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REAL-VALUED CONDITIONAL CONVEX RISK MEASURES IN LP(F,R)

TREVINO-AGUILAR ERICK!

Abstract. The numerical representation of convex risk measures beyond essentially bounded financial
positions is an important topic which has been the theme of recent literature. In other direction, it
has been discussed the assessment of essentially bounded risks taking explicitly new information into
account, i.e., conditional convex risk measures. In this paper we combine these two lines of research.
We discuss the numerical representation of conditional convex risk measures which are defined in a
space LP(F, R), for p > 1, and take values in L*(G, R) (in this sense, real-valued).

We show how to characterize such a class of real-valued conditional convex risk measures. In the first
result of the paper, we see that real-valued conditional convex risk measures always admit a numerical
representation in terms of a nice class of “locally equivalent” probability measures Q% . To this end,
we use the recent extended Namioka-Klee Theorem, due to Biagini and Frittelli. The second result
of the paper says that a conditional convex risk measure defined in a space L?(F, R) is real-valued if
and only if the corresponding minimal penalty function satisfies a coerciveness property, as introduced
by Cheridito and Li in the non-conditional case. This characterization, together with an invariance
property will allow us to characterize conditional convex risk measures defined in a space L™ (F, R)
which can be extended to a space LP(F, R), and at the same time continue to be real-valued. In
particular we see that the measures of risk, AVaR and Shortfall, assign real values even if we extend
their natural domain L*°(F, R) to a space L*(F, R).

1. INTRODUCTION

The modern point of view of risk-management uses a dynamical approach. Key points in the analysis are
the appropriate quantifications of risks and the optimal use of information. Thus, a question of interest is, how
to construct measures of risk whose quantifications incorporate the benefit of new information. This question
has motivated the development of conditional convex risk measures and more in general of dynamical risk mea-
sures. The discussion of this new class and the crucial robust representations have been considered by several
authors; see e.g., Bion-Nadal [3], Theorem 3, and Detlefsen and Scandolo [8], Theorem 1. A systematic study
of dynamical convex risk measures in L is presented by Follmer and Penner [10]. A numerical representation
for conditional convex risk measures of bounded stochastic processes in discrete time is presented by Cheridito
et al [6], Theorem 3.16.

The study of real-valued convex risk measures beyond essentially bounded financial positions is the topic of
recent research; see e.g., Biagini and Frittelli [2], Cheridito and Li [5], Filipovi¢ and Svindland [9], Kaina and
Riischendorf [15], Krétschmer [16], Ruszczynski and Shapiro [17].

In this paper we combine these two lines of research. We discuss the numerical representation of conditional
convex risk measures which are defined in a space LP(F, R), for p > 1, and take values in L'(G, R) (in this
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sense, real-valued).

Non trivial quantifications of non bounded positions in L° assign infinite risk to some elements; see Del-
baen [7]. However, if we consider the spaces LP, which are in the middle of the spaces L° and L, we may insist
on real-valued quantifications of risk and still obtain interesting classes of measures of risk. In the static case
this phenomenon has been studied in the afore mentioned literature. Here we show how to extend this theory
to the conditional case.

The main results of the paper are Theorems 2.7 and 2.9. Theorem 2.7 says that real-valued conditional
convex risk measures always admit a numerical representation in terms of a nice class of “locally equivalent”
probability measures Z?:C with bounded penalizations, as defined in (8). Theorem 2.9 says that a conditional
convex risk measure defined in a space LP(F, R) is real-valued if and only if the corresponding minimal penalty
function satisfies the coerciveness property of Definition 2.8. In particular, this property of coerciveness char-
acterizes real-valued conditional convex risk measures in the spaces LP(F,R) in terms of the corresponding
penalty functions. This fact, together with the invariance property of Proposition 5.1 will allow us to character-
ize conditional convex risk measures defined in a space L (F, R) which can be extended to a space LP(F, R)
and assign values in the space L'(G, R); see Remark 5.2.

The paper is organized as follows. In Section 2, we fix some notation and introduce a class of conditional
convex risk measures defined in a space LP(F, R), for some exponent p > 1. Our main interest is in the subclass
of conditional convex risk measures which are real-valued in the sense of the Definition 2.2. A crucial concept in
the paper is the property of coerciveness of Definition 2.8, a concept introduced in the theory of risk measures
by Cheridito and Li [5]. The main results of this section and of the paper are Theorems 2.7 and 2.9. In Section
3, we prove Theorem 2.7. In Section 4, we prove Theorem 2.9. In Section 5, we prove an invariance property
with respect to a restriction from L? to L°° of the minimal representation of a real-valued conditional convex
risk measures. This invariance property will allow us to characterize those conditional convex risk measures
defined in a space L which can be extended to a space LP. We give some examples of conditional convex risk
measures which can be extended from L* to LP through this invariance property.

2. REAL-VALUED CONDITIONAL CONVEX RISK MEASURES

Measures of risk were introduced in the seminal paper Artzner et al [1]. Robust numerical representations of
risk measures in a general probability space were obtained by Delbaen [7] in the coherent case and by Follmer
and Schied [12,13] and Frittelli and Rosazza Gianin [14] in the convex case. Quantifying risks beyond L is the
subject of recent research; see e.g., Biagini and Frittelli [2], Cheridito and Li [5], Filipovi¢ and Svindland [9],
Kaina and Riischendorf [15], Kriatschmer [16], Ruszczyriski and Shapiro [17].

In this part we discuss a robust numerical representation of a real-valued conditional convex risk measure
defined in LP(F, R); see Theorem 2.7 below. This result provides a bridge which connects two main streams in
the literature: Real-valued convex risk measures in L? and conditional convex risk measures in L (F, R).

Let us introduce some notation. We fix a complete probability space (£, F, R) and a sub-c-algebra G C F.
We assume that G contains the null events of R. We fix an exponent p with 1 < p < oo and denote by ¢
the conjugate exponent. Typically, we write Z9 to denote the density of an absolutely continuous probability

measure Q). We denote by Zo(g , R) the family of G-measurable functions with values in R U {—o0, +00}.

In the next definition, relationships of random variables hold R-a.s. true.
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Definition 2.1. A conditional convex risk measure p in LP(F, R) is a mapping
pi L'(F,R) = LG, R)

with the following properties. For all X,Y € LP(F, R):

(1) Conditional cash invariance: For all Z € LP?(G,R) p(X + Z) = p(X) — Z.
(2) Monotonicity: If X <Y R-as. then p(X) > p(Y).
(3) Conditional convexity: For all A € LP(G, R) with 0 < A <1 R-a.s.:

X + (1= NY) € Ap(X) + (1 = N)p(Y).
We are going to work with conditional convex risk measures p which are normalized:

p(0) = 0. (1)

The axiomatic framework of Definition 2.1 is considered by Detlefsen and Scandolo [8] and Féllmer and Pen-
ner [10]. Variants of this formulation are considered, by e.g., Cheridito et al [6] and Weber [18].

We are going to focus in conditional convex risk measures which are real-valued in the sense of the next

Definition 2.2. A conditional convex risk measure p : L?(F, R) — ZO(Q, R) is real-valued if it takes values in
L'(G, R). More precisely, for each X € LP(F, R) we have p(X) € L'(G, R).

We need to establish a convention for the conditional expectation of a probability measure which is only
absolutely continuous with respect to R. Let @ be an absolutely continuous probability measure with density
Z®. For X € LP(F,R), we are going to chose a specific version of the conditional expectation as follows:

EqlX | d] ::{ e PrlZ9X 16l in {ER[Z9 | 4] > 0}, @

0, in {Er[Z% | G] = 0}.

With this convention, the essential supremum in Equation (4) of the next definition, is unambiguous. We are
going to distinguish a special class of absolutely continuous probability measures:

Q1= {Q«RflgeLq(R)}. (3)

Definition 2.3. Let Q C QY be a class of absolutely continuous probability measures. A penalty function is a
correspondence of the form

—0
a:Q— L, (G, R).
The pair (9, «) represents the convex risk measure p if

p(X) = esssupgeg {Eq[—X | G] — a(Q)}, R — a.s, for each X € LP(F, R). (4)

In this case, we say that the conditional convex risk measure p is representable and (4) defines a robust
representation.

The numerical representation of Theorem 2.7 below involves the acceptance set and the minimal penalty
function associated to p in the next definition.

Definition 2.4. The acceptance set of the risk measure p is defined by

A:={a€LP(F,R)|pla) <0, R—a.s.}.
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The minimal penalty function
amin . Qq N IO(Q7R)

is given by

. 3SU —a iIl Q
e { s B9 212 2 o

Remark 2.5. The acceptance set A is a convex set with the following properties:

(1) It issolid. If X € LP(F,R), Y € Aand X > Y, then X € A, due to the monotonicity property of the
convex risk measure p.

(2) If p has the Fatou property of Definition 3.2, then A is sequentially closed with respect to R-a.s.
convergence.

(3) f X € Aand B € G, then 15X € A, due to the localization property of Lemma 3.1 below.

Remark 2.6. The minimal penalty function can equivalently be defined by
@min(Q) = €SSSUPxeLr(F,R) {EQ[=X [ G] = p(X)}.

At this point we cannot discard that the penalization o™(Q) may be infinite with Q-positive probability,
but strictly less than one, for some @ € Q. Indeed:

{Er[Z9 ]G] = 0} C {a™™(Q) = oo} (6)
With this in mind, we introduce a special subclass of Q%:
Qr®:={Q € Q| a™"(Q) € L™(G,Q)}. (7)

The next theorem is the first main result of this section and of the paper. We need to consider the following
class of “locally equivalent” probability measures with bounded penaltizations:

L0 = {Q € Q1™ | Eg[Z9 | G] >0, R —a.s.}. (8)

e,loc

Theorem 2.7. Let p be a real-valued conditional convex risk measure defined in the space LP(F, R). Then the

pair (QLr°  a™™) represents the risk measure p:

p(X) = ess SUPQe gt {EQ[—X | G] — amin(Q)} . (9)

Proof. See Section 3. (|
Theorem 2.7 says that real-valued conditional risk measures are representable. In Theorem 2.9 below, we are
going to see that a conditional convex risk measure is real-valued if and only if the minimal penalty function

satisfies the coerciveness property (10) below.

An important concept of this section is that of coerciveness. This concept is introduced by Cheridito and
Li [5], Definition 4.6, in the non-conditional case. Let us introduce the class

¢ ={Qec Q| Egr[Z?|G] >0,R—a.s.}.

e,loc
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—0
Definition 2.8. Let ov: Q7 ~— L
if there exist real constants a,b with b > 0 such that

105
(G, R) be a penalty function. We say that « is a coercive penalty function
1 3[R\ a
ER[Q(Q)] >a+bER TER ﬁ | g ’ Q € Qe,loc’
Be |19

(10)
The first part of the next theorem is the conditional version of the first part of Proposition 4.7 of Cheridito
and Li [5] and the first part of Proposition 2.10 of Kaina and Riischendorf [15].
Theorem 2.9. (1) Leta:Q!, —T1I.

e,loc

(G, R) be a penalty function. Assume there exists Q° € Q
that a(Q°) € L°°(G, R). Let us define a mapping p by

q
e.loc such

p(X) := ess SUPQeq?, . {Eg[-X |G] —a(Q)},X € LP(F,R).

Then p is a real-valued conditional risk measure, if a is coercive.

(2) Conwversely, let p be a real-valued conditional convex risk measure. If the pair (Q
convex Tisk measure p, then the penalty function o must be coercive.
Proof. See Section 4.

Z loc? «) represents the

O
3. PROOF OF THEOREM 2.7
We start with a local property.

Aeg:

Lemma 3.1. A real-valued conditional convez risk measure p has the following localization property. For each

P(LaX +14Y) = 14p(X) + Lacp(Y).
Proof. This property follows from the property of conditional convexity; see Detlefsen and Scandolo [8], Propo-
sition 1.

O
We prepare the proof of Theorem 2.7 with the next proposition. It provides a “coarse” representation in
terms of the class Q%°°, introduced in (7), under the following well-known regularity condition:

Definition 3.2. The convex risk measure p has the Fatou property if

p(X) <liminf p(X,,), R

—a.s.,

for each sequence {X,,}52; C LP(F, R) dominated by some Y € LP(F, R) and converging to X € LP(F, R).

In the proof of the next proposition we follow an approach similar to the original papers [7,12-14].
for each X € LP(F,R):

Proposition 3.3. Let p be a conditional convex risk measure in LP(F, R). If p has the Fatou property, then

p(X) = esssupgegi { EQ[—X | Gl — ™™ (Q)}, R —a.s.
Proof. (1) Let X € LP(F,R). We set

(11)

b := esssupgega { EQ[—X | G] — ™™(Q)}

(12)
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We must show that R[p(X) = b] = 1. It is clear that R[p(X) > b] = 1, due to the definition of the
minimal penalty function. Now we show the converse inequality. Assume by way of contradiction that

R[p(X) > b] > 0.

Let us call
J = {p(X) > b}.
Note that J € G and
p(X) = b=1,(p(X) —b).
Moreover,
Ly(p(X) = b) = p(1,(X +1)),
due to Lemma 3.1. Thus, 1;(X + b) does not belong to the acceptance set A.

Now we separate the sets A and {1;(X + b)}. There exists a linear functional [ : LP(F, R) — R such
that
inf [(a) > 1
Inf i(a) 2 =, (13)
(1;,(X +0b)) <z, (14)

due to the Hahn-Banach hyperplane separating Theorem; see e.g., Follmer and Schied [11], Theorem
A.56. Note that = <0, since 0 € A and [(0) = 0.
The linear functional | can be selected to be of the form

[(X) = Eqgo[X], for each X € LP(F,R),

where the probability measure Q° is absolutely continuous with respect to R and the density % belongs
to LI(F, R). Indeed, this follows from the fact that A is a solid convex set; see Remark 2.5, first part,
and the Riesz representation Theorem of linear functionals of L?(F, R).

The inequality (13) implies

Egola|G] >z, Q" — a.s., for each a € A. (15)
Indeed, for a € A, the random variable
a:=al{p,,(ag)<z}

belongs to the acceptance set A, since {Egofa | G] < z} € G; see Remark 2.5, third part. Thus,
Egola] > . On the other hand,

Eqo[a] = Eqo[Eqola | G]] = Eqo[1{E,alg)<s} Eqola | G]] < .
Thus, Q°[{Eqo[a | G] < z}] =0 and (15) holds true.
Note that a™®(Q°) < —z, Q° — a.s., due to (15). Hence, Q¥ € Q9.
Now let us define
J' = {Eq[l;(X +b) | G] < z}.
Then, J' € G and J' C J. Moreover

QL] >0,
due to the inequality (14).
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(6) Now we generate a contradiction. In the event J’ we have
a™(Q°) < Ego[-1,(X +b) [ 6], Q° —as.,

due to the definitions of the minimal penalty function and of the event J’. We may rewrite this last
inequality to obtain

b< Ego[—X | G] — a™™(Q"), Q° — a.s. in the event .J'.

This contradicts the definition of b given in (12).
O

To some extend, it is unpleasant to select a specific version of the conditional expectation, as fixed in (2).
The convention is unnecessary for probability measures () < R with

Er[Z9|G] >0, R—a.s.
In the next lemma we show that the class of “locally equivalent” probability measures (8)

L = {Q € Q1 | Eg[Z9 | G] >0, R —a.s.},

e,loc

is non empty. We use an exhaustion argument started by Halmos and Savage. The exhaustion argument in the
theory of risk measures is well known; see e.g., Cheridito et al [6], Lemma 3.22 and Follmer and Penner [10],
Lemma 3.4. This result will allow us to precise the coarse representation of Proposition 3.3.

Lemma 3.4. If p has the Fatou property, then the class Q¥7° is non empty.

e,loc
Proof. (1) We define
¢ :=sup {R(ER[ZQ 1G] >0)]| Qe Qr>®}.
There exists Q* € Q%> such that

c=R(ER[Z9 | G] > 0).
Indeed, let Q™ be a maximizing sequence, so that

c= lim R(ER[Z?" | G] >0).

n—oo

We define
w1 1

T2 L (120 gy + o™ (@) o gy
Then, the probability measure Q* < R defined by the density

dQ* 1 i \n aQr

dR ER Z?Zl )\n%} el dR

is an element of Q%°°. It attains the value c:

¢ = R(Eg[Z? | G] > 0).
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(2) Let A € G with R(A) > 0 be an arbitrary event. Then we have
14 = p(—14) = esssuppega {Eqglla | G] — a™™(Q)},
due to Proposition 3.3. Hence, we conclude the existence of @ € Q9 with
{ER[Za 1G>0} NA£DR-as.

since p is normalized and our convention of the conditional expectation (2).
(3) Now we conclude the proof by showing that ¢ = 1. Assume by way of contradiction that ¢ < 1. Let the
event A° € G be defined by

A° = {ER[ZQ* 1G] = o}.

There exists @ € QP°° with
{ER[ZQ 1G] > o} NA°£0,R—as.,
due to the previous step. The probability measure defined by
0 1 * A
Q= 5@ +Q),
belongs to the class Q%°°. It contradicts the optimality of Q* since

{ER[ZQ" 1G] > o} - {ER[ZQ* 1G] > o} U {ER[Z@ 1G] > o} .

O
The Proposition 3.3 and Lemma 3.4 allow us to prove the next proposition.
Proposition 3.5. If the conditional convex risk measure p has the Fatou property, then the pair ( g:f:c, amin)
represents the risk measure p:
p(X) = ess SUPQe gt {Eg[-X | G] — a™™(Q)}. (16)

Proof. Let X € LP(F, R) and Q! € Q%°°. The identity (16) will be established after we construct a probability
measure @ € QF'" such that

Eq:[-X | G] - a™™(@Q") < E5[-X | §] - a™™(Q), R - a.s, (17)

due to Proposition 3.3. We set A := {ER[ZQD | G] = 0}. Assume 0 < R(A) < 1, otherwise there is nothing to
prove.

The class Q77° is non empty, due to Lemma 3.4. Without loss of generality, we assume that R € Q77° . We

e,loc " e,loc’
define a probability measure Q < R by
dQ .
< =Y1a+Z9 14e.
iR AT+ A
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In this expression, Y is a positive constant selected to satisfy Egr {@} = 1. The probability measure @ belongs

dR
to q,00

e.loc DY construction.

The penalization and conditional expectation of é can be computed as follows:

™ (Q) = 140™™(Q) + Laea™™(@Q"),

_ 1a 14
E@[—X | G] = YER[—YX | G] + EnZ?°] G

1AER[—X | Q] + 1AcEQ1[—X | g]

Er[-29'X | g

Thus, (17) holds true, due to the set relationship (6). O

In the next lemma we see that real-valued conditional convex risk measures are continuous, in particular
they satisfy the Fatou property.

Lemma 3.6. Let p be a real-valued conditional convex risk measure in LP(F, R). Let {X™}, C LP(F, R) be
a sequence strongly converging to X° € LP(F, R). Then

lim [p(X™) = p(X")][ = 0.

n—oo

Proof. We start with X% = 0. We assume that
lim 2" | X", = 0,
n—oo

by taking a subsequence if necessary. The sequence defined by

n

=2,

is increasing. It is easy to see that the sequence has the Cauchy property. Thus, it converges to some
Y € LP(F,R).

Now we get
1

[p(XT)] < p(= | X)) < 2" (|1 X Lo (= Srrem—
B o X,

RE
due to monotonicity and convexity of p. Hence
[p(X™)] < 2" [ X" ]| 1o p(=Y).

In order to obtain the result for arbitrary X°, we define a new convex risk measure by p%(X) := p(X +X9) —
p(X0). Tt is easy to see that p satisfies the conditions of the proposition. Thus, we may apply the previous
step. O

Remark 3.7. The arguments in the proof of Lemma 3.6 are due to Biagini and Frittelli [2], Theorem 2 (the
“extended Namioka-Klee Theorem”). Note that Lemma 3.6 does not follow directly from Theorem 2 [2] by
considering the functional Eg[p].

Corollary 3.8. A real-valued convex risk measure has the Fatou property.

Proof. The statement of the corollary follows from Lemma 3.6. O
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O

Now we are ready to conclude the proof of Theorem 2.7.

q,%0

e,loc?

Proof. The real-valued conditional convex risk measure p has the Fatou property, due to Corollary 3.8. Thus,
a™m) due to Proposition 3.5.

the risk measure p is represented by the pair (Q
4. PROOF OF THEOREM 2.9

In this section we prove Theorem 2.9 which characterizes real-valued conditional convex risk measures defined

in LP(F, R).
We are going to denote by L¥ (F,R) the non negative elements of LP(F, R). We need to introduce the

following family of random variables:
S* = (X € LB || X]|, = 1.

The second part of the next lemma uses a well known argument about the linear functionals of the space

LP(F, R); see e.g., Werner [19], Beispiel (j), p.50.
Lemma 4.1. Let Z € L% (F,R). Then the random variable [Z] defined by

[Z] :=esssupxcg+ ER[ZX | ],
(19)

belongs to L' (G, R). Moreover
(2] = ER[27 ] g].
(1) Let {Y,,}52, C ST be a maximizing sequence:

Proof.
Jim Eg[Er[ZY, | G]] = Er[[Z]].

0 < Eg[[Z]] < lim Eg[ZY,).

As a consequence
n— o0

Moreover,
ER[2Yn] < 121 o Yl e = 1121110,

due to Holder’s inequality. Thus:
0 < ER[[Z]] <11Z] 10 -

(2) Now we prove (19). We define
Z

X0 = 1{Er[z|6]>0}-

E3170 6]

The random variable X is well defined and belongs to S, since
{ERr[Z%| G) =0} Cc {Z7 = 0}.

Moreover )
Er[X°Z | G] = Ej[2? | G].

Hence 1
(2] > Eg[Z7 | G].
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Lemma 4.2. Let Z € LY (F,R) and X € L (F,R). Then
ER[ZX | G < [ZT11X]ls - (20)
Proof. Without loss of generality we may assume that || X/, > 0. The following relationship is clear

X

FrlZX =Fp | J———
rl2X | 4] R[|X||Lp

| 9] 1X1 -

Hence
ErlZX |G < [Z]1 X0 -

Now we are ready to prove the first part of Theorem 2.9.

Proof. We only prove that p is real-valued. Note that it is only necessary to consider the minimal penalty
function a™i".

(1) We first consider the case where X is non positive. There exists X € L™ such that X < X <0 and

|x-%, <5
Lp 2

due to Lebesgue Dominated Convergence Theorem. Hence

p(X) = esssupgeo { Fol-X | ] + Eo[X — X | 6] - o™ (@)}

< H)?HLW + e85 SUPQeo {EQ[)?_X 1 g] —ami“(Q)}. (21)
(2) If we take expectation with respect to R, then we get

Eg [ess SUPoeo {EQ X - X |G- ami“(Q)H = sup P [{EQ X - X |G- amin(Q)H . (22)

Indeed, let {Q™}52, C Q be a maximizing sequence:

eSS SUPge g {EQ[)Z' -X |G- ami“(Q)} = lim {EQn X - X|G]— a(Q")} .

n—oo

We claim that we may assume the sequence of functions {EQn [f( -X|g]- ami“(Q")} to be bounded
from below. Hence, we can apply Fatou’s Lemma to obtain:

Br [esssupgeo {EolX — X | 6]~ a™"(Q)}| < liminf Br |Egn[X - X | 6] = a™"(Q")] .

This proves the inequality <. The converse direction is clear.

Now we prove the claim. For Q™ we define the event

4% = {EnlX ~ X | 6]~ (@) = ~ ™ (Q)]],..}.
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We construct a probability measure @" by

Qr _ 99" 4,

The penalization and conditional expectation of @ can be computed as follows:

amin(én) _ ]_Anamin(Qn) + ]_(An)camin(QO)7
Eg,[-X | G) = LanEqn[X — X | G] + 1(an)- Ego[X = X | G].

(3) Now we put together (21) and (22) to obtain

Erlp(X)] < || %] _+ sup P [EqlX - X | 6] - a™"(@)].
Moreover

B [5el¥ - 191 = B [ g
< e gz 1271 X =

ErlZ9(X - X) | g]]

b
Lp

due to Lemma 4.2. Thus

= b 1
sup B [Eql¥ ~ X 6] - a(Q)] < ~a— ¢ sup By [ (z@ﬂ .
QeQ ]
Hence, we conclude:

Erlp(X)] < | %] _ -
(4) Now we consider the case X > 0. We have

0> p(X) > Egu[-X | 6] — a™"(Q").

The conditional expectation Ego[—X | G] is integrable since X € LP(F, R) and % € LY(F,R). The
penalization a™®(QP) is integrable by hypothesis. Hence p(X) belongs to L!(G, R).
(5) For general X we write X = X* + X~ with X* >0 and X~ < 0. We have

p(X7) = p(X) > p(XT),

due to the monotonicity of conditional expectation. We conclude the desired integrability of p(X) from
the previous steps.
O

The first part of Theorem 2.9 says that coercive penalty functions induce real-valued conditional risk mea-
sures. Now we prove the converse. That is, we are ready to prove the second part of Theorem 2.9.

Proof. By way of contradiction assume there exists a sequence {Q"};%; C Qf ;. such that

1

Er [OZ(QHH < —-n+ 2_n_1ER m

211, (23)
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where Z™ denotes the density of Q™. There exists X™ € S* such that

Er[Z"X" | G] [Z"] }

ER{ ExlZ"] 0] }Z;ER [ER[ZM

due to Lemma 4.1 and Fatou’s Lemma. Now we define

X = i_o:l 27" X",

We get
p(—=X) = p(—=27"X") > Egn[27"X" | G] — a(Q").
Moreover
zZm AL
=n.
Thus:
ER[p(_X)] >n,
a clear contradiction. O

5. INVARIANCE OF THE MINIMAL REPRESENTATION

Recall that p is a real-valued conditional convex risk measure defined in L?(F, R). We may define a new risk
measure p> in L (F, R) by restriction:

p(X) = p(X), for each X € L*°(F, R).
The new risk measure p>° has associated a minimal penalty function:
amin,oo(Q) 1= eSSSUDy e [ (F.1) {EQ[*X | g] _ IDOO()()}7 Q < R. (24)

We next show that the minimal representation is invariant to this restriction in the sense that o™™> =
in Qg,loc'

Proposition 5.1. The minimal representation of p keeps invariant in L°°(F, R). Thus, o™ = o™i jp
z,loc‘
Proof. Let Q € QY, . Let Y € LP(F,R). We define a sequence by Y := (Y An)V (—n). It is clear that

Y™ e L*°(F, R) and the sequence converges to Y in LP(F, R). Moreover,
nlingo Eq[-Y" |G =Eg[-Y |G],R —a.s.
due to Lebesgue’s Dominated Convergence Theorem and Hélder’s inequality. Furthermore,
Tim p(Y™) = p(Y),

due to Lemma 3.6. We conclude that

EQ[-Y | G] = p(Y) <ess SUPx e (F,R) {Eo[-X [ G] —p(X)} = a™(Q).

This proves the claims of the proposition. O
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Remark 5.2. Theorem 2.9 and Proposition 5.1 characterize conditional convex risk measures defined in
L>°(F, R) which can be extended to real-valued conditional convex risk measures in L?(F, R).

Example 5.3. The risk measure Average Value at Risk at level A € (0,1], AVaR), is defined by

1 A
AVary(X) = 5 [ Vadr, for X € L=(7. 1),
0

where VaR,; denotes Value at Risk at level ¢; see e.g., Follmer and Schied [11], Definition 4.43. The Average
Value at Risk is a coherent measure of risk with the representation:

AVaR\(X) = Jnax Eq[—X], (25)
A

where Q) is the set of all probability measures whith R-densities essentially dominated by %; see Follmer and
Schied [11], Theorem 4.47. The robust representation (25) involves the minimal penalty function:

0, if Q S Q}\a

amin(Q) = { too, ifQ¢Q,, (26)

which is clearly coercive. Thus, the risk of measure AVaR defines a (non-conditional) real-valued risk measure in
LY(F,R). A particular case of a general result due to Filipovi¢ and Svindland [9], Theorem 3.8. Note however
that we do not require the o-algebra F to be separable.

Example 5.4. Now we consider a conditional version of the risk measure AVaR; see e.g., Cheridido and
Kupper [4], Example 3.3.1. Let A be a G-measurable random variable such that

0<A<1, R—a.s.
The conditional Average Value at Risk at the stochastic level X is defined by the representation:
AVaR)\(X) = esssupgeg, Eo[~X | G], R —a.s. (27)
where Q) is the set of all probability measures whose R-density % is R-a.s. bounded by % and moreover

dQ

FEr Lﬂ__{|g} =1, R—a.s.

The numerical representation (27) involves the minimal penalty function

@ ={ Y Horer (28)

which is coercive if

1
X € LG, R).

In this case, the conditional Average Value at Risk defines a real-valued conditional risk measure in LP(F, R).
In particular in L'(F, R), if the quotient % is essentially bounded.

Example 5.5. For p > 1, let | be the convex loss function
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The loss function [ defines a special case of the Shortfall risk measure introduced by Féllmer and Schied; see [11],
Section 4.9, for a systematic presentation. Let us consider the conditional version of this risk measure. Let
g € LP(G, R) be a non negative function. We define a family of acceptable positions by

A:={X e L>®F R)|Er[l(-X)|G]<g, R—a.s}
Then, the acceptance set A defines a conditional convex risk measure in L (F, R) with robust representation:

p(X) = esssupgeg {Eo[-X | G] — a(Q)} ;

see e.g., Bion-Nadal [3]. The class Q consists of absolutely continuous probability measures () with densities

% in L9(F, R) such that

512 15] -1

The penalty function « is given by:

Q) = (pg)? En [(ﬁ)q | g} ' .

This penalty function is coercive since g € LP(G, R). Thus, the conditional Shortfall risk can be extended from
L*°(F,R) to LP(F, R).
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