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CONSTRUCTION AND ANALYSIS OF IMPROVED KIRCHOFF CONDITIONS
FOR ACOUSTIC WAVE PROPAGATION IN A JUNCTION OF THIN SLOTS

PATRICK JOLY! AND ADRIEN SEMIN b2

Abstract. In this paper, we analyze via the theory of matched asymptotics the propagation of a time
harmonic acoustic wave in a junction of two thin slots. This allows us to propose improved Kirchoff
conditions for the 1D limit problem. These conditions are analyzed and validated numerically.

Résumé. Dans cet article, nous utilisons la théorie des développements asymptotiques raccordés pour
analyser la propagation d’ondes acoustiques & travers une jonction de deux fentes minces. Ceci nous
permet de proposer des conditions de Kirchoff améliorées pour le probléme limite 1D. Ces conditions
sont analysées et validées numériquement.

INTRODUCTION

This article is intended to be the the first of a series of (at least) two papers on aymptotic models for time har-
monic wave propagation in thin domains that are junctions of thin slots whose thickness ¢ is small with respect
to the wave length A and converges, when ¢ tends to 0, to a 1-dimensional graph. Intuitively, one expects that
the solution of the original model converges (in a sense that will be made more precise later in this paper) to
a 1D function defined on the limit graph. The homogeneous Neuman boundary condition is considered. The
limit model is known for a long time : the limit solution satisfies the 1D time harmonic wave equation (namely
the Helmholtz equation) and the so called Kirchoff conditions (in electricity) at each node of the graph : the
solution is continuous at the node of the graph and the sum of fluxes at this node vanishes. Note however that
the rigorous justification of such a result is quite recent : see the works of Rubinstein and Schatzman [8], [9]
or Kuchment [5]. In these papers, eigenvalue problems are considered (but the results are quite similar to the
ones that we shall investigate) : the convergence to the limit problem is established (without error estimate).

A natural question is to look for more accurate approximate models, i.e. models that would permit to identify
not only the limit solution but also its first order (or higher order) expansion with respect to €. As we shall
see, this can be reduced to constructing improved Kirchoff conditions at the nodes ot the limit graph. The
present work is a first contribution in this direction in the simplest possible case where we consider scalar wave
propagation in a homogeneous medium composed by the junction of two thin 2D slots of the same thickness:
in particular, the limit graph has only two branches and one node, From the technical point of view, the in-
terest is that, even in this very simple case, the analysis is not so trivial and going beyond the limit problem
requires some multi-scale asymptotic analysis in order to capture the non 1D phenomena that take place in the
neighborhood of the junction. In this paper, in the spirit of the work of [3] for the junction between a thin slot
and a half-space, we shall use the method of matched asymptotics (see also [1], [11] for more general references)
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which is an interesting alternative to multiscale expansions (see [7] and [10] for the connection between the two
approaches).

The outline of the article is as follows : in section 1, we present our model problem and state our main results,
namely the improved Kirchoff conditions (17) and theorem 1.4. In section 2, we present the formal expansion
of the solution using matched asymptotics (the techincal details are given in appendix A). The existence and
uniqueness of the terms of the asymptotic expansion is established rigorously (the proof is detailed in appendix
B), and error estimates are given. In section 3, we present the derivation of our improved conditions and show
that they explain reflection phenomena (see also [6]) that are not visible with the limit model (this is illustrated
with numerical results in section 3.3).

Above the intrinsic interest of the results, we also believe that this article has a pedagogical interest. Math-
ematical papers of matched asymptotics or multi-scale expansions are often very hard to read, in particular
because of the needed notations and the high technicality of the mathematical developments. The simplicity
of the model problem we consider here is very useful to simplify these aspects, which allowed us to make a
presentation that we hope to be digest, without sacrifying the mathematical rigor. In order to avoid writing a
much longer paper, we have chosen to avoid the detailed presentation of some of the analytical developments
of our work. The reader will find these details in the technical report [2] that is a kind of expanded version of
the present paper.

In a forthcoming paper, we shall look at the case of a general limit graph in the even more interesting case of
the time dependent problem.

1. MODEL PROBLEM AND MAIN RESULTS

1.1. The model problem

In this section we introduce the geometry and the equations of our problem. We consider a domain made of the
junction of two slots (see figure 1). More precicely, we consider the union of two thin rectangles with respective
lengths L_ and L, and thickness €, the small parameter in the analysis, with a junction zone. A geometrical
characteristic of this domain is the angle 2a between the two thin slots. For the analysis, we consider in fact
a family of such thin domains denoted Q¢ with varying €. We make the choice (this has an influence on the
asymptotic analysis) that one part of the boundary of 2° remains fixed, namely the two segments S~ and ST
that intersect at the reentrant corner of the junction zone. Analytically, we have:

=0 U uUJE ! (1)
with JS =€ j,l where ja is the normalized junction presented in figure 2 and
c={x=(@y eR?/0<tx-t* <Ly, —e<x-n* <0}
t— = (1,0)Y, n~ =(0,1)t, t*= (cos(Qa),sin(Qa))t, nt=(- sin(?a),cos(Qa))t,
The problem we consider is : find u® € H! (Q¢; C) such as

ou’

AU + w?uf =0, in Q°, oy = 0, on 00° \ (= UTY),
n
(3)
ou® ous .
on =/ on I' | 5, LWy =0, on I'g.

1To be more precise, the closure of Q¢ is equal to the union of the closure of the other sets
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Ea
Ly (sin(2a), — cos(2a))

(0,-1) (tan(a),—1)

FiGURE 2. The junction fa
FI1GURE 1. Configuration of the domain

where the source term f is a given constant (i.e. a constant function along I'? ) and n denotes the outward unit
vector along 09Q°.

Remark 1.1. The boundary condition on I' can be interpreted as an approximate radiation condition (see
for instance [4] for more details).

1.2. The 1D limit problem

When ¢ tends to 0, the domain Q° “degenerates” into a “1D domain” namely the union of the two segments
S_ and ST (see figure 1). Intuitively, one expects that the solution u® “converges” to a “1D function”, namely
a function of the arclength s along S_ U .S, solution of a “1D problem”. It remains to give a more precise
mathematical meaning to such a statement. To describe the “limit problem” inside the slots, we will use local
normalized (tangential and normal) coordinates (s,7), that express that QF and Q° are isomorphic to the
rectangles
Q. =]0,Ly[x]—1,0, Q_=]—L_,0[x]-1,0[,
through the maps
x = (z,y) — (5,0) = (x - tT,x -nT/e) from QF into Qs

Let us introduce u%(s) : ] — L_, L[ — C be the solution of the 1D Hemholtz equation (our 1D limit problem):

2,,0
vt =0, in |~ L, Ly, (i
@)
ou® ou® ..
=1, [aiwu] (L) =0, (i)

from which we define the 2D functions @, : Q4 — C such that
a%(s,0) =u"(s) in O (5)
Next, we introduce the “rescaled” exact solutions in (Ali
U5 (s,0) = u(x,y) for (s,0) = (x-t¥ x-n¥/e) (6)

as well as in the normalized junction

~

U(X) =u(eX) in J,. (7)

The precise meaning of the convergence of u€ to u" is given in the following theorem :
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Theorem 1.2. The functions U5 converge to the “1D functions” uY. in Hl(ﬁi) and the function Ue converges
to the constant 1°(0) in H'(J,). Moreover, there exists a positive constant C, independent of € such that:

S~ @iy, + 107 @Ol < Ce. ®)
+

The proof of the convergence result of theorem 1.2 is relatively elementary (see [2]) and will not be reproduced
here. Tt consists essentially in deriving uniform bounds (a priori estimates) for the exact solutions, extracting
converging subsequences by compactness, and identifying the limit solution thanks to appropriate test functions
(typically "1D test functions’ functions in the slots). The proof of the error estimate is much less trivial and
will be in fact a consequence of the asymptotic analysis developed in the present work. Let us remark that this
estimate can not be deduced from the results of [5] or [8].

A first immediate (and a priori surprising) observation is that the limit solution u° does not see the geometry
of the junction: in particular, it is independent of the angle o ! Physically it means that, for the limit problem,
the incident wave emitted at s = —L~ by the source term f does not produce any reflection when it reaches the
junction at s = 0 : it is completely transmitted. For € > 0, it is clear that there exists a reflected wave whose
amplitude is expected to be an increasing function of «.. This raises the following question: does there exist an
“improved 1D model” whose solution would provide a better approximation to the exact solution than u°, and
would in particular permit us to observe a reflected wave ? The answer to this question (at least one possible
answer) is the object of the following subsection.

To better understand how the 1D problem will be modified, one has to interpret the limit solution u° as the
solution of a transmission problem between two 1D Helmholtz equations in the segments | — L™, 0[ and ]0, L]
with the help of the transmission conditions:

[u"] == u®(0") —u®(07) =0,

ou? 9)

[aut)} o o) =0,

| .= ZZ (0t el
ds ds (07) ds
These are nothing but the particular version of the well-known “Kirchoff conditions” at a node where only two

branches of a graph is connected. Thus, our question could be rephrased as follows : does there exist “improved
Kirchoff conditions” that would lead to a better approximation of the true solution than u° ?

1.3. An improved 1D approximate model

To describe our improved model, we need to introduce some additional notation. The construction of the
improved solution will use the solution of an auxiliary (frequency independent) boundary value problem posed
in the normalized junction .J,, namely the problem which consists in finding W, € H!(J,), with mean-value 0

Wa =0, (10)
ja

that solves the boundary value problem (note that W, depends on « through A )

AW, =0, in J,, ag:ia =0, ondl,\(ZLUD?)
(11)
Mo | pow, = +1,  onts,

on
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where, once 3¢ has been identified to the segment | — 1,0[, T4 is nothing but the nonlocal operator defined as

T: Hz2(]-1,0]) — H2(]-1,0])

3 S (12)
=) epuwp = Te=) mp ppw
p=0 p=0
where w,, is the orthonormal basis of L?(] — 1,0[) given by
wo(V) =1, wy(V) = V2 cosprv, p=1,2,3,--- (13)

It is easy to see, with Lax-Milgram’s lemma, that (11,10) determines uniquely W, (see [2]). This function will
appear in the approximate problem through the constant (which is uniquely determined even without (10)):

K(a) = / Wa= | Wa. (14)

It seems difficult to get a closed formula for K («). However, we have been able to prove the following lemma
(that we shall use in section 3.2):

K
Lemma 1.3. The function o € }0, I[ — a is smooth, strictly decreasing and satisfies

2 tan «a
K K
@ 1 m K@) (15)
a—0 tan « a—7% tan a

Proof. The result is obtained by studying more carefully the boundary value problem (11,10) when « varies,
via variational techniques. We refer the reader to [2]. O

The new 1D approximate problem that we consider consists in finding ¢ : | — L™, L*t[— C, solution of the 1D
Helmholtz equation in each segment | — L™, 0[ and ]0, L*[ (note the difference with (4-(i)) ):

0?us

i +w?af =0, in]—-L7,0[U]0,LT[, (16)

satisfies the same boundary conditions than u° at s = +L*, i.e. (4-(ii)), and finally the transmission conditions

[0°] = ¢ K(«) <%Z€> 7 where <%Zs> _ % (8;: ot 3;: (0)) |
17
[aaﬂ = —ew’tana (@),  where (@f) = 3(a°(0%) +@°(07)). 7

The conditions (17) are clearly first order modifications of the transmission conditions (9). To understand in
which sense they provide a better approximation than (9), following the definition of #° from u°, we reconstruct
from 4° a 2D solution in the normalized slots as

U (s,0) = a°(s)  in Qi (18)
and, for 0 < § < §* :=max {L4,L_}, we define

O =160 [x]-1,0, Q =]-L_,—6[x]-1,0[. (19)
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Theorem 1.4. For any e > 0, the boundary value problem (16, 4-(ii), 17) is well posed in H*(]—L~,0[ U ]0, LT[).
Moreover, for any 0 < 6 < §*, there exists a constant Cs, independent of € such that

S 1A~ @l gy < Cs < (20)
+

Remark 1.5. Contrary to what happens in theorem 1.2, it is not possible to take § = 0 in (20) (in other words
the constant Cs blows up when ¢ tends to 0). This is due to the apparition of some boundary layer in the
neighborhood of the junction (see [2] for more details).

2. THE FORMAL EXPANSIONS

As we said in the introduction, as the problem is multi-scale, it is not possible to write a uniform expansion
for the solution everywhere in the domain °. The method of matched asymptotics will lead us , we have to
consider three distinct zones, respectively two slot zones and a junction zone, in which different expansions will
be obtained. However, contrarily to the naive intuition, this domain decomposition does not correspond to the
partition (1) of Q°: in the method of matched asymptotics, the different domains must overlap, the idea being
that the different expansions must “coincide” in the overlaping zones.

2.1. An overlaping domain decomposition

In the following, we will denote by C the class of positive continuous functions of ¢ > 0 that tend to 0 when
e — 0, less rapidly than £|In(e)| (A typical example is ¢”, with 3 strictly less than 1).

¢={p:RL — R/ lim o(e) = 0 and lim p(e)/(e] In(e))) = +00} (21)
Given ¢ in C, we define
Qu(e)={x=(z,9) € /pe) <Ex-t* <Ly} (CQ). (22)
The junction zone is defined by

Jole)=eJy U U {(z,y) € Q" such that 0 < £x-t¥ <2p(c)}, (D J2), (23)
+

in such a way that we have Q° = Q () UQ_(g) U J(e) with two overlaping regions (see the figure 2.1)
O (e) :={ (z,y) € QF such that p(c) < £x-t¥ <2p(c) } . (24)

The mapping
x = (z,9) — (5,0) = (x-t%,x-n¥/e) (25)

maps the domain Q. (¢) into the rectangle Q4 () with
Qp(e) =le(e), LT[ x]=1,0[, Q_(e)=]-L",—p(e)[x]-1,0[,
Note that ﬁi(s) increases when ¢ decreases and converges to {1+ when ¢ tends to 0. In the same way,

x=(z,y) — X =x/e, (26)
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maps J, () onto J,(€) (see the figure 3), a domain which increases when ¢ decreases and converges to the
unbounded domain:
Jaoe=Jo UBTUB™, B*={%/+x-t*>0,%x-n*ec]-1,0[} (27)
2‘9(8) £
2¢(e) / ) 20
el
Ja(€) Scaling of rate e~ 1 1$ ‘ O_(c O4(e)
~—o(e)
2¢(¢)

FI1GURE 3. The near-field zone
FIGURE 4. The overlaping zones O (¢)

2.2. Local expansions and basic equations
We formulate our ansatz for the asymptotic expansions which consists, in each zone after scaling ((25) or (26)),
in looking for power series expansions with respect to ew. In other words, we look for functions
uh Qs —»C and UF:J,.—C, keN,
such that, at least formally
o ~
(s,eD) Z Fuk (s,0) 4 o(ew)™®,  in Qi(e), (28)
k=0
o ~
in Jy(e). (29)

Z )+ o(ew)™

It remains to obtain the equations that will determine the functions u% and U*. For the u%’s, we substitute
formally the expansion (28) in the 2D Helmholtz equation written in Q4 (¢), using the scaled coordinates (s, ?)
and we identify the terms with the same power of €. Straightforward manipulations lead to :

5240 8%ul a2uk 92u k+2
=5 =0, =0, = twhul + aj; =0, k=0 (30)
while the Neumann boundary condition along the “lateral” sides of lead to
ouk ouk
%(3—1):%(30):07 +5>0, k>0 (31)
v v
From (30) and (31), we deduce that
a?uk
(i) uh(s,0)=uhi(s), (i) 855[ +wtuk =0, +sel0,LE], k>0 (32)

the first two equations of (30)

These properties are easily established by induction on k. Indeed, for £ = 0
combined with (31) show that u9 and ul are independent of 7. Then, integrating the third equation of (30)
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written for k = 0 (respectively k = 1) with respect to U (from -1 to 0) and using the boundary conditions (31)
for k = 2 and 3, we see that u. (respectively ul ) satisfies (32-(i7)).

Assume that (32) holds up tp k& = p. Then, the third equations of (30) written for £k = p — 1 combined with
(31) written for kK = p + 1 show that uiﬂ is independent of 7. Next, integrating the third equation of (30)
written for k = p + 1 with respect to ¥ and using the boundary conditions (31) for k = p + 3 leads to (32-(ii))
fork=p+1.

Moreover, from the boundary conditions on T'y in (3), we deduce

ouk out
0 (%—wui)(h)zo, k>0, (i) %(—L_):—f for k=0, =0 fork>1.  (33)

To obtain the equations for the U*’s, we substitute formally the expansion (29) in the 2D Helmholtz equation
written in J(g), using the scaled coordinates Z, and we identify the terms with the same power of €. This
permits to see that the U*’s satisfy embedded Laplace’s equations

AU =0, AU'=0, AU*4+U"2=0, k=2, inJyo- (34)
with Neumann boundary conditions

k o~
aaln —0, ondJum, keN (35)
Remark 2.1. In the sequel, we shall adopt the convention that all quantities super-indexed by k (such as U*,
uk . ...) are 0 for negative values of k. This will be useful to simplify some formulas. For instance, with this
convention the last equation of (34) is also valid for k =0, 1.

2.3. Matching conditions

Equations (32) to (35) are not sufficient to characterize the functions (u%,U*)’s: we miss boundary conditions
at s = 0 for the u ’s and additionnal conditions for the U*’s.These conditions, namely the matching conditions,
will couple the u%’s and the U*’s. To derive them, one writes that the two expansions (28) and (29) must
coincide in the overlaping zones (24), i. e. denoting U} the restrictions of U* to the two semi-strips By (see
figure 5) :

i (ew)k Uk (s/e,D/e) + o(ew)™ = i (ew)kuk (5,0/e) + o(ew)™ in OF(e). (36)
k=0 k=0

FI1GURE 5. The subdomains B\i
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The calculations that are detailed in appendix A (which constitutes the body of the matched asymptotics
procedure), leads to the following conditions :

U* grows as most polynomially at infinity in ja,(,o (37)
@ ko= [ vt k>0,
¥
1 . (38)
(9ui7 aU
=4 — k>0

where n denotes the exterior normal vector to J,.

2.4. Existence and uniqueness of the formal expansion

The next result express that the matching conditions (38) and the growth conditions (37) are sufficient to define
entirely the terms of the asymptotic expansions (28) and (29). The precise result is the following :

Theorem 2.2. There exists a unique family
{ (uh,uf,U%) € H'(Q4) x HY(Q-) x Hipo(Jayeo), K20}

satisfying (32, 33, 34, 35), the matching conditions (38) and the growth conditions (37).

Due to its technical nature, the proof of this result is given in the appendix B.

2.5. Error estimates for the truncated expansion

k
The 1D function u*(s) = Z (ew)* ub(s), —L_<s< Ly, withu®(s):=ul(s) if +s€]0,L4[, (39)

m=o

is a natural good candidate to provide an accurate 1D approximation of the exact solution. The precise meaning
of this can be expressed in terms of an error estimate which generalizes the estimate in the case k = 0.

From u®* we define the 2D functions @%* in the normalized slots ﬁi
" (s,0) = uF(s)  in Oy (40)

that we compare to the “rescaled” exact solutions u5 (see (6)) in the domains ﬁfb (see (19)).

Theorem 2.3. For any 0 < § < §* and any k > 1, there exists a constant CX > 0, independent of € such that:
S _ =k, k _k
> g — @y mg, < CF e (41)
+

Proof. We only sketch the proof (which is not the main purpose of this paper) and refer the reader to [2] for
the technical details. The ideas of the proof are similar to the arguments of [3]. The estimate (41) is a local
error estimate in the slots. It can be deduced from a “global” error estimate that is obtained as follows:

e We consider ¢ € C (going back to section 2.1, we consider 1 = ¢) and introduce a 1D cut-off function

@E(s):q)(%) with @ € C°(R), supp ®€]—2,2[, ®(s)=1in[-1,1]
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from which we construct a 2D cut-off function ®. (in an obvious way) in the domain
Q=0,U0 UJ,.
e Next we propose the global approximation in

k
ugr = (1—o.) 5% + @, USF  where USF:= g (ew)™ U™ in Ju co-
m=o

If we denote % the “rescaled” exact solution (6) in €, namely the function that coincides with @*
(cf (6)) in Q4 and with US (cf (7)) in Ja, it is easy to see that the difference ¢ — 172}0’; satisfies an
“appropriately scaled” Helmholtz equation in Q with a source term (a right hand side) which is the sum
of two terms. The first one has a support which coincides with the one of Vfﬁg, namely the overlaping
zone and measures the defect of matching between U= and ﬁi’k . It can be estimated as a function of

¢ using the matching conditions (38), namely in
k—1
O((s |Loge|) 2).

The second term has a support which coincides with the one of &55 and measures how much US* fails
to satisfy the Helmholtz equation exactly: it is shown (using the emdedded Laplace equations ) to be
in O(¢*). Combining these “consistency” with a stability estimate (that is already used in the proof of
theorem 1.2)) we get a global error estimate that can be optimized by choosing adequately ¢(¢), namely
p(e) = 2ke |Loge|

~ ~ -~ ~ k—1/2
Z ug — UprHHl(ﬁi) +|U* - UprHHl(fa) < Gy (5 |L0g{—:|) (42)
+

To get the optimal “local” error estimate, we use the trick that:
a5 — ok = (ai - @“2) + (@“2 - a;k) (43)

Then, we remark that, when ¢ is fixed, for € small enough, @S — @S coincides with a5 — a5" in Q5. Thus it
can be estimated in

O((E |L0g€|)k+%).

On the other hand the second term in (43) behaves for small € as e**1 @% . It is then easy to conclude. All the
details are given in [2]. O

k+1

3. THE IMPROVED KIRCHOFF CONDITIONS

3.1. Construction and analysis of the improved Kirchhoff conditions

The content of this section is based on the previous ones, but also on specific formulas that are established in
the appendix B. To improve the transmission conditions satisfied by the limit problem, according to theorem
2.3, it is natural to look at the transmission conditions satisfied by:

ust =40 4 ew ul
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For the Neumann jump condition, we first use (93) for k = 1, the fact that U° = u°(0) in J, and that the
measure of J, is tan«a to get

8u1 0 0 _ 0
Be w/jU = —w tanau’(0) = —w tana (u’) . (44)

Thus u®! satisfies

[augyl] = {a—uo] + ew [8_111} =—cw? tana (u”)

0s Js 0s
which can be rewritten, since ©° = u®! — ew u!
aua,l
[ P ] +ew? tana (us') = O(?). (45)

For the Dirichlet jump condition, we first use (95) for k = 1,

with, using (92) for k =1,

Thus, by definition of K(«),
[u'] = 2 K(a) Y (46)
ds
Therefore, u®! satisfies
el 0 1 O’
[u!] = [u°] +ew [u'] = K(a) B

0 _ us,l 1

which can be rewritten, using again u —Ew U

[u='] — ¢ K() <ag:1 > = 0(<?). (47)

Finally, the transmission conditions for the 1D approximate solution 4° , namely (17) , are simply obtained by
dropping the O(g?) terms in (47) and (45) repectively.

Remark 3.1. The reader will immediately realize that the condition is only the first of a complete family
of higher order conditions (this one being a priori the second order condition). These conditions are easily
constructed by repeating the above construction for higher k’s (see also point (iii) below). They have the same
form than (17), except that the coefficients wtan a and K («)/w are replaced by “modified” coefficients. See [2]
for more details.

We shall not give here a detailed proof of theorem 1.4 and error estimate (20) for the difference between @° (or
more precisely u7?? - cf (18)) and u%.. Note however the result given by the error estimate (20) corresponds to
a kind of “superconvergence result” with respect the expected O(g?) accuracy. The main steps are the following:

(i) One identifies the terms of a 1D power series expansion of 4°:

= Z(Ew)k a*(s),

k=0
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(ii) One proves rigourously (this is quite easy for a 1D problem) that

T (ﬂOJrf—:w U+ (ew)k ﬂk) = O(eM), (48)

(iii) One observes that 2% =% @' =wland u? = u? the last equality being an unexpected bonus

linked to the fact that ja has an symmetry axis. Indeed, (87) for k = 1 gives

out 1 1 0ul. 1 /ou
oo TV =50 =4 <a_>

w

So, using the definition of W, (cf. (11, (10)) and (96) for k = 1, we conclude via lemma B.2 that

w

U' = (u') + ! <aa—f> (0) W .

Thus, writing (93) for k = 2 we get
2
{%} =—w /fa U' = -w tana (u') . (49)
which is identical to (44) after index shifting. On the other hand, writing (95) for k = 2 gives
[u”] =/ gt Wa—i—/ g Wa .
s 5g

1 Qul
where, using (92) for k =1 and 6} =0, g} := i—%(()). Thus
w 0Os

o1 oul oul
[w?] =~ (a—;<0> Eiwagw%awa).

Since ja has an axis of symmetry, W, is anti-symmetric with respect to this line and consequently

W= [ w =K

5 (using the definition (14) of K(«) )
29 s

Finally, we have
1 out
which is nothing but (46) after index shifting.
(iv) This allows us to write in (Alft (modulo some abuse of notation)
ag —af = (05 —a7) + (@ +ew T + (ew)? @2 — @)

and one concludes using (48) for k = 2, (41) and the triangular inequality.
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3.2. Reflection and transmission of waves with the improved conditions

We consider here the case of the junction of two semi-infinite strips, i.e. L+ = 400 and look at the approximate
model, i.e. the 1D Hemlholtz equation for +s > 0 with the transmission conditions (17) at s = 0. We are
more precisely interested in the reflection-transmission of an incident wave in the domain s < 0, i. e. look for
a solution of the form

% (s) = exp(ws) + Re(a,w) exp(—ws) for s <0, a°(s) = Te(a,w) exp(ws) for s >0 (51)

where the complex numbers R, (o, w) and T, (a,w) are respectively the reflection coefficients. Substituting (51)
into (17) leads to a 2 x 2 linear system for (R, (o, w), T-(o,w)) whose explicit solution is given by

1 /1+ewtan «/2 1+ ewK(a)/2
R(,w) = = —
2 \1—rewtan /2 1 —1ewK(a)/2
(52)
To(ow) = 1 /14rewtan o/2  1+4ewK(a)/2
2 \1—sewtan /2 1 —1ewK(a)/2
In particular, for small values of ew, we have
1
R.(a,w) = 1ewri(a)+ O((ew)?), ri(a) = a(tan a— K(a)),
) (53)
T.(,w) = 1+rewti(a)+ O((ew)?), t1(a) = i(tan o+ K(a)).

We comment below the formulas (52) and (53) using in particular lemma 1.3:

e Formulas (52) show that the coefficients R.(a,w) and T.(a,w) tend respectively to 0 and 1 when ¢
tends to 0, which was expected from the limit problem (4).

e The property (15) implies that in particular K («) tends to 0 when « tends to 0 and formulas (52) allow
us to check that, as the intuition suggests, R.(a,w) and T:(o,w) to 0 and 1 when « tends to 0. One
even has

R.(a,w) = 0(a?), T-(a,w)=1+0(a?). (54)
e A consequence of (53) is that

[Re(a,w)| = O(e),  |Te(a,w)| = 1+ O(e?). (55)

which means that in practice, the reflection phenomenon is in amplitude more directly visible than the
transmission phenomenon.

e For small values of ¢, the formulas (53) show that in first approximation, R.(a,w) and 1 — T (a,w) are
proportional to 71 («) and ¢1(«) respectively. The monotonicity result of lemma 1.3 implies in particular
that 71 («) is positive and increasing with «. This is coherent with the intuition which suggests that the
amplitude of the reflected wave should increase with a.. This is illustrated numerically by figures 6 and 7.

e The fact that, for small values of e, R.(«o,w) is ( as 1 — T.(a,w) ) also proportional to :w means that,
going back to the time domain and the wave equation, the reflection phenomenon corresponds in first
approximation to a derivation with respect to time of the incident signal. This will be illustrated in the
next section with numerical simulations.
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Figures 6 and 7 : |T.(o,w)| and |R.(,w)| as functions of «

1 . ————— . . . 1
09l RN g 09l
0.8} ~ — 0.8}
0.71 > A 0.71
06F 4 06F
05 4 05
0.4r b 0.4r
03} 4 03l
02 1 02
o1} , o1}

IR
0 : : : : : : : : 0 : : : : : : :
0 10 20 3 40 50 60 70 80 90 0 10 20 3 40 50 60 70 80 90
FIGURE 6. cw =1 FIGURE 7. ew =0.1

3.3. Numerical validation of the improved conditions

In this section, we go back to the time domain (¢ will denote the time) and the wave equation on which it is
easier to illustrate out results. The approximate 1D problem we consider is

2~¢6 2~€
o _ow iR, x (- L7,0(U]0,L%]) ,

ot? 0s2

e ous ous 0?us
[u]sK(a)<as>0, [as]stana<8t2>0, at s = 0.

For the source term, we consider initial conditions chosen in such a way that for initial values of ¢ the solution
corresponds to an incident wave in s < 0

(56)

- N ous

(s, t) = up(s —1t) ( —  u°(s,0) = up(s), E(S,O) = —ug(s) )
where ug is a smooth “Gaussian like” function compactly supported in s < 0. For the exact or reference solution,
we consider the wave equation in the domain ¢ with L4+ = +o0o0 and Neumann boundary conditions and with
the “same initial conditions” (we mean here that the initial data are independent of the transverse coordinate
in the slot).

3.3.1. Numerical results on the 2D exact solution

We used the code MONTJOIE? to compute the 2D exact solution. We plot on figures 8 to 10 the solution at
a time ¢ large enough to see the effects of the junction. We take ¢ = \/10 (where X is the wave length of the
Cauchy data).

On the figures 8 to 10, we plot the solution on the scaled set Q_UJ,U (AZ_, for differents values of «, and we
use the same range to see the effect of the junction on the reflection (the green color corresponds to the value
0). We can see about the reflection wave that :

e The form is the derivate of the “Gaussian like” function
e Its amplitude increases with the value of «

2url: hitp://www-rocq.inria. fr/poems/montjoie/
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Figures 8 to 10 : 2D Computations of the exact solution (¢ = 0.1X).

FIGURE 8. a =T FIGURE 9. o = 2% FIGURE 10. o = 3T

3.3.2. Numerical results on the improved 1D model

For the 1D model (56), we saw in the section 3.2 that, for small values of ae/\, the reflection phenomen corre-
sponds in first approximation to a derivation with respect to time of the incident signal. To see this phenomena,
we compute the function @° solution of (56) with the initial data ug(s) = exp(—5(s + L/2)?), and we plot
e~Las(t, s) as function of t, with s = —3L /4, for differents values of €, and we compared with the translation of
~(tan(a) — K()) u'(s)

Figures 11 and 12 : plot of e ~1@¢(t, s) as function of ¢, with s = —3L
0.5
= 15 _
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£=0.1 £=0.1
03F| — — €=001 1t — —-£=0.01

— — —&=0.001 — — —&=0.001

0.2 Derivative of Cauchy data Derivative of Cauchy data
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o5 ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘
5 55 6 6.5 7 75 8 8.5 9 5 55 6 6.5 7 75 8 8.5 9
FIGURE 11. o = % FIGURE 12. o= 3

We can see in figures 11 and 12 that our comments about the reflection phenomena are numerically discernible.

3.3.3. Convergence between the approximated model and the exact model
We wish to check numerically the error (20) (theorem 1.4). We take § = 0.2, a = 7, and proceed as follow :

(1) We compute K (a) once for all with a FreeFem-++2 script.
(ii) For differents values of ¢ € |[1073, 1071, we compute u® solution of (3) and @ solution of (16, 17), and
we build u$“"? by (18)

(iii) We compute Z |as PP — aftHHl(ﬁi)
+

Surl : http://www.freefem. org/ff++/
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10"

10° b

10°F

10°F

10°F

107

107F

1075 -3 ‘72 -1
10 10 10

FIGURE 13. Z |as PP — aftHHI(@;i) as function of ¢ (logscale) - the slope is equal to 2.9497
+

We can see on figure 13 that the error Z [ aiHHl(ﬁi) behaves as Ce”, with 8 ~ 3, as expected.
+

A. DERIVATION OF THE MATCHING CONDITIONS

It is first useful to describe the form of the functions U*’s in the two semi-strips By (see figure 5): this is the
object of the next section.

A.1l. Modal expansion of solutions of embedded Laplace equations

Let consider U : By +— C, k>0, in H. (B.) satisfying

loc

~ Uk

AU =0, AUL=0, AUY+UF2=0, in Bs, 75 =0 for v = —1,0, k>2. (57)
1%

Later, in section A.2, the results of the present section will be applied to U} the respective restrictions of U*,
the coefficients in the expansion (29). We shall use the local coordinates (8,7) = (X -t*,%X - n™) such that:

XReBy <« (+37D)€l0,00[x]—1,0[ (58)

The behaviour of the fields U¥ in the two semi-strips Ei is easily described using separation of variables in
(5,7) coordinates, which naturally introduces the basis wy(¥) (cf. (13)), which are adapted to the Neumann

conditions at 7 = —1 or 0 : there exists 1D functions Uip(?) such that
ULGE,D) =) UL ,(5) wp(®) (59)

If we substitute formally (59) into the equations (57), we obtain, according to remark 2.1 :

2717k

0°U.
VEEN, VpeN, —= —p*n?Uf, + U2 =0 (60)

The resolution of (60) is a tedious but simple exercise on ordinary differential equations. In what follows, we
reproduce some results of [3], that we present in a slightly different form, more adapted to the purpose of this
paper. After having remarked that the change of unknown

Udk:,p = exp (£75) nyp
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leads to the equations (with the convention Vj’f,p =0 for k < 0)

21k k
a Vivp +9 avivp _ k—2
o S ERE S B

we introduce, for each p € N, two sequences of polynomials solutions of (61)

(£ ,(3),d5,(3), keN,

which are defined inductively on k, for each p € N and are identically 0 for odd values of k.

e The value p = 0 plays a particular role, since equation (60) degenerates. For k = 0,1 one has

do(8) =15, cio(3)=0, di,(5)=1 di,() =0,
continuing for k > 2 with:

2 k
3ci70

52— A o(0)= 5 (0) =0,
a2d]:€t 0 k—2 k adlj: 0
9352 == di,O ) d:l:,O(O) = o35 (0) =0,

It is easy to see that, for even k’s, one recovers the monomials of the series expansion of exp(z):

2m (2 __ (2§)2m+1 om oA (l§)2m
C:I:,O(S) = m ) d:t,o(s) = (2m)!

e For p > 1, one starts from
& ,6)=1, ¢, ,(5)=0forp>0; d},(5)=1, d},(5)=0.forp=>0,
Then, (cf ,(5),d% ,(5)) are defined as the unique polynomial solutions of

2 .k k
o°ct Oc

=+, —
g W s =y (0 =0,
d2d; adk, _
o F2m—ot = —di) di(0) =0

By induction on k, it is easy to see that,

2k+1 _ d2k+1

c2ik,p has degree k, ink,p has degree k, c¢I°) +,p 0-

Next, we construct two families of functions c’j[m and d’j[,p from ﬁi into C, for p € N and k£ € N*, by:

ch (%) = exp (£p75) cf ,(5) wy(P),

dk (%) = exp (Fprs) di ,(5) wy(D),

(61)

(63)

(64)

(66)
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that constitute particular families of embedded Laplace’s equations:
VpeN, VkeN, Ack,=-ci? Adi,=-d2 inQ. (69)

with homogeneous Neumann boundary conditions at 7 = —1,0. The interest of the introduction of the functions
c’j[,p, d’j[,p clearly appers in the following result :

Lemma A.l. Let {Ui € loc(Bﬁ:) k> 0} satisfying (57), there exists two sequences (’Y;Ek)(p,k)ENZ and

(5;Ek)(p,k)€N2 of complex numbers such as

koo
UL = 3 (i 2+ 0 A, ), (in Hipo(Bu)). (70)
m=0 p=0
Proof. Tt is indentical to the proof of lemma 3.1 of [3]. O

We can formalize this result by introducing the vector spaces
Vk(éi) = span {(CIJ), dI7p), peN, m<g< k}, V(Ei) = U Vk(éi) (71)

and the linear forms Uy € V(By) — N, (Us) € C and Us € V(Bx) — D, (Us) € C such that

k )
YUy € Vi(By), > Z( W(Us) <+ DE (Us) g;p). (72)

m=0
In the following, the value m = 0 will play a particular role and that is why we shall denote
VU € V(By), NEUs)=NEUs), DEUL):=DEUs). (73)

With this notation, lemma A.1l can be reinterpreted as

Corollary A.2. Let {Ui € loc(Bi 0} satisfying (57), then
UL € Vi(By) and N5, (UE) = NF(UE™), Dy, (UY) = Dy (UE™). (74)

and consequently,

k oo
ZZ( ) e, +DF (US™) ar,),  (in Hi(Ba)). (75)

m=0

We can give a more tractable definition of ./\/Oi and Dgﬁ that can be interpreted as “mean” Dirichlet or Neumann
trace operators at § =0 (i.e. on X¢):

Lemma A.3.

U+

K(O V) dv, (76)

. 1 o 1 1
Vi €V(BL) DEO) = [ Ue0) do. Ny = [
0 0
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Proof. Integrating (72) with respect to U gives:

k

VUi € Vi(Bu), / Us(E D) dD = S (N Us) e20(5) + DG, UF) d4(3)). (77)

m=0

For s = 0, this equality leads to the first equality of (76), thanks to (62), (63) and (73). For the second equality,
we first differentiate (77) with respect to § and take §= 0 (using again (62), (63) and (73)) . O

Moreover, for functions which belong to the kernel of the linear forms ./\/pi for p > 1, we have

Lemma A.4. Let Vo(By) = {Uy € V(B1) /Vp>1, NjUs)=0}. Then
1
VU € Vy(Bs), Dj(Uz) :/ UL (0,D) w, (D) db (78)
0

Proof. It is similar to the proof of lemma A.3, except that we first multiply (72) by w), before integrating with
respect to U and then use (65) and (66). The details are left to the reader. O

A.2. Derivation of the matching conditions

We denote respectively £ and R the left and right hand side of (36). To get another expression for R, we use
the Taylor series expansion (in s) of each u%

m' Osm

R= Z Z Ew) m 10"l (0) 4 o(ew)™ (79)
k=0 m=0

oo

For £, we use the expansion (75) for U} and obtain (using Z Z = Z Z)
k=0 m=0 m=0k=m

oo o0 o0

L=3"5"% (ew)* (NFEUE™) e (s/,9/e) + DEUE™) AT (/2. 7/e) ) + ofew)™

m=0p=0 k=m

Since for p > 1, the functions d7 , are exponentially decreasing at infinity and since the functions ¢ belong to
the class C (see (21)), the corresponding terms in the previous sum can be “put into” the o(ew)* part. For
the rest of the sum, we distinguish the terms for p = 0, for which we use the formulas (64) from the terms
corresponding to p > 1 (which are exponentially increasing at infinity):

[e%s) 2m +1
L = Z Ew N:E(Uk Qm) (28/5

B> > o mpor) Bd

=2m/’ m’=0 k=2m'

M8

’

0

3
>

Y (W) NF(UE™) e ,(s/e,7/2) + o(ew)™

=m

NE
KR

+

Il
—
=

3
Il

Op

Using the change of index k — k + 2m/ 4+ 1 in the first sum (resp. £k — k + 2m’ in the second one), we get

[ee) e’} 2m’+1 o0 e 2m
kNi k+1 (ws)*™ + kDi U (25w)*™
"R R ¢ X e e

o0

D DD (e NEWUET™) e (s/2,D/e) + ofew)™

m=0p=1k=m
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Finally, the formal identification of the expressions (80) and (79) in the overlaping zone O (), as functions of
s and ¢, will lead us to our matching conditions.

First, for p > 1, after multiplication of (80) and (79) by w, (V) and integration over U, we get

i J(s/2) (i (gw)kN;(Ui—m)) —0.
m=0 k=m

The conditions (67) imply that the functions ci "» are linearly independent and one deduces from that
NEUE yh—2m’ )=0,Vm’ >0,k >0, that is to say

NEUE)=0, p>1, k>0, (81)

which is nothing but the growth condition (37).

Next, it remains to identify power series expansions. The identification of the terms in (ew)*s™, distinguishing
even and odd values of m, leads to

om’, k 2m’+1, k—1
oM u 0 Uy

(’w)%n/ Dét(Ui) = 8Tm'i(0)’ (zw)Qm/'H ./\/'Oi(Ui) = 0), m' >0, k>0.

aSQm’Jrl

Using the fact that each u% solves the 1D Helmholtz equation, we have

and using lemma A.3, we get the “Dirichlet” and “Neumann” matching conditions, namely (38).

B. EXISTENCE AND UNIQUENESS OF THE FORMAL EXPANSION

To prove the theorem 2.2 , we first formulate an equivalent problem where the unknowns (U*)xen are restricted
to the junction J, (section B.1). Next, we prove the existence-uniqueness result by induction on k (section B.2).

B.1. Restriction to a bounded domain of the problems for the U*’s

Our goal in this section is to characterize the restrictions of the functions U*’s to the junction To by giving
exact Dirichlet to Neumann boundary conditions at the interfaces ¢ .

Using (75), (76), (78) and (81), we can write, separating m = 0 from m > 1 :

1. touk - >
vk = ;[/0 6;(071/)511/} o + Z;) / UE(0,7) wy(v) dv] d%

(82)

1 k 18Ui_m R R k 0o 1 i R R ~
+ ;Z[/O ——(0.7) o) ety + ZZ[/O UE=™(0,7) wy(P) do] 7,
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To compute the trace of U} and its normal derivative on $¢, we remark using (64) that

dcty odi,
a§ (071/)77’? 6:9\ (an)*oa
(83)
ocl odr
(,;;0 (0,7) = af’o (0,9) =0 for m > 1.
Moreover, we can deduce from (62) to (66) the existence of 0" € C,p > > 0 such that
Y0 (0) = £ 67 with 5 = d 2"t =0 84
7 (0) = +£46," with moreover p = —DPT an » =0. (84)
and therefore that (differentiate (68) with respect to s)
odY. N 0 -
aA’p (0,v) =+6, wy(v) forp>=1, k=>1 (85)
s
Then, using (83) and (85), we deduce from (82) that
ouk GUi . ~
K(O’V) = | % —=(0,7 Zpﬂ' / UE(0,9) wy(9) dD ] w,(P)
(86)

k 0o
- le; 5’"/ T0,D) wy (D) dD ] wy (D).

Finally, using the definition of the operator T (see (12)) and the Neumann matching condition (38-(N)), we
see that U satisfies the non homogeneous DtN condition :

oo

ouU* S 8ui k
S HTeU )+ >
m=1

s [ / UE=™(0,0) wp(D) dV ] wy(¥), on £% (87)
1

p=

Finally, we obtain a problem “equivalent” to (32, 33, 34, 35, 38) by replacing (38-(N\')) by the DtN condition
(87). The precise statement is the following

Theorem B.1. Let { (uf,u*,U*) e HY(Qy) x HY(Q-) x HY (Juo), k=0}
be a solution of (32, 33, 34, 35) and the matching conditions (38),

{(uk,uk, U*) e HY(Q1) x HY(Q-) x HY(J,), k=0}
is solution of (32, 33), (34, 35)5 , (87) and (38-(D))
where (34, 35)j& holds for the restrictions of equations (34, 35) respectively to Jo, and afavoo NoJ,.
Reciprocally, if { (uf, vk, U") € HY(Qy) x HY(Q_) x H'(J,), k> 0}
is solution of (32, 33), (34, 35)5 , (87) and (38-(D)), then, extending U* to By via (82),

{ (qua Uk) € H (Q+) X Hl(Q ) X Hloc(ja 00)7 k 2 0 }

is a solution of (32, 33, 34, 35) and (38).
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Proof. The direct statement has been proven. The proof of the converse statement is rather tedious but not
classical. See [2] for details. O

B.2. Existence and Uniqueness

It is done by induction on k. According to theorem B.1, it suffices to consider the problem (32, 33), (34, 35);@,
(87) and (38-(D)). To clearly identify the recursion process, it is useful to reformulate this problem in a more
decoupled way (we mean between ui and U*, at each step k), which is also useful from the computational point
of view.

To achieve such a decoupling the idea is first to consider (87) as a boundary condition for U i, next to formulate
a 1D transmission problem for u%. That is why we shall use the following two technical lemmas

Lemma B.2. Given ® € L2(J,) and g+ € H™2(X%), there exists U € H'(J,), which is unique up to an
additive constant, such that there exists U € H'(J,), which is unique up to an additive constant, such that

AU =, in Jo | g—Uzo, on 97\ (23 02,
mn
(88)
a—U+T U= on X9
an + =49+, 4+ >

if and only if one satisfies the compatibility condition

/ag+/ag+/ja<1>- (89)

Moreover, W, being defined by (11, 10) , any solution of (88) satisfies

/U—/ U:/ q>wa+/ g_Wa—i—/ ge Wa . (90)
¢ > Jo ne ne

Proof. The existence-uniqueness proof is a classical exercise about Lax-Milgram’s lemma and Poincaré-Wirtinger’s
inequality (the important point is that Ty : H: (3%) — H-: (3%) is a positive symmetric operator whose kernel
is the space of constant functions). The compatibility condition (89) is obtained by integrating the first equation
of (88), using Green’s formula and the symmetry of T .

To obtain (90), we multiply the equation for U by W, and integrate over fa . Using Green’s formula twice,
and the fact that W, is harmonic, we get

zi:/i (aaWnaU_z_ZW“):/jaq)Wa

Using the boundary conditions on ¥¢ for U and W, together with the symmetry of T'y, we obtain (89). (I

Lemma B.3. Given (ja,jn) € C x C and f_ € C , there exists a unique ux € HY( (0, £L+) ), such that:

a2u:|:
Os2 +w?us =0, +sc[0,L*],
Ouy Ou—
- = - = 91
( 68 +ZWU+)(L+) 07 68 (Lf) f*? ( )
. ou Oou_ )
e 0) ~u-(0) = ja A (0) ~ = (0) = n
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Proof. The result is straightforward. g
According to (34, 35)_70 and (87), we can apply lemma B.2 with U = U*, ® = —~U*=2 and g1 = gi‘l with

B 1auk—1 koo . 1 . N o R o
ghl= += aj; (0) + mzﬂ; o [/0 US="(0,0) wy(D) d ] wy(D), on X% (92)

where the index k& — 1 in gf[l is “justified” by the fact that gf[l is known explicitly when u’fl and the U™’s
for m < k — 1 are known. Writing (89) gives

w

k—1 k—1
1 (aui _ Oug

0Os (0) 0s (O_)) B _/A Ut

a

which, written for “k = k + 17, gives the Neumann jump condition

Loouf o ouk k-1
L(TE0n - S ))——/jaU k>0, (93)

Writing (90) gives the Dirichlet jump condition
/ Uk—/ Uk:—/ Uk—2wa+/ g’lea—i-/ W, (94)
s Do T Do s
that can be rewritten, using the matching conditions (38-(D)):
uk (07) =k (07) = —/A U2 w, +/ 9"t W, +/ W, (95)
N zo £e

For each k, we have succeeded to decouple the calculation of u% since jump conditions (93) and (95) written
for “k = k + 17 are sufficient, when associated to equations (32, 33), to determine u% uniquely (lemma B.3).

As the solution of problem (P) with ® = U*~2 and g+ = ¢¥™!, U* is defined up to an additive constant. To fix
this constant we can use again (38-(D)) (in a symmetric way with respect to £ ) :

1

5 (/.
Finally, we obtain an equivalent problem to (32, 33), (34, 35) 7 , (87), (38-(D)) by replacing (38-(D)) by (93),
(95) and (96). More precisely

Uk +/Za U’“) - % (u’;(oﬂ +u’i(0—)) (96)

o4
+

Theorem B.4. The following two propositions are equivalent (for the clarity of notation, we omit to mention
again the functional setting):

(i) { (ui,u’i,Uk), k> O} is solution of (32, 33), (34, 35)@, (87) and (38-(D)).

(ii) { (uff_, uk  UR), k> O} is solution of (32, 33, 93, 95) and ((34, 35)fa’ 87,96 ), with gi_l defined as (92).

Proof. We just proved the implication (i) = (i#4). The proof of (ii) = (i) is similar (see [2] for more
details). O
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The case k = 0. With the convention of remark 2.1, we see from (32, 33, 93, 95) that uY is, as expected, the
solution of the transmission problem for the 1D Helmholtz problem with the transmission conditions (9) with
u®(0%) = u.(0)), i. e. the “concatenation” of u® and u9 is nothing but u° as defined in section 1.2 (see (4)).

Moreover, we see from (34, 35) and (87) that U solves (88) with ® = 0 and g+ = 0, which implies that U is
constant. Next, (96) gives

U° = = (u9.(0) +u2 (0)) = u’(0).

N | —

The general case k > 1. Assume that (uﬂ, u? ,UY), £ <k —1 are known, then, according to theorem B.4,

e We first determine (u®,u") as the unique solution of the 1D transmission problem (32, 33) with the
transmission conditions (93, 95). (cf. lemma B.3)

e We compute g%~ thanks to (92).

e We determine U* as the solution, cf. lemma B.2, of the boundary value problem ((34, 35) 7., 87, 96).
One must of course check the compatibility condition (89), which is a consequence of (93).

Finally, regrouping the above results with theorems B.1 and B.4, we have proven the theorem 2.2.
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