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EXACT CONTROLLABILITY AND OUTPUT FEEDBACK STABILIZATION
OF A BIMORPH MIRROR

PIERRE LE GALL', CHRISTOPHE PRIEUR? AND LIONEL ROSIER!

Abstract. We consider a large bimorph mirror which is composed of three layers: a purely elastic
layer, a layer equipped with a distribution of sensor piezoelectric inclusions, and a layer equipped with a
distribution of actuator piezoelectric inclusions. Such a device is modelized by a system of two coupled
PDE, the first one involving a second-order operator without time derivative, and the second one being
a plate equation. The controllability properties are investigated for both the 1D model and the 2D
model, and an output feedback law is proposed for the stabilization of the 1D model.

Résumé. Nous considérons un miroir bimorphe qui est composé de trois couches: une couche pure-
ment élastique, une couche munie d’'une distribution de capteurs piézoélectriques, et une autre munie
d’une distribution d’actionneurs piézoélectriques. Un tel équipement est modélisé par un systéme de
deux EDP couplées, la premiere étant écrite a ’aide d’un opérateur du second ordre sans dérivation
en temps, et la deuxieme étant I’équation des plaques. Nous étudions la controlabilité des modeles 1D
et 2D, et nous proposons un retour de sortie stabilisant le modele 1D.

1. INTRODUCTION

The general problem under study in this paper is the control and the stabilization of a bimorph mirror. Such
a structure is an active multi-layered flexible plate (see Figure 1):

e a layer is assumed to be a purely flexible plate (this is the mirror);
e another layer is equipped with a distribution of piezoelectric inclusions, which are used as actuators;
e the last layer is also equipped with a distribution of piezoelectric inclusions, which are used as sensors.

. The thickness of the plate is neglected.

Such a device is used in Adaptive Optics with large ground-based telescopes. Recall that the main goal of
Adaptive Optics is to compensate in real time for random wavefront disturbances [3].

This kind of flexible structure has been investigated in [10]. A PDE-type model has been obtained by letting
the characteristic dimension of the heterogeneities tend to zero in elastic plates including small inclusions. Two-
scale convergence for homogenization as in [1] was used. The goal of the present paper is to investigate the
controllability and the stabilization properties of that model.

There exists a wide literature for the controllability and the stabilization of flexible plates equipped with
piezoelectric inclusions. See e.g. [6,15] where controllability results for the Bernoulli Euler equation are obtained
by using the Hilbert Uniqueness Method and Diophantine approximations. Stabilization results for the beam
equation are given in [2], [12] and [§].
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An important feature of the model considered here is that there are two coupled PDE of very different
nature: the first one is defined by a second-order operator without any time derivative, and the second one is a
Euler-Bernoulli equation.

The model under consideration will be investigated in 1D and in 2D.

1D MODEL (BEAM)

—02u = —50,¢ + ad’p,
02w + diw +w = §,

w(0,t) = w(L,t) = d,w(0,t) = dyw(L,t) =0,

u(0,t) = u(L,t) = 0.

In above system, € (0, L) is the spatial coordinate and ¢ is time, w stands for the transverse deflection of the
beam, w is the scalar longitudinal displacement, and ¢ is the voltage applied to the inclusions of the actuator
layer. The coefficients a and s denote some physical constants depending on the piezoelectric inclusions (see
e.g. [10]). We shall assume that a > 0 and that s is any real number.
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FIGURE 1. An active bimorph mirror
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2D MODEL (PLATE)

—(A+ p)ordiv U — pAuy = —sgdsp + aytg@iéap, (1)
—(A+ w)dadiv U — plug = —t305p + bys 050, (2)
Ofw + A%w +w = g(w@i@(p, (3)
w:g—::O on 0, (4)
up =uz =0 on JN. (5)

In the above system, the spatial coordinates are denoted by x = (21, 72) € €, where Q C R? is a Lipschitzian
bounded open set, d1¢p = dp/0x1, dap = Op/0xa, U = (u1,usz) stands for the 2D-longitudinal displacement,
div U = d1uq + O2us, and Einstein’s convention of summation for repeated indices has been adopted. As usual,
A > 0 and p > 0 stand for the Lame coefficients. We shall assume that the 2 x 2 symmetric matrices A = (a4s),
B = (bys), and G = (gap) are positive definite.

The paper is organized as follows. In Section 2, we prove the controllability of our model by treating separately
the 1D model and the 2D model. In Section 3 we investigate the output feedback stabilization of the 1D model,
the output being the distributed current field. Certain results of this paper have been announced in [9].

2. CONTROLLABILITY PROPERTIES

2.1. Toy problem

We first investigate the possibility of achieving the exact controllability in finite time. The main feature of
the control problem under study is the fact that we have to control the solution w (resp. U = (u1,uz)) of an
elliptic equation, in addition to the solution w of the beam (resp. plate) equation. In a certain sense, u or U may
be viewed as an “output” depending only on the input . The consideration of the following “toy problem” is
quite illuminating. Consider three matrices A € R"*", B € R™*™ and C € R¥*™ and the following controlled
linear system in finite dimension:

(6)

We shall say that the state (z,y) is controllable in time T if for all pairs (2°,5°), (27,5T) in R™ x R* one
may find a control input u € C([0, T]; R™) and a solution (z(t),y(t)) of (6) connecting (z°,9%) to (2T, y*). We
shall say that the pair of matrices (A, B) is controllable if rank [B, AB, A’B, ..., A""'B] = n (see e.g. [14], [5]).
Finally we shall say that the matrix C is onto if the map u € R™ +— Cu € R* is onto. Then the following result
holds.

& = Ax + Bu,
y =Cu.

Proposition 2.1. (x,y) is controllable in time T for any T > 0 if and only if the pair of matrices (A, B) is
controllable and the matriz C is onto.

Proof. The sense = is obvious. Conversely, assume that the pair (A, B) is controllable and that the matrix
C is onto. Let two pairs (z°,5°) and (27,57) be given in R™ x R¥. In a first step we construct a trajectory
(z,9) associated with a control 4 such that %(0) = y° and 4(T) = y*. To do this we pick some vectors u° and
u” such that y° = Cu® and y*' = Cu’, and we set u(t) := (1 —t/T)u’ + (t/T)u”. Let Z denote the solution of
r = AZ + Bu, 7(0) = 0, and let §(t) = Cu(t). Performing the change of variables & = z — Z, 4 = u — @, and
=y — ¥, we therefore have to look for a control input @ and a pair (£, §) satisfying the system

<RI

& = A%+ B,
y =dCa,

and the constraints C4(0) = Ca(T) = 0, (0) = zg — Z(0), and &(T) = zr — T(T). The pair (A, B) being

controllable, it is well known that we may find a control input & € C§°(0,T) steering & from o — Z(0) to
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xr — .’Z’(T) |
Roughly speaking, to design the control we first construct a “static” control allowing to connect 3° to y”, and
next we add to it a dynamical correction allowing to connect 2° to z”. The point is that this correction may
be chosen with the additional constraint that it vanishes at both extremities of [0, T]. We shall see in the next
section that this method works as well for the control of the bimorph mirror.

2.2. Controllability of the 1D system.

Let us introduce the spaces V. = H?(0,L) N HA(0,L), V. = HZ(0,L), H = L2(0 L) and the operator
A(w,v) = (v, —w™® — w) with domain D(A) = (H*(0,L) N HZ(0, L)) x H2(0,L) C V x H. Then we have the
following result.

Theorem 2.2. Each pair ((w®,wh),u?), (w®?,whT), uT) of triplets of functions in D(A)xV may be connected
by a trajectory associated with a control function ¢ € C([0,T]; H*(0,L)).

Proof: As the system is time—reversible, we may assume without loss of generality that w?7 = wh” = o7 =

0. Pick any triplet ((w?,w'),u®) in D(A) x V. As suggested by Proposition 2.1, we control first the variable u,
and next the variable w. As a # 0, there exists a unique solution ¢° € V to the elliptic problem

{ ad2p’ — 50,0° = —0%u°,
¢%(0) = (L) =0.

Let us set ¢(t) = (1 —t/T)¢" and let (w,u) denote the solution of the system
—02%u = —50,¢ + ad?p,

Ofw + 0fw +w = 02,

w(0,t) = w(L,t) = 8,w(0,t) = d,w(L,t) =0,

w(0,t) =u(L,t) =

w(x,0) = dyw(x,0) = 0.

Notice that @(z,0) = u°(z) and @(x,T) = 0, for $(0) = ¢° and (T) As 92p € C'([0,T); H), we infer
from a classical result in semigroup theory (see e.g. [4]) that (w,d,w) € ([ ] D(A)) N CH([0,T),V x H).
Next, we perform a change of unknown functions. We set w = w —w, & = u — 4, and ¢ = ¢ —@. Then the pair

(w,u) solves
—020 = —50,$ + ad?p,

02 + O + 0 = 02,
B(0,8) = (L, 1) = Byi(0, ) = Duid(L, 1) = 0,

a(0,t) = a(L,t) =0,

w(z,0) = w'(x), Opb(x,0) =w(z).

and ¢ has to be designed in such a way that 4(.,0) = 0 and (@(., T), 0yw(.,T), a(.,T)) = (—w(.,T), —0yw(.,T),0).
In particular, the condition ¢(.,0) = @(.,T) = 0 is required. A classical result [11] on the controllability of the
plate equation gives the existence of some control input ¢, which is compactly supported in time, and such that
the corresponding trajectory fulfills all the above conditions. Alternatively, using the fact that the control is
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applied on the whole domain, we mayNdesign an ezplicit control input by specifying some trajectory (w, ;) in
the class C([0, H]; D(A)) N CY([0,T); V x H) which fulfills the above conditions. Next, ¢(t) may be defined for
each t € [0,T] as the solution of the elliptic problem

{ 02p = 02 + O + b,

¢(0,t) = p(L,t) = 0.

To control the dynamical correction as suggested by Proposition 2.1, we need the following result.
Proposition 2.3. Let v°, v, v? be three functions in H*(0,L) N HZ(0, L), HZ(0, L) and L?(0, L), respectively.
There there erists a function v € C([0,T]; H*(0,L)) N C([0,T); HZ(0, L)) N C%([0,T]; L?(0, L)) fulfilling v(0) =
00, v (0) = vl, v"(0) = v? and v(T) = v'(T) =v"(T) = 0.

Proof of Proposition 2.3. Let (1r)r>1 denote an orthonormal basis of L?(0, L) constituted of eigenfunctions
for the operator Aw = w® with the boundary conditions w(0) = w(L) = w'(0) = w'(L) = 0. The eigenvalue
associated with the function 1), is denoted by A\;. Pick any function h € C*(R*) such that h(0) = h®(0) = 1,
R'(0) = h"(0) = hY(0) = 0, and any function g € C*(RT) such that g(t) = 1 for t < T/4 and g(t) = 0 for
t > T/2. If the functions v°, v! and v? are decomposed along the v’s as

V0= art, v =) bk, V2= crty

k>1 k>1 k>1

then Y, -, (k®lak]? + k*[bg|* + |cx|?) < 0o. The function v is then defined as

olot) =) 3 (h(W/A) + At (/Ait) 5 (D) ) o),

E>1

As M\ ~ Ck*as k — oo, one readily obtains that v € C([0, T|; H*(0, L))NC ([0, T); H2(0, L))NC2([0, T]; L(0, L)).
The properties v(0) = 1%, v/(0) = vl, v”(0) = v? and v(T) = v/(T) = v"(T) = 0 are obvious. [ |
The proof of Theorem 2.2 is completed by applying Proposition 2.3 to v° = w®, v! = w?!, and v? = 92w (T)+w(T)
on the interval [0,7/2], and next to v° = —w(T), v! = wy(T) and v? = —92w(T) —w(T) on the interval [T /2, T]
by reversing the time. [ |

Remark 2.4. To simplify the exposition, we have imposed Dirichlet boundary conditions (¢(0,t) = ¢(L,t) = 0)
to the control input ¢, but Neumann boundary conditions (i.e. 9,¢(0,t) = d.¢(L,t) = 0 together with e.g.

fOL o(z,t) de = 0) may be taken instead.

2.3. Controllability of the 2D system.

Notice first that for any trajectory (w(t),U(t)) of (1)-(5) associated with the control input ¢(t), t € [0,T],
the control ¢ has to be at each instant ¢ a solution of the following system of elliptic PDE

—530p0 + ays050 = [1, (7)

~t595p + 0150550 = fo, (8)

where f; := —(\ + p)0;div U — pAu; for ¢ = 1,2. Obviously, for ¢ to exist the functions f; and fo have to
satisfy a compatibility condition, namely

(—tpds + by5025) fr = (=305 + ay5025) fo 9)

Conversely, (9) proves to be a sufficient condition for the existence of a solution of (7)-(8) when ( is a rectangle.
Indeed, the following result holds.
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Proposition 2.5. Assume that Q = (0, L1) x (0, L) with L; > 0 for i = 1,2, and that s1ty — sat1 # 0. Let
f1 and fo be two functions in L*(Q) such that (9) holds true. Then there exists a function ¢ € H?(Q) which
solves (7)-(8).

Proof. Scaling in space if needed, we may assume that L; = Ly = 27. Let us note Pi = —s3093 + 6505,
Py = —t305 + bys0ys, and [f;] = (2m)~2 f(o omy fi(@) d for i = 1,2. Assume first that [f1] = [fo] = 0. Using
Fourier series, one easily sees that there exists a unique function ¢ € H2,,.((0,27)?) such that Pio = f; and

[¢] = 0. Let us note ¢ = P 1 f,. Since the operators P, and Pfl act as Fourier multipliers on periodic functions
with zero mean value, they commute. Using (9) and the fact that [f2] = 0, we obtain

Pyp= PP f1 = P 'Pofy = PU ' Pifz = fo.

Thus, ¢ solves (7)-(8). To prove the result in the general case, it is sufficient to find ¢ such that Py = [f;] for
i = 1,2. Pick ¥(z) = myz1 + moze. Then Pi¢p = —s1my — same and Patp = —tymq — toma, and the result
follows at once if sito — sot1 # 0. |

It is not clear, however, that the condition (9) is sufficient in general to guarantee the existence of a solution
of (7)-(8). We shall adopt the following

Definition 2.6. A quadruplet (w® wl uy,us) € (H*(Q) N HZ()) x HZ(Q) x (H?(Q) N HL(Q))? will be said
to be compatible if the system (7)-(8) possesses a solution ¢ € H?(Q), the functions fi, fo being defined as
fi ==\ + p)o:div (ug,us) — pAuw; for i =1,2.

Then the following result holds true.

wOT T

Theorem 2.7. Each pair (w°, w', uy,us), ( wh T ul ul) of compatible quadruplets may be connected by
a trajectory associated with a control function ¢ € C([0,T]; H*(Q)).

Proof. The proof follows the same pattern as for Theorem 2.2. Once again, we may assume that the terminal
quadruplet is (0,0,0,0).

Step 1: Control of the static equations.

As the quadruplet (w®, w!,u1,us) is assumed to be compatible, there exists a function ¢ € H?(f2) solving
(7)-(8). We set @(t) := (1 —t/T)¢°. Next, w is defined as the solution of the plate equation (3) (with @
substituted to ¢) with the boundary conditions (4) and issuing from (0,0), and U = (4, @i2) is the solution of
the elliptic problem (1), (2) and (5).

Step 2: Control of the plate equation.

We perform the change of unknown functions & = w—w, 4; = u; —u; (¢ = 1,2), and ¢ = ¢—@. Then @y, g, W
and ¢ have to fulfill (1)-(5). The constraints at time 0 and T are respectively (w(0),0:(0),d1(0), 42(0)) =
(w®, w,0,0) and (W(T),w(T), 41 (T), 0(T)) = (—w(T), —w(T), 0,0). To conclude, we apply the following
result whose proof is virtually the same as for Proposition 2.3.

Proposition 2.8. Let v° vl v? be three functions in H*(Q) N H3(Q), HE(Q), and L*(Q), respectively. Then
there ezists a function v € C([0,T]; H*(2)) N C1([0,T]; HZ(2)) N C2([0,T); L3(Q)) fulfilling v(0) = 1%, v/(0) =
vl v"(0) = v? and v(T) =v'(T) =v"(T) = 0.

The proof of Theorem 2.7 is complete. |
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3. OUTPUT STABILIZATION OF AN ADAPTIVE MIRROR

We consider the system

3w = syt ady (10)
OFw + Otw +w = P (11)
w(0,t) = w(L,t) = d,w(0,t) = Op,w(L,t) =0 (12)
u(0,t) =u(L,t) =0 (13)
w(x,0) = w’(z), duw(z,0)=w"(z) (14)

and introduce the output
I = 0:(0%w + cOpu). (15)
I stands for the distributed current field measured through the layer equipped with piezoelectric sensors.

We are interested in the output feedback stabilization of (10)-(14), the control ¢ being expressed as a function
of the output I. In the framework of Adaptive Optics, this corresponds to the problem of the stabilization at the
rest position of a large mirror equipped with piezoelectric sensors and actuators. This problem should be seen
as a first step towards the tracking problem, for which a control input is designed so that the mirror converges
to a given trajectory.

Let us introduce the operator K : H?(0,L) — H?(0,L) N HJ(0, L) defined by K¢ = u, where u solves (10)
and (13). Straightforward calculations give, for all € [0, L],

L

u(z) = —alp(z) - p(0) + 3 / "oy dy + {ale(L) — 9(0)) — s / o) dy}a) L. (16)

For each f € L'(0,L), we denote [f] := L1 fOL f(z)dx. We are in a position to state the main result of this
section.

Theorem 3.1. Pick any number k > 0 and define ¢ as the unique solution of the problem
02p = k0;0%w in (0,L) (17)
©(0) =¢(L), [g]=0 (18)

so that ¢ = k(O,w — [Oyw]), and 02¢ = k0;02w. Then for any (w°,w') € (H*(0, L)NHZ(0, L)) x HZ(0, L), there
exists a unique solution (u,w) of (10)-(14) such that u € C(R*; H2(0, L) N H}(0,L)), w € C(R*T; H*(0,L) N
HZ(0,L))NCY(R*; HZ(0, L)). Moreover, there exist some constants C > 0, u > 0 such that for any (w°,w') €
(H*(0,L) N HE(0,L)) x H§(0,L)

()20, + [l 530,0) + lwe (D)2 0,0) < C([w°las0,) + [0 [ m200,0)) e VE>0. (19)
Finally, ¢ may be viewed as an output feedback, being the only solution of the system

k71020 4+ c00. Kp = 1 (20)
p(0) = @(L).  [p] =0. (21)
Proof. Let us introduce the spaces V = HZ(0, L), H = L?(0, L), and the operator A(w, v) = (v, —w® —w+kv")

with domain D(A) = (H*(0,L) N HZ(0,L)) x H3(0,L) C V x H, the space V x H being endowed with the
scalar product

L L
(w,0), (@,5))y s = / (W T + wid) d + / i da.
0 0
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We have, for all (w,v) € D(A),

L
(A(w,v), (w,v))yxg = —k:/o |v'|?dx <0, (22)

and thus A is dissipative. It is easily seen that 4 generates a continuous semigroup of contraction in V' x H.
Let us prove the exponential stability in V' x H. According to Huang-Priiss theorem (see [7] and [13]), it is
sufficient to check the two conditions

iR C p(A) (23)
sup ||(i6 — A) 71| < oc. (24)
BER

First, the spectrum of A is constitued only of eigenvalues, since A~! is compact. To prove (23) we argue by
contradiction, assuming the existence of an eigenvalue of A of the form 3. Pick (w,v) € D(A) \ {(0,0)} such
that (i8 — A)(w,v) = 0. Then

L L
0= (@ = A)(w,v), (w,v))vxn = if (/0 (Jw"]? + Jw]* + |v|2)dw> + k/o o' [*da

hence v = 0. (Recall that v(0) = v(L) = 0.) On the other hand, (i3 — A)(w,v) = 0 yields w®) +w = 0, which,
combined to (12), gives w = 0. The contradiction completes the proof of (23). Let us now proceed to the proof
of (24). Argue again by contradiction. If (24) is false, then there exist 5, € R, (wp,v,) € D(A) for n = 1,2, ...
such that

[[(wn, v )l[vsm =1, |Bu] — +o0 asn — oo, (25)
and if we set (frn, gn) = (18, — A)(wp, vy),

(frnsgn) — (0,0) in V x H, (26)
ie.

1Bpwy — vy = fn—0 InV (27)
iBnvn +w +w, — kv =g, -0 in H. (28)

Using (22), (25) and (26), we obtain

L
b [ 10k e = Rel(i6 = AN, v). s v =0 as = o (29)
0

On the other hand, (27) and (28) give, as n — oo,

ZﬁnHwnH%/ - (Umwn)v — 0, (30)
iBullvnll? + (W 4wy, — k0! v, g — 0. (31)

Taking the difference of (30)-(31), we arrive to
Z/Bn(Hwn”%/ - ||Un||%{) —2Re (vn, wp)v — k””%”%{ — 0. (32)
Taking the imaginary part in (32) yields

Br(llwallir = llvnl[7) — 0.
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Therefore, using (25), we conclude that

N =

i wnlf} = limlon} =

which, combined to (29), leads to a contradiction. The proof of (24
(see [7] and [13]), there exist some constants C' > 0, 1 > 0 such that

~—

is achieved. By Huang-Priiss theorem

[|(w, we)O)llvxn < COll(w’, w)|lvxme™ V(w’,w') € V x H.

This yields
A@w, w) ()] lvxm < CllAW, wh)llvsm ™ ¥(w’,w') € D(A),
and (19) follows, for ||ul|g2(0,2) < Cllella2(0,2) < Cllwella2(0,1)-
It follows from (15) and the definition of the operator K that (17)-(18) is equivalent to (20)-(21). [ ]

Remark 3.2. When ¢ = 0, then (20)-(21) reduces to an elliptic problem. When ¢ # 0, using (16), it is easily
seen that

010, Kp = —a0;0,p + sOsp.
If in addition s = 0, then ¢ is the solution of the first order hyperbolic system

k7100 —acOip = 01T (33)
©(0) =¢(L), [¢]=0, (34)
where 0,1 f := fow f(y)dy — on f(y)dy].
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