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LOCATION SEARCH ALGORITHM OF THIN CONDUCTIVITY INCLUSIONS
VIA BOUNDARY MEASUREMENTS

HyunDAE LEE! AND WON-KWANG PARK?

Abstract. We propose an algorithm for retrieving the end points of thin, rectangular inclusions of
finite conductivity in a homogeneous medium proposed herein. It is based on an appropriate asymptotic
formula for steady state voltage potentials in the presence of thin inclusions. Numerical experiments
exhibit the proposed algorithm is fast, effective and stable.

INTRODUCTION

We consider reconstructing end-points of thin conductivity inclusions which occurs in the Electrical Impedance
Tomography (EIT). Based on the two-dimensional location search algorithm [6] and asymptotic formula for
steady state voltage potentials in the presence of thin inclusions [7], an algorithm for finding the end-points of
thin inclusion of discontinuous electrical conductivity by two-different current-voltage measurements has been
suggested in [2] and [3] for the single and multiple case respectively.

In this paper, we propose a useful algorithm for retrieving end points of thin inclusions based on an appropriate
asymptotic formula for steady state voltage potentials in the presence of thin inclusions. The main idea of this
algorithm is to solve the problem of identifying simple poles and residues of a meromorphic function from the
measured data on the boundary, the simple poles being the end-points of inclusions and the residues indicates
the directions of inclusions for joining end-points.

This paper is structured as follows. In the second section, following this introduction, we introduce the
representation formula for the steady state voltage potential in terms of the thickness of inclusions. Then, in
section 2, we devoted to the design of algorithm for identifying the end-points. In the last section, we present
numerical experiments for demonstrating the performance of proposed algorithm.

1. REPRESENTATION FORMULA

Let Q C R? be a smooth, bounded domain that represents a homogeneous medium. We assume that this
medium contains a set of N well-separated thin inclusions denoted as

N
r:Urj

Jj=1

1 Department of Mathematics, Inha University, 253 Yonghyun-dong, Nam-gu, Incheon 402-751, Korea.
2 Département de Recherche en Electromagnétisme - Laboratoire des Signaux et Systémes (UMR 8506, CNRS-Supélec-Université
Paris-Sud 11) 91192 Gif-sur-Yvette cedex, France.

© EDP Sciences, SMAI 2009

Article published by EDP Sciences and available at http://www.edpsciences.org/proc or http://dx.doi.org/10.1051/proc/2009015



http://www.edpsciences.org
http://www.edpsciences.org/proc
http://dx.doi.org/10.1051/proc/2009015

218 ESAIM: PROCEEDINGS

where each I'; are apart from 02 and localized in the neighborhood of a curve, say ;, that is

Lj={z+nm;(x):z €y, ne(~¢e)},

where the supporting o; is a straight line in Q (with strictly positive distance from its boundary 012, if there
were any at finite distance), n;(z) is the unit normal to ~y; at x, and ¢ is a positive constant which specifies the
thickness of the inclusion (See figure 1).

L Bt e

FIGURE 1. Sketch of set of thin inclusions T

Let 0 < 09 < 400 and 0 < 0; < 400 denote the conductivity of the domain Q and I';, respectively.
Throughout this chapter, we assume that these are strictly positive constants. By using this notation, we adopt
the piecewise constant conductivity

[ og for x€Q\T
O'(JC) o { 0j for x€ F]‘ ’ (1)

Throughout this paper, for the sake of simplify, we set og is equal to 1.
Let u be the steady state voltage potential in the presence of the inclusion I', that is, the unique solution to

N
V- 1+ Z(Uj —Dxr, | Vu(z) | =0 for z€Q
=1
with the Neumann boundary condition

ou(x)
ov(x)

=g(z) for x €090
where v(z) is unit outward vector on 912, and the compatibility condition

/ u(z)dS(z) = 0.
o0

Here xr, is the characteristic function of I';, v(x) denote the unit outer normal to 92 at 2 and the function
geH —2 (09) represents the applied boundary current satisfies the compatibility condition

/ g(x)dS(xz) = 0.
ro)
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Let us denote ug be the potential induced by the current g in the domain €2 without I'; that is, the unique
solution to

Aug(xz) =0 for ze€Q

with the Neumann boundary condition

Oug(x)
ov(x)

=g(x) for z €9

and the compatibility condition

/6Q uo(x)dS(x) =

In order to identify the end points of I'; from the collected measurements u(z) on 052, we will use the following
asymptotic expansion of u(z) in terms of the thickness € (see [7] for a rigorous error analysis and its derivation),

u(y) = uo(y) + uy(y)

+5Z/ Vuo(x (x)VaN(z,y)dv,(x) +o(e), ye . @)

Here N(z,y) is the Neumann function for the domain 2 and M7 = (Mlzl)k,lzlz is the symmetric matrix defined
in appropriate manner as follows :

e M has eigenvectors 7; and n;
e The eigenvalue corresponding to 7; is 2(c; — 1)

e The eigenvalue corresponding to n; is 2 (1 - UL)
J

where 7; and n; be unit vectors that are respectively tangent with and normal to «y; for j =1,2,--- , N.

2. RECONSTRUCTION ALGORITHM FOR IDENTIFYING THE END-POINTS OF MULTIPLE THIN
INCLUSIONS

In this section, we describe the algorithm for identifying the end-points of multiple thin inclusions. In order
to build the algorithm for identifying the end-points, let uj be the solution with Neumann boundary condition
v for v = (v1,12). Let us denote aj, b;, j =1,..., N, be the complex numbers representing the end points of
thin inclusions and introduce v(x) = (z1 + iz2)™ where = (21, 22) € Q. Then we have

ov(y) Iv(y)
[ ) w5 8asiy) - EZ [, O M 0 58a5(0) + 00
N . .
==Y [ Ot ME)Tu) (@) + o)
N b, — aj
=y (M + M,@ﬁ(b; —a?) +o(e).
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By using two different boundary measurements u; and us, we can obtain

/BQ[Ul(y) —y1 —i(u2(y) — y2)] ayay) (y1 +iy2)"dS(y) .
N 3
AfsrzzjtraceQA4])|bj__ Zj|(bg —a?) +ole)

here trace(M?) is the trace of matrix M7 for j = 1,2,--- , N. Combining (3) with the Simple Pole Algorithm [9],
we can construct the following reconstruction algorithm.

Step 1 Set ¢y = 0. For sufficiently large M, let us calculate the complex numbers ¢, forn=1,2,--- ,2M — 1,

by
) 0 .
Cn 1= / [ur(y) —y1 — i(u2(y) — y2)] (y1 +iy2)"dS (y). (4)
o0 v (y)
Step 2 Solve for 1,15, - ,lj the system of linear equations
co c1 o M1 In —CM
c1 co o cMm Inr—1 —CcM41
= (5)
CM-1 CM - CaM-—2 by —Cam—1
Step 3 (Determination of end-points) Find the zeros oy, aq, -+, apr of the polynomial equation

M M=y =0.

Step 4 (Determination of residue for joining end-points) Solve the equation

1 1 1 B co
1 fa% - an B2 c1
M—1 _ M-1 M—1

Qg &%) T Qo Bm CM—1

to find /817525' o aﬂM-
Step 5 Finally, discard «; if |3;| is reasonably small. To find the line segments, join the remaining «;’s with
the same corresponding 3’s up to sign. If it is not enough, then consider also the directions of 3’s.

3. NUMERICAL EXAMPLES

In this section, the numerical simulations for identifying end-points of multiple thin inclusions are considered,
according to the algorithm introduced in the previous section 2. The domain 2 is chosen as a unit disk centered
at (0,0) in R? and the thickness ¢ of all thin inclusions I'; is 0.02. As we mentioned in section 1, we first adopt
a rectangular shape of the thin inclusions due to the stability of algorithm. For the first example, we consider
the case of two thin inclusions parameterized as

Lj={z+nm;(x):z €y, ne(—¢e)},

where

0.2(z — 0.3464)
2) 1z € (—0.3464,0.3464
{( sicr T ) ze 036,036)}

={(z,-0.4) : z € (—0.4,0.3)}



and the parameter o; is chosen as 5 for j = 1,2. Notice that the end-points of I'; are

a; =

and the end-points of 'y are
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(0.3464, 0.2000)

az = (0.3000, —0.4000)

and by = (—0.3464, —0.2000)

and by = (—0.4000, —0.4000).

| |ﬁjl | ﬁj Q; | End-Points |
0.0000 | —0.0000 — 0.00007 | —0.0296 — 1.6380: No
0.0000 | —0.0000 — 0.0000¢ 1.5328 — 0.03361 No
0.0000 | —0.0000 — 0.0000¢ 0.7049 + 1.4487¢ No
0.0000 | —0.0000 — 0.0000¢ | —0.3909 + 1.2754: No
0.0000 | —0.0000 — 0.00007 | —1.2169 + 0.2539: No
0.1836 0.1809 — 0.03147 | —0.3701 — 0.40401 Yes
0.0935 0.0822 — 0.0447: | —0.3719 — 0.18344 Yes
0.1636 | —0.1611 — 0.0285¢ 0.2900 — 0.41657 Yes
0.1685 | —0.1505 + 0.0759¢ 0.3423 + 0.19134 Yes
0.0563 0.0484 + 0.02873 0.1821 — 0.0272: No

TABLE 1. Computed values of a;, 8; and |§;| for the first example without noise.

In order to find the end-points of those two thin inclusions, we have performed the reconstruction presented
in previous section with the value of M = 10. Obtained values of «;, 8; and |§;| are illustrated in Table 1.
From this information, we discard «; when the associated value of |3;] is too small and we find four end-points

of two thin inclusions.

L 16 ] Bj aj | End-Points |
0.0000 | —0.0000 — 0.0000% 1.6858 + 0.3455i1 No
0.0000 | —0.0000 — 0.0000% | —0.5717 — 1.4782¢ No
0.0000 | —0.0000 + 0.0000% 0.1228 + 1.0485¢ No
0.0000 0.0000 — 0.00007 | —0.5925 + 0.92177 No
0.0000 0.0000 — 0.0000¢ | —1.0739 + 0.1080% No
0.1607 | —0.1348 + 0.08741 0.3373 + 0.20123 Yes
0.0586 | —0.0584 + 0.0040% 0.3546 — 0.3604¢ No
0.0891 | —0.0888 — 0.00741 0.2940 — 0.4526¢ Yes
0.1398 0.1398 + 0.00037 | —0.3879 — 0.41397 Yes
0.1653 0.1422 — 0.0843: | —0.3364 — 0.2337% Yes

TABLE 2. Computed values of a;, 3; and |3;| for the first example with & = 1075.

Let us assume that some noise is added to the measured boundary data, i.e., for z € 99
unoise(m) = U(-T) + 5 X rnd(—l, 1)

where rnd(—1,1) is a arbitrary real value between —1 and 1. Table 2, for the case £ = 1075, shows that the
algorithm detects end-points and residues accurately. Notice that higher noise level (greater than & = 107°)
leads to poor results (we observe that the value of «; is poor). We recommend [9] for a more detailed discussion.



222 ESAIM: PROCEEDINGS

1r _—— Tr _

Thin Inclusions Thin Inclusions
o8 ® Reconstructed End-Points 08} #® Reconstructed End-Points
Rays for Joining c Rays for Joining

FIGURE 2. Reconstructions of two thin inclusions. +;’s are given blue lines. Red circles and

green rays starting from them represent a; and 3; without noise (left) and some noise £ = 10~°
(right).

In figure 2, we illustrate the results. From them, we can conclude that we retrieve the expected end-points
of thin inclusions.
Next, we consider the case of three thin inclusions parameterized as

Ij={x+mm;(x):z €y, ne(-¢e)},

where

B 0.5656(z — 0.6822)
nEE 0.5650

Y2 = {(2,-0.5) : z € (=0.6,0.2)}
B 0.7608(z + 0.5236)
BEAE 0.2472

- 0.2828) :z € (0.1172, 0.6822)}

+ 0.0196) : z € (—0.5236, —0.2764)}

and the parameter o; is chosen as 5 for j = 1,2, 3. Notice that the end-points of I'; are
ay; = (0.1172,0.2828) and b; = (0.6822,—0.2828)
the end-points of 'y are
as = (—0.6000, —0.5000) and by = (0.2000, —0.5000)
and the end-points of I's are

as = (—0.5236,0.0196) and bg = (—0.2764,0.7804).
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The reconstruction algorithm with the value of M = 10 yields values of «;, §; and |5;] illustrated in Table
3. Again, we discard «; when the associated value of |3;| is small and we find six end-points of three thin
inclusions.

| |ﬁjl | ﬁj | Q; | End-Points |
0.0000 | —0.0000 — 0.00002 3.8899 — 3.0467¢ No
0.0000 | —0.0000 — 0.00007 1.4003 + 1.1729: No
0.0002 | —0.0000 — 0.00027 | —0.4983 — 0.8912: No
0.1638 | —0.1168 — 0.11484 0.6850 — 0.2789¢ Yes
0.1830 0.1830 — 0.00467 | —0.5917 — 0.50007 Yes
0.1354 | —0.1352 + 0.00861 0.2146 — 0.5150¢ Yes
0.0212 0.0156 — 0.01447 | —0.3873 + 0.7603¢ No
0.1810 | —0.0739 4 0.1652¢ | —0.2789 + 0.7669: Yes
0.2170 0.0565 — 0.20957 | —0.4898 + 0.02507 Yes
0.1839 0.0708 4+ 0.1698: 0.1654 + 0.2345: Yes

TABLE 3. Computed values of o, 8; and |§;| for the second example without noise.

In contrast with the previous example, table 4, for the case £ = 10~%, shows that the algorithm detects
end-points and residues accurately.

| 151 | B; | a; | End-Points |
0.0000 0.0000 — 0.00002 0.6439 + 1.4667¢ No
0.0003 0.0003 — 0.00007 | —0.1765 + 1.0658¢ No
0.0017 0.0016 — 0.00052 0.6953 — 0.5859¢ No
0.1459 | —0.1080 — 0.0981z 0.6953 — 0.2751¢ Yes
0.1530 | —0.0507 4+ 0.1444% | —0.2767 + 0.78641 Yes
0.0922 | —0.0887 — 0.02521 0.1764 — 0.5697¢ Yes
0.2028 0.2028 — 0.00497 | —0.5851 — 0.4936¢ Yes
0.0124 0.0036 — 0.0119¢ | —0.6685 + 0.2048: No
0.2327 0.0067 — 0.23267 | —0.4883 — 0.0521¢ Yes
0.2311 0.0324 + 0.2288: 0.1888 + 0.1661¢ Yes

TABLE 4. Computed values of a;, 3; and |3;| for the second example with £ = 107%.

In figure 3, we illustrate the results. We can say that we have obtained the expected end-points of the thin
inclusions.

Let us examine the effect of the value o;’s. To observe this, we have performed the numerical simulations
under the same condition as the one of the second example except o;’s. The parameter o; is chosen as o1 = 10,
o2 =5, and o3 = 20.

The reconstruction algorithm is applied with the value of M = 10. The obtained values of 5, §; and |3;| are
illustrated in table 5. We still discard «; when the associated value of |3;] is small and we find six end-points
of the three thin inclusions.

From the results illustrated in figure 4, we can easily observe that the algorithm is not sensitive to the values
of o, neither to translation and rotation of the thin inclusions. Moreover, the rays starting from the estimated
end-points are getting long whenever o, is large (and getting short for small o;), i.e., we can easily join the
end-points.
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FIGURE 3. (All o; are same.) Reconstructions of three thin inclusions. +;’s are given blue
lines. Red circles and green rays starting from them represent o; and §; without noise (left)
and some noise £ = 10~* (right).

Now, we apply the algorithm to the non-rectangular thin inclusions. For the fourth example, we consider the

| |ﬁ3| | ﬁj | Q; | End-Points |
0.0000 | —0.0000 — 0.00002 1.1281 + 0.84997 No
0.0000 | —0.0000 — 0.00007 | —0.0730 — 1.22444 No
0.2622 | —0.1816 — 0.18921 0.6808 — 0.2786¢ Yes
0.0002 | —0.0001 — 0.00007 | —0.9143 — 0.4280: No
0.1081 | —0.1065 — 0.01862 0.1960 — 0.54227 Yes
0.1940 0.1940 — 0.0018¢ | —0.5865 — 0.49531 Yes
0.4325 | —0.1154 + 0.41687 | —0.2888 + 0.76067 Yes
0.0469 | —0.0279 — 0.03777 | —0.4103 + 0.7103: No
0.5314 0.1125 — 0.51947 | —0.4791 + 0.0255¢ Yes
0.3717 0.1251 + 0.35007 0.1608 + 0.18754 Yes

TABLE 5. Computed values of a;, 3; and |§;| for the third example without noise.

case of two thin inclusions parameterized as

where

Ty ={x+mm;(x):z €y, ne(-¢e)},

71 ={(2,(2+0.2)>+0.3),2 € (—0.7.0.3) }
72 = {(z,—(2 = 02)° = 0.3), 2 € (-03.0.7)}
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HEA B; a; | End-Points |
0.0000 0.0000 + 0.0000% 0.5984 — 1.1642: No
0.0002 0.0001 + 0.0002% 0.6639 + 0.6711¢ No
0.2613 | —0.1821 — 0.18744 0.6810 — 0.2778: Yes
0.1011 | —0.1007 — 0.0094% 0.2054 — 0.5468: Yes
0.1870 0.1870 + 0.00487 | —0.5916 — 0.49621¢ Yes
0.0001 | —0.0000 — 0.0001% | —0.9788 4 0.12541 No
0.0150 | —0.0037 — 0.01457 | —0.4584 4 0.7498: No
0.4052 | —0.1359 4 0.3817¢ | —0.2826 4 0.7621¢ Yes
0.5505 0.1683 — 0.52417 | —0.4697 + 0.03931 Yes
0.3553 0.0671 + 0.3490¢ 0.1805 + 0.16361 Yes

TABLE 6. Computed values of a;, 3; and |3;| for the third example with & = 107%.

— —

Thin Inclusions
#® Reconstructed End-Points
Rays for Joining

Thin Inclusions
# Reconstructed End-Paoints
Rays for Joining

FIGURE 4. (All ¢; are different.) Reconstructions of three thin inclusions. v;’s are given blue
lines. Red circles and green rays starting from them represent «; and §; without noise (left)
and some noise £ = 10~ (right).

and the parameter o; is chosen as 5 for j = 1,2. Notice that the end-points of I'; are

a; = (—0.7000,0.5500) and b; = (0.3000,0.5500)

and the end-points of I's are
az = (—0.3000, —0.5500) and by = (0.7000, —0.5500).

Typical results are in table 7, 8 and figure 5 with the value of M = 10 and & = 5 x 1074, At this stage,
to retrieve the end-points, we must join the a’s with the same corresponding ’s up to sign of real part, i.e.,
choose 3; and (3; that satisfy §; ~ —03;.
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L 18] ] B; | a; | End-Points |
0.0000 0.0000 4 0.0000z | —0.8850 — 1.3360¢ No
0.0000 | —0.0000 — 0.00002 0.5600 + 0.8748: No
0.1269 | —0.0981 — 0.0804% 0.7038 — 0.5544¢ Yes
0.1341 | —0.1190 4 0.06172 0.3082 + 0.5307: Yes
0.1253 0.0953 + 0.08147 | —0.6682 + 0.5271% Yes
0.0571 0.0462 — 0.0336¢ | —0.5671 + 0.3783% No
0.1309 0.1142 — 0.06417 | —0.2906 — 0.52007 Yes
0.0847 | —0.0655 + 0.0538: 0.5206 — 0.3426¢ No
0.0841 0.0618 + 0.0571% 0.2073 — 0.3395¢ No
0.0834 | —0.0347 — 0.07582 | —0.2507 + 0.1599: No

TABLE 7. Computed values of o, 8; and |5;| for the fourth example without noise.

L 18] ] B; | a; | End-Points |
0.0000 | —0.0000 + 0.00002 1.2877 4 0.7279¢ No
0.0000 | —0.0000 — 0.00007 | —1.1314 — 0.45027 No
0.0885 | —0.0769 — 0.0438: 0.7226 — 0.5681¢ Yes
0.0512 | —0.0510 — 0.00427 0.7210 — 0.4121¢ No
0.0072 0.0034 — 0.00647 | —0.1419 — 0.8116% No
0.0694 0.0655 — 0.02307 | —0.3880 — 0.5647% Yes
0.1007 | —0.0955 4 0.0318¢ 0.3505 + 0.55164 Yes
0.0005 | —0.0005 + 0.0001% | —0.9437 + 0.49241 No
0.1488 0.1362 + 0.06007 | —0.6774 + 0.5015% Yes
0.0238 0.0188 — 0.01457 | —0.2383 + 0.5702¢ No

TABLE 8. Computed values of a;, 8; and |3;| for the fourth example with £ =5 x 1074

For last example, we consider the case of two thin inclusions parameterized as

where

7=

Iy ={x+mm;(x):z €y, ne(—¢e)},

{(2,-0.5(z — 0.2)> 4+ 0.5) : z € (—0.7,0.3) }

Yo = {(2,(2 = 0.2)> + (2 = 0.2)®) —0.4: z € (—0.3,0.7)}

and the parameter o; is chosen as 10 and 5 for j = 1 and 2 respectively. Notice that the end-points of I'; are

a; = (—0.7000, 0.3750)

and the end-points of 'y are

az = (—0.3000, —0.2750)

We exhibit the results in table 9, 10 and in figure 6 with the value of M = 10 and £ = 1074,

and by = (0.3000, 0.3750)

and by = (0.7000, —0.0250).




ESAIM: PROCEEDINGS

Thin Inclusions
® Reconstructed End-Points
Rays for Joining
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#® Reconstructed End-Points
Rays for Joining

FIGURE 5. Reconstructions of two thin inclusions. +;’s are given blue lines. Red circles and
green rays starting from them represent o; and (; without noise (left) and some noise £ =

5x 10~* (right).

|15l

B;

@)

| End-Points |

0.0000
0.0000
0.0000
0.0013
0.3108
0.1080
0.1093
0.3343
0.2597
0.3677

—0.0000 — 0.00007
0.0000 + 0.00004
—0.0000 + 0.0000:
—0.0013 + 0.0003:
0.2997 — 0.0823:
—0.0384 + 0.1010¢
0.0958 + 0.05261
—0.1562 — 0.29561¢
—0.2167 — 0.14321
0.0170 4 0.3673¢

0.4213 + 1.5638:
0.6548 — 1.1992:
—0.9071 — 0.95684
—0.7794 + 0.50241
—0.6715 + 0.3952¢
0.6892 — 0.0122:
—0.3267 — 0.2862¢
0.2587 — 0.2873:
0.3112 4 0.37761
—0.1222 + 0.2703:

No

TABLE 9. Computed values of «;, 3; and |G;] for the final example without noise.

4. CONCLUSION

227

In this article, we propose an algorithm based on the detection of simple poles of a meromorphic function in
terms of measured boundary values to retrieve the end-points of thin conductivity inclusions and perform several
numerical simulations and it turns out that the proposed algorithm identifies the number and the location of
end-points of such thin inclusions accurately.

Our new algorithm offers very useful information and we can say that a good initial guess is obtained at
low computational cost, to be improved upon by an appropriate iterative algorithm for example, a level-set

evolution [1,8].
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HEA B; a; | End-Points |
0.0000 0.0000 + 0.0000% | —1.4783 — 0.38374 No
0.0000 0.0000 + 0.0000% | —0.3574 + 1.1247: No
0.0001 0.0001 — 0.0000% 0.9674 + 0.45057 No
0.0001 | —0.0001 + 0.0000¢ 0.4970 — 0.89523 No
0.3132 0.2994 — 0.09217 | —0.6713 + 0.39131 Yes
0.0941 | —0.0360 + 0.0869¢ 0.7011 — 0.0155¢ Yes
0.2972 | —0.2384 — 0.17744 0.3053 + 0.37211¢ Yes
0.0748 0.0547 + 0.0511% | —0.3701 — 0.30521 Yes
0.3844 | —0.2338 — 0.3051% 0.2732 — 0.2638: No
0.4631 0.1543 + 0.43667 | —0.1578 + 0.18431 No

TABLE 10. Computed values of «;, 8; and |3;| for the final example with £ = 107%.

Thin Inclusions
® Reconstructed End-Points

Thin Inclusions
#® Reconstructed End-Points

Rays for Joining

Rays for Joining

FIGURE 6. (All g; are different.) Reconstructions of two thin inclusions. ~,’s are given blue
lines. Red circles and green rays starting from them represent a; and 3; without noise (left)
and some noise £ = 107* (right).

The authors [10] suggested an imaging method by the solutions with fixed non-zero high frequency for the
imaging of thin inclusions based on the MUSIC (MUltiple SIgnal Classification)-type algorithm. It is still
desirable to have an efficient and fast method for imaging of arbitrary shaped thin inclusions using finitely

many measurements.
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