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MULTIPLE SCATTERING BY MULTIPLE SCATTERERS

P. A. MARTIN!

Abstract. Acoustic scattering by random collections of identical circular cylinders is considered. Two
classes of methods are used. The first is usually associated with the names of Foldy and Lax. Such
methods require a “closure assumption”, in addition to the governing equations. The second class is
based on iterative approximations to integral equations of Lippmann—Schwinger type. Such methods
do not use a closure approximation. Both methods are reviewed. In particular, when each cylinder is
penetrable, with a sound-speed that is close to that in the exterior (the scattering is said to be “weak”),
we show that both approaches lead to exactly the same formulas for the effective wavenumber, correct
to second order in scattering strength and second order in filling fraction.

INTRODUCTION

Multiple scattering by multiple scatterers, arranged randomly, is a topic with an extensive literature and a
wide range of applications. For references, see, for example, [11,16,21].

In this paper, we review some recent work on two-dimensional problems. A typical problem is the following.
The region z < 0 is filled with a homogeneous compressible fluid of density p and sound-speed c¢. The region
x > 0 contains the same fluid and many scatterers. We suppose that the scatterers are identical circles. Then, a
time-harmonic plane wave with wavenumber k = w/c (w is the angular frequency) is incident on the scatterers:
what is the reflected wave field? This field may be computed exactly for any given configuration of N circles,
but the cost increases with N. If the computation can be done, it may be repeated for other configurations,
and then the average reflected field could be computed: this is the Monte Carlo approach.

Instead of adopting a purely computational approach, we shall use analytical methods. Two approaches will
be discussed. The first leads to “Foldy—Lax” methods, and the second to iterative methods.

Foldy-Lax methods begin with a deterministic model for scattering by IV obstacles. Write such a model as

N
U = Ujp + Z K:nuna (1>

n=1

where u is the unknown wavefield, w;, is the given incident field and K, is an operator. The quantity wu,, can
be viewed as the (unknown) contribution to u coming from the scatterer centred at r,. Then, the ensemble
average, (u), is calculated over all possible configurations of the scatterers. It follows from the right-hand side of
(1) that we have to calculate (IC,,u,,), but this only exists if there is a scatterer at r,: we are forced to introduce
a conditional average of u. Thus, we cannot derive an equation for (u), merely a hierarchy of equations relating
various different conditional averages of u. Breaking this hierarchy requires an additional “closure assumption”.
Such assumptions are difficult to justify, in general; for an example, see [25].
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For an alternative approach, suppose that we had an explicit formula for u, for any given configuration of
the scatterers. Then, we could calculate (u) directly, in principle, without the use of closure assumptions. Of
course, we do not have such an explicit formula for u, but we do have explicit approximations for u, and these
could be used. This idea also has a long history; see, for example, [8] and [19, §7.4.2].

Both approaches will be discussed below. Both lead to formulas for the effective wavenumber K. This can
then be used to replace the “random medium” occupying « > 0 by a homogeneous “effective medium”: the
averaged field (u) is found to solve the Helmholtz equation, (V2 + K?2)(u) = 0, in the fictitious effective medium.

Foldy—Lax theories

Foldy [6] began his analysis by considering isotropic point scatterers; this is an appropriate model for small
sound-soft scatterers. He obtained the formula

K? = k? — 4ign, (2)

where ng is the number of circles per unit area and g is the scattering coefficient for an individual scatterer.
(In fact, Foldy considered scattering in three dimensions; the two-dimensional formula, (2), can be found
as [22, eqn (3.20)] and [1, eqn (26)], for example.) The formula (2) assumes that the scatterers are independent,
that ng is small, and that Foldy’s closure assumption is valid. We are interested in calculating the correction to
(2) (a term proportional to n3), and this will require saying more about the distribution of the scatterers: we
shall use pair correlations. Thus, our goal is a formula of the form

K? =k + d1ng + 5277%, (3)

with computable expressions for 4; and d2. Also, we do not want to be limited to sound-soft scatterers.

In order to state formulas for §; and ds, we introduce the far-field pattern f for scattering by one circular
cylinder. Thus, we have ui, = exp [ikr cos(f — 0;,)] for the incident plane wave, where (r,6) are plane polar
coordinates (x = rcosf, y = rsinf) and 6, is the angle of incidence. The scattered waves satisfy

Uge ~ / 2/ (mkr) f(0 — Oin) exp (ikr —in/4) asr — oo. (4)

Foldy-type theories use his closure assumption, they are essentially linear in ng, they assume that the scat-
terers are independent, and they predict that

K? = k* — 4ing f(0) (5)
(identifying ¢ in (2)). Also, when uj, = e'**
(u) = Aeike, (6)
where Foldy theory predicts that the “amplitude”, A, is given by
A =1+inok™2£(0). (7)
Observe that if we write A = |Ale!® and K = K, + iKj, then Re {(u)e !} = |A|e %% cos (K,z — wt + a),
showing that the quantities |A| and K; = Im K are of interest.

Returning to (3), we note that there is some controversy over the proper value for do. Twersky [22] has given
the following formula:

K? = k* — 4ing f(0) + (2no/k)? sec® i {[f (7 — 261)]* — [£(0)]*} . (8)

This formula involves 6;,, so that it gives a different effective wavenumber for different incident fields.
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The three-dimensional version of (8) is older. For a random collection of identical spheres, it is
K? = k* — 47i(ho/k) £(0) + 6202

with [22]

0y = (47T2/k4) sec? i {[f(ﬂ - 291n)]2 - [f(o)]Q} ) 9)
where f is now defined by ug. ~ (ikr)~'e!*” f(19), r and ¥ are spherical polar coordinates, and 7 is the number
of spheres per unit volume. The same formula but with 6;, = 0 (normal incidence) was given by Waterman and
Truell [24]. However, it was shown by Lloyd and Berry in 1967 [14] that (9) is incorrect; they obtained

472 1 d

(with no dependence on 6;,). Lloyd and Berry [14] used methods (and language) coming from nuclear physics.
Thus, in their approach, which they “call the ‘resummation method’, a point source of waves is considered
to be situated in an infinite medium. The scattering series is then written out completely, giving what Lax
has called the ‘expanded’ representation. In this expanded representation the ensemble average may be taken
exactly [but then] the coherent wave does not exist; the series must be resummed in order to obtain any result
at all”. Linton and Martin [11] have shown that a proper analysis of the semi-infinite two-dimensional model
problem (with arbitrary angle of incidence) leads to a formula that is reminiscent of the (three-dimensional)
Lloyd—Berry formula; specifically, instead of (8), they obtained

n2 [T
K? = k* — 4ing f(0) + %/0 cot (0/2)%[f(9)]2 de. (11)

Their analysis does not involve “resumming” series or divergent integrals. It uses a classical approach, in the
spirit of the papers by Fikioris and Waterman [5] and by Bose and Mal [2], and it uses the Lax quasicrystalline
approximation (QCA) as closure assumption. Linton and Martin [12] have also given a similar analysis in three
dimensions: it leads to a new proof of the Lloyd-Berry formula, (10).

Calculations at second order in ng are more difficult because one has to introduce conditional probabilities,
intended to prevent scatterers overlapping during the averaging process. We use a simple pair-correlation func-
tion, giving what is known as a “hole correction”. This involves a new parameter, b, with b > 2a. If conditional
probabilities are not used, then the scatterers are essentially independent and so one should not expect to do
better than Foldy’s theory, which is linear in ng. Note that the formula (11) does not involve b; its fairly
complicated form comes by taking the limit b — 0 in another formula for ds, one that holds for finite b; see (65).

The analysis of Linton and Martin [11] will be summarised in Section 3. For simplicity, we assume normal
incidence in the calculations; see the original paper for non-normal incidence.

Iterative theories

The theories of Foldy—Lax type, described above, are relatively insensitive to the composition of the cylinders:
they can be penetrable or impenetrable. If penetrable, the wavenumber (ko) and density (po) inside can differ
from the wavenumber (k) and density (p) outside. In order to obtain a plausible iterative theory, we assume
that the scattering is weak, which we define as p = pg and k ~ ky. Specifically, we assume that the strength
mo = 1 — (ko/k)? is small. This assumption is convenient for the derivation of good approximations to the
deterministic problem. We shall work to second order in both mg and ng.

As p = pp (the fluid density is constant everywhere), the deterministic scattering problem can be solved
using the Lippmann—Schwinger integral equation; see Section 5. (This equation can also be used when ky is a
function of position; if p # po, a different integral equation must be used [15].) Under certain circumstances,
the Lippmann—Schwinger equation can be solved by iteration; we examine the first-order (Born) approximation
(linear in the strength mg) and the second-order approximation (quadratic in mg). For one circular scatterer,
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this is done in Section 6. We confirm that the second-order iterative approximation for the wavefield (both
inside and outside the scatterer) agrees with the second-order approximation of the exact solution.

Scattering by random arrangements of scatterers is considered in Section 7. We write down the iterative
approximation for scattering by N circles. Then, we calculate the ensemble average; we begin with first order
in both ng and mg, and end with second order in both. No closure assumptions are used. At first order in ny,
we find precise agreement with the Foldy estimate for K, (5), correct to second order in myg. For the amplitude,
A, we find agreement at first order in mg with the Foldy estimate (given by (7)), but we find a discrepancy at
second order; see (146).

At second order in ng, we use the “hole correction”. We have the finite-b formula for d2 in (3) found by
Linton and Martin [11], making use of the Lax QCA for their closure assumption; see Section 4.3. We compare
this formula (approximated to second order in mg) with the iterative approach: the agreement turns out to be
perfect. One could view this agreement as supporting either of the two approaches described above, depending
on one’s point of view. We also obtain a new estimate for A, and we verify agreement with known results for
“point scatterers” [18] in the appropriate limit; see Section 7.3.

Outline

In outline, the paper is as follows. Some elementary probability theory is recalled in Section 1. The pair-
correlation function is introduced; this leads to the “hole correction”—individual cylinders must not be allowed
to overlap during the averaging process. In Section 2, we derive the integral equations of Foldy (isotropic
scatterers, no hole correction) and of Lax (isotropic scatterers, hole correction included). Foldy’s integral
equation can be solved exactly whereas we have been unable to solve Lax’s integral equation. Nevertheless, we
have developed a rigorous method for extracting an expression for K (but not A) from these integral equations
without actually solving the integral equations themselves. Then, we use the same method in Section 3 but
without the restriction to isotropic scatterers. We start by following Bose and Mal [2], and use an exact
(deterministic) theory for scattering by N circles followed by ensemble averaging. We give a clear derivation of
a certain homogeneous infinite linear system of algebraic equations, obtained previously by Bose and Mal [2];
the existence of a non-trivial solution determines K. We solve the system for small ng, and obtain two formulas
for K, including (11). We have also shown that (8) is obtained if the hole correction is not made correctly.

Section 4 is a transitional section. We take the exact solution for scattering by one circular penetrable
cylinder, and then approximate assuming that the scattering is weak. This leads to weak-scattering versions of
the Foldy—Lax theories (including the Linton—-Martin theory) described above.

The Lippmann—Schwinger integral equation and its iterative approximations are given in Section 5. Results
for one cylinder are obtained in Section 6. Section 7 is dedicated to random collections of cylinders. Detailed
comparisons between the two approaches (Foldy-Lax and iterative) are made. Maurel [18] has made similar
comparisons, but with uncorrelated “point scatterers”, meaning that each scatterer is represented by a Dirac
delta function; we are interested here in scatterers of finite size (and we do not make small-ka approximations).
Comparisons with Maurel’s results are made in Section 7.3. The paper ends with a summary in Section 8.

1. SOME PROBABILITY THEORY

We give a brief summary of the probability theory needed. For more information, see [1,6,9].
Suppose we have N scatterers located at the points r1,rs, ..., ry inside a region By; denote the configuration
of points by Ay = {r1,ra,...,ry}. Then, the ensemble average of any quantity F(r|Ay) is defined by

(F(r)) :/---/p(rl,rQ,...,rN)F(r|AN)dV1~-~dVN (12)

where the the integration is over N copies of By. Here, p(ry,...,rny)dVidVa---dVy is the probability of
finding the scatterers in a configuration in which the first scatterer is in the element dV; about ry, the second
scatterer is in the element dV5 about ry, and so on, up to ry. The joint probability distribution p(ry,...,ry) is
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normalised so that (1) = 1. Similarly, the average of F'(r|Ay) over all configurations for which the first scatterer
is fixed at ry is given by

(F(r)) :/-~-/p(r2,...7rN|r1)F(r|AN)dV2~-~dVN, (13)

where p(ri,ra,...,rn) = p(r1)p(re,...,ry|r) defines the conditional probability p(rs,...,ry|ry). If two
scatterers are fixed, say the first and the second, we can define

)>12:/"'/p(I‘g,...7I'N|I‘1,I‘2)F(I“AN)(H/3"'dVN, (14)

where p(ra,...,ry|r1) = p(ra|ry) p(rs, ..., rN|ry, ra2).
Now, as each of the N scatterers is equally likely to occupy dV7, the density of scatterers at ry is Np(r1) = no,
the (constant) number of scatterers per unit volume. Thus

p(r) =no/N = |By| ™, (15)

where |By| is the area of By. Also, as p(r1,ra2) = p(r1) p(ra|r1), we obtain

N
// I‘2|I‘1 d‘fl dVQ ‘BN| (16)

We specify p(ra|r1) consistent with (16). Also, we want to ensure that scatterers do not overlap. For circular
cylinders of radius a, a simple choice is p(ra|r1) = po H(R12 — b) with b > 2a, where H(x) is the Heaviside
unit function, Rys = |r; — ro| and pg is a constant determined by (16). Thus, pg = {|Bx| — mb?} 7! ~ ng/N,
assuming that b?ng/N < 1. Hence, the simplest sensible choice for the pair-correlation function is

- 0, Ris < b,
plrzlry) = { no/N, Riz>b. (7

This simple choice will be used for throughout our analysis. More generally, we could use
p(rafr1) = (no/N)[1 + x(Ri2;no)|H (Ri2 — b), (18)

where the function x is to be chosen, subject to some constraints.

2. FoOLDY-LAX THEORY: ISOTROPIC SCATTERERS

Foldy’s theory begins with a simplified deterministic model for scattering by IV identical scatterers, each of
which is supposed to scatter isotropically. Thus, the total field is assumed to be given by the incident field plus
a point source at each scattering centre, r;:

N
u(r[AN) = uin(r) +g Z Uex (rj; 15| AN) Ho(k|r — 1)) (19)

Here, H, (w) = H,(ll)(w) is a Hankel function, g is the (assumed known) scattering coefficient, and the exciting

field uex is given by
N

Uex (05 Tn [ AN) = tin(€) + 9 Y tex (75| An) Ho(k[r — 1), (20)

j=1
j#n
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The second term in (20) is the field near the cylinder at r, due to scattering by all the other cylinders. The
N numbers e (rj;1;[An) (j =1,2,...,N) required in (19) are to be determined by solving the linear system
obtained by evaluating (20) at r = r,,.

Let us try to compute the ensemble average of u, using (19) and (12). The result is

(u(r)) = uin(r) + gno /B (tex (r1))1 Ho(k[r —r1[) dV1, (21)

where we have used (13) and (15), and the indistinguishability of the scatterers. For (uex(r1))1 (which is given
explicitly by (13) in which wex(r1;r1|An) is substituted for F(r|Ay)), we obtain

(ttox(r))1 = i (x) + g(N — 1) /B P(Ea[r1) (tex (02)) 12 Ho(K|r — ra) dVa, (22)

where we have used (14) and (20). Equations (21) and (22) are the first two in a hierarchy, involving more and
more complicated information on the statistics of the scatterer distribution. In practice, the hierarchy is broken
using an additional “closure assumption”. At the lowest level, we have Foldy’s closure assumption,

(Uex (r))1 = (u(r)), (23)

at least in the neighbourhood of ry. When this is used in (21), we obtain

(u(r)) = uin(r) + gno/B (u(r1)) Ho(klr — r1|)dV4, r € By. (24)

We call this Foldy’s integral equation for (u). The integral on the right-hand side is an acoustic volume potential.
Hence, an application of (V2 + k?) to (24) eliminates the incident field and shows that (V2 + K?)(u) = 0 in
By, where K2 is given by Foldy’s formula, (2).

At the next level, we have the Lax [10] quasi-crystalline assumption (QCA),

(Uex(r))12 = (Uex(T))2- (25)

When this is used in (22) evaluated at r = ry, we obtain

v(r) = uin(r) + g(N — 1)/3 p(ri|r) v(r1) Ho(klr — r1])dVi, r € By, (26)

where v(r) = (uex(r))1. We call this Laz’s integral equation.
In what follows, we let N — oo so that By — By, a semi-infinite region, z > 0.

2.1. Foldy’s integral equation: exact treatment

kx

Consider a plane wave at normal incidence, so that wuy, = €' For a semi-infinite domain B, Foldy’s

integral equation, (24), becomes

z >0,

_ ikx > >
(wle.) = +gno [ [ uleny+¥) Holhp avan, 770

where p; = /(z — x1)%? + Y2. This equation can be solved exactly. Thus, writing

(u(z,y)) =U(z), >0, —oo<y< oo, (27)
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we obtain
U(z) = e + gny U(x1) Ho(kp1) dY daxq z >0, (28)
T —oo <y < oo.
Now,
/ Hy(kpy)dY - etklo=aa] (29)
whence (28) simplifies to
: 2
U(z) = itz 4 2910 / U(zy) e*lm==ldzy 2> 0. (30)
Now, put U(x) = Uy e'&®, so that (27) gives
(u(z,y)) = Upe®*  2>0, —oo<y< oo, (31)

and (30) gives

Up e — oibe — 297‘”LOUO < 2ke KT _ el )
ik K2—-k? K-k
where we have assumed that Im K > 0. If we compare the coefficients of ¢'£% we see that Uy cancels, leaving
Foldy’s formula, (2). Then, the coefficients of e!** give Uy = 2k/(K + k). A similar method can be used to find
(u) when By is a slab of finite thickness, 0 < z < L, say; see [1].

2.2. Foldy’s integral equation: approximate treatment

We have seen that Foldy’s integral equation can be solved exactly, and that the solution process has two
parts: first find K and then find Uy. In fact, K can be found without finding the complete solution; the reason
for pursuing this is that we cannot usually find exact solutions. Thus, consider (30), and suppose that

U(x) = Upet®  for x> ¢,

where Uy, K and ¢ are unknown. To proceed, we need say nothing about the solution U in the “boundary
layer” 0 < x < £. Now, evaluate the integral equation for z > /; we find that

. 9 . ¢ ) 9 o . ) )
Uy elKa; _ elkx g]:’O elk:x/ U(t) e—lkt dt + g]:’[) / U(t) elk\w—ﬂ dt = AelK;E + Belka;
0 L

for x > ¢, where A = —4ignoUy/(K? — k?) and

29”0 ikt 2ignoUy i(K—k)e
Whdt + .
/ vit k(K —F) ¢

Then, setting Uy = A gives (2) again, without knowing the solution U everywhere. This basic method will be
used again below.

2.3. Lax’s integral equation
Using the approximation p(ri|r) = (no/N)H(R; — b) in Lax’s integral equation, (26) gives

-1
N B

v(r) = uin (r) + gno v(ry) Ho(kRy)dry, r € By, (32)

where B%(r) = {r; € By : Ry = |r —r1| > b}, which is By with a (possibly incomplete) disc excluded.



ESAIM: PROCEEDINGS 187

Let N — oo and take an incident plane wave giving

v(z,y) = e*® + gno/ v(z1,y+Y) Ho(kpr)dY dzy, x>0, —00o <y < 0.
x1>0, p1>b

As in Section 2.1, we write v(x,y) = V(z) for > 0 and all y, giving

V(z) = eFr 4 gno/ V(z1) Ho(kp1)dY dzq, 2« >0. (33)
x1>0, p1>b

Then, using (29), we see that V' solves
V(z) =e*® 4 gno/ V(z1) L(x —z1)dxy, >0, (34)
0

where the kernel, L(z — x1), is given by

, o(X)
L(X) = %el’ﬂlxl - 2/0 Ho(kvV/X24+Y2)dY with oX)=+b2—X2H(b—|X]|). (35)

We have been unable to solve (34) exactly (even though it is an integral equation of Wiener—Hopf type).
However, the approximate method described in Section 2.2 can be used. Thus, let us suppose that

V(z) =Voef®  for x> ¢, (36)

where Vp, K and ¢ are unknown. Then, consider (34) for > ¢+ b, so that the interval |z — z1| < b is entirely
within the range 1 > ¢. Making use of (35), (34) gives

A iKe _ ikx 2 . L . 2 o .
u% PRUE; / V(t) eIkt qp 4 - / V(t) oiklz—tl 4z
0 4

gno
z+b c(z—t)
- 2/ V(t)/ Hy (k\/(x —2 1 Y2) dvdt for z > £+b. (37)
z—b 0

Equation (36) can be used in the second and third integrals. The second integral is elementary; its value is

2iVy ei(K—k)Zeik:w _ 4iVo iKz
WK — &) KZ 12

The third integral becomes

b . /b2—52 ) 2 b )
—2V0/ e1K<w+5>/ Ho(k/€2 +Y?2)dY d¢ = —Voelm/ / etKreost iy (k) dr df
—-b 0 0 0

4i QWNO(Kb)
K2 — k2 K2 _ k2 )

b
= 271V, e'f® / Jo(Kr) Ho(kr) rdr = Vy & {
0

where Ny(Kb) = Kb Hy(kb) J;(Kb) — kb H;(kb) Jo(Kb). Using these results in (37), we obtain
Vyelf® — eike g elle 4 Belk®  for o> ¢ 4+ b,

where

2mgno Vo 2gng /Z ikt 2ignoVo  i(k—ke
— ZT9M0Y0 \r (K - i ZIT070 .
A R No(KD), B w . V(t)e dt+k(K—k)e
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For a solution, we must have A = Vj, and so
K? = k? — 2ngnoNo(Kb), (38)

which is a nonlinear equation for K. We have Ny(Kb) — 2i/7 as b — 0 so that, in this limit, we recover Foldy’s
formula, (2).
Let us solve (38) for small ng. (Alternatively, we could use the dimensionless area fraction ¢ = wa?ng.) Begin
by writing
K2:k2+51n0+52n(2)+-~, (39)
where 6; and d are to be found. It follows from (39) that K = k + 301n0/k + O(ng) and then

No(Kb) = Ny (kb) 4+ (Kb — kb)N{(kb) + - - - = 2i/m + $b>61do(kb) ng + O(ng),
where dy(z) = Jy(z) Ho(x) + J1(x) Hy(xz). When this approximation for NVy(Kb) is used in (38), we obtain
K? = k? — 4igng — 7b%gd1do(kb) n.

Comparison of this formula with (39) gives §; = —4ig (as expected) and dy = 47i(gb)2do(kb), so that we obtain
the approximation
K? = k? — digng + 4i(gbng)?do (kb). (40)

Note that the second-order term in (40) vanishes as kb — 0. For more comments on (38) and (40), see Section 4.3.

3. FINITE-SIZE EFFECTS

The theory described above relies on the assumption of isotropy. Here, we use a more complete theory. We
start with an exact theory (due to Zaviska) for acoustic scattering by N identical circular cylinders of radius a;
for details and references, see [13, p. 173] or [16, §4.5]. The cylinders can be soft, hard or penetrable. Then (in
Section 3.2), we form averaged equations, and we invoke the QCA. This leads to an infinite homogeneous system
of linear algebraic equations from which the effective wavenumber, K, is to be determined. An approximate
solution for K is found in Section 3.3, correct to O(nd).

3.1. A finite array of identical circular cylinders: exact theory

We use polar coordinates (r,0) centred at the origin and (r;,6;), centred at r; = (z;,y;), the centre of the
jth cylinder. The various parameters relating to the relative positions of the cylinders are shown in Figure 1.

Exterior to the cylinders the total field is v = wuj, + usc, Where (V2 + k:2)usc = 0 and wug satisfies the
Sommerfeld radiation condition. In the interior of cylinder j, the field is uj, where (V2 + kZ)u; = 0.

A plane wave is incident on the cylinders. We can write

Uiy = eik:v I ikr; cos 0 I Z n m,(;’] Jn kT’J), (41)

n=—oo

where I; = e*®i and J, is a Bessel function. We seek us, and u; in the form

N 0o

Use = 3 Y AL ZyHy(kr;)e™%, (42)
j=1ln=-—o0
> Bl (kory)e™, (43)

n—=—oo
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¥ (x¥)

cylinder j cylinder p

FIGURE 1. A view of two typical cylinders.

for some set of unknown complex coefficients A7, and BJ. The factor

7 _ 4In(ka)Jn(koa) — Jn(ka)J; (Foa)
" qH} (ka)J, (koa) — Hy(ka)J} (koa)

has been introduced for later convenience. Here kg = w/cy and ¢ = poco/(pc), where py and ¢q are the density
and sound speed, respectively, inside the cylinders. Note that we recover the sound-soft results in the limit
q — 0, whereas the limit ¢ — oo gives the sound-hard results. The boundary conditions on the cylinders are

1 ou 1 Ousg
u=1u, and -— = — on rg=a, s=1
pOrs po Ors

s...,N. (45)

Using Graf’s addition theorem for Bessel functions [16, Theorem 2.12], it can be shown that provided ry < R;s
for all j, we can write the field exterior to cylinder s as

o0

u(rs,8s) = Z [ISJn(k’l"s)in+AZZan(k7“s)] einfs

n=—oo

N 00 0o
30N A2, Y Tk ) Hy o (kR )e™ o eln e, (46)

j=1n=—00 m=—oo

s
The geometrical restriction implies that this expression is only valid if the point (rs, 6) is closer to the centre
of cylinder s than the centres of any of the other cylinders. This is certainly true on the surface of cylinder s
and so (46) can be used to apply the body boundary conditions which leads, after using the orthogonality of
the functions exp(im#fs), m € Z, and eliminating the coefficients BJ, to the system of equations

N oo
A 43 Y ALZpe T o (kRy) = — LT
j=1n=—00

J#s

(47)
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Note that the quantities q, ko and a only enter the equations through the terms Z,.
For a single cylinder at the origin, the scattered field is given by

Use(r,0) = — Y i"ZyHy, (kr)e™ (48)

n=—oc

and then the far-field pattern, defined by (4), is given by

FO)=—= Y Zne™. (49)

3.2. Arrays of circular cylinders: averaged equations

The above analysis applies to a specific configuration of scatterers. Now we follow Bose and Mal [2] and take
ensemble averages. Thus, put s =1 in (47) and then take the conditional average, using (17), giving

N -1

<A}n>1 + no N

Sz, / Hoo (kRoy) =m0 (A2 dVy = —[i™, meZ.  (50)
Bn:Ri12>b

n—=—oo

Next, let N — oo so that By becomes the half-space > 0, and invoke Lax’s QCA, (25). This implies that
(A2 )15 = (A2))5. We seek a solution to (50) in the form (A% ), =i™ ®,,(xs) so that

m

(I)m(ml) + no Z Zn(_l)n_m/ ¢n7m($21ay21) q)n(‘rQ) d.’EQ dy2 = _eikI17 m e Za (5]—)

n=—oo $2>07 R12>b

where we have written 291 = 2o —2x1 and ya1 = y2—y1, used ag; = a2 —, and defined ¥, (X,Y) = H,,(kR) eln®
with X = Rcos® and Y = Rsin©.

Proceeding as before, suppose that for sufficiently large = (say = > ¢) we can write ®,,(z) = F,, 5%, We
assume that Im K > 0 so that ®,, — 0 as * — oco. Then if 1 > ¢+ b, (51) becomes

0 14
Fm ein1 =+ no Z Zn(—l)n_m {/ @n($2) Lnfm(x21) dx2 + Fn einanm} = _eik21’ m € Za (52)
n=-—oo 0

where
L) = [ T (X, Y)Y, (53)

M, = VY (221, yo1) €721 day dys. (54)
z2>¢, Ri2>b

The integrals L, and M,, can be evaluated exactly [11]; the system (52) becomes

Am e B% 4 B = ke 2504 b, meZ, (55)
where
2ngm =

(oo}

2ng ‘ ikt Uy (k—rye
B:T Z Zn{/o <I>n(t)e dt+me s

n—=—oo
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and
N, (Kb) = kbH,,(kb) J,,(Kb) — KbH,,(kb) J,, (Kb). (56)
In particular, note that Ay appeared in Section 2.3 during our analysis of Lax’s integral equation.
From (55), we immediately obtain B = —1 and A,,, = 0 for all m; the second of these, namely
271071’ >
Fnt 553 > FuZoNy_m(Eb)=0, meL, (57)
n=-—oo

is of most interest to us. It is an infinite homogeneous system of linear algebraic equations for F,,, m € Z. The
existence of a non-trivial solution to (57) determines K.

Equation (57) is the same as [2, eqn (33)] (with the choice (17)). However, the derivation of (57) given here
has some advantages over that given by Bose and Mal [2]. First, we do not invoke “the so-called ‘extinction
theorem” of Lax; this is described in [10, Sec. VI]. Roughly speaking, this “theorem” asserts that one may
simply delete the incident field when calculating the effective wavenumber, in the limit N — oco. Along with this
come some divergent integrals; for example, the integrals in the unnumbered equation between equations (32)
and (33) in [2] are divergent, because e!X® is exponentially large as z — —oo. In fact, we can say that our
analysis proves Lax’s theorem in our particular case.

Second, when dealing with a half-space containing scatterers, we know from the work of Lloyd and Berry [14]
that the boundary of the half-space can cause difficulties. Here, we give a proper treatment of this boundary.
In particular, we do not assume that all fields are proportional to €% everywhere inside the half-space, > 0,
but only in & > ¢, away from the boundary: the width of the boundary layer, ¢, is not specified, and need not
be specified if one only wants to calculate K.

A more recent analysis in [20] permits non-circular and non-identical cylinders but assumes that the effective
field is proportional to %% for all z > 0.

3.3. Approximate determination of K for small ng

The only approximation made in the derivation of (57) is the QCA as closure assumption. This is expected
to be valid for small values of the scatterer concentration (¢ < 1). We now assume (as in Section 2.3) that
no/k? is also small and write K2 = k% + §1ng + dang + . ... We then have

N (Kb) = 2i/7 + %b25ldn(kb) no + O(ng), (58)
where
dn(x) = Jy () Hy () + [1 = (n/2)%]J, () H (2) (59)
and so
N, (Kb) B 2i b2d, (kb)  2id,
E-R " w2 Ty TOM) (60)

If (60) is substituted in (57) and O(n?) terms neglected we get

4i & = 5 4idy

At leading order this gives

Fp== Y Z,F,, mecL, (62)
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which implies that all the F;,, are equal. If we write F),, = F', (62) becomes

8, = 4i i Zy = —4if(0), (63)

S§=—00

where f is the far-field pattern, given by (49).
Returning to (61), we now put F,, = F' 4+ ng¢m, and then the O(ng) terms give

1 > iFd,
=—— Z V' F Z - (kD) — Z 64
It follows that ¢,, — 7b>F Zzozfoo Zpdp—m must be independent of m, call it Q:
1 = iFs 1 = y iFd,
Q=—"= Y Zntn—7o=—7= > Zn <Q+wa > stsn(kb)> - .
7(0) 2= 0) ) 2 2 17(0)
Hence
Oy =4mib® > N ZnZiden(kb) (65)
and so we obtain the approximation
K? =k — ding f(0) + 4mib’ng > > ZnZede_n(kb) + ... (66)
n=—00 s=—00

For isotropic point scatterers, we have |Zy| > |Z,| for all n # 0 and g = —Zp, so that (66) reduces to (40)
in this limit.

So far we have not made any assumptions about the size of ka or kb (though clearly kb > 2ka). Now we will
assume that kb is small. In the limit  — 0, we have x%d,,(z) ~ 2i|n|/7. Hence as kb — 0,

52~—% S s—nlZaze. (67)

nN=—o0 §s=—0o0

Now

[£(0))? = i i Zn Zgel ()0 — i i ZnZ cos(n — s)0 (68)

nN=—00 §=—00 nN=—0o0 §=—00

since Z,, = Z_,,. Thus

LUOP=— 3 Y (1= 9)ZZsin(n )0 (69)

n=—oo §=—00

Also
/ cot 360 sinmf df = 7 sgn (m), (70)
0

see [7, eqn 3.612(7)]. Thus, setting kb = 0 gives the formula (11).

The effect of using (18) for the pair-correlation function has been analysed in [11, §IV.D]; it does not
change (11). Also, following [14], it can be shown that a poor choice for the pair-correlation function will lead
to Twersky’s (erroneous) formula, (8); see [11, §IV.E].
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4. WEAK SCATTERING

The analysis in Section 3 gives results for identical circular cylinders of any composition, hard or soft,
penetrable or not. We are going to specialise these results to weak scattering, which means penetrable cylinders
with p = pg and k ~ kg. We will then be able to make comparisons with results obtained by solving the
Lippmann—Schwinger integral equation by iteration.

Consider one circle of radius a, centred at the origin. We have (see Section 3.1) (V2 + k?)ug. = 0 for r > a
and (V2 + k¢)ug = 0 for 7 < a. Assume for simplicity that k and ko are both real. The interface conditions are
u = ug and du/Or = ug/0r on r = a where u = uip + usc. Then, ug. is given by (48) with Z,, defined by (44);
as p = po and k and kg are real, we have

Zn = [Re A]/An = Z_ (71)

with
A, = H) (ka)J (koa) — (ko k)T, (koa) H, (ka). (72)
The interior field is given by

ug(r, ) = nioo BpJn(kor) €™ with B, = :]i:;. (73)
The far-field pattern, f(8), is defined by (4); it is given by (49) in terms of Z,.
4.1. Approximation for small my
For weak scattering, kg is close to k. To quantify this, we define the scattering strength, mg, by
mo =1 — (ko/k)%. (74)

Then, for weak scattering, we approximate the exact solution, assuming that my is small. From (74), we obtain
ko/k ~1—1imo— im (75)

and
F(koa) =~ F(ka) — mokaF' (ka) — $mika {F'(ka) — kaF" (ka)} (76)
for any smooth function F. Then, some calculation gives
A, =~ 2i/(rka) — (mo/2)kad, (ka) + (m?/8)U,, (77)
where d,,(z) is defined by (59),
Un = ka(kaJy, = Jp)Hy, + (J;, — kalJ)) + kaJ;']) Hn,
= 2ka[J,(ka)H,(ka) — dn(ka) —i/7] + 2in?/(rka) (78)

and we have used
H,,(x) Jn(x) — Ty, (2) Ho(2) = 2i/ (72). (79)

Then, from (77), the numerator in (71) is given approximately by

Re A, ~ —(mo/2)ka Jp(ka) + (m2/8)Sn,
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where

Tn(ka) = Red,,(ka) = J2(ka) — Jn_1(ka)Jni1(ka), (80)
Sp = ReU, = 2kaJ,—1(ka)Jpt1(ka). (81)

Hence, we obtain the following approximation for Z,:

Zy ~ ngi(ka)QJn(ka) - fmoka{ls — m(ka)*J, (ka)d, (ka)}. (82)

Similarly, for the interior field, ug, (73) gives

2

"B, ~1— I%Oun + T—g(wikaUn — i) with g, = 7(ka)?d, (ka).

Also, using (76),
To(kor) = Jy (k1) — (mo/2)krJ., (kr) + (m3/8){[n? — (kr)?|Ju(kr) — 2krJ] (kr)},

and then (73) gives
. [e.¢] 2 (o9}
~ ok 1mo (1) inf my :n, (2) ,ind
uo(r,0) ~e 1 i"u,, + 16 Z i"u, e (83)

n=—oo n=—oo

where

ult) = I (kr) — 2ikrJ!, (kr),
u® = {2[n? — (kr)?] + nikalU, — p2YJp(kr) + 2(ipn — 2)krJ! (kr).

4.2. Application to Foldy theory

Foldy’s theory predicts that (u) = Aef® where K is given by (5) and A is given by (7). Using (49), (5)
gives

— k% = 4ding Z Z,, ~ —mgonor(ka)? Z Tn(ka) = —monom(ka)?, (84)

n—=—oo n—=—oo

to first order in mq. Here, we have used

i J2(z) =1, (86)
Z Jn (@) Jpim(z) =0 for m=+1,42,.... (87)

Also, from (7), we obtain A ~ 1+ 2wmgnga®.

For an approximation to second order in mg, use (82). The term in S, does not contribute to f(0):
S Sy, = 0. To see this, use (81) and (87). Thus, we obtain

n=—oo

f(0) = —%imom(ka)® + 1imgn®(ka)*H(ka), (88)
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where
i oo
H(ka) = 4 n;oo Tn(ka) dy, (ka). (89)
Then (5) gives
K? — k? ~ —mgnom(ka)* + m3nor? (ka) H(ka) (90)
and (7) gives
A~ 1+ tmonoma® — Iminor’k*a*H(ka). (91)

4.3. Application to Linton—Martin theory

According to Linton and Martin [11], the second-order correction in (3) is given by (65). As a special case
of (65), consider isotropic scattering, meaning that Z, = 0 when n # 0, so that f(8) = —Zy. Then, we obtain
the estimate (40) with g = f(0) therein. This estimate is also [4, eqn (5)] when ks is replaced by kg in its
right-hand side. (In fact, [4, eqn (5)] is equivalent to (38).)

From (82), the first-order approximation to Z, is given by

Zy =~ (mo/4)mi(ka)? T (ka), (92)
whence (65) gives
7T3 o0 o0
8 ~ m%IbQ(ka)‘l Y Tnlka) Tn(ka) dp—m (kD). (93)

Thus, there are no contributions to K2 that are proportional to ndmg.

5. LIPPMANN-SCHWINGER EQUATION

In two dimensions, the Lippmann—Schwinger integral equation is [3]
u(r) = uin (r) — k2 / Go(r,r’')m(r") u(r') dV’ (94)

where u is the total field and Go(r,r’) = (i/4)Hél)(k|r —1’|). The governing partial differential equation is
V2u + k*u = k*m(r) u, (95)

with m = 0 outside the scatterers.

It is known that (94) is always uniquely solvable. Moreover, the solution can be constructed by iterating
the integral equation, under certain circumstances. We do not investigate these circumstances here. We simply
accept the second iteration, giving

u(r) =~ up, (r) — k2 / Go(r,r’) m(r") uj, (r') dV’
Lk / Go(r,r') m(r') / G/, ¥y m(x") usm (") AV V. (96)

We assume that the scatterers are D;, centred at r;, i = 1,2,..., N. Each scatterer is a circular disc of
radius a with constant strength mg; when (74) is combined with (95), we see that (V2 + k2)u = 0 holds inside

each disc. Thus
N

(V2 + E)u = K mou(r) Y xi(r), (97)

i=1
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where x; is the characteristic function for D;: x;(r) = 1 when r € D; and x;(r) = 0 when r ¢ D;. The

approximation (96) becomes

N
u(r) =~ up (r) — k*myg Z/ Go(r, ") uin (r') dV’
i=17Di

N N
+Emg> > /D ‘Go(r,r') /D _Go(r',r”)um(r")dv" av’.

i=1 j=1

We shall return to the formula (98) in Section 7, but first we consider scattering by one cylinder.

6. SCATTERING BY ONE CYLINDER: ITERATIVE SOLUTION

Let us specialise the second-order solution (98) to a single cylinder. We have
u(r) =~ upn (r) + moly (r) + mily(r)
where

Ii(r) = —k? Go(r,r’) up, (r')dV’,
Dg

I(r) = —k? Go(r,v') I, (v')dV",
Dg

(99)

(100)

(101)

and Dy is the circular disc of radius a, centred at the origin. In this section, we will evaluate I; and I5. These
quantities will be needed when we consider scattering by many circles (in Section 7). Also, as a check on our
calculations, we verify that we recover the small-mq approximations to the exact solution given in Section 4.1.

6.1. Evaluation of I;
With r = (r,6) and v’ = (+/,6"), we use (41) in (100) to give

oo

11(7’, 9) = - Z inLn(T7 9)
where )
Ly (r,0) = k> / Go(r, ) J, (kr')e™ v’ a6’ dr’.
0 0

We give separate evaluations of L, (r,8) for r > a and r < a.

6.1.1. Ezterior field
For r > a, we use [16, p. 40]

Go(r,r) :i S Halkr) Ju(kr') 000 g s,
in (103). This gives
Ln(r,0) = C\V Hy, (kr) €™,
with ) " )
oW = %kQ / J2(kr')r'dr’ = %(ka)QJn(ka),
0

(102)

(103)

(104)

(105)

(106)
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where 7, is defined by (80). Here, we have used the standard integral
2
/wn (kr) Wy (kr)r dr% {2w, (k1) W (kr) — wpp1 (k) Wa—1(kr) — wp—1(kr) Wyia(kr)},

where w,, and W,, are any two Bessel functions. In particular, we note that

2 a
= | J2(kr)rdr = J,(ka),
0

a2
a result that will be useful later. The result (106) agrees with the exact solution, see (92).

6.1.2. Interior field

For r < a, the calculation is more complicated. We obtain
L (r,0) = (7i/8)AV (kr) e, r < a,
with
AD (kr)4k*H,, (kr) / ' J2(kr'yr'dr’ + AK? T, (kr) / ’ Hy (k') Jy (kr') r'dr’

0
= —(4i/m)krJ (kr) + 2(ka)*J, (kr) d,(ka),

197

(107)

(108)

(109)

(110)

(111)

where d,, is defined by (59). Combining (99), (102), (109) and (111), we find agreement with the first-order

approximation of the exact solution, (83).

6.2. Evaluation of I
As 1’ < ain (101), we use (109) in (102) to give

i

Iy(r) = 3

k2 Z im/Go(r,r’)Ag,ll)(k;r’)eime/ dav’.

m=—o0o
Again, the calculations depend on whether r > a or r < a.

6.2.1. Exterior field
For r > a, we use (104). This gives

Lr,0)=— Y i"CP H,(kr)e™,

n=—oo

with
2k.2 a
P = LlG / Tn(kr )AD (kr') ' dr’!
0

= (rka/4)*{(ka)*d, (ka) T, (ka) — (2i/7)Jp_1(ka)Jni1(ka)}.

The result (114) agrees with the exact solution, see (82).

(112)

(113)

(114)
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6.2.2. Interior field

For r < a, we obtain
o0

2 .
Io(r,0) = (5) 3 AP (kr) e, <a, (115)

n—=——oo

with

AP (kr)4k2H, (kr) / T (k') AD (k') ' dr’ + 4k2 T, (kr) / H,, (kr'y A (kv ' dr!
0
=2(k )an(ka)A(l)(kr) 8(1/m) X, (116)

using (111),

X, = 2k3H,, (kr) / Jo(ks)J! (ks)s? ds + 2k3J,, (kr) /a H,(ks)J! (ks)s*ds
0 T
= (ikr/m){Jn_1(kr) — Ty (kr) + krd,(kr)} + (kaU, /2 — n?i/m)J, (kr) (117)

and U, is defined by (78). When I, is substituted in (99), we find complete agreement with the second-order
approximation to the exact solution, (83).

7. SCATTERING BY N CYLINDERS

Let us return to the second-order solution for scattering by N cylinders, given by (98). Introduce polar
coordinates (r,0) centred at the origin and (r;,6;) centred at r; = (z;,y;), the centre of the jth scatterer.

7.1. First order in my

As in Section 6, using ui, = e'** = elk%ielk7i c0s0; we obtain

e / Golr, ) (1) V' I (15, 05), (118)
D;

with 7; = |r — rj/, so that, to first order in mg, (98) gives

N
u(r) =~ e*® 4+ my Z e* i (1, 0;). (119)

=1

Next, we calculate the ensemble average of u, (u). At this stage, we can assume that the scatterers are
independent (uncorrelated); they are also indistinguishable. The result is

(u(r))eik” + mono /B ei’mlll(rl, 61) day dys, (120)
N

where By is the region occupied by the N circles.

We now let N — oco. One option would be for By to become a slab, 0 < z < L, say. We prefer to let By
become the half-plane z > 0, but then we have to take care with the convergence of various integrals as x — oo:
we replace e'**1 by e**1 with Imx > 0, and then let k — k at the end of the calculation.

Thus, in the limit N — oo, the integral in (120) consists of an integral over the circular disc r; < a
(r? = (z1 — x)? + 9?) plus an integral over the remainder of the half-plane x; > 0; we denote this region by
disc’. We can assume here that z > a so that the disc does not meet the line z; = 0.
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Exact calculation gives [17]
/ e* L (ry, 61) doy dyy = —72a®e™™ (ka)*H(ka), (121)
m<a

2
lim "1 T, (71, 01) dary dy %ei’” {1 = 2k + 4 (ka)>H(ka)} , (122)

w—k Jdisc’
where H is defined by (89).

Digression on the evaluation of (122).
From (102) and (105), we have

o0

/ e oy dyy = — »_ i"C) H,,(kry) €™ e "1 day dyy (123)
disc’ e — o0 disc’
2 1 (K + k)l 4+ rikel A, (ka)
= Z cm g , (124)
n=-—oo
where Imx > 0 and
No(ka) = kaH) (ka)J,(ka) — kaH, (ka)J] (ka). (125)

Here, we have evaluated the integral on the right-hand side of (123) as on p. 3419 of [11]; the result is exact
when 2 > a. Recall that the region disc’ consists of that part of the half-plane 2; > 0 that is outside the circle
r? = (1 — 2)? + vy} = a®. The method of evaluation in [11] uses Green’s theorem to reduce the double integral
to the sum of an integral along x; = 0 and an integral around the circle r; = a. When 0 < z < a, this circle
cuts the yp-axis, and then (124) should be regarded as an approximation. More precisely, we have

o 2 (K +k)eFT + mikel N, (ka)
inf1 ikx _ n n
diSClHn(krl)e e 1dxy dy; = E(—l) R

+ En(2),
where E,(z) =0 for x > a,
E,(z) = / Hn(lcrl)emeleimldxl dy; forO<z<a
D

and D is the segment of the disc r; < a with x; < 0.

Now, we let kK — k. Put x = k + ic with ¢ > 0. We have e** ~ (1 — ex)e'*®, k2 — k2 ~ —2ick and
N, (ka) ~ 2i/7 +icka?d, (ka), with d,, defined by (59). Hence, in the limit & — 0+, the right-hand side of (124)
becomes

eik:c

ik?

i CWV {1 — 2ikz + mi(ka)?dy, (ka)} . (126)

n=—oo

Finally, use of (85), (89) and (106) gives the result (122).
Return to (121) and (122), and add them together; the terms in H cancel, and then (120) gives

(u(r))e*™ {1 4+ mono(n/4)a®(1 — 2ikx)}, = > a. (127)
This should be compared with (6), (u(r)) = AeX%. Write

A:1+m0A1+m§A2 and K:k—l—mok‘l—i—mgk‘g,
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so that K2 ~ k2 + 2mokk; + m3(k? + 2kks). Then,
AT = &% 4 mg(Ay + ikyx) + mE(Ag +ix[Arky + ko] — k32?/2)}; (128)

the terms involving m3 will be used later. Comparing (127) and (128) gives A; = ¢/4 and k; = —k¢/2, where
¢ = noma? is the area fraction occupied by the scatterers. Hence, A ~ 1 + mg¢/4 and K? ~ k?(1 — mgg), in
agreement with the Foldy estimates, (84) and (91), correct to first order in my.

The idea of rewriting an expansion such as (127) in the form (6) is well established; see [19, §7.4.2].

7.2. Second order in my

At second order in mg, we add the last term in (98) to the right-hand side of (119). Using (118), this term
becomes

mOZZelkm7/ Go(r,r") I, (r}, 05) AV’ = uy(r), (129)
1=15=1

say; recall that r;,6; are polar coordinates centred at (z;,y;), the centre of the jth disc, D;.
Evidently, the evaluation of the integrals in (129) will be different if i = j or ¢ # j, and so we write

Ug = uél) + ugz), (130)
where uéQ) = Uy — ugl) and
N
WO (r) = —k2m3 3 ke / Golr, ') I (1), ) dV". (131)
j=1 D;

7.2.1. Calculation of (uél))
From (101), we obtain

k
'LJIQ 7’],

uMz

where I, is given by (112) for r; > a and by (115) for r; < a. Then, proceeding as in Section 7.1, we obtain

(us) (1)) = e md(@/0){Po(ka) + (2ikz — 1)Qo(ka)}, > a, (132)

where Qo(ka) = 7(ka)?*H(ka) and

1
Py(ka) = (ka)? [4 —2mH(ka) —|— — Z TIn(ka)dp(ka)Hy (ka)| . (133)

n=—oo

7.2.2. Calculation of (u (2)>

When i # j, r; > a (as the scatterers are not allowed to overlap) and so we can use (105) in (102):

/Go(nr')ll (r},05)dV’ = /Gorr n(kr )ei"(’;dV’.
D;

n=—oo
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Here, 7“]7 HJ are the polar coordinates of the point at r’ with respect to the centre of D;. So, to integrate over

D;, we need Graf’s addition theorem to express Hy (kr})e ¢ in terms of J, (kr!)elmoi.

H,( oinf; _ Z T k?" H,_ m(kle_)eim%ei(nfm)ajiv

m=—0o0
where x; — x; = Rj; cosay; and y; — y; = Rj; sinayy; see Fig. 1 for a diagram showing notation. Hence,

—k2/ Go(r,¥') 11 (11, 0,) AV' = 3 4" C Hy o (KR ) "= L (14, 0,),
D;

m,n

where L,, is defined by (103) and we have used the shorthand notation

ZZZ

m=—o0 nNn=—0o0

Thus, from (129), (130) and (131), we obtain

=md >y CIQpn(r) (134)

with

N N

an =i" Z Z eikzj Hn_m(k?Rji)ei(n_m)ajiLm (Ti, 91)
i=1 j=1
J#i

To compute the ensemble average of {2,,,,, we need a conditional probability. We use p(r;) = ng/N and
p(rjlr;) = (no/N)H(R;; —b), as before; see (17). Then, as the scatterers are indistinguishable, we obtain

n N-1 ikz i(n—m)a
(Qmn) =1 n(Q) T/ L (r1,61) H(Ry —b)e e b, n—m(kRo1)e )21 qy, AV, .
BN BN

As before, we replace €2 by e"*2 with Im x > 0, we let N — oo so that By becomes the half-plane z > 0, we
evaluate the integrals and then we let kK — k. To begin, we note that the inner integral is very similar to (123);
we take its value as

2 e (B4 k)e*® 4 kel TN, (kD)
E(_l) k% — K2 ’
with NV, defined by (125). This result is exact when z; > b but it is an approximation when 0 < 21 < b; see
the discussion below (124). Using (135) for all 1 > 0, we obtain

(135)

= ) {(k + k)L (k) + TNy (£0) Lo (k) }

where

ﬁm (H) =i" / eimcle(rh 91) d$1 dyl
x1>0

20(1) k+k . . 7.[.2'.” a
= Wm#{ o ek 4 Welﬁl/\/'m(f@'a)} + Zle”“/o T (k1) AY (kry) 7y dry . (136)
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Here, we have used (105) and (109), and made calculations similar to (124).
Letting xk — k, we obtain

i (Quan) = n2k ™2 {[1 + wi(kb)2dp—m (D) Lo (k) — 2kLL (K}, (137)

k—k
where we have used N, (kb) = 2i/7 and N, (kb) = kbd,,(kb). Letting k — k in (136) gives
Lo (k) = k~2e* {p{) + (2ika — 1)p{)}, (138)

where ply) = 37 (ka)?Jp—1(ka)Jpmi1(ka) and o) = —iCY. Differentiating (136) with respect to & gives

4K:C7(T}) K+ k ikx ikx 207(7%) eik:z ikT[: /
L (k) = 52)2{ e ke 4 e ./\/'m(/-w)} + 2 ,%Q{ 7 + e [izNy, (ka) + a./\/m(/-ia)]}

7T'2

+ Zieim / iz (k1) + 717 (k)] A (Rery) vy diry .
0

In the limit k — k&, we find (after some calculation)
2kL, (k) = k2™ {0 + (2ikz — 1)g{Y + (kz)?q(P}, (139)

where ¢l =iCl) +plY), i) = 2iCfy) and

.2 a
¢ = 7 (ka)2CV[dy, (ka) — N (ka)] + p© + %kd /O J! (k)AL (kr)r? dr.

Simplification gives

¢y = 2m(ka)*Ci){dm (ka) — Jo(ka) Hy (ka) + (i/m)[L —m®/(ka)?]}
ka

+ [1 + 7i(ka)?dy, (ka)]p® + 27 / [T, (2)]?23 da. (140)
0

Substituting (138) and (139) in (137) gives

lim () = in2k~4e*{PO) + (2ikz — 1)PL) — (kx)?¢{2}

rk—k

where PY) = 1+ Fi(kb)2dn_m(k‘b)]p%) —g¥. j=0,1.
Next, we sum over m. From (85) and (106), we have

Yo o= %(ka)% (141)
Hence, using (87), we obtain
S Ln_T 2 2 S (1)
m;m P = 5 (ka)? + (kb) m;w CWVd,, ., (kb).

Then, from (134), we find that

(us? (r)) = ¥ md (¢* [ {P1 + (2ike — 1)Q1 + (kz)* R } (142)
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where

oo

4i (kb)? 1
P W p©) — WP N 0) 7 (ka)d, (kb © 14
1 7T2(]€CL)4 ;Cn mn 1(ka)2 ;pm N/ ( (L) ( )+ W(ka)Q m;oo Ay’ ( 3)
4 1 4i (kb)?
- OHpH) — - 4 = WoWq, (kb 144
Ql 7T2(]€CL)4 ;Cn mn 9 + T (ka)4 ;Cm Cn ( )7 ( )
4i 1
- g2 — =
Rl 7T2(ka)4 7;1071 Am 2
We add (132) and (142) to the right-hand side of (127), giving the approximation
(u(r))e™ {1 4 mo(¢/4)(1 + mo[Po — Qo] + mo[P1 — Q1])
— ikzmo(¢/2)(1 — moQo — modQ1) — (kx)*mg¢?® /8}. (145)

When this is compared with (128), we find that A; = ¢/4 and k; = —k¢/2, as before, the terms in 2% agree,

Ay = (Po— Qo+ ¢[Pr— Qi))¢/4 and  ka/k = Qop/2 + (4Q1 + 1)¢°/8.
Hence, we obtain the approximation
K? [k = 1 —mod +mioQo +mid? (Q1 + 1/2).
The last term implies that d2 in (3) is given by

8y ~ k*m(ma®)*(Q1 + 1/2) = 4mimb® >~ CDCM dyy_py (kD)

m,n

where we have used (144). Then, using (106), we find precise agreement with (93). We also find the approxi-
mation

A~ 14mep/d+m2(Py— Qo)d/4 +mi(PL — Q1)¢? /4. (146)

The term involving m2¢ in (146) differs from the Foldy approximation, (91), by the presence of Py. This
quantity came from an exact calculation of (ugl)>; see (132). Specifically, Py came from a certain integral over

the interior of a typical scatterer. We have checked that Py does not vanish identically [17].

7.3. Comparison with “point scatterers”

Similar results have been obtained by Maurel [18] for uncorrelated configurations of “point scatterers”. For
the deterministic problem, the governing partial differential equation is

N
(V2 + kHu = k*moma’u(r) Z 5(r —ry),

i=1

where ¢ is the Dirac delta function. The factor ma? ensures agreement with the right-hand side of (97):

[ ux; AV ~ ma?u(r;) when D; is small. Maurel [18] found the approximation

(u(r)) = e**{1 +mo(¢/4)[1 — moQ +mod/2] — ikzmo(d/2)[1 — moQ + moe/2] — (kz)*mie®/8},  (147)
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where Q(ka) = 7(i/4)(ka)?Ho(ka). From (147), the estimates

A~ 1+ mo/4 —mi(¢/4)Q +mid? /8,
K/k~1—mop/2 +mi($/2)Q — mid? /8

follow; squaring the last formula gives K?/k? ~ 1 — mo¢ + m2¢Q, with no term in m3¢>.
Intuitively, the point-scatterer limit should correspond to ka — 0. If we compare (145) and (147), we see
that we will have agreement if

Py—Qo~-Q, P —Qi~3% Qo~Q and Qi ~—1. (148)

The third of these follows quickly from the definition of @)y, whereas the first follows from the fact that Py is
smaller than Qg as ka — 0. The second and fourth of (148) involve P; and @1, and these depend on kb as well
as ka. From (144), we find that

Q1+ 1/2 ~ —7(i/4)(kb)*do(kb) as ka — 0;

the limiting value vanishes when kb — 0, which is the appropriate limit for uncorrelated scatterers. Finally,
consider Pp, defined by (143) as a double-sum term plus a single-sum term. In the double sum, the dominant
contributions come from Jy ~ 1, péo) ~ (m/8)(ka)* and p(ﬂ ~ péo)/2 as ka — 0. Hence, asymptotically, the
double-sum term is

—i(7/8)(ka)?(kb)?[do(kb) + dy (kb)] — 0 as ka — 0.
Making use of (140), (141),

o o0 1
0) — / 2 _ -
m;oo py) =0 and m;m[Jm(a:)] 5
the single-sum term in (143),
1 i q©) = —l(ka)2 + i {j (ka)ym(ka) + id (k‘a)p(o)} (149)
71'(]6(1)2 L m 4 R m m m m (>

exactly, where v, () = (im/2)2?[dpm(x) — Jm(2)Hp(x)] + m2/2. We have yo(z) ~ 22/2, do(x) ~ Ho(z),
Ym(z) ~ |m| +m?/2 and 2%d,,(z) ~ 2i|m|/m for m # 0, so that the largest terms in (149) are O((ka)?) as
ka — 0. Thus, all of (148) hold in the limit ka — 0, provided kb — 0 too. It follows that we recover the
point-scatterer results if we allow the scatterers to shrink (ka — 0) and to become uncorrelated.

8. SUMMARY

We conclude with a summary of the various theories. We distinguish between theories of Foldy-Lax type
and iterative theories.

8.1. Foldy—Lax theories

The simplest is “basic” Foldy theory: it predicts that K2 = k? — 4ingf(0) and that A is given by (7); it is
first order in mg; it assumes that the scatterers are statistically independent (possible overlaps are ignored at
first order); it uses the forward-scattered far-field pattern for one scatterer, f(0), calculated (exactly) taking
proper account of the interior wavefield and density differences, if present; and it makes essential use of the
Foldy closure assumption.

As a special case, we have “weak Foldy”. This occurs when the scattering is weak, meaning that each
scatterer is penetrable with a sound-speed that is close to that in the exterior; this closeness is measured by the
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small parameter, mg. (For simplicity, we do not permit density differences here.) The “weak-Foldy” results are
given in Section 4.2; in particular, when u;, = e#%,

|Al =1+ mo¢/4 — m(6/4) Re Qo (150)

and K;/k = m3(¢/2)Im Qo, where K; = Im K, ¢ = noma? is the filling fraction or area fraction occupied by
the scatterers, Qo(ka) = m(ka)?*H and H(ka) is given by (89). Note that

% =m2p(k Z T2 (ka), (151)

n=—oo

which is positive, implying attenuation with x.

Going beyond Foldy, we can seek corrections proportional to ng. This is more difficult because pair-
correlations must be used in order to prevent finite-sized scatterers from overlapping during averaging. The
“Linton-Martin” correction to basic Foldy for K is n3d, with d; given by (65). It was derived using the Lax
QCA as closure assumption. Again, as with basic Foldy, there is a weak version; it gives a term in n2m3. See
Section 4.3. The Linton-Martin theory does not give any estimate for A.

Note that Foldy and Linton-Martin theories do not assume explicitly that ka is small. However, letting
ka — 0 gives results for very small scatterers, and these can be compared with results for so-called “point
scatterers”; this was done in Section 7.3. In particular, the point-scatterer limit gives

|A| = 14 mop/4 —m3(¢/4) Re Q + mi¢?/8 (152)
and K;/k = m3(¢/2)Im Q, where Q = (i/4)(ka)*Hy(ka) so that

Re Q = —(n/4)(ka)*Yy(ka) ~ —(1/2)(ka)? log ka, (153)
Im Q = (7/4)(ka)?*Jo(ka) ~ (7/4)(ka)?. (154)

8.2. Iterative theories

In this paper, we began with the Lippmann—Schwinger equation, which we solved by iteration for weak
scattering. At both first and second order in mg, we obtained ezactly the same expressions for K as those
obtained by “weak Foldy” and “weak Linton—Martin”. No closure assumptions were used. However, there is
one difference in the result for A:

[ Al = 1+ mod/4 — mi(6/4) Re (Qo — Po) +mi(¢%/4) Re (P — Q1). (155)
Thus, the term P, is absent from (150). Also,
% = m2o(k { Z J2(ka) (b/a)2ZJm(ka)jn(ka)jnm(kb)}; (156)

n=-—oo

this expression can become negative, so that it fails for values of ¢ that are sufficiently large. Equations (155)
and (156) do reduce to the point-scatterer limits when both ka and kb — 0.
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