker shear. Some mathematical results are established in the
dissipative case. Numerical illustrations are finally presented.

INTRODUCTION

The influence of a flow on the acoustic propagation still raises several open questions although it is involved in
many practical applications : in particular a more efficient numerical simulation of acoustic propagation would
be a useful tool to improve noise reducing in planes or cars industry.

Our aim is to compute by a finite element method the acoustic field radiated by a source, in a fluid in flow,
in time-harmonic regime (e~%!) and in an unbounded domain. The unknown is a small perturbation of a given
flow, which naturally leads to consider linearized equations. Contrary to the classical case of acoustics in a fluid
at rest, the obtained problem is vectorial, since the presence of a mean flow generally couples acoustics and
hydrodynamics.

Only in the case of a potential flow, acoustic perturbations are modelized by a scalar generalized Helmholtz
equation : in particular, if the flow is uniform far from the source, the problem can be solved in a classical way,
by coupling finite elements with integral [1] or modal [2] representation of the far-field.

For a non-potential flow, most of the works concern a resolution of Euler’s linearized equations in the time
domain : Euler’s system is a first order system involving the velocity and pressure perturbations, which can be
solved by using finite difference methods [3-8] or discontinuous Galerkin methods [9,10].

Our choice is different and it seems to us more adapted for solving the time harmonic problem with finite
elements. The equation we consider is due to Galbrun [11]. It is a second order system involving the displacement
perturbation.
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Although Galbrun’s equation is very similar to classical wave equations, the direct use of a finite element
method to solve it leads to very bad results. Also the treatment of unbounded domains has not been satisfac-
torily taken into account up to now, the difficulty being to handle simultaneously acoustic and hydrodynamic
phenomena. In particular, convection of vortices requires different treatments upstream and downstream, which
is not tractable with a variational approach.

Introducing the pressure as a new unknown, a mixed finite element scheme has been developed [12,13], which
has been checked to be stable in several applications. However this mixed approach does not help to deal
satisfactorily with the convection of vortices.

We propose here a different approach, based on the so-called regularization of Galbrun’s equation. Both
difficulties mentioned above are then solved : the stability of a classical nodal finite element scheme is ensured
and the hydrodynamic phenomenon is taken explicitly into account, allowing to introduce in the PMLs (Perfectly
Matched Layers) the specific upstream-downstream behavior of the solution.

1. THE PHYSICAL PROBLEM POSED IN A WAVEGUIDE

A two-dimensional problem set in an infinite duct = {—o00 < z < +00,0 < y < I} whose boundaries are
rigid is considered. This duct is filled with a compressible fluid in parallel and subsonic flow : the flow is
characterized by the Mach number profile, —1 < M(y) < 1.
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In time-harmonic regime, the displacement perturbation is supposed to read
Re (u(z)e ™), w>0

and we look for solving a problem of the following form (where f is a source supposed to be compactly supported
in the duct):
D?u — V(divu) = f in Q, (1)
u-n=>0 on 012,
where we have introduced D the convective derivative operator defined by D = —ik + M 0/0x (k = w/c is the
wave number, ¢ the sound speed).

The problem must be closed with radiation conditions at infinity, expressing the fact that the outgoing
solution is sought. These conditions can be expressed thanks to the duct modes, but their numerical treatment
is delicate, in particular because of the existence of a hydrodynamic modes continuum, modes convected by the
flow. The combined use of a regularized formulation and of PMLs will allow us to avoid this difficulty.

The uniform flow case helps to better understand the phenomena modelized by Galbrun’s equation. Indeed,
if M is constant, it is easy to check that the acoustic pressure p = —divu and the vorticity ¢ = curl u both
satisfy two uncoupled problems: p is solution of the convected wave equation

D?p — Ap = —div f,

and ® is solution of the equation

D2y = curl f,
that modelizes the convection of vortices by the flow. In the non-uniform flow case, these two phenomena are
coupled.
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Finally, our aim is to calculate the outgoing solution of (1) using finite elements and PMLs.

2. REGULARIZED FORMULATION

Let us suppose for the moment that we try to approach by finite elements the solution of Galbrun’s equation
in a bounded set (a part Qp of the duct ).

2.1. Without flow

In the absence of flow (M = 0), it is known that Galbrun’s equation
~V(divu) — k*u = f,

can not be discretized thanks to Lagrange finite elements. This is due to a lack of compacity (of the injection
from Hyg;, into L2), difficulty entirely similar to the one widely studied in the framework of harmonic Maxwell
equations. The solutions to this problem developed in the literature consist in using Raviart-Thomas elements,
H j;,-conforming, or in writing an equivalent regularized formulation of the problem. This is achieved by noting,
after having taken the curl of Galbrun’s equation, that the curl of the solution can be calculated a priori:

1
curlu = —ﬁcurlf.
We deduce that w is solution of the following equation, where 1y = —curl f/k? is a data:

~V(divu) + curl (curlu — ¢5) — k*u = f,

which can be written:

—Au—K*u = curly; + f.
Then this equation can be discretized thanks to classical Lagrange finite elements. If the domain has no reentrant
corner, the solution of the latter problem is the good solution of (1) (the one satisfying curlu = ).

2.2. With a flow

With a flow, the situation is more delicate. The writing of a variational formulation of Galbrun’s equation
makes appear the following bilinear form, whose principal part does not have a fixed sign:

/Qb divu div o —M(y)Qg—Z : g—z - 2ikM(y)g—Z -0 — k*u-v.

There is no natural functional framework to formulate the problem, and moreover, no adapted finite elements
(similar to the Raviart-Thomas ones for the no-flow case). On the other hand, we will be able to extend
the regularization method, but it will be more delicate to perform [14,15]. This time the idea is to consider
1 = curlu as a new unknown. Taking the curl of Galbrun’s equation, we get the following relation between v
and w (where M’ stands for the derivative of the Mach number with respect to y):

D2 — 2M'D (‘?;;) —culf (Q).

Note that this is a simple ordinary differential equation in = (where y is just a parameter). In the sequel we
will show that it is then possible to calculate v versus uw and to get a regularized problem for w associated to
good mathematical properties.
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3. THE TREATMENT OF THE PROBLEM IN AN INFINITE DUCT

3.1. The dissipative problem

First to simplify we will consider the dissipative problem where the wave number is extended to the complex
plan:
ke =k + ie € >0,
and we suppose that :
M(y) >0 Vye[0,l].
Thanks to the dissipation, we are then authorized to look for a solution with finite energy (which stands for the
radiation condition). Let us consider the following problem: find u,. € H'(€2)? such that

DZu. — V(divu.) = f (Q)
(2)
u.-n=0 (09)

where

9

ox’

The technique of regularization leads then to consider the following problem: find u, € H!(Q)? and . € L?()
such that

D, = —ike + M(y)

D?u, — V(divu,) + s curl (curlu, — ) = f  (Q)

D2y, — 2M'D, ( - > =curlf (Q) (3)

uc-n=0 and curlu.—v.=0 (09Q)

where s > 0 is the regularization parameter which will be fixed later.

Theorem 3.1. The second equation of (3) admits a unique solution in L2(Q):

’(/Je = Aeue,m + wf,ea (4)
where
Yre=Ge ¥ curl f,
and 5
Ae e,r — ~5 ¥ 2M/ Ye,z
Ue, G * I (5)
with
T ikex
Ge(z,y) = H(x exp( - ), 6
(@) = H@) gz o (3705 (6)

(H designs the Heaviside function), G. = DG = MG./z and A. is continuous from H'(Q) to L2(Q).

Proof. The uniqueness in L2(Q2) is straightforward since the solutions of the homogeneous equation D%, = 0,
which are of the form

ikex
a(y) +x by exp(—),
) +2 b)) exp (300
cannot belong to L?(f2), except if @ = 0 = b. Then one can check that G. € L?(2) and satisfies for every

y €0,1]:
D*G. =46, (z€R),
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(let us emphasise that the only L?(2) Green function is the “causal” one, vanishing upstream). The expression
of 1. is finally obtained by convolution of 2M'D. (Qu. ,/0z) + curl f with G., which gives (5) after integration
by parts.

To prove that 1. € L?(Q), recall that if h € L?(R) and g € L'(R), then h * g € L?(R) and:

||h*g||L2(R) < ||h||L2(]R) ||9||L1(R) :

Since HGE = 1/e we get finally:
LY(R)
2v/S

||Aeu6,w||L2(Q) < T ||u67$||H1(Q) ) (7)

where
S = max [M"].
y€[0,h]
O

Remark 3.2.

(1) Notice that A, has the following equivalent expression:

_2M'(y) ike [T ike(z — 2)
(Aeten) () = 270 Juatoan + g [ oo (P e ]

which means that it is a zeroth order operator (continuous from L?(Q) onto L2(£2)).
(2) In fact, the restriction M (y) > 0 can be relaxed, at least for the theoretical point of view. Indeed, for
a general profile, we just have to set :

x tkex

Ge(z,y) = H(zx exp( = ) if M(y) >0,

(z,y) ( )Mg(y) M) ()

T tkex

G(r,y) = —H(—z)=—— exp (—6> if M(y) <0,

(z,y) (=) e ™ ()
Ge(z,y) = 0 if M(y)=0.

Notice in particular that contrary to formula (6), estimate (7) is not singular for vanishing Mach

numbers.
However, for a practical point of view, the treatment of low Mach values is more delicate, since it
requires the evaluation of highly oscillating integrals. An alternative will be suggested in the conclusion.

By injecting the expression of ¢, in the first equation of (3), the following problem of unknown wu. is finally
obtained: find u. € H'(Q)? solution of

Dfu€ — V(divue) + s curl (curlue — Acue o) = f +curlyy.  (Q)

(8)
Ue - N = 0 and Cul"l Ue — Aeue,w = djﬁ6 (aQ)

This problem has good mathematical properties: for instance, the Lax-Milgram theorem applies if € is large
enough. To prove this, let us first derive the variational formulation of the problem:

Find uw. € V such that Vv e V
a(ue,v) = / (f-v+sty.curld), (9)
Q
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where V = {u € H'()*u-n =0 on 0Q} and a(u,v) = b(u,v) + c(u,v) with

b(u,v) = /<divu divﬁ+scurlucurlﬁ—M2au 8—1}—2zl<:M8—u 17—k2u-17),
Q Or Ox oz

c(lu,v) = —s [ Acu, curlv.
Q

Theorem 3.3. The variational problem (9) is well-posed for s > max,c(o,n] M?(y) and € large enough.

Proof. We just need to prove that the bilinear form a(u,v) is coercive. First we note that

%a(u,u)‘ > |ke| Sm (-@) .

€

la(u, w)| =

Concerning the bilinear form b(u,v), integrating by parts gives for all u € H(Q2)?

ou _ / ou Ju _
— U = — - — = — U
Q

Q ox ox Q (9.%‘ ’

hence [, d;u - @ € iR. Thus we get that

an () =,

Thanks to Costabel’s identity
/ |div u|® + |curl ul” = / Vul|®,
Q Q

valid since w - m = 0 on 99 and introducing so = max,eo,5) [M?(y)] < 1 we get

Sm (—b(“k—“)) Ze/ﬂ{| 2L |k 3 [0 o) vl + s - s |cur1u|2]}.

Concerning the bilinear form c(u, v) we get for any n > 0:

ou

||+ a7

)]

1
TAE <|divu|2 + s |eurlul® — M?

c(u,u)‘ s / 5 1 9
< —— | n|Acug|” + — |curlul|”,
R | S g Jo Al el

which implies, using the continuity of A, (inequality (7))

, 45
o (= 15) = gy (Ml [ fewtal?)

Combining the previous results we get

1—s s—s s 255
la(w,uw)| > /Q {e|ké| lul? + €(|/TO) |divul® + <6(|T|0) — %> lcurl u|® — > n ||u||H1 ()2 }

If we introduce the function

g(e) = min [6|k6|76(1—80) e(s — so) s]

kel Tkl 2
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then a(u,v) is coercive if g(e) > 25Sn/€?. Since

1
g ~ min[e2,1—so,s(1——)—80]7
€E— 00 277

we deduce that if s[1 — (1/2n)] > so then g is positive for e large enough and a(u, v) is coercive on V x V. O

By construction every solution of (2) belonging to V' is a solution of (9). The converse statement results from
the following theorem:

Theorem 3.4. The solution u. of problem (9) is such that curl ue = ..

Proof. Taking as test functions v = curl ¢ with ¢ € H2(Q)NHg(2) (such that curl ¢ belongs to V, in particular
vy = —0zp = 0 on 0N) leads after some integrations by parts and the use of the boundary conditions of problem
(8) to the following orthogonality relation, where (-, -) denotes the usual scalar product in L?(Q):

(curlwe — e, Hy, a1,s ©) -

Here Hj,_ ar,s denotes the operator (D:)2 — sA where Df = —ik, + M(y) 0/0x.
This result is easily obtained after having proved that

(1) V¢ € L2(Q2) such that D2y € L?(Q) and Yo € H?(Q) N H (),
(D2, ) = (4, (D)) ).
(2) Yu € V and Yy € H3(Q) N H} (),

€

b(u,curl p) = (curlu — A, (D)’ cp) — (curlu, sAy) .

(3) Voo € H2(Q) N H}(9),
(F,curlg) o = (V1.0 (D) ).

Point (1) is simply an integration by parts. Point (3) is easily obtained by using point (1) after the integration
by parts: (f,curlg)s ). = (curl f, ), valid because ¢ = 0 on 9f.
Point (2) is deduced following a similar way. Vu € H?(Q) NV and v € V, an integration by parts leads to:

b(u,v) = (D, v)L2(Q)2 + s (curlu, curlv) .

Then if we take u € H3() NV and v = curl g, we can integrate (Dfu, curl go) by parts to get

L2(Q)2

(Dfu7 curl go) = (curlDfu, cp) .

L2(Q)?
Then we have to notice that curl (D?u) = D?(curlu — Au) because curl (D?u) = D?(curlu) — 2M'D. (9,u,)
and D?(A.u) = 2M'D, (0,u,). Finally it is easy to conclude thanks to point (1) and to extend this result for
u € V thanks to the density of H3(Q)NV in V.

To conclude that curlu, = 1. in L2(€), it suffices to show that Hy, ars is surjective from D(Hy, rrs) =
H2(Q)N HE(Q) to L2(Q). Since Q is regular (no reentrant corners), this will be achieved by using Lax-Milgram
theorem after having proved the coercivity of the sesquilinear form (Hy, ar.s ¢,%). For all ¢ in H}(£2), we have

2 — 0 —2
_ 2ik€M¢aw X |<p|2> ,

T

dyp
Hy, s = 2oM? |
(Hy, a5 0, 0) / <S|V<P| Oz

Q
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which implies

(Hy MSSD#P)) / 2 1 2 2|0
Qm | —==—""—= ] =¢ + = [s|Vy|" — M= |— .
( ke Q i ke |? Vel O
Thus (Hy, a1,s @, 1)) is coercive as soon as s > max,eo,n M (y). O

Remark 3.5. The treatment of domains with reentrant corners is an open question since, contrary to the
electromagnetic case, the H' framework seems to be required by the presence of a mean flow (term —M?29,u0,v
in the variational formulation).

Corollary 3.6. For ¢ large enough, problem (2) has a unique solution in V.

Proof. We choose v € D(2)? C V in the variational formulation (9). Using the previous theorem and integration
by parts, we obtain that the unique solution u. of (9) verifies the first equation of (2) in the distributional sense.
The boundary condition is also satisfied since u. € V. (]

Remark 3.7. For a uniform flow, the well-posedness stands for every € > 0. But for a general flow, it is not
surprising that well-posedness requires sufficient absorption, to prevent exponential growing due to a possible
hydrodynamic instability. We conjecture that it is possible to go further (results for small values of ¢ and
limiting absorption process e — 0) by using an explicit modal representation of the solution.

3.2. Perfectly Matched Layers

To develop a finite element method to compute an approximation of the outgoing solution of the initial
problem (1) (problem without dissipation), Perfectly Matched layers (PML) are introduced. We face two
difficulties: as in the dissipative case, the operator in Galbrun’s equation is not coercive, making the finite
element method unstable. Moreover the problem is set in an unbounded domain. The use of PMLs allows us to
follow a similar approach as in the dissipative case. The outgoing solution is naturally selected by working in
finite energy spaces. Also the coerciveness will be restored by applying a regularization technique. For practical
implementation, the layers are finally truncated.

The model in the absorbing layers (the PMLs) is obtained starting from the exact model by introducing the

0

following substitution in all the equations : — — a—— where « is a complex parameter satisfying Re(«) > 0

and Im(a) < 0 (then the solution decreases ixn the 1ay:grs). Like previously in the dissipative case, ¥ can be
expressed as a fonction of w and inserted in regularized Galbrun’s equation.

More precisely, layers of length L are introduced on both sides of the source support. Then we solve in
the domain Qy, =]z, — L, x, + L[x]0,[[ described below (the physical domain around the source is defined as

]xm,xp[x]o, l[)
L

PML @ PML

the following problem (where the index aw means that the substitution has been introduced in the layers PML,
equations are written in the sense of the distributions and we have chosen s = 1 for the sake of simplicity):

D2y — V,(div, u) + curl , (curl yu — o) = £ (1)

w:Aauw""wf,a (QL) (10)
Ju-n=0andcurlqu—-9Y=0ony=0andy =1,
OnaQL'{ Uy =0=uy,onzr=2x,—Landz=x,+ L,

where A, denotes once again a zeroth order operator (Aqu, and 9, are defined in Appendix A).
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Remark 3.8.

(1) The regularization is necessary not only for the finite element method but also for the PML method:
indeed, the use of PMLs without regularization leads to a non-causal solution w [16].

(2) Here we have chosen to impose on the artificial boundaries at the vertical end of the PMLs: u = 0.
Other choices would be possible like to impose the same boundary conditions as on the horizontal
boundaries: w-n = 0 and curl ;u — 1) = 0 on 9. But it would produce an additional source term on
the artificial boundaries, which is complicated to deal with numerically and is negligible in practice.

Tha variational formulation of problem (10) is

Find w €V such that Yv € V,

1
a(u,v):—/ (f O+ yq curl ,0), (11)
@ Jar
where a(u,v) = b(u, v) + ¢(u, v) with
1 ou 0v
b(u,v) = / [u -0+ — (divg u div, @ + curl yu curl ,B) — aM?ZL. _v] ,
Qr, o 8$ 8:17
k? 1
c(u,v) = —/ (22/{M8—u -0+ ot u-v+ —Aju, curloﬂ_;) ,
QL ox @ @

and where V, = {u € HY(Qr)%*;u-n =0 on 09Q.}.
Theorem 3.9. The variational problem (11) is of Fredholm type.

Proof. We prove that the sesquilinear form a(u,v) defines, via the Riesz representation theorem, an operator
which is the sum of an isomorphism and a compact operator on V. The form b(u,v) is coercive on V. Indeed,
for all w,v € V', we have

2 2

8_u
ox

1

«

du
dy

3

1 1
/ — (divy wdiv, @ + curl yu curl yu) = —Va.u-Vaou = / «
o, & Qp & Qr

which leads to

Re(uw) = [ {[uf +Re(e) (1 - 12 4 e (L] 22
€ ’LL,’LL = 0, u el S0 8x e o 8y 5
> Ca ||U||%{1(Q)2 ’

with C, = min [1, Re(a) (1 — sg), Re (1/a)].

On the other hand the form c(u, v) defines a compact operator on V' due to the compactness of the embedding
of HY(Q1) into L2(Qz). The key point is the continuity of A, from L?(Qz) to L2(21). This continuity results
from a formula analogous to (4) in the PML case. O

Finally, if the flow is uniform, we know how to show [16,17] that the solution of the problem with PML
converges when the layers width L tends to infinity toward the outgoing solution of the radiation problem (1),
this later solution being characterized thanks to a limiting absorption technique.

Remark 3.10. Note that in the presence of the so-called upstream modes, the solution grows in the downstream
layer but this does not disturb either the convergence of the solution with PML nor the quality of the calculated
solution in the bounded domain €, [17].
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4. IMPLEMENTATION AND NUMERICAL RESULTS

The problem with PML is discretized thanks to Lagrange finite elements. In order to evaluate simply (by
interpolation) the convolution formula in x, we use a structured mesh and quadrilateral-based Q2 elements, and
we consider a Mach profile which does not vanish. The discretization convergence is insured since the problem
is of Fredholm type.

Concerning the resolution of the linear system, it is not worth eliminating the unknown 1 because the
convolution operator A,, which links all the freedom degrees located on the same streamline (y=constant),
leads to a matrix less sparse than a classical finite element matrix [15]. The unknown v is kept and we use the
following iterative algorithm initialized with ¥° = 0:

D2u" — V¥, (dive u" ™) 4 curl 4 (curl qu™ ™ — ™) = f ()
u"ln =0 et curl,utt -y =0 (0Qr)
P = Aqup T+ 4y (Qr)

We observe that this algorithm converges faster if the flow gradient is weaker which is not surprising since A,,
vanishes for a uniform flow.

The numerical method has been implemented thanks to the code MELINA [18].

The following results concern the case of an irrotational source f in a duct of height [ = 1. The support of
f is a small disk of center (0.5,0.5) and radius 0.1 and its analytical expression is :

f(z,y) = ( gyc)

We compare the scattered field obtained for two different flow profiles, a uniform one with M = 0.5 and a linear
one given by :
M(y) = 0.2 + 0.6y.

The Mach of the uniform flow corresponds to the mean value of the linear profile.
The computational domain is represented below, with the flow profiles and the location of the source.

€) €)
] ]

M=0.5 M=0.2+ 0.6/

® ®

€x €x
-0.5 0 0.5 2 25 -0.5 0 0.5 2 25

The results are obtained with 3321 degrees of freedom and o = 0.5 — 0.5:.

The wavenumber k is equal to 8. At this frequency and for the uniform flow, there are 3 propagative acoustic
modes in the duct.

The isovalues of the horizontal component of the displacement are represented below.

For the uniform flow, the convective effect of the flow clearly appears : the radiated acoustic field has a
wavelength much larger downstream than upstream. It is essentially the third propagative mode (corresponding
to a dependence with respect to y of the form cos(27y)) which is produced.

For the linear flow, we recognize a waveguide effect which takes the form of a concentration of the upstream
acoustic field in the upper part of the duct. Downstream the source, the acoustic is hidden by the vortices,
which appear as inclined lines. The source being irrotational (¢; = 0), it is the non-uniformity of the flow
which explains the presence of vortices.

These inclined lines appear more clearly on the isovalues of ¢ which are plotted below :
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J -

Real part of u,, uniform flow

Real part of u,, linear flow

Vorticity for the linear flow

11

Finally, it is interesting to observe the evolution of the solution computed during the iterative process. We
give below the isovalues of the horizontal component of the displacement for the 4 first iterations. It appears

that the vortices progressively take the place of the acoustic field downstream of the source.

Iteration 1 Iteration 2

Iteration 3 Iteration 4
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5. CONCLUSION

We have developed a numerical method allowing to calculate the field radiated by a source of perturbations
in a shear flow. From a theoretical point of view, the uniform flow case has been completely studied. For a
shear flow, using a dissipative process, the outgoing solution radiated by a compactly supported source has
been characterized. We then proposed a variational formulation with perfectly matched absorbing layers for
approximating the outgoing solution. Note that although the outgoing solution (without dissipation) is clearly
defined in the uniform flow case (limiting amplitude process), we are unable to define it in the case of an
arbitrary parallel flow, following the same process. However we think that for a stable flow profile the limiting
amplitude process still holds.

From a numerical point of view, we developed a method based on an iterative scheme in order not to inverse
non-sparse finite element matrices and we showed that we can calculate the coupling between acoustic and
hydrodynamic phenomena.

The weakness of our method, in order to extend it to more practical situations (3D geometries), is the
calculation of i thanks to the convolution formula along the streamlines. Moreover, this formula degenerates
when the Mach number vanishes, which happens often in practice (close to the boundaries for instance).

Currently we develop an approximated model valid for flows whose Mach number is low. This model is
obtained by calculating an equivalent of the oscillating integral A, u, when M tends to 0. Then we show that
we can replace the integral formula

Y= Ay,
by the following differential formula
2iM'" Ouy
TR Yo

whose discretization is much simpler. This model seems to be very promising for the extension to the 3D case.

A. DEFINITIONS OF A, u, AND OF 9y,

For a physical domain defined as |z,,, x,[x]0, [ surrounded by infinite PMLs we get that the vorticity reads
Y = Aqug + Y o where:
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Thanks to these formulas it is straightforward to prove that ¢ € L2(Rx]0,[).
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