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IMAGE PROCESSING BY TOPOLOGICAL ASYMPTOTIC ANALYSIS

Didier Auroux 1 and Mohamed Masmoudi 1
Abstract. The aim of this article is to recall the applications of the topological asymptotic expansion
to many image processing problems. We briefly review the topological asymptotic analysis. A very
natural application of this technique in image processing is the inpainting problem, which can be solved
by identifying the optimal localization of the missing edges. A second natural application is then the
image restoration or enhancement problem. The identification of the main edges of the image allows
us to preserve them, and to smooth the image outside the edges. We present then an application to
the regularized and unsupervised classification problem. If the conductivity outside the edges goes to
infinity, the regularized image is piecewise constant and provides a natural solution to the segmentation
problem. We also mention that all these problems are solved with a O(n. log(n)) complexity. Finally,
we present a hybrid scheme for contour detection and completion based on topological gradient and
fast marching algorithms. We briefly illustrate all these applications with numerical results.
Résumé. Dans cet article, nous présentons l’application du gradient topologique à plusieurs problèmes
classiques en traitement d’images. Après avoir brièvement introduit l’analyse asymptotique topologique,
nous présentons son application naturelle au problème de l’inpainting, qui peut être résolu en identifiant la localisation optimale des contours manquants dans l’image. Une deuxième application naturelle
est la restauration ou le débruitage d’images. L’identification des principaux contours permet de les
préserver au cours du processus de restauration. Nous présentons ensuite une application à la classification régularisée et non supervisée. Lorsque la conductivité tend vers l’infini en dehors des contours,
l’image régularisée devient constante par morceaux, et fournit une solution naturelle au problème de
segmentation d’une image. Nous précisons ensuite la complexité de tous ces algorithmes, en O(n. log(n).
Enfin, nous présentons un algorithme hybride pour la détection et fermeture des contours d’une image, basé sur les algorithmes du gradient topologique et des chemins minimaux. Pour chacune des
applications, nous illustrons l’algorithme avec quelques résultats numériques.

Introduction
The idea of topological asymptotic analysis is to measure the impact of a perturbation of the domain on
a cost function. We only consider here the approach that has been introduced for topological optimization
purpose, in which the goal is to identify an optimal shape and its complementary in a given domain [38, 39, 42].
Topological shape optimization seems particularly well adapted to solve image processing problems (like
classification, segmentation, enhancement, inpainting, . . . ), as they mainly consist of identifying a particular
subdomain of the image: its edges.
At first sight, the main issue of topological shape analysis is the non-differentiability of the problem. To find
the optimal domain is indeed equivalent to identify its characteristic function. Several classical approaches have
been developed to make this problem differentiable. We can cite here the relaxation technique, which allows
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the characteristic function to take all possible values in the interval [0; 1], and the level set approach where the
characteristic function is replaced by a regular level set function which is positive inside the optimal domain
and negative outside [4–6, 21, 42, 52].
The idea of topological asymptotic analysis is to switch the characteristic function from one to zero (or from
zero to one) in a (infinitely) small area. Thus, the variation of the cost function is small when we switch a
very small part from the subdomain to its complementary. The topological asymptotic expansion provides this
variation, and allows one to derive a topological gradient of the cost function [38, 42, 52, 53].
In this article, we first present the basic tools of topological asymptotic analysis, and we then study several
applications to image processing problems: inpainting (where the goal is to fill a hidden part of an image),
restoration and enhancement, classification, and segmentation. Then, we present a very efficient way to speed
up all the algorithms introduced in this article, based on discrete cosine transforms and an appropriate preconditioning. Finally, we present a coupled approach combining the topological gradient and the minimal path
technique in order to improve the edge detection, and to avoid non-connex contours.

1. Topological asymptotic analysis
1.1. Presentation of the method
Let Ω be a regular open bounded domain of R2 (or R3 ). Let us consider a Partial Differential Equation
(PDE) problem defined in Ω, written in its variational formulation:
find u ∈ V such that a(u, w) = l(w), ∀w ∈ V,

(1)

where V is a Hilbert space on Ω, usually H 1 (Ω), a is a bilinear continuous and coercive form defined on V, and
l is a linear continuous form on V. We finally consider a cost function J(Ω, u) to be minimized, where u is the
solution of equation (1).
We now consider a small perturbation of the domain, e.g. by the insertion of a crack σ ρ = x0 + ρσ(n), where
x0 ∈ Ω represents the point where the crack is inserted, σ(n) is a straight crack containing the origin of the
domain, and n is a unit vector normal to the crack. Finally, ρ > 0 represents the size of the perturbation,
assumed to be small. Let Ωρ = Ω\σρ be the perturbed domain. We can consider the same PDE problem as
before, but on the perturbed domain:
find uρ ∈ Vρ such that aρ (uρ , w) = lρ (w), ∀w ∈ Vρ ,

(2)

where Vρ , aρ and lρ represent the restriction of the Hilbert space V to Ωρ , and the perturbed bilinear and linear
forms respectively.
We can rewrite the cost function J as a function of ρ by considering the following map:
j : ρ 7→ Ωρ 7→ uρ solution of (2) 7→ j(ρ) := J(Ωρ , uρ ).

(3)

The topological sensitivity theory provides an asymptotic expansion of j when ρ tends to zero. It takes the
general form:
j(ρ) − j(0) = f (ρ)G(x0 ) + o(f (ρ)),

(4)

where f (ρ) is an explicit positive function going to zero with ρ, and G(x0 ) is called the topological gradient at
point x0 [42].
Then to minimize the criterion j, one has to insert small holes (or cracks) at points where the topological
gradient G is the most negative, in order to make the cost function j decrease quickly (see the asymptotic
expansion (4)).
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1.2. Main result
In the following, we will consider several times this main result [7]:
Theorem 1.1. If there exists a linear form Lρ defined on Vρ , a function f : R+ → R+ , and four real numbers
δJ1 , δJ2 , δa and δl such that
• lim f (ρ) = 0,
ρ→0

• J(Ωρ , uρ ) − J(Ωρ , u0 ) = Lρ (uρ − u0 ) + f (ρ)δJ1 + o(f (ρ)),
• J(Ωρ , u0 ) − J(Ω, u0 ) = f (ρ)δJ2 + o(f (ρ)),
• (aρ − a0 )(u0 , pρ ) = f (ρ)δa + o(f (ρ)),
• (lρ − l0 )(pρ ) = f (ρ)δl + o(f (ρ)),
where the adjoint state pρ is the solution of the adjoint equation

aρ (w, pρ ) = −Lρ (w), ∀w ∈ Vρ ,

(5)

and uρ is the solution of the direct equation (2), then the cost function j has the asymptotic expansion (4),
where the topological gradient G(x) is given by
G(x) = δJ1 + δJ2 + δa − δl.

(6)

2. Inpainting
In this section, we present an application of the topological asymptotic analysis to the inpainting problem.
The goal of inpainting is to fill a hidden part of an image. In other words, if we denote by Ω the original image
and ω the hidden part of the image, the goal is to recover the hidden part ω from the known part of the image
Ω\ω. There are many applications, for instance removing some spots on a badly preserved movie or image, or
deleting encrusted logos and images on television programs, . . .
This problem has been widely studied. Several methods have been considered: learning approaches (neural
networks, radial basis functions, support vector machine, . . . ), in which the learning data is taken in Ω\ω, and
then the approximate function is evaluated in ω [58, 59]; minimization of an energy cost function in ω based on
a total variation norm [28, 29]; morphological analysis for the reconstruction of both cartoon and texture [36];
...
In order to study the inpainting problem, we first consider a crack localization method. Crack detection
allows us to identify the edges of the hidden part of the image, and the inpainting problem can then be
easily solved. We will consider the classical thermal diffusion technique [27, 45, 48, 55, 56] and improve it by
modeling the edges by cracks. These cracks are supposed to be highly insulating and to allow the temperature
to jump across edges. As both the Dirichlet and Neumann conditions are known on the boundary of the
hidden subset, we can define a criterion measuring the discrepancy between the solutions of a Dirichlet and a
Neumann problem respectively [40]. This problem is similar to the inverse conductivity problem, also known as
the Calderón problem [26], which consists of identifying the coefficients of a partial differential equation from
the knowledge of the Dirichlet to Neumann operator. Only two measurements are needed to recover several
simple cracks [2, 3, 18]. From the numerical point of view, several methods [8, 19, 20, 25, 37, 49, 50] have been
proposed, but the topological gradient approach seems to be the most efficient method for crack localization.
The minimization of the criterion allows us to identify the main edges inside the hidden part of the image. The
image is finally filled between the edges thanks to the Laplace operator.
This section summarizes the work introduced in [15, 16]. We also refer to these references for the results of
many numerical experiments.

2.1. Crack localization problem
Let Ω be a bounded open set of R2 . We assume in this section that Ω contains a perfectly insulating crack
σ ∗ . We impose a flux φ ∈ H −1/2 (Γ) on the boundary Γ of Ω, and we want to find σ ⊂ Ω such that the solution
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u ∈ H 1 (Ω\σ) of


 ∆u = 0 in Ω\σ,
∂n u = φ on Γ,

∂n u = 0 on σ,
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(7)

satisfies u|Γ = T , where T ∈ H 1/2 (Γ) is a given function. We also assume some compatibility conditions in
order to have a well-posed direct problem.
A topological gradient approach has been introduced in [7], and consists of defining a Dirichlet and a Neumann
problem, as we have an over-determination in the boundary conditions:

 ∆uD = 0 in Ω\σ,
uD = T on Γ,
uD ∈ H 1 (Ω\σ) such that

∂n uD = 0 on σ,
uN


 ∆uN = 0 in Ω\σ,
∂n uN = φ on Γ,
∈ H 1 (Ω\σ) such that

∂n uN = 0 on σ.

(8)

(9)

It is clear that for the actual crack σ ∗ , the two solution uD and uN are equal. The idea is then to consider
and minimize the following cost function
J(σ) =

1
kuD − uN k2L2 (Ω) .
2

(10)

The topological asymptotic expansion of this cost function is detailed in [7].

2.2. Dirichlet and Neumann formulations for the inpainting problem
In our approach, we now denote by Ω the image and Γ its boundary, ω ⊂ Ω the missing part of the image
and γ its boundary. Let v be the image that we want to restore. We assume that v is known in Ω\ω, and
unknown in ω.
The idea is to adapt the crack localization method to inpainting: crack detection first allows us to identify
the cracks (or edges) σ of the hidden part ω of the image, and then we will impose that the Laplacian of the
restored image is equal to zero in ω\σ. For a given crack σ ⊂ ω, as v (Dirichlet condition) and ∂ n v (Neumann
condition) are known on the boundary γ of ω, we can solve two different problems inside ω.
For a given crack σ, we denote by uD ∈ H 1 (Ω\σ) the solution of the following Dirichlet problem:

∆uD = 0 in ω\σ,



uD = v on γ,
∂n uD = 0 on σ,



uD = v in Ω\ω.

(11)

Outside ω, the solution is equal to the original image, and inside ω, we use equation (8).
In the same way, if we assume v to be enough regular, we can consider the solution u N ∈ H 1 (Ω\σ) of the
following Neumann problem:

∆uN = 0 in ω\σ,



∂n uN = ∂n v on γ,
(12)
 ∂n uN = 0 on σ,


uN = v in Ω\ω.

28

ESAIM: PROCEEDINGS

Note that from the numerical point of view, it is much more easy to solve an approximated Neumann problem:

∆uN = 0 in ω\σ,



∂n uN = ∂n v on γ,
(13)
∂

n uN = 0 on σ,


−α∆uN + uN = v in Ω\ω,

where α is a small positive number.

2.3. Asymptotic expansion
The cost function remains unchanged, and is still defined by (10), as the idea is to find some cracks σ ⊂ ω
that minimize the difference between the two solutions uN and uD . We assume that the crack σ is equal to
x + ρσ, where x is the point of insertion of the crack, ρ is the size of the inserted crack (assumed to be small),
and σ is a reference crack, of unit normal vector n. Then, we can rewrite the cost function J defined by equation
(10) as a function j(ρ) of ρ. The asymptotic expansion is then the following:
j(ρ) − j(0) = f (ρ)g(x, n) + o(f (ρ)),

(14)

where the topological gradient g is defined by
g(x, n) = − [(∇uD (x).n)(∇pD (x).n) + (∇uN (x).n)(∇pN (x).n)] ,

(15)

where uD and uN are the solutions of (11) and (12) respectively, but without any inserted crack (σ = ∅). Also,
pD and pN are the corresponding adjoint states, respectively solutions in H 1 (Ω) of the following equations:

 pD = 0 in Ω\ω,
pD = 0 on γ,
(16)

−∆pD = −(uD − uN ) in ω,

 pN = 0 in Ω\ω,
∂n pN = 0 on γ,

−∆pN = +(uD − uN ) in ω.
The topological gradient defined by equation (15) can be rewritten in the following way:
g(x, n) = nT M (x)n,

(17)

(18)

where M (x) is the 2 × 2 (resp. 3 × 3 in the case of 3D images, or movies) symmetric matrix defined by
M (x) = −sym(∇uD (x) ⊗ ∇pD (x) + ∇uN (x) ⊗ ∇pN (x)).

(19)

From this equation, we can deduce that the minimum of g(x, n) is reached when n is the eigenvector associated
to the lowest eigenvalue λmin (M (x)) of M (x).

2.4. Algorithm
The inpainting algorithm is then the following:
• Calculation of uD and uN , solutions of the direct problems (11) and (12) respectively, without any
inserted crack (unperturbed problem: σ = ∅).
• Calculation of pD and pN the two corresponding adjoint states, respectively solutions of equations (16)
and (17).
• Computation of the matrix M (x) defined by equation (19).

29

ESAIM: PROCEEDINGS

10
50
20
100

30
40

150

50
200

60
70

250

80
300

90
100

350
100

200

300

400

500

50

50

50

100

100

150

150

200

200

250

250

300

300

350

100

150

200

250

300

350

400

450

350
100

200

300

400

500

100

200

300

400

500

Figure 1. Top: Noisy image (left); Identified missing edges (in white) by the topological
gradient algorithm (right). Bottom: Inpainted (or reconstructed) image (left); Original image,
for comparison (right).
• Localization of the cracks: define
σ = {x ∈ ω; λmin (M (x)) < δ < 0},

(20)

where δ is a negative threshold.
• Calculation of the solution of the Neumann problem (12) perturbed by the insertion of σ.
This image is then equal to the original image in Ω\ω, and it has been reconstructed in ω.
Figure 1 illustrates this algorithm. We refer to [15] for more numerical results.

2.5. Remarks
From the numerical point of view, cracks are modeled by a very small conductivity instead of considering
real holes in the domain. The previous algorithm has a complexity of O(n. log(n)), where n is the size of the
image, i.e. the number of pixels, as explained in section 6.
The main advantage of this algorithm is that the reconstruction is done in only one iteration of the topological
gradient algorithm, which consists of 5 resolutions of a PDE (the two direct and two adjoint unperturbed
problems, and then one direct perturbed problem) in the domain Ω representing the image. Several numerical
results are presented in [15] and show the quality and efficiency of the reconstruction.
The only control parameter of this method is the negative threshold: below a given value, the pixels are
considered as being part of the edge set, whereas it is not the case beyond the threshold. The reconstructed
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image is provided by the resolution of the direct perturbed problem (12), and the quality of the image relies on
the connexity of the identified edges. If a given identified edge is not connex, the Laplacian indeed produces
a blurred zone. Then, the threshold is usually set such that the main identified edges are connex. Of course,
it may lead to the wrong identification of edges. But the various numerical experiments have shown that the
threshold can be fixed to an a priori value, as the optimal threshold is almost independent of the images.
Another solution to this problem is presented in section 7.

3. Restoration
In this section, we consider the restoration problem, with the aim of restoring noisy images. The main idea
is to use the topological gradient for detecting the edges of the noisy image in order to preserve them during
the restoration process.
This method is based on thermal diffusion, like many other variational methods. In order to avoid blurring
effects, several nonlinear isotropic and anisotropic methods have been introduced, some of them relying on
the minimization of the total variation [10, 27, 41, 45, 55, 56]. We should mention that some non variational
approaches also exist, mainly statistical methods [35].
This section summarizes the work presented in [14, 17]. We also refer to these references for the results of
numerical experiments.

3.1. Variational formulation
Let Ω ⊂ R2 be an open bounded domain, and v ∈ L2 (Ω) be the noisy image. The enhancement of v is based
on the resolution of the following problem:
1

find u ∈ H (Ω) such that



−div(c∇u) + u = v
∂n u = 0

in Ω,
on ∂Ω,

(21)

where n is the outward unit normal to ∂Ω, and c is the conductivity, to be defined in the following. Several
choices can be made for the conductivity, mainly c equal to a constant value (linear diffusion method: it is
fast, but it blurs important structures), or c defined by a nonlinear function of ∇u (nonlinear diffusion method,
edge-preserving [10, 56]). In the topological gradient approach, c takes only two values: a constant value c 0
(close to 1) in the smooth part of the image, and a very small values ε (close to 0) on the edges or cracks in
order to preserve them.
Setting c = 0 on a part of the image is equivalent to perturbing the domain by the insertion of cracks. For
a given point x0 ∈ Ω and for a given small parameter ρ > 0, we consider Ωρ = Ω\σρ the perturbed domain by
the insertion of a crack σρ = x0 + ρσ(n), where σ(n) is a straight crack and n is a unit vector normal to the
crack. The variational formulation of the perturbed problem is the following:
find uρ ∈ H 1 (Ωρ ) such that aρ (uρ , w) = lρ (w), ∀w ∈ H 1 (Ωρ ),

(22)

where aρ (resp. lρ ) is the following bilinear (resp. linear) form defined on H 1 (Ωρ ) (resp. L2 (Ωρ )) by
aρ (u, w) =

Z

(c∇u∇w + uw) dx,
Ωρ

lρ (w) =

Z

vw dx.

(23)

Ωρ

Edge detection if equivalent to looking for a subdomain of Ω where the energy is small. So our goal is to
minimize the energy norm outside edges:
Z
k∇uρ k2 .
(24)
j(ρ) = J(Ωρ , uρ ) =
Ωρ
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3.2. Topological gradient
From theorem 1.1, we can derive the following asymptotic expansion of the cost function (24):
j(ρ) − j(0) = ρ2 G(x0 , n) + o(ρ2 ),

(25)

G(x0 , n) = −πc(∇u0 (x0 ).n)(∇p0 (x0 ).n) − π|∇u0 (x0 ).n|2 ,

(26)

where
where p0 is the solution of the unperturbed adjoint problem:


−div(c∇p0 ) + p0 = −∂u J(Ω, u0 ) in Ω,
∂n p0 = 0
on ∂Ω.

(27)

As previously seen, the topological gradient can be rewritten: G(x, n) = hM (x)n, ni, where M (x) is the
following 2 × 2 symmetric matrix:
M (x) = −πc

∇u0 (x)∇p0 (x)T + ∇p0 (x)∇u0 (x)T
− π∇u0 (x)∇u0 (x)T .
2

(28)

3.3. Algorithm
Our algorithm consists of inserting small heterogeneities (or cracks) in regions where the topological gradient
is smaller than a given threshold. There regions are the edges of the image. The algorithm is as follows:
• Initialization: c = c0 (constant value everywhere).
• Calculation of u0 and p0 , respectively solutions of the direct (21) and adjoint (27) unperturbed problems.
• Computation of the 2 × 2 matrix M (x) defined by (28), and of its lowest eigenvalue λ min (M (x)) at each
point of the domain.
• Set the new conductivity:
c1 =



ε if x ∈ Ω is such that λmin (M (x)) < α < 0,
c0 elsewhere,

(29)

where ε > 0 is assumed to be small, and α is a negative threshold.
• Calculation of u1 , the solution of the perturbed direct problem (21) using c = c1 .

The image u1 is the restored image.
Figure 2 illustrates this algorithm. We refer to [14, 17] for more numerical results.

3.4. Remarks
From the numerical point of view, it is more convenient to simulate the cracks by a small value of c instead
of considering topological perturbations of Ω. The resolution of problem (21) with c = c 1 is an approximation
of the resolution of the perturbed problem (22), becoming more precise as ε goes to 0.
As in the previous section (inpainting problems), our algorithm is extremely efficient as it requires only 3
resolutions of a partial differential equation in Ω: the direct and adjoint original problems, and then the direct
perturbed problem. And the complexity of this algorithm is still O(n. log(n)) (see section 6).
As shown in [17], the quality of the numerical results is very good. Once again, the algorithm relies on a
thresholding of the topological gradient in order to define the edge set. Contrary to inpainting problems, the
connexity of the edges is not crucial since it does not change significantly the quality of the restored image.
However, section 7 presents a way to identify connex edges, with fewer badly identified edges.
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Figure 2. Top: Noisy image (left); Identified edges by the topological gradient algorithm
(right). Bottom: Restored image (left); Original image, for comparison (right).

3.5. Extension to color images
In this section, we adapt the topological gradient approach to color images. Color images can be represented or
modeled in various ways, for instance the RGB (Red-Green-Blue) space in which images are viewed as functions
from Ω to R3 instead of R. A first approach consists of decoupling the three channels, and in solving direct
and adjoint problems for each channel. But it is also possible to consider directly the vectorial minimization
problem, involving the resolution of vectorial problems. The topological asymptotic expansion is still given by
equations (25-26) and (28), where all functions are vectorial, i.e. the topological gradient is the sum on all
channels of the corresponding expressions for each channel [14].
Another approach has also been studied in [14], in which we use a different norm for coupling the different
channels. In order to identify the local variations of the color image, Di Zenzo defines a multi-spectral tensor
associated to the image vector field [33]:
T =



t11
t21

t12
t22



,

tij =

3
X
∂uk ∂uk
,
∂xi ∂xj

k=1

1 ≤ i, j ≤ 2,

(30)

in the case of bidimensional images. This tensor describes the first order differential structure of the image, and
the Di Zenzo gradient is given by the square root of the largest eigenvalue of the structure tensor:
k∇ukDZ


 21
q
1
2
2
= √ t11 + t22 + (t11 − t22 ) + 4t12 .
2

(31)
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It is possible to rewrite this gradient in a different way with the following function:
H(∇u) =
where

1+

p
1 − 4f (∇u)
,
2

(32)

det2 (∇u1 , ∇u2 ) + det2 (∇u1 , ∇u3 ) + det2 (∇u2 , ∇u3 )

,
(33)
(|∇u1 |2 + |∇u2 |2 + |∇u3 |2 )2
 s
2
∂u ∂ut
∂ut ∂us
det2 (∇us , ∇ut ) =
−
.
(34)
∂x1 ∂x2
∂x1 ∂x2
Then, we can derive the asymptotic expansion of the cost function defined by equation (24) in which the norm
is the Di Zenzo norm (31):
f (∇u) =

G(x0 , n) =

3
X


−πc(∇uk0 (x0 ).n)(∇v0k (x0 ).n) − πH(∇u0 (x0 ))|∇uk0 (x0 ).n|2

(35)

k=1

with our standard notations.
In [14], we show that this approach has the same computational cost as the vectorial approach (in which the
different channels are decoupled), while it improves the edge detection, and hence it produces a better restored
image, more precise on the edges of the image.

4. Classification
In this section, we now focus on the regularized and unsupervised image classification problem.
Inspired by the work presented in [10, 48], in which the authors propose a classification model coupled with
a restoration process, we adapt here our approach based on the topological asymptotic analysis.
This section summarizes the work presented in [13,17]. We refer to these references for the numerical results.

4.1. Introduction to the classification problem
Let v be the original image defined on an open set Ω of R2 , and let Ci , 1 ≤ i ≤ n, be n classes (i.e. grey or
color levels). We first assume that thesse classes are predefined. The goal of image classification is to find a
partition of Ω in subsets {Ωi }i=1...n , such that v is close to Ci in Ωi .
A variational approach can be defined: it consists of a cost function measuring the difference between the
original image and the classified image:
J((Ωi )i=1...n ) =

n Z
X
i=1

Ωi

(v(x) − Ci )2 dx + α

X
i6=j

|Γij |,

(36)

where Γij represents the interface Ωi ∩ Ωj between two subsets.
The main difficulty of this approach is that the unknowns are sets, and not variables. This is why the
topological asymptotic analysis seems to be appropriate for solving this problem. The topological gradient and
the corresponding numerical results are presented in [13].

4.2. Restoration and classification coupling
Another solution consists of coupling classification with restoration, and to adapt the approach introduced in
section 3. The idea is to first consider an iteration of the topological asymptotic analysis for the image restoration
problem in order to smooth the image, and then to classify this smooth image without any regularization. If
we remove the regularization term from equation (36), which leads to the unregularized classification problem,
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Figure 3. Top: Original image (left); Unregularized classified image (with an optimal choice
of classes) (right). Bottom: Smooth image provided by the topological gradient algorithm
(left); Classification of this smooth image (right).

then the optimal subset Ωi is the set of pixels that are closer to Ci than to any other Cj . In other words, each
pixel is assigned to the subset corresponding to its closest class.
In the perturbed problem (29), instead of setting c = 0 (or c = ε from the numerical point of view) on the
edge set and c = c0 elsewhere, we set
c1 =

(

ε on the edge set,
c0
elsewhere.
ε

(37)

The algorithm is then the following:
• Application of the restoration algorithm defined in section 3, with c1 defined by (37) instead of (29).
• Unregularized classification of the image u1 , using for example the closest class algorithm (in which
each pixel is assigned to the subset corresponding to its closest class).
Figure 3 illustrates this algorithm. We refer to [13, 17] for more numerical results.
As previously seen, the complexity of this algorithm is O(n. log(n)), and the various numerical results presented in [13] show the relative efficiency of these approaches. Moreover, it is possible to regularize more or less
the image by choosing different values of c1 , and it allows us to also obtain good results on noisy images.
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4.3. Extension to unsupervised classification
If the number n of classes is given, but not their values Ci , it is possible to determine them in an optimal
way. This classification problem can be defined as
min j((Ωi ), (Ci )) =

(Ωi ),(Ci )

n Z
X
i=1

Ωi

|v(x) − Ci |2 dx + α

X
i6=j

|Γij |.

(38)

The idea is to minimize the cost function j((Ωi ), (Ci )) alternatively with respect to Ωi and with respect to
Ci . The minimization with respect to Ωi consists of classifying the image, while the minimization with respect
to Ci is obtained straightforward by the mean of the image in each class:
Ci =

1
|Ωi |

Z

(39)

v(x) dx.
Ωi

The unsupervised classification algorithm is then as follows:
• Initialization: define an initial guess C1 , . . . , Cn (e.g. equi-distributed classes).
• Repeat until convergence:
– Calculate the classified image using the classes C1 , . . . , Cn (see previous algorithm).
– Update the values of the classes using (39).
If the number n of classes is not given, we can add a penalization term “+βn” in the cost function (38),
measuring the number of classes. The minimization with respect to n provides the optimal number of classes.
The number of classes is clearly related to the choice of the weighting coefficient β.

5. Segmentation
This section is concerned with image segmentation, which aim is to find a partition of an image into its
constituent parts. The idea is still to apply our topological gradient based algorithm for the detection of edges
in the image.
Several approaches have been studied in the literature. One can cite variational methods, for example based
on the minimization of the Mumford-Shah functional [43], the active contours and snake methods [23, 51],
stochastic approaches [22, 24], wavelets, . . . [9–11, 44, 47, 48, 57].
This section summarizes the main results presented in [12,16]. Several numerical experiments are also detailed
in these references and show the efficiency of our approach.

5.1. From restoration to segmentation
We still consider the restoration algorithm, in which the following conductivity is used for the perturbed
problem:
(
ε in ω,
1
c(ε) =
(40)
outside ω,
ε
where ω ⊂ Ω represents the edge set. We first assume that ω is thickened (i.e. of codimension 0 in Ω). From
equation (40), the algorithm now consists of solving the following problem:

−div(ε∇u


 ε) +
 uε = v

1
(Pε )
−div
∇uε + uε = v

ε


∂ n uε = 0

in

ω,

in

Ω\ω,

on

∂Ω,

(41)
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where uε ∈ H 1 (Ω), i.e. with the implicit boundary condition that c(ε)∂n uε has the same value on both sides of
∂ω.
Then we have the following asymptotic result [12]:
Theorem 5.1. If we denote by uε the unique solution of problem (Pε ) in H 1 (Ω), then
lim (k∇uε − ∇u0 kL2 (Ω\ω) + kuε − u0 kL2 (ω) ) = 0,

ε→0

where u0 ∈ H 1 (Ω\ω) ∩ L2 (Ω) is the solution to the following problem

u0 = v
in ω,



−div (∇u0 ) = 0 in Ω\ω,
(P0 )
∂ n u0 = 0
on ∂ω,



∂ n u0 = 0
on ∂Ω.

(42)

(43)

This result proves that the segmented image u0 can be approximated by uε if ε is small. We now assume
that the edge set ω is of codimension 1 in Ω. From the point of view of applications, it is completely natural
to assume that the edges are flat in the image. In order to have coherent notations, we will further denote by
σ the edge set. We assume that σ is known, e.g. provided by the crack detection algorithm previously seen.
We can rewrite the approximated segmentation problem (Pε ) as follows:



1


∇uε + uε = v in Ω\σ,
 −div
ε
(P̃ε )
(44)
∂ n uε = 0
on σ,



∂ n uε = 0
on ∂Ω,
where uε ∈ H 1 (Ω\σ). If v ∈ L2 (Ω), then problem (P̃ε ) has a unique solution in H 1 (Ω\σ). As a corollary of the
previous result, we have the following one [12]:
Theorem 5.2. If we denote by uε the unique solution of problem (P̃ε ) in H 1 (Ω\σ), then
kuε kL2 (Ω) ≤ kvkL2 (Ω) ,

k∇uε kL2 (Ω\σ) ≤

√

εkvkL2 (Ω) ,

(45)

and
lim k∇uε − ∇u0 kL2 (Ω\σ) = 0,

ε→0

where u0 ∈ H 1 (Ω\σ) is the unique solution to the

−div (∇uZ0 ) = 0


Z



u0 =
v
(P̃0 )
Ωi
Ωi


∂ n u0 = 0



∂ n u0 = 0

(46)

following problem:
in

Ω\σ,
∀ Ωi connex component of Ω\σ,

(47)

on σ,
on ∂Ω.

For numerical reasons, it can be very difficult to solve directly problem (P̃0 ), and even problem (P̃ε ) for too
small values of ε > 0. Indeed the conditioning of the system to be solved goes to infinity when ε → 0. In order
to overcome this issue, we will expand the solution uε of problem (P̃ε ) into a power series of ε.

5.2. Power series expansion
From the knowledge of the power series expansion of uε and the computation of several solutions uε for not
too small coefficients ε > 0, it is possible to approximate the asymptotic solution u 0 [12]:
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Theorem 5.3. There exist a constant εR > 0 and a family of functions (un )n∈N of H 1 (Ω\σ) such that for all
0 ≤ ε ≤ εR ,
∞
X
uε =
un ε n .
(48)
n=0

1

Moreover, u0 is the unique solution in H (Ω\σ) of problem (P̃0 ), and the other functions (un ) are the unique
solutions in H 1 (Ω\σ) of the following problems:

−div
(∇u1 ) = −u0 + v in Ω\σ,


Z



u1 = 0
∀ Ωi connex component of Ω\σ,
(P̃1 )
(49)
Ωi


∂
u
=
0
on
σ,

n 1


∂ n u1 = 0
on ∂Ω,

−div
(∇un ) = −un−1


Z



un = 0
n ≥ 2, (P̃n )
Ωi


∂ n un = 0



∂ n un = 0

in

Ω\σ,

∀ Ωi connex component of Ω\σ,
on
on

(50)

σ,
∂Ω.

We can define a function of ε ∈ R+ as follows

f (ε) := uε ∈ H 1 (Ω\σ).

(51)

From the previous theorem, we know that f has a power series expansion at the origin given by (48). We consider
a family of N points (εi ) in [εc , εR ], where εc is the smallest value of ε for which it is easy to numerically compute
f (ε), and εR is smaller than the convergence radius of the power series. We can then compute an interpolation
polynomial gN of degree N − 1 defined by:


N
N
X
Y
ε
−
ε
j

 uε i ,
gN (ε) =
(52)
ε
−
ε
i
j
i=1
j=1,j6=i

where N is the number of points εi .
The analycity of f allows us to estimate the approximation error:

ku0 − gN (0)kH 1 (Ω\σ) = O(εN
c ).

(53)

5.3. Algorithm
We can then define a segmentation algorithm, based on the restoration algorithm previously defined in section
3:
• Solve the direct (21) and adjoint (27) unperturbed problems with c = c0 everywhere.
• Compute the 2 × 2 matrix M (x) defined by equation (28) and its lowest eigenvalue λ min (M (x)) at each
point of the domain Ω.
• Define σ = {x ∈ Ω; λmin < α < 0} the edge set, where α is a small negative threshold.
• Set εc > 0 the minimal value of ε for which it is easy to compute numerically the solution uε of problem
(P̃ε ).
• Choose N ∈ N∗ in order to have an approximation error in O(εN
c ), and choose N different values (εi ).
• Compute the solutions (uεi ) in H 1 (Ω\σ) of problems (P̃εi ).
• Compute the interpolation polynomial gN of degree N − 1, defined by equation (52), for ε = 0.
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Figure 4. Segmentation: norm of the gradient of the interpolated solution on Ω\σ for N =
1 . . . 10 (10 points on a same curve) versus the computational cost, for several values of ε c :
10−1 , 3.10−2, and 10−2 (3 curves).
This algorithm has a complexity in O(N.n. log(n)), where n is the number of pixels in the image, and N is
the degree of the interpolation approximation. In numerical experiments, N is typically of the order of 2 to 5.
Figure 4 illustrates the interest of interpolating (or extrapolating) the solution instead of considering smaller
values of ε. We refer to [12] for more numerical results.

6. Complexity and speeding up
In this section, we present the techniques that we have used for solving the PDE problems previously seen,
and that lead to a theoretical complexity in O(n. log(n)) [16]. Several numerical experiments have confirmed
this complexity [16, 17].

6.1. Discrete cosine transform
In all the algorithms we presented in the previous sections, we only have to solve the following PDE

−div(c∇u) + u = v in Ω,
∂n u = 0
on ∂Ω,

(54)

for various coefficients c. The first resolutions are done with a constant value of c. It is then possible to largely
speed up the computation time by using the discrete cosine transform (DCT) method. Problem (54) is then
equivalent to
X
X

1 + c(mπ)2 + c(nπ)2 um,n φm,n =
vm,n φm,n ,
(55)
m,n

m,n

where we denote by φm,n = δm,n cos(mπx) cos(nπy) a cosine basis of R2 , and where (vm,n ) represent the DCT
coefficients of the original image v. It is then straightforward to identify (um,n ), the DCT coefficients of u in
equation (55):
vm,n
.
(56)
um,n =
1 + c(mπ)2 + c(nπ)2
The complexity of such a resolution is O(n. log(n)), where n is the number of pixels of the image. The resolution
of all unperturbed problems is then done in the following way:
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Figure 5. Computation time versus the size of the image, using a log-log scale: linear and
quadratic complexity in dashed lines, result of our experiments in plain line.
• Computation of vm,n , the DCT coefficients of the original image v.
• Computation of um,n , the DCT coefficients of u from equation (56).
• Computation of u using an inverse DCT.

6.2. Preconditioned conjugate gradient
Then, the solution of all previously detailed problems comes from the resolution of a perturbed problem.
For the last resolution of a direct problem with a non constant coefficient c, we can rewrite the problem in the
following way:
A(c)u = B,
(57)
where u is the unknown image. If c is constant, equation (57) is easy to solve. The idea is to precondition
equation (57) with the DCT solver used in the first resolution. Problem (57) is equivalent to





A(c0 )−1 A(c) u = A(c0 )−1 B .

(58)

As c is close to c0 (c is indeed equal to c0 , except in a negligible part of the domain), the system matrix
[A(c0 )−1 A(c)] is close to the identity operator, and the resolution of (58) is then easy: we use a preconditioned
conjugate gradient (PCG) method to solve this problem. As the coefficient c is close to c 0 , we can expect a
O(n. log(n)) complexity for the resolution of the perturbed problem. The numerical experiments clearly confirm
this complexity, both for small and large problems (see Figure 5).
The main advantage is that it allows us to process images in a very short time (e.g. 1600 × 1200 images in
less than one second) and movies in real time (provided the movie is split into short sequences of a few seconds)
with a c++ code.

7. Coupling between the topological gradient and the minimal path
technique
As previously seen, e.g. in section 2, it is crucial to identify connected (or continuous) contours. Up to now,
we had to threshold the topological gradient with a not too small value, in order to identify connected contours,
but this leads to thick identified edges, and also to consider more noisy points as potential edges.
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We noticed that the edges correspond to valley lines of the topological gradient. It is of course possible
to identify them by adapting the threshold coefficient, but we propose here to use the minimal path and fast
marching techniques for identifying the valley lines of the topological gradient [30–32, 34, 46, 54, 60].
In the following, we consider any of the previous image processing problems. We only assume that the
topological gradient g has been defined and computed everywhere. The goal is to identify the valley lines
corresponding to the most negative parts of the topological gradient.
This section summarizes the study presented in [1], in which several numerical experiments are shown in the
case of segmentation and inpainting.

7.1. Minimal paths
Let g be the topological gradient. The idea of the minimal path technique is to define a potential function,
measuring in some sense for any point of Ω the cost for a path to contain this point. As we want to identify
paths in the most negative part of the topological gradient, and considering that the potential function must
be positive, we define the following function:
P (x) = g(x) − min {g(y)} .
y∈Ω

(59)

We simply shift the topological gradient from its minimal value, in order to obtain a positive function. We can
see that the points where the topological gradient g reaches its minimal value are costless. This is a way to
consider that these points must be on the minimal paths.
We denote by C(s) a path (or curve) in the image, where s represents the curvilign coordinate. We can now
define a cost function, measuring the cost of such a path:
J(C) =

Z

(P (C(s)) + α) ds,

(60)

C

where α > 0 is a positive regularization coefficient, measuring the length of this path.
The goal is to minimize J, in order to find the shortest and least costly path between two points. For this
purpose, we define the following distance function:
D(x; x0 ) =

inf

C∈A(x,x0 )

J(C),

(61)

where A(x, x0 ) is the set of all paths going from x0 to x in the image.

7.2. Fast marching
The fastest way to compute the distance function defined by equation (61) is to solve a front propagation
equation:
1
∂C(s, t)
=
nC (s, t),
∂t
P (C(s, t)) + α

(62)

where nC (s, t) is the outer normal unit vector to the front C. We initialize the propagation with C(s, 0) equal
to a infinitely small circle centered at x0 .
This path evolves with a propagation speed inversely proportional to the potential function. If for example
a point in the outer part of the front has a large potential (i.e. a large cost), then the propagation speed will
be nearly equal to 0 and the front will not expand at this point. From the theory of Eikonal equations, the
distance D(x; x0 ) is simply the instant t at which the front, initialized at point x0 , reaches point x [34, 60].
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7.3. Coupled algorithm
We can certainly consider that the global minimum of the topological gradient is part of the edge set. So we
can choose the reference point x0 as being this minimum. It is then possible to compute the distance between
x0 and any other point x. A gradient descent algorithm can then be used to minimize the distance function, in
order to find the minimal path between x0 and the initial point of the optimization scheme. If these two points
are part of the same edge, as the potential function has been defined such that it is relatively costless to remain
on the edge (thanks to the topological gradient), the minimal path will be a very good approximation of this
edge. The main advantage is now that we are sure that this path corresponds to a continuous contour.
For a small additional computation cost, it is possible to consider more than one reference point. The distance
function corresponds then to the distance to the set of these points. The corresponding Voronoı̈ diagram can
be seen as a dual mesh, and the minimum of the distance function on each edge of this mesh is a saddle-point:
minimal distance along the edges of the mesh, maximal distance to the reference points.
The hybrid algorithm we propose is the following:
• Compute the topological gradient of the image (see previous sections).
• Choose N key-points; the main one will be for example the global minimum of the topological gradient.
• Fast marching: computation of the distance function to all these key-points, and of the corresponding
Voronoı̈ diagram.
• Saddle-points: on each edge of the Voronoı̈ diagram, determine the point of minimal distance.
• Sort all these saddle-points, from smaller to larger distance.
• For each of these points, from smaller to larger distance, check if it will not be used for connecting two
key-points, one of which is already connected to two other key-points.
• If this is not the case, use this point as an initialization for a descent type algorithm in order to connect
the two corresponding key-points.
This algorithm clearly converges, and all the key-points are connected to at most two other key-points at
convergence. This provides a continuous contour, connecting the key-points. It is then an approximation of one
of the main contours of the image as it corresponds to a valley line of the topological gradient.
As seen in [1], it allows us to appreciably improve our inpainting algorithm. It also improves the quality
of the segmentation (see e.g. Figure 6). For all other image processing problems, there were no noticeable
improvements.

8. Conclusions and perspectives
We presented in this article many applications in image processing of the crack detection technique, based on
the topological gradient. It provides an excellent frame for solving all these image processing problems. It has
been successfully applied to image inpainting, restoration, classification and segmentation. In all these cases,
we obtain excellent results and the computing time is very small.
We have also seen that this technique can be applied to color images as well as grey-level images, but also
three-dimensional images, or movies, without any trouble. The theoretical complexity, confirmed by numerical
experiments, allows us to process movies in nearly real time (on a dual-processor laptop, with a c++ code).
Another interesting point is that all these algorithms rely on the same kernel, as we always solve the same
kind of PDE problems. This makes the implementation much more easy.
Several perspectives are currently under study. We can cite here the possibility of taking into account higher
order differential operators, with the aim of a better reconstruction of the gradient of the image. For instance,
in the case of inpainting problems, the inpainted image is piecewise affine. With the same kind of approach, we
should be able to reconstruct more precisely the gradient of the image, and then the image itself.
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Figure 6. From top to bottom: Original image (left); Standard gradient (right). Topological
gradient (left); Identified edges by the topological gradient (right). Distance function to 3
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